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1. INTRODUCTION

In this paper we study the asymptotic behaviour as ¢ — oo of solutions
u(x, t) to the nonlinear partial differential equation

u, = (o(u,) + 1), O0<x<1, >0, (1.1)

with initial conditions

u(x, 0) = uy(x), u(x,0)=u,(x), O0<x<1, (1.2)

and boundary conditions either

u(@©,)=u(l,£)=0, t>0, (1.3a)
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or
u©0,0=0,  o(ul,1)+u,l,6)=P, (1.3b)

where P is a given constant.

Equation (1.1) governs the one-dimensional motion under zero body
forces of a homogeneous nonlinear viscoelastic material of rate type, u(x, t)
denoting the displacement at time ¢ of a particle having position x in a given
reference configuration. For this material the stress S(x, t) is given by the
constitutive equation

S=o0(u,)+u,, (1.4)

and the density in the reference configuration is assumed to be unity. The
case in which the density is a positive constant and (1.4) is replaced by

S=o(u,) +uuy,

where 4 > 0 is a constant, can be reduced to (1.1) by a suitable scaling of ¢
and o. While, strictly speaking, (1.1) applies only to one-dimensional motion
of an infinite slab of material with faces normal to the x-axis, it is also a
useful approximate model for purely longitudinal motion of a homogeneous
thin bar of uniform cross-section and unit length. The boundary conditions
(1.3a) say that the displacements of the ends of the rod are zero; constant
nonzero displacements can be reduced to (1.3a) by a change of variables.
The boundary conditions (1.3b) correspond to the situation in which the end
x =0 of the rod is fixed, while the end x = 1 is subjected to a given force P.
The elastic part o of the stress is assumed to be a locally Lipschitz real
valued function defined on all of R; since, however, a priori estimates will
show that the values of u,(x, ¢) for all x € (0, 1) and ¢ >> O are confined to a
bounded interval, our analysis applies also to certain cases in which o is not
everywhere defined.

Our principal objective is to study (1.1)-(1.3) in the case when o is not a
monotone increasing function, so that the stored-energy function

-u

Win,) % | " 6(z2) dz (1.5)

0

is not convex. This implies that the corresponding equilibrium problem,
namely, to solve

o(u’'(x)) = const (1.6)
subject to the boundary conditions either

u(0) = u(1) =0 (1.7a)
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or
u(0)=0, o(u'(1))=P, (1.7b)

has in general infinitely many solutions. For example, in the case of the
boundary conditions (1.7b) any piecewise affine function u(x) passing
through the origin and having slopes which are roots of the equation
6(z) = P is an equilibrium solution. Solutions of problems (1.6), (1.7a) and
(1.6), (1.7b) are stationary points, in suitable function classes, of the
functionals

def -1

Iw) = , W(u'(x)) dx (1.8a)

and

.1

[ W' (x)) dx = Pu(1), (1.8b)

def

1,(u) =

respectively.

The equilibrium problem (1.6)—(1.7) has been studied recently by Ericksen
(1975), one of whose aims was to clarify the extent to which elasticity theory
can model materials which change phase. Different phases of a material can
in this context be identified with appropriate ranges of values of the defor-
mation gradient. For example, in one dimension a particular phase might be
identified with a maximal interval of values of u, in which ¢ is monotone;
with this interpretation a piecewise affine equilibrium solution comprises
homogeneous strains of different material phases separated by points
representing phase boundaries. When considering what type of stored-energy
function gives rise to equilibrium solutions possessing sharply defined phase
boundaries, the following result (Ball, 1980) is of some relevance: whatever
be the spatial dimension, a homogeneous nonlinear elastic material can
possess nontrivial piecewise affine equilibrium solutions under zero body
forces if and only if the stored-energy function W fails to be strictly rank 1
convex. (Strict rank 1 convexity of W is essentially equivalent to strong ellip-
ticity, and in one dimension is the same as strict convexity of W.) It should
be noted that strong ellipticity may be lost in the reduction from three-
dimensional elasticity to a one-dimensional rod theory of the type considered
here; for example, a piecewise affine solution of (1.6) can represent necking
of a rod, but the same phenomenon can also be modelled using a more
refined rod theory in which strong ellipticity is assumed (Antman, 1973;
Antman and Carbone, 1977). Ericksen’s analysis has been extended by
James (1979), who also gives a summary of some experimental literature on
changes of phase in polymers and metals. The propagation of phase boun-
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daries in an elastic bar (with no viscoelastic damping) is analyzed in James
(1980). Also relevant are the papers of James (1981) and Fosdick and James
(1981) which treat aspects of the equilibrium theory of elastic rods in the
case when the stored-energy function is not strongly elliptic.

In the case when ¢ is monotone increasing the asymptotic behaviour of
solutions has been studied by Greenberg et al. (1968), Greenberg (1969) and
Greenberg and MacCamy (1970). The solution to (1.1)-(1.3a) then tends
exponentially to zero as ¢t » co. When ¢ is not monotone, the multiplicity of
equilibrium solutions makes the problem of asymptotic behaviour much
more complicated, a point emphasized by Dafermos (1969). In this case, on
account of the viscoelastic term in (1.4), it is at first sight natural to
conjecture that each solution u(x, t) of (1.1)~(1.3) converges to a particular
equilibrium solution as ¢-» co. Furthermore, one could expect that most
solutions would converge to (at least local) minimizers of I or I,. However,
when ¢ is not monotone it is well known that a minimizing sequence u;,(x)
of I or I, may converge uniformly to a function which is not an equilibrium
solution. In this case the corresponding sequence of derivatives u(;(x)
converges weakly but not strongly, The resulting limit can be viewed as an
ordinary curve with a .superimposed “infinitesimal zigzag,” or, in the
terminology of Young (1969), a “generalized curve.” The ordinary curve
minimizes the lower convex envelope of I or I, (cf. Ekeland and Témam,
1974; Dacorogna, 1981). Since the total energy is nonincreasing along
solutions of (1.1}~(1.3) the possibility arises that such a minimizing
sequence could be given by u;,(x) = u(x, ¢;) for some sequence ¢, - 0o. For
such a solution the deformations u(-, ¢;) would consist of progressxvely finer
phase mixtures. The behaviour of solutions established in this paper is
consistent with this possibility. Indeed we give conditions under which u(-, ¢)
converges in the sense of generalized curves as ¢t — oo, so that in particular
u(-, t) converges uniformly to a function v(-) as t— oo. We have not been
able to determine whether this result is optimal, in the sense that there exists
some solution # of (1.1)-(1.3) converging to a function v which is not an
equilibrium solution, or if so whether this is a common or rare phenomenon.
On the one hand it seems to be far from obvious how to construct such an
example, while on the other hand we have made numerous unsuccessful
attempts to apply the various versions currently available of the LaSalle
invariance principle (for references, see Ball, 1978) so as to conclude that u
converges to an equilibrium. A careful numerical investigation might throw
light on this question.

The plan of the paper is as follows. We begin in Section 2 by reviewing
and extending slightly the existence theorems of Andrews (1979, 1980) for
problem (1.1)-(1.3), laying particular emphasis on the boundary conditions
(1.3b) which were treated in Andrews (1979, 1980) only for the special case
when o(u}(1)) = p. Under natural hypotheses on g, appropriate for solids and
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not implying monotonicity, a unique weak solution u exists for all time 1 > 0.
An important step in the proof of global existence is an a priori estimate of
Andrews stating that u(.,¢) is bounded in W"*(0, 1) for all ¢>0. This
estimate is crucial also for our study of asymptotic behaviour. In Section 4
we study the asymptotic behaviour of u in the case of the boundary
conditions (1.3b). In Theorem 4.1 we show that as t— oo, u,(-,£)— 0 in
Wh(0, 1), that a(u,(-, £)) - P in L*(0, 1), and that u(-, ) converges in the
sense of generalized curves; i.e., there exists a family of probability measures
{Ve}re.y on R such that ®(u.(, 1)) = (v,,®) in L*(0,1) for each
continuous function ®. Furthermore suppv, <K, ={z:0(z)=P} ae. In
Corollaries 4.2, 4.3 the case when K, = {z,,.., z,} is finite is discussed. If
k=1 then u(x, £) » z,x strongly in W"?(0, 1) for all p, 1 <p < oo, while if
k > 1 then the local phase fractions converge. In Corollary 4.4 we prove that
u(-, ) tends to the set of equilibrium solutions strongly in W'?(0, 1) for all
p, 1 <p < 00. The main idea of the proof of Theorem 4.1 is to use various
“energy” estimates to prove that lim,, {3 w(x) @(u.(x, 1)) dx exists for
certain v, @ and then to use an approximation lemma proved in Section 3 to
show that the limit exists in general. Analogous results are proved in Section
5 for the boundary conditions (1.3a), but the argument is more delicate
because the limiting value P of o(u,{- f)) is not known a priori, and we give
proofs only for the case when ¢ satisfies an extra (possibly unnecessary)
nondegeneracy condition. In Section 6 we discuss further whether u(-,¢)
converges to a unique equilibrium solution, and show that convergence to
equilibrium does hold for solutions to the modified equation

ut:‘ = (G(ux) + u.!'f - euxxx)x’ O <Xx < 1’ > 09 (19)

with appropriate boundary conditions, where ¢ > 0 is a constant. We also
discuss briefly the relationship between equilibrium solutions for (1.1) and
those for (1.9) as ¢ - 0.

It would be interesting to extend the analysis of this paper to the equation
of one-dimensional isothermal motion of a linear viscous fluid (in
Lagrangian coordinates),

Uy = (—p(ux) + ux(/ux)x’ (1 IO)

with a non-monotone pressure function p(-) (such as that for a van der
Waal’s fluid). Note that not only does the dissipative term differ from that in
(1.1), but that our hypotheses (Ha), (Hb) in Section 2 are not appropriate
for gases. An existence theorem for (1.10) has been announced by Kazhikov
and Nikolaev (1979) (see also Solonnikov & Kazhikov, 1981).
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2. EXISTENCE OF SOLUTIONS

We summarize and extend slightly results of Andrews (1979, 1980)
concerning the existence of solutions to (1.1)-(1.3).

Notation

Il - ||, denotes the norm in L?(0, 1), 1 <p < oo. For k =1, 2,..., the norm in
the Sobolev space W*?(0,1), 1<p< o, is denoted by | -, ,.
wir©, 1) & (v e W'?(0,1):v(0)=v(1)=0}. (For information con-
cerning Sobolev spaces see Adams (1975).)

Local Existence

We begin with the boundary conditions (1.3a). If u(x, ) is a classical
solution of (1.1)-(1.3a) then u satisfies the integral equation

(e, = ) + | | Gl ) 1 (0) dy ds

- J J J G, (x,y,5 —1)o(u,(y, 7)) dy dr ds (2.1)

for (x,£) € [0, 1] X [0, o0), where G(x, y, t) denotes the Green’s function for
the linear heat equation

wx, £) = w,(x, 1), x€(0,1), t>0,

with boundary conditions

w0, ) =w(l,8)=0, t>0.

For T>0 let X(T) denote the Banach space C(|0, T|; Wy (0, 1)) with
norm Hv“xm SuPre[o rllv( Olly.o- For 0 <y <1 let

X(T) = {v € X(T):||v(-, 1) = v(-s t)ll1.c0 S K((2, — 1,)/1"%)

for all ¢,, ¢, € [0, T] with ¢, < ¢, and some constant K}.

THEOREM 2.1. Let u,€ W"*(0,1), u, €L*(0,1) and let 1 <y<3.
Then for sufficiently small T > O there exists a unique solution u of (2.1) in
X(T). Furthermore, u is a weak solution of (1.1)-(1.3a) in the sense that
u(x, t) satisfies u(x, 0) = uy(x) and
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—J J] u(x, s) §y(x, s) dx ds + [.t "1 U, (%, 5) 8.(x, 5) dx ds
T ’.t ’.l o(u(x,s)) ¢.(x,s) dx ds
= ’~' u,(x) 4(x, 0) dx _J~l ulx,t) ¢(x, t) dx 2.2)

whenever ¢ € C(|0, T|; Wy'(0, 1)), 6, € C(|0, T]; L*(0, 1)).

Theorem 2.1 is proved in Andrews (1980) for the case when
u, € Wy*(0, 1); the extension to the case when u, € L2(0, 1) is carried out in
Andrews (1979).

For the boundary conditions (1.3b) we suppose that u, € W"*(0, 1), that
uy(0)=0, and that uj(1) ' ess lim,,_ uj(x) exists. Let g(z) denote the
solution of the initial value problem.

§(t) +a(g()) =P,
8(0) = uy(1). (23)

Since ¢ is locally Lipschitz the solution of (2.3) exists for sufficiently small
t >0 and is unique. Let T > O be sufficlently small. The integral equation
corresponding to (2.1) is

u(x,)=U(x, t)— IV' ’.s "] Gy(x,y, s—1)
X (o(u,(y, 7)) — 0(g(r))) dy dr ds, (2.4)

where G(x, y, ) denotes the Green’s function for the linear heat equation

wix, £) =w,,(x, 1), x€(0,1), t>0,

with boundary conditions

w0, ) =w/(1,1)=0, t>0,

and where U denotes the solution of the initial boundary value problem
v,=U,,, x€©,1), t€(0, 7],
U(x, 0) = uy(x), U,(x, 0) = u,(x), x € (0, 1),
U0, 1) =0, U.(1,8)=g(1), te |0, T]. (2.5)
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By substituting for U — g(¢) x it is easily seen that

U(x, 1) = uy(x) + (g(t) — g(0)) x
+] ] Gnp ()~ 40)) dy ds

L8

— jo Jo Jol G(x, y, s — 1) §(t) y dy dr ds. (2.6)
For T>0 and 0 <y <1 let X(T)={v € C(|0, T}; W'*(0, 1)): v(0, 1) =90
for all ¢ € [0, T]} with the norm induced by C([0, T]; W"'*(0, 1)), and
‘fy(T) ={veE X(T) lo(s ) = 0(s t)llh o S K((f — tl)y/t;/z)

for all ¢, ¢, € |0, T| with ¢, < ¢, for some constant K}.

THEOREM 2.2. Let uy€ W' ®(0,1), uy(0)=0, ler uy(l) exist, and
suppose u, € L*0,1). If <y <3 then for sufficiently small T >0 there
exists a unique solution u of (2.4) in X AT). Furthermore, u is a weak
solution of (1.1), (1.2), (1.3b) in the sense that u(x, t) satisfies u(x, 0) = u,(x)
and

- ]J ‘.1 u(x, s) §,(x, ) dx ds + |" I‘l u, (x,5)0.(x,s)dx ds
7070 Jolo
+ l‘{ }1 o(u,(x, s)) ¢,(x,s) dx ds
Jodo
=P 1" (1, s)ds + \" u,(x) §(x, 0) dx — 1" ux, 1) g(x, t)dx (2.7)
<0 <0 Jo

Jor every ¢ in the set
{¢ € C([0, T]; W''(0, 1)); ¢(0, 1) = 0,
$,€ C(10, 1]; L*(0, 1))}
The boundary condition at x = 1 holds in the sense that for all t € [0, T

ess }g’n u(x, 1) =g(). (2.8)
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Sketch of proof. Theorem 2.2 was stated in Andrews (1979, 1980) for
the case when u((1) =0 and g(0) =0 (or, equivalently, when a(u}(1)) = P),
and the pattern of the proof in the general case is the same.

We first note that G(x, y, {) can be given explicitly by the formula

exp [ —(x— Zt_ 4n)* ]

~ 1 i
G,y t)=—rexs

VaAnt ="

+exp [*(xﬂ;‘m_ i ] —exp [—(x—y;t4n— 2)2]
—exp [;(ziifi'i ] f . 25

For positive constants R and K the set

AR, K) = {v € X(T): [vllger <R N|0(5 1) = 0C, t)ll1,00
SK((t,—t,Y/tiH) forall¢,, 1, € [0, T| with ¢, < t,}

is a closed, bounded and convex subset of X(7T). For v € A(R, K) define
t s W1
(Fo)x, 1) = Ulx, t)—( J f G, (% y,5—1)
4070 -0
X (0(v,(y, 7)) —0(g(r))) dy dr ds,
fos .1
Zo)(x, t) = G(x,y,5—
Fo)w =] | | Gwrs—1)

X (0(v,(y, 5)) — a(v,(p, 7)) dy dr ds,

-8

(@v)(x, 1) = Ulx, 1) — J: I, Jol Gy(x,y.8—1)

X (o(vy(y, 5)) — o(g(z))) dy dr ds,
so that Fv=5%v + %,

By estimating G(x,y,t) using (2.9), and applying the techniques of
Andrews (1979, 1980) one can prove that R, K can be chosen such that, for
a sufficiently small T > 0,

(i) v, +Fv,€EAR,K) for all v, v, EAR, K),
(i) Z:A(R,K)— X(T) is compact and continuous, and
(ii) #:A(R,K)— A(R,K) is a contraction.

Hence # has a fixed point u, which is a solution of (2.4).
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We next show that (2.8) holds. For 0 < d < 1 let
h(5, T)= esssup |u.x,t)—g(t). (2.10)
xe(1-3,)

We estimate h{(J, t) using (2.4), which we write in the form

u(x, )= U(x, ) — J:J': J: Gy(x, »s—1)f(y,8)dydrds

+ L L f; Gy6 2, s =S (3, 8) —f(p 1)) dy dr ds

= Ulx, ) — I(x, 1) + J{(x, 1), 2.1
where

SO, ) =o(ux, 1))~ a(g()):

Using estimates for G(x, V> 1), the boundedness of g(¢), the fact that
u, € L*(0, 1), the relation G,(1,,#)=0 and the dominated convergence
theorem, it is easily proved that

Ux(x, 1) — g(8) = ug(x) — g(0) + a(x, 1), (2.12)
where .
lim esssup |a(x,?)]=0. (2.13)
340 xe(1-8,1)
tefo,7)

Similarly, using the Hélder continuity of (-, t),

lim esssup |J.{x,8)]=0. (2.14)
30 xe(1-8,1)
telo, T}

Let H(x, y, t) denote the Green’s function for the linear heat equation
wix, 1) = w(x, 1), x€(0,1), t>0,

with boundary conditions
w (0, )=w(l,6)=0.

Then H,(x,y, H)=—G,(x, y, £), and so
FRNE N |
Leay=—{ [ [ Hexy,s—0f(ps)dy drds
07070

- J(: [ fo' H(x, 3, 5)f (5, 5) dy — £, s)] ds.
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It follows that

I(x, 1) = J [0(u,(x, 5)) — 0( g(s))] ds + b(x, 1), (2.15)
where
lxqm() es(sl sg;; |b(x, 1) = 0. (2.16)
tel0,T]

Combining (2.10)-(2.16) we deduce that
h(6, ) < h(3,0) + v(d) + k J h(6, 5) ds (2.17)

for all t€ [0, T], where k is a local Lipschitz constant for ¢ and where
limg,, v(d) = 0. Applying Gronwall’s inequality and letting § - 0 we obtain
(2.8).

The weak form (2.7) of the equation and the uniqueness assertion now
follows as in Andrews (1979, 1980). 1

Global Existence

To obtain global existence we make the further hypothesis that, for the
boundary conditions (1.3a),

W is bounded below, and there exists # > O such that
(o(z)) —o(z,))(z;, — 2,) >0 whenever |z, —z,| > h. (Ha)

Then we have the following result.

THEOREM 2.3. Let the hypotheses of Theorem 2.1 hold. Then there exists
a unique solution u of (2.1) in X(T) for any T > 0. The energy equation

. 5 1 12 5
2 ”ut('5 t2)”2 + J;) W(ux(x’ tl)) dx + Jt ”uxs(" S)“Z ds

= ot + | Wit 1)) (218)

holds for all t,, t, > 0. Moreover there exists a constant M depending only on
l40ll1.005 |2, ||, and o such that

(-, Dll1,.o €M forallt >0, (2.19)
and

lu o N, <M forallt >0, (2.20)
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and, for any 6 >0, there exists a constant M, >0 depending only on
” uO”l,go» ”u]”z, g and 5 such that

““t("t)‘ll,w<M1 fOY‘Gllt}é. (2.21)

Theorem 2.3 is proved in Andrews (1979, 1980) for sufficiently smooth o;
the result for general locally Lipschitz o can be obtained by approximating
in the way indicated in the proof of Theorem 2.4 below.

For the boundary conditions (1.3b) we make the hypothesis
that there exists 2 > 0 such that

(6(z)—P)z>0  forall|z|>h. (Hb)

THEOREM 2.4. Let the hypotheses of Theorem 2.2 hold. Then there exists
a unique solution u of (2.4) in X.(T) for any T > 0. The energy equation

ot + [ Wl ) dx— Pu(l, 1)

Ay
+ j H Uyses S)”% ds

t

~Hlula )+ [ W ) dx—Pulr)  (222)

holds for all t,, t, > 0. Moreover, the estimates (2.19)—(2.21) hold, where M,
M, may depend also on P.

Sketch of proof. The theorem is proved in Andrews (1979, 1980) for the
special case when ¢ is sufficiently smooth and a(u(1)) =0, and the proof in
the general case follows the same pattern. The crucial point is to prove the
estimate (2.19). We do this first for a sufficiently regular solution u of (2.4).
Fix any x, € [0, 1] and let

O]

1

X

Cu(y, 1) dy — u,(xy, 1). (2.23)

Then
q(t) =o(u(x,,t)) — P. (2.24)

Since u is smooth it satisfies the energy equation (2.22), and since by (Hb),
W(z) — Pz is bounded below it follows that (2.20) holds and hence that

IJ’O u(y,t)ydy ‘ <k
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for all 1>0 and all x€ [0, 1]. The bound (2.19) now follows immediately
from an easily proved lemma.

LEmMMA 2.5. Let T> 0 and suppose that |a(t)| <k for all t€ [0, T). If
q € C'(|0, T]) satisfies

4(r) =o(a(t) —q(e)) - P
then

|g(£)] < max{|g(0)|, A + k}  forallt€ [0, T].

The estimate (2.21) follows from (2.19) and the integral equation (2.4).
Suppose now that ¢ is smooth. For sufficiently regular u,, u, there exists a
sufficiently regular solution u of (2.4) defined on an interval [0, 7] whose
length depends only on | u, o, ||#,]l, and o (compare Andrews, 1979,
Proposition 3.5). By approximating u,, #, and g by smooth functions and
using continuous dependence one can establish (2.19)-(2.22) in the general
case. I

A physically reasonable solution u# should satisfy the invertibility
condition u,(x, t) > —1. Suppose that ¢:(—1,0)— R is locally Lipschitz
and that there exist constants 4 > 0, y € (—1, 0) such that (o(z) — P)z > 0 if
z>h or —1<z<y Let wy, uf inf,¢(_1,) W(z) — Pz. Suppose that for
some ¢ > 0,

ux)>—-1+e¢ ae. x€[0,1],

and that the initial energy is small, so that

-1

EQ L4 [ i) dx+ [ [Wh() ~ Puio)] d < 0 + 6,

where 2 1/28 < min(y + 1, ¢). Defining g(¢) by (2.23), noting that by (2.22),
|[% u, dx| <\/2, and applying the same argument as in the above proof, we
deduce that

—1+vgulx, )M (2.25)

for all t>0 and a.e. x € [0, 1}, where v, M are positive constants. In this
case one can therefore redefine o(z) for z < —1 + v so that o: R -> R, and
apply our analysis. (The same argument works in one-dimensional ther-
moviscoelasticity of rate type; see Dafermos and Hsiao (1981) and
Dafermos (1981).)



NONLINEAR VISCOELASTICITY 319

For equations of the type

U= (0(u,) + Au,) uy,),

where A:(—1, 0)— (0, @), A@2)YE [2A(¢)dé>—0 as z——1, and
0:(—1,0)— R is as above, one can prove (cf. Andrews, 1979) that
u(x,t) > —1 for all £ > 0, a.e. x € [0, 1] without a small data assumption. In
this case we use the function

Xo

a()) = | "0, 1) dx — A (5, 1)

in place of (2.23).

3. APPROXIMATION LEMMAS

The following approximation lemmas are a key ingredient in studying the
asymptotic behaviour of solutions to (1.1)-(1.3).

LEMMA 3.1. Let 0 € C(R), and let M > 0, P be given constants. Then
the set

S = span{® € C*(|-M, M]): ®'(z)(0(z) — P) > 0if |z| < M}

is dense in C([—M, M}).

Proof. Let A= {z €& R:0(z)+# P}; then 4 is open, and 04 is a closed,
nowhere dense set. We suppose without loss of generality that +M & 04.
Consider first a function f€ C([—M, M]) for which

f@)=f(a), z<a,
=fB), z28 (3.1

where [a,f] < [-M,M|\éA. If f is smooth and monotone then we can
choose @ = +f and so f € §. Since mollifying f preserves monotonicity, and
since A4 is open, it follows that if f'is merely continuous and monotone then
fE S. Next suppose that f is smooth but not necessarily monotone; then we
can write

I@=1@+ [ 1'0), dy—[ 1) dy,

which is the difference of two continuous monotone functions of the type
(3.1). Hence f€ S. By mollifying we deduce that any continuous f of the
type (3.1) belongs to S.
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Now let f€ C([—M, M]) be arbitrary, and let ¢ > 0. Then the compact set
0A N [—~M, M| can be covered by a finite number of open intervals I,=
(z;—v:2;+ 8,), 1 i<k, such that

If@)—fe)<e if z€IL,
Since 64 is nowhere dense we can suppose without loss of generality that the
I, are disjoint subintervals of (—M, M). Let g(z) =f(z;) forz€ I;, 1 <i<k;
then we can define g on the remainder of [—M, M] in such a way that

g€ C([-M,M]) and || g — fllc—m.mp < & Clearly g can be written in the
form

g(z)= Z g2),

where each g, € C([—M, M]) has the form (3.1). Thus g belongs to S, and
since ¢ was arbitrary so does /. 1

LEmMMA 3.2. Let 0 € C(R) be constant on no interval, and let M > 0, P
be given constants. For € > 0 let

S, =span{® € C*([-M, M]): ®'(z)(0(z) — 1) >0
whenever |z| < Mand|t— P| <e}.

Then S & Ueso S, is dense in C(|—M, M]).

Proof. Define 4 as in the proof of Lemma 3.1, and consider a function
f€ C([—-M, M]) of the type (3.1). Since o is not constant on any interval
there exists € > 0 such that o(z) —z is of one sign whenever z € [a, f] and
|t — P| < &. Hence +f'€ S, and so f€ S. The remainder of the proof is the
same. 1

4. ASYMPTOTIC BEHAVIOUR FOR MIXED BOUNDARY CONDITIONS

Let P be given, and suppose o satisfies (Hb). Let u, € W' (0, 1) with
us(0) =0, suppose uj(1) exists, and let u, € L*(0,1). Then Theorem 2.4
guarantees the global existence of a suitably defined unique weak solution
u(x, 1) to (1.1), (1.2), (1.3b). We study the asymptotic behaviour of this
solution as ¢ — 0.

THEOREM 4.1. (i) u,(-, )= 0in W0, 1) as t > .
(i) u(., )= ov(-)in W"*(0,1) as t > oo for some v with v(0)=0.
(i) o, (,8)—>PinL*0,1)as t— oo.
(iv) m &f lim,_ ,, u,(1, t) exists, and o(m) = P,
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(v) There exists a family of probability measures {v,},cq.1) on R
(depending measurably on x) with suppv,c K, = {z: 0(z) = P} such that if
& € C(R) and
So¥)= (v, ®) a.e.,
then
D(u,(-, ) >fe() in L®0,1) as t> .

Proof. Since W(z) — Pz is bounded below, it follows from the energy
equation (2.22) that

-0
J, s Dl e < oo, (.1

and hence by the Poincaré inequality that

- 00 2

JO Il D)3 dt < co. “4.2)
From (2.22) we also have that for £,7> 0

st + 2z = llude, DI

t+t t+t .1
<2 oM s 42 | [ @ )~ Pt s) deds
t t 0

1
<2 [sup it X 530 | 10t 5)) = P a3, ) ds] .
s>t s>ty

It follows from (2.19), (2.21) that ||u,(:,?)||? is uniformly continuous on
[, o) for any J > 0. By (4.2) this implies that lim,_, ||u,(-, ), = 0, and (i)
follows by (2.21).

Part (iv) is an immediate consequence of (2.3) and the fact that, by (2.19),
g(t)=esslim,,_u/x, ) is bounded.

Suppose y € L*(0, 1) with y >0, and that ® € C*([—M, M)) satisfies

?'(z)(0(z) —P) 20  for|z|< M,

where M is the upper bound in (2.19).
Inserting

65, )= | w(3) @3, 0) dy
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in (2.7) we obtain
J, w0 ([ v @m0 ay) a
_L,l ty(x) f: w() @' (u(»)) dy dx
[ 1) (]} w0) @703 5 ,03.5) ) s
+ j: w(x) D(u,(x, 1)) dx — fo‘ w(x) B(ul(x)) d
* fol Jol w(x) D (u(x, ))0(u,(x, 5)) — P)dxds=0.  (4.3)
Now, for the first term in (4.3),

rten oot}

<l Bl | 1) &G 1)

<l Ollz vl 1| 27 (sl D)l
<Cllus Dl

which tends to zero as — oo by (i). (Here and below C denotes a generic
constant.)
For the third term in (4.3) we note that

] w0 ([} 00 076000 O ) |
<18 O 1l B e Dl Nt
< C gl (@4)

for all ¢ > 0. Hence, by (4.1) and the dominated convergence theorem,

lim Lt Ll ufx,s) (j: w(y) " (uy(p, 5)) uy(y, 5) dy) dx ds

{»©

exists.
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Since
1
[ w9 000,51 e | <1190 )

the fourth term in (4.3) is bounded.

The second and fifth terms in (4.3) are constants. Therefore the sixth and
last term is bounded, and since the integrand in this term is by assumption
nonnegative it follows that

. t
lim
t~00 Jy

[} 90) @, )0, 5)) = P e 4.5)

exists.
In particular, taking w =1 and ®(z) = W(z) — Pz, we see from (4.5) that

[ ot i) =PI di < co. 4.6)

Since

| et )~ PE

<20ty ) = Pl [0/l D)o [ it s

is bounded as t — oo, it follows from (4.6) that (iii) holds.

Returning to (4.3), we have shown that every term apart from
{3 w(x) P(u(x, t)) dx is either independent of ¢ or tends to a limit as ¢ — co.
Hence

fim [ w(x) @(u,(x, ) dx

exists for all ye&€ L*(0,1) with w>0, and thus for all ye& L*(,1).
Therefore

‘p(ux(" t)) _Afn»() in Lz(os 1)

as t— oo for some f, € L%(0, 1). Since ||@(u,(:,1))||, < C it follows that
Jo € L®(0, 1) and

B(u, (-, 1) S fo()  in L®(O,1). 4.7
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Next let @ € C(|[—M, M]) be arbitrary, and let w € L'(0, 1). We show
that {f} w(x) @(u,(x, 1)) dx; t >0} is Cauchy. Given ¢ > 0, there exists by
Lemma 3.1 a function @, € S such that

€
2[vli 12 = Pelicq-man < 5

By (4.7)

j [ i) @l ) dx — [ ve) @l ) i | <

for sufficiently large s, ¢. Therefore

] JO’ W(x) P(uy(x, 1) dx — J w(x) D(uy(x, 5)) dx

[

<2yl 1@~ Pellcqnmn + )

<¢

for sufficiently large s and ¢, as required. Hence

tim [ () (a3, 1) de

exists for all w &€ L'(0,1), and it follows easily that (4.7) holds for an
arbitrary @ € C([—M, M|]). Choosing @(z) = z we immediately obtain (ii).

The existence of the probability measures v, follows at once from (4.7)
and Tartar (1979, Theorem 5) (see also Balakrishnan, 1976, p. 31). To prove
that supp v, =K, ae. it suffices to show that if & is zero on K, then
(v,, ®)=0 ae. But if @ is zero on K, it follows from (iii) that
@(u,(-, 1))~ 0 in measure as ¢ — oo. Therefore @(u,(-,t)) =0 in L(0, 1)
as t— oo, and hence (v, @) =0 a.e. as required. 1

COROLLARY 4.2. Suppose the equation o(z)=P has only one root z,.
Then as t » o©

u(x,t)—z,x  stronglyin W" (0, 1)
Jorallp, 1 <p < 0.

Proof. Since supp v,  {z,} we have v, =4, a.e., and therefore

D(u,(- )= &(z,) in L0, 1)
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for al @ € C(R). In particular u(-,f)—=z, and |u,(:, )" = |z,|° in
L*(0, 1). Hence u,(-, t) - z, strongly in L?(0, 1), and the result follows. §

COROLLARY 4.3. Suppose the equation o(z) = P has exactly k > 1 roots
Zy,..,2,. Then there exist nonnegative functions u,€ L*(0,1), 1<i<k,

such that if @ € C(R) then

Pu,(x, ) = i D) ufx) in L2(O,1) (48)

as t— oo. Furthermore
(4.9)

k
D ufx) =1 ae.
i=1

* x
u(x, t)i\ > z,.f w(»dy in Wh*(0,1)as t> 0, (4.10)
i=1 0

and if e <min, _; ;< |z;— 2| then for 1 <i<k
‘lim meas{x € A:{u(x, t)— z,| < &} =J u(x) dx, 4.11)

Jor any measurable subset A < [0, 1].

Progf. Since supp v, < {z,,..., z,} we have that

k
vx = 2 :ui(x) 52,’
i=1

where the u; € L*(0, 1) are nonnegative and satisfy (4.9). Hence (4.8) and
(4.9) hold. To prove (4.11) let 1<i<k and choose &(z) to be 1 if
|z—z|<eand 0if |z—2z,]|> (e + min,; |z, — z;]). By (4.8)

lim J ®(u (x, 1)) dx = J u,(x) dx. (4.12)

But
j D(u,(x, 1)) dx > meas{x € A: |u,(x, t) — z;| < &} d=efA,-(t). 4.13)

Since, by (iii), lim,_, Y'f_, 4,(t) = meas 4, it follows from (4.9), (4.12)
and (4.13) that (4.11) holds. 1

505/44/2-12
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COROLLARY 4.4. Let the hypotheses of Theorem 4.1 hold. Then for each
t >0 there exists an equilibrium solution w(x;t) € W"®(0, 1), that is, a
solution of

ow(x;))=P ae x€(0,1),

(03 =0, (4.14)

such that for any p, 1 <p < oo,
m [uC, ) = w3 D, =

Proof. We define w(-; ) successively on the intervals [T}, T, ,), where
0=T,<T,;<- and lim;,, T;=o00. For each i we choose T,>T,_,
sufficiently large so that

meas{x: dist(u,(x, £), K,) > 1/i} < 1/i

for t > T;; this is possible because by (iii), o(u,(:, ¢)) » P in measure. For
te {T,., T;.,) we define w(0; ) =0 and .

w,(x; ) = max{z: 0(z) =Pand |z — u,(x, 1) < 1/i}
if  dist(u,(x, 1), Kp) < 1/i
=zy if dist{ufx, 1), K,) > 1/i,

where z, € K, is fixed. Then

1 1 l
Jo |u(x, £} — w,(x; t)|1’dx<_l__(|zo| + M) +;,,—

for t€ [T}, T,,,), giving the result. 1§

Note that by Theorem 4.1(ii) and Corollary 4.4, w(x;t)— v(x) in
W!'®(0, 1) as ¢t co. Hence v(x) is in the W'®(0, 1) weak* closure of the
set of equilibrium solutions. Unfortunately this information is very weak,
since any function w(x) € W"*(0, 1) which is such that w(0) =0 and

min{z: z € K,} <w'(x) K max{z:z € K,} a.e.

can be expressed as the weak* limit in W"*(0,1) of a sequence of
equilibrium solutions (see Tartar, 1979, Theorem 3). We have not proved
that v itself is an equilibrium solution.

We remark that a result analogous to Theorem 4.1(iii) was proved in
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Dafermos (1969) for a more general model of one-dimensional nonlinear
viscoelasticity in the case when stress boundary conditions are imposed at
x=0,1.

5. ASYMPTOTIC BEHAVIOUR FOR
DiSPLACEMENT BOUNDARY CONDITIONS

Suppose o satisfies (Ha) and that u, € W) *(0,1), u, € L*(0, 1). Then
Theorem 2.3 guarantees the global existence of a suitably defined unique
weak solution u(x, t) to (1.1)~(1.3a). We study the asymptotic behaviour of
this solution as t— c0. We make the following extra nondegeneracy
assumptions on o¢:

(a) meas{z:0o'(z)=0}=0,
(b) the set N of local maximum and local minimum values of ¢ (not
necessarily strict) is nowhere dense, and

() if [p,q)cN° withp<g,andif ;€ W"'(|p,q]), 1<i<2k+1,
k = k(p, q), are the distinct inverse functions to ¢ on | p, ¢] (odd in number
by (Ha)), then {{}}, ;<ax4 1 are linearly independent in L'([ p, q]).

THEOREM 5.1. (i) wu(-,¢)=0in W"*(0,1) as t - .
(i) u(-, )= v()in Wye(0,1) as t > o for some v.
(iii) o(u,(-, 1)) P in L*(0,1) as t - o for some constant P.

(iv) There exists a family of probability measures {v,},c.1) on R
(depending measurably on x) with supp v, < K, = {2: a(z) = P} such that if
@ € C(R) and

f@(x) = <vx9 ¢> a.e.,

then

S, ) =fo(-) in L®(0,1) as t— .

Proof. Part (i) is proved as in Theorem 4.1 using the energy equation
(2.18).

Let y € L?(0, 1) with y >0, and suppose ® € W**([—M, M]), where M
is the upper bound in (2.19).

Inserting

00,0 = [ (WO @& 0) — || W(») @'(u, (3, ) o)
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in (2.2) we obtain

f l u (%, £) §(x, 1) dx — j l u,(x) ¢(x, 0) dx — j ' f ' u(x, s) 4,(x, s) dx ds
[ 0 9’0
Vo) @ 0) i — [ i) @)

+ %Ll f: f: (w(x) @ (u (x, ) — w(p) D' (u (3, 5)))

X (o(u,(x, 8)) — o(u,(y,5)))dx dy ds =0. 5.1)
The argument used in the proof of Theorem 4.1 shows that, provided
j G
J, |, 060) @/, 0) — w3) @ (1,32 1))
X (0(ue(x, 1)) — o(uy(y, 1)) dx dy >0 (5.2)
for all sufficiently large ¢ > 0, then

lim f 1 w(x) ®(u,(x, £)) dx exists, (5.3)

and

f’ f: f: (W(x) @' (u (x, ) —~ w(y) @' (u, (3, 1)))
X (o(u(x, D)) — o(u,(, 1)) dx dy dt < . (5.4)

We first make the choice y= 1, @ = W. Then (5.2) holds, and so by (5.4)
we have

3 f Ll L: [0y, ) — o(u, (3, 1))]* dx dy dt
- j: (a(ux(x, n) - j; o(,(3, ) dy) ‘dedi<w.  (55)

Since

%J: (a(ux(x, 1) ““LI o(uy(7, 1)) dy)2 = l
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is bounded as ¢ o0, it follows from (5.5) that
1
o(u, (-, 1)) — J o(u,(y, 1)) dy—0 strongly in L*(0, 1) (5.6)
L]

as t— .
Qur next goal is to show that if

def (!
O j o(u,(x, 1)) dx (5.7
g
then
PE lim () exists. (5.8)

The proof of (5.8) is somewhat lengthy. We first choose =1 and
@' (z) = o(z) + eF(0(2)),

where F is an arbitrary smooth function. For sufficiently small |&l, r + eF(r)
is monotone increasing for r in a bounded set. Hence (5.2) holds, and so by
(5.3) '

L uglx,

fim | |

8
[6(2) + eF(o(z))] dz dx exists.
Hence

1 uy(x,t)
tim | U Ro@)dzdx  exists. (5.9)
-M

[Ande )

Let ¥ be the characteristic function of a closed interval. Let F; be a sequence
of smooth functions converging monotonically to y. Using the monotone
convergence theorem it is easily proved that

JiM Fj(U(Z)) dz — JiM X(U(Z)) dz

uniformly for z € [—M, M. Hence by the same argument as that used in the
proof of Theorem 4.1 (after (4.7)) we deduce from (5.9) that

1 ux(x,t)

lim j x(0(2))dz dx exists. (5.10)
o —-M

fande o]

505/44/2-13
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Suppose for contradiction that 6(r) does not tend to a limit as # —» co. Then
there exist numbers p, ¢ with p < g such that the bounded continuous
function #(¢) takes the values p and g for arbitrarily large values of ¢. Since
the set N is nowhere dense we can suppose that | p, ¢q] < N°. The graph of
the function r = o(z) intersects the strip p < r < g in an odd number 2k + 1
of alternately strictly monotonic increasing and strictly monotonic
decreasing segments of curves C;, 1<i<2k+ 1. If ¢ is such that
8(¢) € | p, q] we denote the z-coordinate of the intersection of C; with the line
r=20(t) by aft) (see Fig. 1). We denote by {;={(r), 1 <i<2k+ 1, the
inverse function to ¢ on | p, ] whose graph is C;. The absolute continuity of
¢; follows from assumption (a) and a standard change of variables formula
(cf. Federer, 1969, pp. 244-245) which we use without further comment
below.
For ¢ > 0 sufficiently small and ¢ such that 6(¢) € | p, ¢] define

Si(t)z {xe [0’ 1] |ux(x’ t) - ai‘ < E}a
and

u4,(t) = meas S(t).

Then the sets S,(¢) are disjoint, and by (5.6), (5.7)

2k+1

lim u(t)=1. (5.11)
- 1

o =

8(nelp.ql

It follows from (5.6), (5.7), (5.10) and (5.11) that

2k+1 a
fim 3 )|

owelp.al

(1)
o) dz  exists (5.12)
M

FIGURE 1
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for any characteristic function y of a closed interval. Let p<s<s+d <p, <
g, <q, and apply (5.12) with y the characteristic function of [s,s + &].
Dividing by J we deduce that

k 211
lim }Z (- 0+ 0] ¥ G ar)
«© Jj=1 i=1
8 elp;, a1l

2k+1

1  s+9
@ X 5[ )

exists.

We now choose s, € (p, p;), 1 <1< 2k+ 1, to be Lebesgue points of each of
the functions {; and such that the ({/(s))), {=1,...,2k+ 1, are linearly
independent vectors in R**!; this is possible by part (c) of the
nondegeneracy assumptions. Letting 4 — 0+ and using the boundedness of
the u,(t) we obtain

k 2j—1
tllm iz ([ﬂzj—l(t)‘l”#zj(t)] Z C;(sl))
0N elpy.q] =1 =
2k+1

+ Haps1(2) Z ()i =a (5.13)

for some a;, 1 << 2k + 1. Writing (5.13) in the form

2k+1 2k+1
OB p,(t)+2(52,(s,)+c2,+1(s,)) > w] =,

6(tyelpy,q,]

and using the linear independence of the ({;(s,)) we deduce that the sums

3 u(0), i=1,.., k+ 1, tend to limits as £ oo with 8(t) € [p,,q,]. By
repeatmg the above argument with ¢, < s < s+ J < g we find also that the
sums 3 7% u(t), i=1,.,k, tend to limits as t— oo with 8(¢) € [p,,q,]-
Thus the limits

s S lim a0 (5.14)
t—0o0

0 elpy.q;)

exist.
We next choose y to be the characteristic function of [p, g]. Then from
(5.12), (5.14) it follows easily that

lim
t— oo

8(t) ( 2k+1
o elpy.q

5 y,.c;(r))dr exists.
i=1
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Therefore

2k+1

> #di(N=0 ae. re[p,q]l
i=1

Since 3 7*1'u;=1 by (5.11), (5.14) the ¢ are linearly dependent in
L'(Ip;,q,]), contradicting the nondegeneracy assumption. This
contradiction proves (5.8), and thus part (ii) of the theorem.

Returning to (5.2), (5.3), we choose w € L*(0,1) with >0 and
@ € C*([—M, M)) such that for some & > 0,

C@(z)o(z)—1)>0  if |z|<M, |t—Pl<e. (5.15)

Rewriting the integral in (5.2) in the form

2 (x) (o, D)0 ) — 60)

we deduce from (5.8), (5.15) that (5.2) holds for sufficiently large 1 > 0. We
thus get (5.3). Note that, by (a), o is constant on no interval. Thus by
Lemma 3.2 and the argument used in Theorem 4.1 we deduce that

fim | w(x) (w0, ) s

exists for all y €L'(0,1), ® € C([—~M, M]). The remainder of the proof is
also the same as that for Theorem 4.1. §

COROLLARY 5.2. Suppose o is strictly increasing. Then as t -
u(x, £)—0 stronglyin - WP(0, 1)

Jorall p, 1 <p < .

Proof. This is the same as the proof of Corollary 4.2. Examination of the
proof of Theorem 5.1 shows that the nondegeneracy assumption (a) (which
need not hold for strictly increasing functions) is unnecessary if o is strictly
increasing. 1

The statement and proof of Corollary 4.3 carry over to displacement
boundary conditions without change.

COROLLARY 5.3. Let the hypotheses of Theorem 5.1 hold. Then for each
{ >0 there exists an equilibrium solution w(x; t) € Wi (0, 1) satisfying

ow (;)=P ae x€(O1), (5.16)
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such that for any p, 1 < p < o0,
lim [Ju(, ) — w(; O, =0.
t—00
In particular, v(x) is in the Wy®(0,1) weak* closure of the set of

equilibrium solutions satisfying (5.16).

Proof. Since v, is a probability measure with supp v, = K, it follows
that

(v, identity ) € conv K, a.e.

By part (iv) of the theorem
1 1
J (v, identity ) dx = }im j u(x,t)dx=0.
0 ~®© Jo

Hence 0 € conv K.

Case 1. o(z)=P has no negative root. Then K, is a closed bounded
subset of [0, 0], and hence 0 E K,. Also (v, identity)>0 ae., and
therefore

{v,, identityy =0 a.e.
Hence supp v, < {0} a.e., and thus v, = J, a.e. This implies that
u(-,)-»0  stronglyin W'?(0,1), 1< p < oo,

as t— oo. By part (ili) of Theorem 5.1, 6(0)= P =0. Therefore 0 is an
equilibrium solution satisfying (5.16), and we can take w(-;¢)=0.

Case 2. o(z)=P has no positive root. This is handled as in Case 1.

Case 3. o(z)= P has at least one negative root z _ and one positive root
z,. Define v(x;¢) exactly as was w(x; ¢) in Corollary 4.4. If v(1;¢) =0 we
set w(x; t) = v(x; ¢); then w is an equilibrium solution satisfying (5.16).

Suppose v(1;£) < 0. For y € [~ 0, 0] define

Ay, )= {x€ [0, 1]: 0,(x; ) <y},

and let

gy, )=z, meas(4(y,t)) + J v, (x; 1) dx.

(y,0)¢

Then g(-,f) is nondecreasing, lim,, . g(»,)=v(1,£)<0 and
lim,,_g(y,t)>0. Let y,=sup{y:g(»,t)<0}, so that y,<0. If
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&(yy,1) =0 define B(t)=A(y,,t). If g(yy,£) >0, s€ [0, 1], let B(t,s)=
Uy(yoA(y’ t)U(A(yOs t)m [0’ S]) and

h(s, £) = z, meas(B(t, 5)) + v, (x; ) dx.

- B(t,s)¢

Then A(-, ) is continuous and nondecreasing, #(0,r)=sup, v, 8(y: t) and
h(1,t) = g(y,, t). Therefore h(sy, r) =0 for some s, € [0, 1]; in this case we
define B(¢) = B(, s,).

Now let w(0;¢) =0 and

wxst)=z, if x€B()
=0v,(x;1) otherwise.

Then

.1

w(l; £) :J w.(x; £) dx = 0,

0

so that w(x; ¢) is an equilibrium solution satisfying (5.16). But
z_ meas B(t) =f v (x; 6) dx —v(1, 1),

B(D)

and so
meas B(t) < —v(l;8)/z, .

Hence

1
f |v.(x; £) — w,(x; 1)|” dx < const. meas B(t) - 0
0

as t— co. Applying a similar argument to the case v(1;¢) > 0 we deduce
finally that

lim u(, £) = w(s )1, =0,

as required. N

6. CONCLUDING REMARKS

A central question left open by our analysis is whether the limiting
displacements v(x) in Theorem 4.1, 5.1 need be equilibrium solutions. If v(x)



NONLINEAR VISCOELASTICITY 335

were not an equilibrium solution then u(-, ) would tend to an “infinitesimal
zigzag” as t-»oo. Is there a mechanism which might produce such
increasing oscillations as £~ o0 even in the presence of dissipation? A
possible such mechanism is suggested by linearizing (1.1)-(1.3a) around the
trivial equilibrium solution u = 0 in the case when 6(0)=0 and ¢'(0) < 0.
The resulting initial boundary value problem is

wtt = 0’(0) wxx + wxxt’ (6'1)
w(x, 0)=we(x),  wlx,0)=w(x), (6.2)
w(0, 1) =w(l, ) =0. (6.3)

The solution of (6.1}-(6.3) has the form

frel
w(x,t)= " (a,e*" + b,e*")sin nnx, (6.4)
=1
where
Af =1[—n’n? + /n'n* — 40’ (0) n2n?]. (6.5)
As n- o,

A", ~—0'(0),
AT ~0'(0) — n'nt.

Thus for large n the amplitudes of all modes are increased by roughly the
same factor e~?", Suppose that a similar phenomenon occurs for solutions
to the nonlinear system (1.1)-(1.3a) in the neighbourhood of points x where
o' (ux,£)) <0. If u is a smooth solution of (1.1)-(1.3a) and u,(x,,?),
u(x,,t) lie on adjacent increasing portions of the o-curve then
o'(u(x,,1)) <0 for some x;€ (x;,x,). Increasing oscillations in the
neighbourhood of x, might then produce further points near x, where u, lies
on different increasing portions of the g-curve, thus further intermediate
points where ¢ < 0, and so on. This argument is not wholly convincing, of
course, because of the possibility of stabilizing nonlinear interactions and
nonlocal effects.

We now show that by modifying the constitutive equation for the stress
one can establish that solutions converge to equilibria as ¢ — . In place of
(1.4) we suppose that

S = O’(llx) t Uy ElUyyys (6.6)

where £ > 0 is a constant. This constitutive equation corresponds to a special
viscoelastic material of second grade. It is also a special case of a
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constitutive equation proposed by Korteweg (1901) in his theory of inter-
facial capillarity in fluids; for fluids of constant viscosity the term u,, should,
however, be replaced by u,/u,. For information concerning Korteweg’s
theory the reader is referred to Truesdell and Noll (1965), Serrin (1981), and
Slemrod (1981). A typical initial boundary value problem for the material
(6.6}, corresponding to (1.1)~(1.3a), is

ut! = (a(ux) + uxt - guxxx)x’ 0 <x< 19 > 09 (67)
u(x, 0) = uy(x), u(x, 0) = u,(x), O<x<l, (6.8)
w0,)=u,,0,0)=u(l,t)y=u,(1,1)=0, t>0. (6.9)

{The choice of boundary conditions is physically somewhat artificial, but
will enable us to give a relatively simple theory.) The corresponding energy
equation is :

E(®t)+ J; J[: u2, dx ds = E(0), (6.10)
where
E(t)= jol [—;— ufx, ) + W (x, 1) + ;— U, (x, 3)2} dx.  (6.11)

The form of the extra term (¢/2) u2, in the energy density suggests that in
this model increasing oscillations in u, will not occur and that solutions may
converge to equilibria. This expectation is confirmed by the following
theorem.

THEOREM 6.1. Let W€ C*(R) with W bounded below. Let Y=
W20, 1)N W0, 1), X=YXL*0,1) and suppose that {u,,u,} € X.
Then given any T > 0 there exists a unique weak solution u of (6.7)-(6.9)
with {u, u,} € C([0, T]; X).

Let Z={ve C*(|0, 1]): 0" (x)=06(v"(x)) for x€ [0, 1], and v(0)=
v"(0)=0v(1)=0v"(1) =0} denote the set of equilibrium solutions of (6.7),
(6.9). Then as t - oo, u,(-, £)— 0 strongly in L*(0, 1), and :

dist (u(-, 1), Z) - 0.
If, further, the elements of Z are isolated in Y then there exists a unigue
v €Y such that u(-,t)—> v strongly in Y as t - oo.

Remark. An appropriate definition of a weak solution, together with
information concerning the regularity of the solution for ¢ > 0, is given in the
proof.
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Progf. We write (6.7)-(6.9) in the form

w=Aw + f(w),
f) (6.12)
w(0)=w0’
where
0 I
=)ol a)

“ A

dx* dx?

D(4) = (W*?(0, 1) " W20, 1)) X X,
Sfw)y= ( 0 ) and Wy = (u(,).

ol(ux) uxx ul

We note that 4 generates a C° semigroup {e?!} of bounded linear operators
on X given explicitly by

e'wy= > w,(t) sin nnx, (6.13)
n=1
where
© 1 . anelxt + bnejl;t
Wo = n; 7 don | sinnmx,  w,(f)= (a,,,l,:‘e”' + b,,,l;e“')
Uy
(=49 D) +
n n*n’(1 —4¢)'? ’
, Lol (=40 ) — u,
. n*ni(1 — 4e) '/ ’
and

Af = @@*n?2) (-1 £ (1 —4e)'/?).

It follows from (6.13) that {e*’} is an analytic semigroup and, by the
Arzela~Ascoli theorem, that e’ is compact for ¢ > 0. Since 6 € C*(R) and
since the imbedding of W*%(0,1) in C'([0, 1]) is continuous, the mapping
f:X—> X is locally Lipschitz. Hence (cf. Segal, 1962) there is a unique
solution w € C({0, T'}; X) of the integral equation

w(t) =et'w, + Jt e =91 (w(s)) ds, . | (6.14)
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provided 7> 0 is sufficiently smalil, and w depends continuously on w,.
Equivalently, there exists a unique weak solution of (6.12) in the sense
defined in Balakrishnan (1976) and Ball (1977). Since {e*7} is analytic, it
follows from Pazy (1975, Theorem 5.2) that we& C'((0, T]; X), that
w(t)E D{4) for t€(0,T], and that (6.12) holds for all 1€ (0,T]. In
particular, the energy equation (6.10) holds for all € [0, T']. Since W is
bounded below it follows that ||w(?)||y < C for all ¢ € [0, T',] for any solution
w € C(]0, T, ]; X) of (6.14), T', > 0, where C is a constant independent of 7.
This bound implies that the solution w(¢) of (6.14) exists for all £ > 0. Since
et is compact for ¢ > 0, it follows from Pazy (1975, Theorem 4.1) that the
positive orbit @ (w,) d—e (U/»0 w(t) is precompact in X. The total energy E(¢)
is nonincreasing and is a continuous functional on X. Furthermore, by (6.10)
the only solutions along which E(t) is constant are equilibria. By the version
in Hale (1969) of the LaSalle invariance principle the w-limit set of w(-) is
contained in Z X {0}, and therefore dist,{w(t), Z X {0})—> 0 as t- oo. Since
the w-limit set is connected, if Z consists only of isolated points then
w(t)—v as t— oo for a unique ve Z.

We now briefly investigate the relationship between equilibrium solutions
of (1.1) and those of (6.7) in the limit ¢ - 0. Consider an equilibrium
solution u# of (1.1) (for any boundary conditions) which for some J > 0,
X, € (0, 1) has the form

wix)=p_, Xg— 06 <X < Xy,

=pD,, Xp < X <X+ 6,

where p_ # p, . Necessarily we must have

o(p_)=0(p,). (6.15)

We examine whether there can be a sequence of equilibria u, of (6.7)
converging to u in (x, — &, x, + &) as ¢ » 0. As is customary we in fact look
for travelling wave solutions

(x)-smf(x x") (6.16)

Since
euy’" (x) = o(u(x))’ (6.17)
we obtain

frrm=o(f my, (6.18)
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where

X —X d
n=—m- (V=5 (6.19)

and we look for solutions to (6.18) satisfying

f'(#0)=p,. (6.20)
THEOREM 6.2. There exists a solution of (6.18) and (6.20) if and only if
Wp_)—p_o(p )=W(p,)~p.o(p,) (6.21)

and
W(p)—W(p_)—(p—p_)o(p_)>0 (6.22)

forallpe{(p_,p.).

Proof. The argument follows the usual pattern (see, for example,Wen-
droff, 1972). Let g =/". Integrating (6.18), any solution satisfies

g"=0a(g) +c, (6.23)

where clearly we must have c=-—o(p,)=—0(p_). Integrating again we
obtain

38 =W(g)—go(p.)+d,
so that by (6.20)

W(p.)—p_o(p_)=W(p,)—p,o(p,)=—d.
Then

18 =W(g)—-W(p_)—(g—p_)o(p.) (6.24)

Thus the expression in (6.22) is nonnegative for all p€ [p_,p,]. But if
g'(n*)=0 for some n* with g(n*)€ (p_,p,) then g(n*) minimizes the
right-hand side of (6.24), and thus o(g(n*)) = o(p_). By the uniqueness of
solutions to (6.23), g(n) = g(n*) for all #, which is impossible. We have thus
proved that conditions (6.21), (6.22) are necessary.

Conversely, suppose (6.21), (6.22) hold. Then we may solve the initial
value problem

g =+[2(W(g)—-W(p_)—-(g—p_)a(p N7,
g0)=3(p_+p,)
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locally, where the + (resp. —) sign is taken if p, > p_ (resp. p, <p_). Then
the uniqueness of solutions to (6.23) implies that g(n) € (p_,p,) as long as
the solution exists. Thus g(#) exists for all # € R, and obviously

g(+o0) =Py
Thus there exists a solution of (6.18), (6.20). 1§

Equations (6.15), (6.21) are the Weierstrass—Erdmann corner conditions
(cf. Bolza, 1973) which say that the chord joining the points (p_, W(p_))
and (p,, W(p,))is a common tangent to the graph of W at p, . Condition
(6.22) says that this chord lies strictly below the graph of W. The theorem
shows that not all equilibria for (1.1) are limits of equilibrium solutions to
(6.7) of the type (6.16).
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