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1. Introduction

Solid-solid phase transformations often lead to certain characteristic micro-
structural features involving fine mixtures of the phases. In martensitic transforma-
tions one such feature is a plane interface which separates one homogeneous phase,
austenite, from a very fine mixture of twins of the other phase, martensite. In
quartz crystals held in a temperature gradient near the x-§ transformation
temperature, the a-phase breaks up into triangular domains called Dauphiné
twins which become finer and finer in the direction of increasing temperature.
In this paper we explore a theoretical approach to these fine phase mixtures
based on the minimization of free energy.

In simplified terms the idea is the following. Suppose that for energetic reasons,
a body prefers to be deformed, say, in three states specified by three constant
deformation gradients 1, F- and F*+. Assume that conditions of geometric com-
patibility are satisfied across an interface separating regions deformed with
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gradients F+ and F-, i.e. that there are vectors @ and n such that
Ffr—F-=a®n,

but that compatibility cannot be maintained across an interface separating 1
and F+ or 1 and F-, i.e.

F* — 1 =+ a rank-one matrix.

Thus, while it is possible to construct a continuous piecewise affine deformation
consisting of layers having deformation gradients F+/F-/F+[F-, ..., it is not pos-
sible to construct a continuous piecewise affine deformation using all three matrices
1, F- and F*. However, we show that it is possible (for certain choices of F+ and
F-) to arrange a very fine mixture of the layers F+/F—/F+/F-, ..., on one side of
an appropriately oriented interface so that the “average” deformation gradient
of these layers does approximately satisfy conditions of compatibility with 1.
The approximation gets better as the distribution of layers gets finer and finer.
We argue that this is the essential reason for fineness in some martensitic transfor-
mations.

The energetic interpretation of these configurations is in terms of minimizing
sequences rather than minimizers. In fact, each of the minimizing sequences we
study converges weakly to a deformation which is not itself a minimizer of the
total free energy. Thus, the total free energy functional is not lower semicon-
tinuous with respect to weak convergence in the Sobolev space W!'7(Q,R3),
p = 1. Our calculations in Section 5 show that this failure of lower semicontinuity
is a typical property of free energy functionals for solids which change phase
and results from a failure of ellipticity of these functionals. From the point of
view of comparison of theory with experiment, the detailed structure of mini-
mizing sequences appears to be as important in these problems as the minimizers.

In fact, it is well known from the pioneering work of L. C. YouNG [52] that,
in the absence of ellipticity conditions, integrals of the calculus of variations
do not attain a minimum among ordinary functions, but can be thought of as
attaining a minimum in a space of “‘generalized curves”. Such generalized curves
are the limits of minimizing sequences that necessarily oscillate more and more
finely. The finely twinned configurations of martensite described above can be
viewed as approximations of generalized curves. Another example from elasti-
city is the ““infinitesimal wrinkling” of membranes studied by PipkIN [38].

Our calculations are related to those involved in what is known as the crys-
tallographic theory of martensite in the metallurgical literature and to emerging
methods of homogenization theory in the mathematical literature. Treatments of
the crystallographic theory of martensitic transformations are found in the books
by CHRISTIAN [15], NISHIYAMA [35], and WAYMAN [49]. The theory was first put
forth by BowrLes & MACKENZIE [11] and WECHSLER, LIEBERMAN & REeaD [50].
Our calculations of Section 5 are similar to those of the crystallographic theory.
However, by developing the theory on the basis of a free energy minimization,
we achieve several advantages. First, by looking at minimizers and minimizing
sequences, we predict both the twinned martensite interface, with the observed
twin planes, and the austenite/finely twinned martensite interface. Along the
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way, we clarify the role of fineness in energetic terms. Also, since our free energy
accounts for general three-dimensional changes of shape, it can be used in con-
junction with various loading potentials to study the effect of multiaxial loads on
transformation temperatures.

There is some similarity between the observed geometrical configurations
of martensite and the arrangement of constituent materials used to achieve opti-
mal bounds and designs in homogenization theory*. For a striking example of
this similarity, compare Figure 1 of a recent paper by MiLTON [32] with the photo-
graphs of a “mishandled” crystal of InTl shown by BASINSKI & CHRISTIAN
[10, plate I11]. Our problem is different in that the material itself makes the “‘com-
posite”. Another major difference is that compatibility does not play an essential
role in homogenization theory, while the fineness in our configurations is a conse-
quence of the material striving to achieve compatibility.

We conclude the paper with some different examples of fineness in energy
minimizers. In Section 7a we give an example which, while not applying directly
to martensitic transformations because it does not satisfy the appropriate in-
variance requirements, suggests strongly that fine twinning can be initiated by
a temperature or concentration gradient, this leading to a minimization problem
which when interfacial energy is neglected only has a minimizer in the sense of
generalized curves. In Section 7b we give an example of a strongly elliptic material
which has potential wells and which supports configurations with very fine bound-
ary wrinkles. In the Section 7¢ we return to the observations of Dauphiné twinning
in quartz. We give an example of a configuration involving five deformation gra-
dients in which compatibility is achieved by a self-similar mixing of smaller and
smaller triangles on one side of an interface. We believe that this configuration
is related to fine triangular domains in quartz observed by VAN TENDELOO, VAN
LANDUYT & AMELINCKX [48], but our example is based on a simplified free
energy function and therefore we are not able to make a quantitative comparison.

2. Internally Twinned Martensite

Our approach in Section 2 through Section 5 is suggested by observations
of internally twinned martensite. One of the most studied of the alloys which
form internally twinned martensite, because of its accessibility to low power
optical microscopy and its simple crystal structure, is Indium-Thallium. The
alloy consists of a substitutional solid solution of Tl in a crystalline matrix of In
which at high temperature is a face-centered cubic.

If a single crystal of InTl is cooled to its transformation temperature (105°C
for In-18.5%, TI, 25°C for In-23%, TI), it undergoes a diffusionless reversible change
from a face-centered cubic to a face-centered tetragonal structure. The trans-
formation is made evident by the movement of one or more interfaces across the

* See, for example, KrLosowicz & LURIE [27], Koan & STRANG [28], LAVRoOV,
Lurie & CHERKAEV [29], LURIE, CHERKAEV & FEDEROV [30], MIiLTON [32], MURAT &
TARTAR [33], RAaITUM [40] and TARTAR [45, 46].
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specimen. A typical observation at the transformation temperature, redrawn from
the photomicrograph of BAsINsK1 & CHRISTIAN [10, Figure 5}, is shown in Figure 1.
The cubic austenitic phase (to the right in Figure 1) is stable above the transfor-
mation temperature while the tetragonal martensite is stable below the transfor-
mation temperature. The twin spacing in the martensite is on the order of 20 pm.

Sometimes the transformation produces a more complicated arrangement of
the phases; a fairly common observation is the X-shaped interface in Figure 2a
(Basinsk1l & CHRISTIAN [10, Figures 11-15], BURKART & READ [13, Figure 3]).

/
Austenite
=
= =
/
///
Martensite

Fig. 1. Single interface transformation in InTl

Cubic
NN

/ Z Twinned
/ tetragonal
Tetragonal

a
Fig. 2a. Transformation by an X-interface; b Curved martensite/martensite interface

At the bottom of Figure 2a is a single crystal of martensite. The single and X-
interfaces are planar, but intriguing curved interfaces which separate twinned
martensite from twinned martensite also areseen (BURKART & READ |13, Figure3
and Figure 2b]). If the temperature is lowered further the phase boundaries
move so as to eliminate all the austenite, often leaving a twinned crystal of mar-
tensite. Austenite and martensite co-exist in a crystal over a temperature range of
about 3%°C so actually there is not a single transformation temperature.*

In all cases the twin planes arise from the {1 1 0} family of planes in the austen-
ite. That is, if we adopt a reference configuration interpreted as the undistorted

* We return to this observation in Section 6.
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austenite just above the transformation temperature, the six planes in the reference
configuration with normals (110), (101), (011), (1 —10), (—=101), (01 —1)
relative to a basis parallel to the cubic axes are deformed into the twin planes by
the transformation. Within each twin band the material is a tetragonal single
crystal, but neighboring bands are oriented differently. Also, all the interfaces
separating austenite from finely twinned martensite are observed to be very nearly
{110} planes. Where the austenite/martensite interface meets the boundary of
the body, this boundary bends sharply through a small angle.

Below the transformation temperature, the body is a single or partly twinned
crystal of martensite. A partly twinned crystal is extremely flexible in that small
applied loads easily change the spacing of the twinned layers. Below the transfor-
mation temperature, the general tendency of uniform loads on the faces of a crystal
is to drive the twins out and leave a single crystal of martensite.

If an unloaded crystal of martensite, either twinned or not, is heated to the
transformation temperature, the austenite/martensite interfaces reappear. Further
heating to above the transformation temperature causes the crystal to return to a
single untwinned crystal of austenite.

3. The Free Energy Functional and Minima

We now propose a free energy for materials which undergo reversible mar-
tensitic transformations and work out the details for InTI.

The change in crystal structure associated with the transformation in InTl
is from face-centered cubic to face-centered tetragonal. Consider a regular re-
ference configuration £ C R3 which is interpreted as the undistorted austenite
at the transformation temperature 0, = const. For later use we assume o be-
longs to the interior of 2. The change of shape in going from fcc to fct can be
described by a deformation y = Uyx, &€ 2, U, being the constant positive-
definite symmetric matrix given by

Up=ml+(m—n)exe (3.1)

|e| =1, for some positive constants 7, =7, (BURKART & REaD [13]). For
InTl 5, =1 —¢, 5, =1+ 2¢ with £ == .013 for concentrations near 20%, TL
We refer to U, as the transformation strain.

Since the transformation leads to a change of shape at a certain temperature,
we are led to assume the existence of a free energy ¢ which depends on the change
of shape, measured by the deformation gradient F, and the temperature 0. Thus
at a certain temperature 0 let a deformation y: 2 —R?® with gradient F = Dy(x)
have a free energy per unit volume in £ given by

#(F, 6). (.2)

Assume ¢ is defined and continuous for all Fc @ = {Fc M**?|det F > 0}
and for all 6 in a neighborhood of the transformation temperature 0,. Here M™*"
denotes the set of real mxn matrices.
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We assume that the free energy is Galilean invariant: for all F€ @, all 0
near 0y, and each orthogonal R with det R =1 (we call such R rotations),

&(RF, 0) = §(F, 0). (33)
The restriction (3.3) implies that
O(F, 0) = $(U, 6)| ,_ i - (3.4)

Let 2° be the subset of & consisting of positive definite symmetric matrices.
Since we have interpreted {2 as undistorted austenite at the temperature 6,,
we assume that there is a finite group of rotations P” of order », representing the
symmetry of austenite, such that

$(RURT, 6) = (U, ) (3.5

holds for all Ue 2° all Re P’ and all 0 near 6,. For the InTl alloy » = 24
and P?# consists of the 24 rotations which map a cube into itself. Also, one of
the 4-fold rotations in P>* has the axis e of (3.1).

In an unloaded body the austenite is observed above and the martensite
below the transformation temperature. We shall therefore presume an exchange
of stability, in the sense that for all U in 2° which are unequal to 1, U, or any
matrix of the form RU,RY, Re P,

(U, ) > &(1, o) = H(Uo, bo). (3.6)

For 0 > 0, we assume that some symmetric matrix U,(f) near 1 minimizes
¢(-, 6), whereas for 6 << §,, we assume that some symmetric matrix U, (0) near
U, minimizes ¢(-, ). Here, nearness means that |U, — 1| € |U, — 1| and
|U,, — Uy| < |Uy —1|. We use the notation |A|= (tr AAT}} for any
A e M™ " See James [23] for a fuller discussion of these kinds of energy functions.
Note that this assumption means that the symmetry group of ¢ is smaller than that
considered by ERICKSEN [16] and Fonsgca [20], and, in particular, does not contain
certain nontrivial shears.

In general, we have assumed that ¢(-, 8,) has (up to) » + 1 potential wells
with minima at the matrices 1, R, UoRY, ..., R,U,RY, in which R,,..., R, is
an enumeration of the point group P”, Each distinct potential well with minimum
of the form R;UyRT is associated with a variant of the martensite. For U, of
the form (3.1) with #, ==7,, there are only three variants because some of the
matrices of the form R,UyR! coincide.

The condition U, = R;U,R7 in InTl is

ml+(—n)Re@Re=mn 1+ (2 —m)e@e 3.7

or simply
Re = e (3.8)

which is satisfied by eight members of P2* (three rotations with axis e, four 180°
rotations with axes perpendicular to e and the identity). Since P?# is a group, there
are precisely 24/8 = 3 distinct matrices of the form R,;U,R7, and it is easily seen that
these are 5,1 + (5, — 1) € ® &, é being a 4-fold axis of P24,
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To make a connection with calculations of the effect of stress on transformation
temperatures in [25], we observe that 1 can be written as the convex combination

1 U, + 1 RUGRT + } R2ULRT, (3.9
R being any 3-fold rotation in P24, Thus, in the notation of [25], 1 € do#,.
We define the total energy functional by

Fyl = [ (Dy(x), 0,) ds. (3.10)

(We shall only be concerned with stable configurations at the transformation
temperature.) A deformation will be termed stable if it minimizes the total free
energy. In precise terms the deformation

Ve ={yc W(QRY) | Dyc D ae}
is stable if
J = Flyl Vyedod. (3.11)

This stability criterion is appropriate for an unloaded body at the transformation
temperature. Here and below W7(2, R™) denotes the Sobolev space of mappings
y: 2 —R" such that |y|;, < oo, where

(f(lyl" + | Dy ) dx)”", 1< p< oo,

“y“l,p =
esssup (|y(#)| + [ Dy(®)]), p = oo.

See ApAMS [1] for information on these spaces. We write W?(Q) for Wi»(Q, R}).

We now describe all stable deformations. A necessary and sufficient condition
that ¥ be stable is that Dy(x) minimize the integrand ¢(:, 8,) for almost every &.
Because of the property (3.6), Dy(¥) minimizes the integrand if and only if for
almost every & in £2, the function defined by

U(x) = (D¥(*)" DF(»))} (3.12)
takes on one of the values
1, R,U,RY, ..., R,U,R]. (3.13)

A geometric characterization of all y ¢ &/ satisfying the preceding condition
does not appear to be available in the literature. Thus, we focus first on smooth
interfaces separating austenite from itself, martensite from itself or martensite
from austenite.

Let y be a stable, continuous and piecewise differentiable deformation and
suppose a smooth interface separates two regions on which Dy has constant
values Ft and F—. It is well known that if F+ == F— then the interface is a plane
(with say reference normal n, |n] = 1) and that for some nonzero vector a

F*-—F =a@®n. (3.14)
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Let F* = R*U* and F~ = R-U~ be the polar decompositions of F+ and F-.
Since ¥ is stable, Ut and U~ must each take on one of the values given in (3.13).
We work out the possible interfaces below for U, given by (3.1).

(i) Austenite]Austenite Interfaces. These are governed by the condition

Rt — R =a@®n, a-=+=0, (3.15)
which implies that
R=1+4+d ®n, (3.16)

where R = R™7Rt and o = R~ 7a. Equation (3.16) shows that R has two
linearly independent axes (| to m) which in turn implies that R =1 and
R* = R~. Thus, there are no austenite/austenite interfaces. According to a theo-
rem of RESHETNYAK [41, Corollary of Lemma 3], if ¥ € W'*(Q,R?) is such that
Dy(x) is a rotation for almost all x€ £2 then Dy is necessarily a constant rotation.
This implies the stronger result that the body cannot be inhomogeneously deform-
ed in the austenite phase. Obviously, this result is independent of the choice of
point group or transformation strain.
(i) MartensiteMartensite Interfaces. These are governed by the equation

R*UyR, — R U,R;— a @ A, (3.17)

with @ +0 and |i| = 1.
Premultiply (3.17) by R~ and postmultiply by R]. Then, (3.17) becomes

RUR - U, =a®n, (3.18)

where R=RRICP* R=R 'R, a=R 7a+0, and n = RA. Let
{e, ey, e,} be an orthonormal basis with e, and e, also four-fold axes of rotation
in P?*, Re equals one of the vectors e, +e, or J-e because of the structure of
P?* Thecase Re = +e yields no solutions of (3.18) by a quick calculation using

the fact that E‘TUOE = U,. (This would correspond to an interface between
one variant of martensite and itself.) There are various strategies for completing
the calculation. The methods of ERICKSEN [18] and GURTIN [22] can be applied
to the remaining cases Re = +e, or J-e,. Alternately, our Proposition 4 of
Section 5 can be used with C=U;'RTUZRU;'. The results are:

b
n———=(e-+}e
72 ( )
. V26—
3+
Twins (3.19)

§=—1+2n®n

2
R=—1+ 792 ® q;
19|
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in which _
q, = 1n.e — n.e, (3.20)

‘I2 = 7]25 + nles
and
ecle;, —e, e,, —ey}. 3.2

The equations (3.19) through (3.21) give all solutions of the equation (3.18) with
U, given, |n| =1 and R€ P?* in the sense that a and n are given by (3.19),,
up to the replacement @ - —a and n — —n. The expressions for R and R

are not unique. The various values of R and I-f, which give rise to the @ and n
of (3.19) are associated with Type I and Type II twins (normal and parallel twins
in the terminology of GURTIN [22]). The twins given by (3.19) are so-called com-
pound twins, which means that they can be represented as both type I and type II
twins. The expressions of R and R in (3.19) correspond to the type I description.
All solutions of the original equation (3.17) are obtained by reversing the argument
which leads from (3.17) to (3.18). The twin planes are all of the {1 1 0} family and
agree exactly with the observed twin planes described in Section 2. Solutions*
of (3.18) for general U, andf or a more general family of groups than point
groups are given by ERICKSEN [17].

(iii) Austenite/ Martensite Interfaces. These are governed by the equation

RUR, —1=a®n, (3.22)
with @ == 0, |n]| = 1, which implies that
RIUR, —(1+n ®a)(l+a@n), (323)

which in turn implies that a vector perpendicular to both a and n is an eigen-
vector of RIUZR, with eigenvalue equal to 1. But this is impossible unless one
of the eigenvalues %, or 5, of U, equals 1. In particular, there are no austenite/
martensite interfaces.

The latter conclusion does not agree with observations like those shown in
Figure 1, which clearly show some kind of austenite/martensite interface.

4. Compatibility, Almost Compatibility, and Minimizing Sequences

In this section we explore the idea that the austenite/finely twinned martensite
interface is modelled by certain minimizing sequences for the total free energy
(3.10). The corresponding deformations are essentially piecewise affine, but a small
correction is necessary close to the interface so as to render the deformation
gradients compatible.

* It would be necessary to consider the more general groups to describe martensitic
transformations involving slip, which does not occur under smail loads in the internally
twinned martensites.
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We begin by giving a version of the Hadamard jump condition for deformations
whose gradients take only two values, there being no assumption on the structure
of the sets where these values are taken.

Proposition 1. Ler Q¢ R” be open and connected. Let y & W'*(Q,R™) satisfy

Dy(x) = A, ae. x€Q,,

.1
Dy(x) =B, a.. x€Qp,

where A, B¢ M™*" and 2,, 25 are disjoint measurable sets with 2 = 2, \J g,
meas 2, > 0, meas 2 > 0. Then

A—B=cQ®n 4.2
for some ccR™ ncR", |n|=1, and
y(*) =yo + Bx + O(x)c, x€Q, 4.3)
where yo€R™, yo:¢ =0, 6 Wh2(Q) satisfies DO(x) = y(¥)n a.e., and
x4 denotes the characteristic function of Q4.
Proof. Let z(x) =y(x) —Bx, C=A — B, so that Dz = y,C. Since x4
is not constant, there exists ¢ € Cg°(£2) such that
def
n = fDde = foDde
24 0
is nonzero, and clearly we may suppose that |n| = 1. But
0= [(zhos — g0, dx
2
= C[f‘nﬁ — Cléfla,

and hence (4.2) holds with ¢ = Cn. To obtain (4.3) we note that if b-¢c =0
then D(2(x)-b) =0 a.e., so that z(x) — 2(x,) is parallel to ¢ for a.e. ¥¢ £,
where #,¢€ £ is fixed. Assuming without loss of generality that ¢ = 0, it follows
from (4.3) that DO(x) = y,(¥)n a.e., completing the proof. []

From (4.3) we see that, on any convex subset E of £, y has the form

(&) =y, + Bx + fe(x-n)c, 4.4)

where fz is Lipschitz with derivative 0 or 1 a.e.. Thus @, E and QyNE
consist of parallel layers normal to n. However, if £ is not convex, there may be
no representation (4.4) with fz independent of E; for example, £, could have
the form of the shaded set in Figure 3.

We next consider deformations whose gradients to a good approximation
take only two values.
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—_—

n

Fig. 3. Distribution of the sets 2, and Q2 consistent with the hypotheses of
Proposition 1

Proposition 2. Let 2 CR" be bounded, open and connected. Let p > 2, and let
A,Bc M™*" be distinct. Let yP ~y in W'P(2,R™) and suppose that for
every ¢ >0

limmeas{x € Q:|Dyx) — A| >¢ and |Dy?(x) —B|>e&=0. (4.5
jroo

Then
Dy(x) =A%) A 4 (1 —A(x)) B, a.e. x€ R, 4.6)

Jor some measurable function A satisfying 0 < A(%) < 1 a.e., and one of the follow-
ing possibilities holds:

() M%) =1 ae. and Dy (x)— A in measure,
(i) A(*) =0 a.e. and Dy9(x) - B in measure,
(iti) A equals neither 0 a.e. nor | a.e. and
A—B=c®n 4.7
Jor some ceR™ ncR", |n]|=1.
Proof. Let Qf ={xc Q: |Dy(») — A| =g}, Qf ={xcQ:|Dy?(x) - B|

=< ¢}, andlety%, x5 denote the characteristic functions of 2%, Q}° respectively.
Then for ¢ sufficiently small that QJ°, Qj are disjoint,

DYO(s) = 2(#) (A + 05()) + £5() (B + y()
+ (1 — 25(%) — 5 (%) DyP(#), ae x€Q, (4.8)

. def . . def . . .
where 09(x) = DyP(s) — A, (%) = Dy¥(x) — B. Since yif, yif are
uniformly bounded there exists a subsequence, again denoted 9y, such that

w2,y =25 in L¥(Q). Since, by (4.5), lim [ (1 —xf — ) ds =0,
it follows that g

0= =1—-23(x)<1, ae xc0. 4.9
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Also
[ (U — 1 — 25 | Dy()| dx
Q

. , 1p . 1p
g( [t =g — sf)dx) (f |pyPdr)
0 Q

where 1/p 4 1/p’ = 1, so that the last term in (4.8) tends to zero as j—» oo
strongly in L'. Passing to the limit j— co in (4.8) we obtain

Dy(x) = 5(%) A + (1 — A5(%)) B ++ H'(x), ae. x€Q, (4.10)

where | H(¥)| < ¢ a.e.. From (4.9) there exists a subsequence & — 0 such that
2% 2 A() in L™(L2), where 0 =< A(¥) =< 1 a.e.. Passing to the limit in (4.10) we
obtain (4.6).

Suppose that A(#) = 1 a.e.. We claim that Dy’ - A ip measure. If not,
there would exist £ >0 and a subsequence y*’ such that meas Q4° — f 5
dx = 6 > 0. Applying the preceding argument to y“ gives Q

Dy(x) = M%) A + (1 — Ax)) B, ae. x¢c0Q,
where f (1 - i(x)) dx = §, contradicting (4.6). A similar argument shows that
o2

if A(¥) =0 a.e., then Dy“”) > B in measure.

Suppose that i equals neither 0 a.e. nor 1 a.e.. If A takes only the values 0
and 1 a.e., then (4.7) follows from Proposition 1 applied to y. Hence we need only
consider the case when 0 < A(¥) << 1 on a set £ of positive measure. Since (4.7)
says nothing if m =1 or n=1, we suppose also that m =2, n=2. If
Me M™ " we denote by J(M) some 2x2 minor of M. Since p > 2, we have
that

J(DyP — A) —~ J(Dy — A) in LP(Q) 4.11)

(see RESHETNYAK [41], BALL [4], BALL, CURRIE & OLVER [5]). But, since /i and
x%° are characteristic functions of disjoint sets,

J(DyP(x) — A) = y(%) J(0%(%)) + 25°(%) J(B — A + ()

+ (1 — 25 — 2 (@) J(DYP(x) — A), ae. xc Q.
Using a similar argument as for (4.8), we deduce from (4.11) and (4.12) that

(4.12)

JDy — A) = (1 — Aw)) J(B— A), ae. €0,
and hence from (4.6) that
Mxe)(1 —Ax) J(B—A)=0 ae. xc Q.

Since 2 has positive measure it follows that J(B — A) = 0. Since a matrix all
of whose 2x2 minors vanish is of rank one, this completes the proof. []
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Remarks;

1. The argument using the minors J is only needed to handle the case when
Mx)€ (0, 1) is constant. If A(x) is not constant a.e. then (4.7) follows from
(4.6) using an argument similar to that in Proposition 1.

2. In case (i) (respectively (ii)) it is easily shown that y@—y, + Ax (re-
spectively y)— y, + Bx) strongly in W(Q,R™) for 1< g < p, where
yo € R™.

3. We do not know if Proposition 2 holds for I < p < 2.

4, Suppose for simplicity that y(f)—*~ y in WH*(2;R™). Then the proof of
Proposition 2 can be adapted to show that ¥y converges in the sense of

generalized curves (c¢f/. TARTAR [46, Section 4]), so that for any continuous
function f: M™*" >R

fDY)) L G, f> in L¥Q),

and that the Young measure », is given by
vy =A®) 64 + (1 — A(%)) 6 a.e. ¥€ 2,

where d,4, 05 denote Dirac masses at A, B respectively. See CHIPOT & KINDER-
LEHRER [14] and KINDERLEHRER [26] for further remarks in this direction.

5. By applying Proposition 2 we can strengthen the statement made in Section 3
concerning the nonexistence of austenite/martensite interfaces to the assertion
that there is no sequence of deformations y? —~y in W'2(2;R%, p> 2,
which, in the sense of Proposition 2, have gradients taking to a good approxi-
mation only the two values R and I_QUOR,C, where R, R are rotations and
R, ¢ P’, unless Dy —> R in measure or Dy’ RU,R, in measure.

We can now address the case of deformations whose gradients to a good
approximation take only two values on one side of an interface &, and a third
value on the opposite side. Here one goal is to understand why the austenite/
finely twinned martensite interface is flat.

Theorem 3. Let m =2, n=2, p>2. Let QCR" be bounded, open and con-
nected, and suppose that 2 can be written in the form Q= 2,5V 2.V &,
where Q4 g and Q. are disjoint, open and connected, and where & = 00245 Q
= 002c N Q. Assume either that meas & = 0 orthat p >n. Let A,B, Ce M™*"
be distinct, and suppose that neither C — A nor C — B is of rank one. Let
YD~y in WW(Q,R™) satisfy for every ¢ >0

lim meas {¢€ 2, 5: |Dyx) — A| >¢ and |Dy?(x) —B|>¢ =0, (4.13)
joro
and

lim meas {s € Qc: | DyP(x) — C| > ¢} = 0. 4.14)
j>oo

Then the interface & is necessarily planar, i.e., there exists a unit vector mc R”
and kcR with

F C{x€R": x-m =k}, 4.15)
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and

A—B=cQ®n, (4.16)
C—B=—-bom+icx®n, (4.17)
where n ¢ R" is a unit vector that is not parallel to m, where b, ccR™ are not
parallel, and where 0 <C A <C 1. Furthermore, each point %, ¥ has an open

neighborhood N(x,) such that
Dy(x) =B +Adc ®n, «¢cQ,5N N(%o), (4.18)
Dy(x) = C, x¢ QcN N(%o). 4.19)
Conversely, suppose that &, A, B and C have the forms (4.15) through (4.17).
Then there exist sequences y converging weak * in W-(2,R™) to some y and
satisfying (4.13) and (4.14). If m=n, det A >0, det B> 0 and det C > 0,

then y) can be chosen so that det DyP(x) =68 >0 ae. &€, for some
constant & > 0.

Proof. Applying Proposition 2 to £, 5, we see that one of the following three
possibilities holds a.e. in 24 5:

(1) y(x) = yo + Ax for some y,cR™,
(ii) y(x) = yo + B for some y,cR"™,
(iii) A—B=c®n for some ccR™, ncR”, |n| =1,
and
Dy(x) =B + Ax)c Q@n, (4.20)

where 0 = A(x) = 1 and A(x) equals neither 1 a.e. nor 0 a.e.; in this case, we have,
using the argument at the end of the proof of Proposition 1, that

¥(%) = yo + Bx + 0(x) c, 4.21
where yo,€R™ and 6¢ W'™(Q,p), DO(x) = i(»)n.

Similarly, we have

y(x) =y, - Cx, ae x€ £, 4.22)
for some y, €R™
If p > n then an appropriate choice of representative ¥ is continuous on £2,
and the same holds if meas ¥ = 0 since then y € Wh*(2,R™). Pick x, and
suppose for contradiction that (x, + r,)€ & for » linearly independent vectors
;.. We suppose (4.21) holds in £2, 5; the cases (i) and (ii) are handled similarly.
Since ¢ == 0, by (4.21) 6 has a continuous extension, again denoted 8, to 82,4 3N 2.
By the continuity of y we therefore have

(C—B)x, =y, — ¥ + 0(x9) c,
(C—BY(xg+1)=30 — ¥+ 0(5g +1)c, i=1,...,n.

Subtracting, we find that (C — B) r; is parallel to cfor i =1, ..., n, contradicting
our assumption that € — B is not of rank one. Hence (4.15) holds for some
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m and k. In the cases (i) (ii), (4.15) and Proposition 1 imply that either ¢ — A
or C — B is of rank one; thus these cases are impossible and (4.21) holds in
QA’B-

Given x,¢€ %, choose r > 0 sufficiently small that the open ball B(x,, r)
with center &, and radius r is contained in £2. Let

B+(x09 r) = {xe B(xO’ r): ¥-m> k}’
B~(%,r) = {%€ B(%,1): - m < k}.

Then 2,45/ B(%o, 1) = BH(%o,7), L2¢/\ B(%,,7) = B~(%,,7) or vice versa,
and & N B(xy,r) = {¥€ B(%xo,r): 8- m = k}. Since DO(x) =Ax)n in 24,
it follows that

0(x) = f(x-n) for all ¥€ Q4 5N B(%o, 7), (4.23)

for some f€ WI°(R). For x¢ B(x,, r) denote by &’ the orthogonal projection
of ¥ onto &. Then & =« 4 (k — (¥ -m))m and

(C—B)¥ =y, —y, +f(* n)c,
so that
(C—B)x =y, —y, +f(6" -n)c+ ((s-m)—k)d, (4.24)

where d = (C — Bym. Taking the derivative of (4.23) with respect to », we
find, using the chain rule for Lipschitz maps (¢/. MARCUS & MizEL [31, Lemma 2.1])
that

C—B=d@m+f'(& -nc®[n—(m- -nym], (4.25)

a.e. in B(xg, r). Since C — B is not of rank one, m is not parallel to n, (m - n)?
%1, and ¢ = o. Taking the inner product of (4.25) with n, we thus deduce
that f'(#' -n) = A = constant a.e. in B(%,, r). Since m is not parallel to n, it
follows that f'(¢) = 4 for ¢ in a neighborhood of %, -n and hence from (4.20),
(4.21) and (4.23) that Ax)=1, 0<<A<<1, for x€ L, 5N N(x,), where
N(x,) is some open neighborhood of x,, possibly smaller than B(x,, r). The
relation (4.17) follows from (4.25), b not being parallel to ¢ since € — B is not
of rank one.

Conversely, suppose that &, A, B and C have the forms (4.15) through (4.17).
We suppose without loss of generality that £k = 0. Let 6: R — R be the 1-perio-
dic function satisfying

[A=D(@+H for —2=1<0,

0(t) =
® 1—l(t—1—}—/1) for 0=r<<1—A4.

(4.26)

Let #>0 and

4.27)
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For xcR" define

{ A+ (1 —-2D)B)x+0(x-n)c for[x-m]>l—(li_7)0(x-n),

%(¥) = | D*x for 0 < - m_l(l——l) f(x - n),
_ s : .

D« for —me(x nN=xm=0.

(4.28)

It is easily verified that z € WL™(R" R™), that Dz takes almost everywhere
only the four values A, B, D*, D~ and that z(s) = Cx for ¥-m = 0. For
j=1,2,..., define for x¢ 2

‘ Jj'a(jx) for x€ 2,5,
y(x) = { U 7 (4.29)

Cx otherwise,

(see Figure 4b). Since y\ is continuous, y7(0) =0 and Dy" takes almost
everywhere only the five values A, B, C and D=, it follows that ¥ is a bounded
sequence in W"(2, R™). Since also

DyP(x) = 1A + (1 — 1) B + 0'(jx - n) (A — B)

b

Fig. 4a. The orthogonal projection of R" onto the (m, n) plane, showing the values

taken in various regions by Dz when z is given by (4.28); b Possible two-dimensional

cross sections of 2 parallel to the (m, n) plane, showing the division of 2 into regions
where Dy takes different values when y( is given by (4.29)
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for a.e. x€ Q,p satisfying |x-m|>j-lu, itis easily shown that yD Xy
in Wh*(Q,R™), where

I (}.A—*"(l ——'A)B)x for erA’B,

y(x) = l (4.30)

Cx otherwise,

and that (4.13) and (4.14) hold. Finally, if m = n and det A >0, detB =0,
det ¢ > 0, then by (4.16)

det (AA + (1 —A)B) = Adet A 4+ (1 — 2)detB.
Since

Al — 24
daDi:daOA+(L—mBijjrl

com).
it follows that det D* >0 if u is chosen sufficiently large, and in this case
det Dy(x) = min {det A, det B, det C, det D} >0 a.e. for all j. []

Remarks:

1. Let m = n, det A > 0, det B > 0, det C > 0 and let u be chosen sufficiently
large that det D* > 0. Then for domains 2 such as those in Figure4b (ii)
and (iii), the deformation y given by (4.30) need not be invertible, and hence
y9 given by (4.29) need not be invertible. Sufficient conditions for y“) to
be invertible are that 2,5 C{*€R": #-m >k} and Q,C{¥cR":x-
m < k}.

2. It follows from the proof of Proposition 2 that

meas {x € N(x,) : | DyV(x) — A] <&}

lim lim =4
e=+0 jr 00 meas (N(xo) N 24 p) ’
-1 DvO(x) —
e {x€ N(%,): | Dy(%) — B| < ¢} =12,
£=0 j>oo0 meas (N(%o) N £2,4 )

so that 4, 1 — A denote the asymptotic proportions of A and B respectively
in N(xo) N L4 p.

We now return to the minimization problem (3.11) with the free energy func-
tion described in Section 3, not necessarily specialized to InTl. Assume that F*
and F- satisfy for some rotations R+ and R~

Fi — R*U,. (4.31)

Recall that ¢ is a Galilean invariant, that U, is at the minimum of a potential
well and that ¢(1, 0,) = $(U,, 6,) = 0. We apply Theorem 3 with m = n = 3,

A=F+, B=F and C = 1. Let y*? be a minimizing sequence for # in o,
so that .
lim £(y?) =0, (4.32)
jroo

and suppose that the hypotheses of the necessity part of Theorem 3 holds. (The
condition that a minimizing sequence is weakly convergent in W1?(Q;R3) is
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satisfied for some subsequence of that sequence provided ¢ satisfies an estimate
of the form
®(F) = K, |F|P + K, foral Fe2 (4.33)

for some constants K, > 0, K;.) From Theorem 3 we deduce that the interface
& is flat and, by (4.16) and (4.17), that

Fr=14(1—-)c@n+bym,

(4.34)
FF=1—-lc@®n+bem,

for nonparallel vectors b, c € R3, nonparallel unit vectors m,n € R* and some
2€(0,1). Conversely, if the conditions (4.34) hold and & has the form (4.15)
then the y'” constructed in the theorem and satisfying (4.13) and (4.14) will be a
minimizing sequence for £ in &, since ¢ is continuous, Dy? bounded in L* and
det Dy (x) = 6 >0 a.e. in 2. In fact, since F+ and F- are at the minima of
potential wells,

f¢(Dy(j), fo) dx = f $(D™, 0p) dx + f H(D~, ;) dx
¢ {#IDyN(x) =D} {xiDyD(x)=D-}
-0 as j— oo. (4.35)

That is, the only contribution to the total energy of ¥V’ is from the layer of tri-
angular prisms pictured in Figure 4b whose total volume tends to zeroas j— co.
The existence of rotations R* such that F* given by (4.31) satisfy (4.34) will be
established for InTl in Section 5.

Simple examples show that if we drop the hypothesis in Theorem 3 that
the open set Q2 5 is connected, then ¥ need not be contained in a plane. The
X-interface in Figure 22 provides an example where the finely twinned region
is a disconnected open set and the austenite/martensite interface & is not con-
tained in a plane. Note, however, that the deformation gradient in this configu-
ration takes to a good approximation four values. The X-interface is easily under-
stood by patching together two deformations of the type given by Theorem 3.
The curved martensite/martensite interface shown in Figure 2b is obviously
not covered by Theorem 3. In principle, it should be possible to relate the orienta-
tion of this interface to the local twin concentrations A(x) and A’(x) on each side
of the interface.

Of course the weak limit ¥ of a minimizing sequence ¥ is not in general
a minimizer; for example, with y*)—~ y as above, (4.18) becomes

Dy(x) = AFt + (1 — A) F-, (4.36)

and AFF+(1 —A)F- =1+ b ®m does not in general, or in particular for
InTlI, yield one of the stretch matrices 1, R; UpR!,i=1,...,v. Hence # is gener-
ally not sequentially weakly lower semicontinuous (swlsc) in wi(Q,R%) for any
g = 1. This typical feature of multidimensional phase change problems results
from the failure of strong ellipticity of ¢ (¢f. ERICKSEN [16], BALL [4]) and contrasts
with certain models of rubber-like materials for which ¢ is swisc and for which
the direct method of the calculus of variations can consequently be applied to
establish the existence of minimizers (BALL [3]). When ¢ is not W'!-quasiconvex,
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a condition closely related to strong ellipticity, an argument of BALL & MURAT
[8, Theorem 5.1] in fact shows that for appropriate boundary conditions and body
forces the total free energy does not attain a minimum (see also the examples in
Section 7).

5. Materials Which Can Form Internally Twinned Martensite

Given a transformation strain and a family of energy minimizing twins, we
now consider the algebraic problem of whether the equations (4.34);, can be
satisfied. If so, we can construct minimizing sequences by the methods given
in Section 4. The critical physical question is whether the austenite/martensite
planes work out correctly. These calculations are closely related to those of the
crystallographic theory of martensite, although necessary and sufficient conditions
for the existence of solutions of (4.34), in the case of a general transformation
strain and point group appear to be absent from the literature. We restrict atten-
tion to the case m = n = 3 throughout this section.

According to the analysis of Section 3, all classical interfaces between mini-
mizing deformation gradients are martensite/martensite twins. The deformation
gradients associated with these twins, F* and F—, have the forms

F+ = ié+U0Rl.’
. .1)
F_ = R_UORJ"

with R; and R; in P’. It is sufficient* for our purposes to take R; =1 and to
rewrite (5.1) in the form

F+ = RRU,R,
R (5.2)
F-=RU,,
where
Fr—F-=c®n, c¢=Ra. (5.3)

For InTl, the values of R, R, a and n satisfying the equations (5.2) and (5.3)
are obtained from (3.19) with #; =1 — ¢ and 7, =1 4+ 2¢, ¢ = .013. In this
section we allow U, to be an arbitrary positive-definite symmetric matrix and the
twins in (5.2) to be general in that they are subject only to (3.18), that is

RUR=U,+a@n, (5.4
where R, R are rotations, @ #=0 and |n|= 1. We note the relations
Upla-n=0, (5.5
2Uga-n + |a|? =0, (5.6
2Ug%a - Us'n — |Uylal? |Uy'n|? =0, 5D

* The twins represented by (5.1) can be obtained from those represented by (5.2)
and (5.3) by replacing F+ and F-in (5.1) by RJF*R; and R/F-R;. Note that these re-
placements do not alter the forms of (4.34) ,.
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which follow from (5.4) by taking determinants and by calculating tr (RU3RT)
and tr (RU; 2RY).

To decide whether the twins (5.2) can participate in an austenite/finely twinned
martensite interface, we consider the algebraic problem of whether F+ and F~

given by (5.2) can assume the forms (4.34), , for some choice of R. We view U,,
a and n as given, consistent with (3.18). Since (4.34), follows immediately from
(4.34), and (5.3), we only need to consider (4.34), which becomes

F-=RU,=1—JARa®n+bom, (5.8)
or equivalently,
U, +ia®@n=RY(1+bx®m), (5.9)
which is to be solved for 1¢ (0, 1), b, the unit vector m and the rotation R.
Let Cy(2) be defined by
def
Co) = (Us + 20 ® 0) (U, + 40 ® ). (5.10)

According to the polar decomposition theorem, the basic equation (5.9) with
det (U, + Aa ® n) > 0 is equivalent to

CH=1A+m@bA+bxm), (5.11)
together with the restriction that det(1 + b ® m) =1+ b-m > 0. Hence, we

begin with a characterization of b and m satisfying (5.11).

Proposition 4. Necessary and sufficient conditions for a symmetric 3 X3 matrix C
with eigenvalues A, < A, =< A5 to be expressible in the form

C=(1+m@eb1+bem) (5.12)

for nonzero b and m are that A, =0 (i.e, C=0) and 1, = 1.
The solutions are given by:

a) C+1,

B As(1 — 4y) V/11('13 —1) )
b—Q(VW e + x T_—_—ll—' eif, (513)

% Vi, —Va,
Vis — 2y

where ¢ == 0 is a constant, and e,, e; are normalized eigenvectors of C correspond-
ing to Ay, A5 respectively, and where each of x, » can take the values 4-1. For these

solutions 1 +-b-m=7x ]/1113.

ng*l( )(—ZVI—‘:T191+%V1T:_193),

b) C=1,
b = ge, (5.14)
m= —2"e,

where ¢ == 0 is a constant and le| = 1. For these solutions 1 +b-m = —1.
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Proof. Necessity. Let p be perpendicular to b and m. Then Cp = p so that
one eigenvalue of C equals 1. If b and m are linearly dependent, then the eigen-
value 1 has a multiplicity of at least two, so 4, = 1. Suppose that b and m are
linearly independent. Consider

x-Cx — |2 =2(x-b)(x-m) -+ (x-m)?|b|?
= (¥ m) [2(x - b) + (s - m) |b|?].

If we choose #-b >0 and x-m > 0, the expression (5.15) is positive. If we
choose ¥-b= —1 and &-m small and positive, the expression (5.15) is nega-
tive. Hence A, << 1<CA;. Finally, 4, A; =detC = (1 + b-m)2 =0, so that
AL=0.

(5.15)

Sufficiency. First suppose that C == 1, sothat b == 0, and suppose that 1, > 0.
If b and m satisfy (5.12), we have

Cb=1+mb)b(l +b-m),

= Z-(det C)" (b + |b|> m). 19
Hence,
b
m = [+ (det C)"'2C — 1) (W) 5.17)

In view of (5.17) a necessary and sufficient condition that nonzero vectors b
and m satisfy (5.12) is that b &= 0 satisfies

bob Cb®Ch

C=1-TF ToFaetC’

(5.18)

In the orthonormal basis of eigenvectors {e,, e,, e;}, we have say b = (b4, b, b;)
and Cb = (4,b,, b,, A3b3). Then (5.18) is equivalent to

Ai—1 0 0
0 0 0
0 0 A;—1
A 1
2 — — —
b‘(“””zs) ”"”( ‘*13) 0
L oon(co) (cre ) ma(c1)
:I—b—lz 192 (“ + 13 2y +1113 2V3 ™ +).—1— (5.19)
1 A
_ —_ 2 _ 23
0 bzbs( 1+M) b3( 1+M)

Since by assumption 4; and 4; are not both 1, (5.19) holds if and only if b, =0

and
b A(1—42p) by (A —1)
= —, = —_—— 5.2
I 12 13_}'1 : |b|2 13—).1 ( 0)
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The equations (5.20) are consistent and so (5.18) holds if and only if b has the form
(5.13); with ¢ == 0. Then we get (5.13), from (5.17) as required.
If C =1 then (5.12) is satisfied by nonzero vectors b and m if and only if

b=wm with 2¢v + 12 |m|? =0, (5.21)

so that the nonzero solutions of (5.12) are given by (5.14).

If 2, =0, then from (5.16), which holds without the restriction 1; > 0,
we have Cb =0, so b = pe,. If we write m = m,e, + m,e, -+ mye;, we can
write (5.12) in the form

—1 0 0 2m; m, my m: mm, mm,
0 0 0 =o|l m, 0 0 + 02 | mymy m3  mym;
0 0 A,—1 m; 0 0 msm;  mym, mi/
(5.22)
that is,

(1 + le)z = 0’
omy(l + om;) =0,
oms(1 4 omy) = 0,

o — 0, (5.23)
o’mymy = 0,
szg =A4;—1,
with solutions _
, mli—%, m, =0, mgzi-t—wz—_l, (5.24)

which are already covered by (5.13). []

Remarks.

1. Consider solutions of (5.12) with 1 +b-m = 0. If A, <A, =1< 23, then
there are two essentially distinct such solutions b~ ® m~ and b+ ® m™,
con51stent with the analysis of [24, Appendix 1] These are related by a
rotation R in the sense that 1 + bt @mt = R(l +4-.b~ ® m~); this follows
from the polar decomposition theorem in the case A; > 0 and by an explicit
calculation if 4, = 0. If 4, or 4; equals 1, there is only one solution. If 4,
and A3 both equal 1, there is no solution.

2. Note that if m! is perpendicular to m then

“ml.Cm!=|m!), (5.25)

so that m is normal to an “‘undistorted” plane for C. Similarly, if b! is perpen-

dicular to b, then
bl.C-1b! = |p!|? (5.26)

so that b is normal to an ‘“‘undistorted” plane for C-!,
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3. The formula for b can be written

(;//11 e+ xV1—A7le) (5.27)

Val

which has the same form as the formula for m.

Proposition 4 makes it clear in particular that in order to solve the basic equa-
tion (5.11) we must show that Cy(2) has an eigenvalue equal to 1 for some 4, so
we consider the following proposition:

Proposition 5. Let the 3% 3 nonsingular matrix U, = U], the vector a, the unit

vector n and rotations R and R be given subject to the twinning relations (5.4).
Let Cy(A) = (Uy + in @ a) (U, + 2a @ n) and let

g(A) = det (Co(4) — 1). (5.28)
Then g(4) is a quadratic function of A which satisfies g(1) = g(1 — A).

Proof. To show that g(2), which appears to be a sixth order polynomial, is in fact
only quadratic, note that by (5.5)

det (U, + Aa ® n) = det U, =+ 0. (5.29)
Hence

gA) = det [(Uy + An ® a) (U, + Aa @ n) — 1]
= det U, det [(Uy + 4@ @ n) — (U, + in @ a)'] (5.30)
=det Uydet [(Uy — Uy +Ma @n + Uy'ln @ Ugla)].

Since the matrix multiplying A is singular, the rlght-hand side of (5.30); is at
most quadratic in 4.
Since

g(1) = det (R"(U} — 1) R) = det (U — 1) = g(0),

if follows that g() =g(1 —A). O

From Proposition 5 we can see how to make one eigenvalue of Cy(1) equal
to 1 at some A so as to satisfy part of the conditiens in Proposition4. For the
remaining part we need to show that the other two eigenvalues of Cy(4) bound 1
above and below, using the following proposition:

Proposition 6. Suppose that for some 4, Cy(2) has the unordered triple of eigen-
values 1, A;, A;. Then

(1 —2) (A; — 1) = tr U3 — det U} =2+ (A2 — A) |a|?. (5.31)



36 J. M. BALL & R. D. JAMESs
Proof. Using (5.6) we obtain
1+ A 4+ A3 = tr Co(A)
=tr U} 4+ 24(Uya - n) + 2% |a|? (5.32)

=tr U} + (A2 — 1) ]a|?.
Since also
AiAs = det Cy(d) = det U3, (5.33)

the result follows. [J

We now combine Propositions 4 through 6 to get an existence theorem for
the original equation (5.9). For the purpose of Theorem 7 a triple (ﬁ, A, b @m)
consisting of a rotation Ii, a scalar A¢ (0, 1) and a rank-one matrix b ® m such
that

U, +Aia®@n=R'1+b®m) (5.34)

will be termed a solution of (5.34).

Theorem 7. Let the positive-definite symmetric matrix U, satisfy the twinning rela-
tion
RUR=U,+a®n (5.35)

for some pair of rotations R and R and for vectors a =0 and n, [n|=1.

I. Assume U, does not have an eigenvalue equal to 1. Necessary and sufficient
conditions that (5.34) has a solution are that

14+36*=<0 (5.36)

and that
trUz—detU2—2+—1—|a|2>0 (5.37)

0 0 26% - )
where

0*=a-Uy(Us—1)"'n. (5.38)

If further
1+ 36*<0, (5.39)

then strict inequality holds also in (5.37) and there are exactly four distinct solutions
of (5.34), these having the form

(I}l’ A*’ bi‘- ® ml+)7
(Ry, 2%, by @ my), (540)
(Rs, 1 — A%, bf ® m}), '

(Ry, 1 = 4%, b7 ®@ my),
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2
A =1 (1 — I/l + a_*) ) (5.41)
so that 0 << A* < 1)2. If
14 316*=0, (5.42)

where

then all solutions have 1 = 1/2; if strict inequality holds in (5.37) then there are
exactly two distinct solutions, while if equality holds in (5.37) there is just one solu-
tion.

1. Assume U, has an eigenvalue equal to 1. A necessary and sufficient condition
that (5.34) has a solution is that

p* Ztr U2 — det U2 — 2> 0. (5.43)

All solutions are given as follows:
a 2
If p*> | 4I then for each A€ (0,1) there are exactly two distinct solutions

(R}, 4, b} @ mj),
. (5.44)
Ry, 4, b7 @ my).

*

b e < 1of 7 % 4 7
If 0<u 5—4- and A =3%(1— I—W, so that 0<<A= 3%, then

Jor each A€ (0, )T) v — 2, 1) there are exactly two distinct solutions of the
_ _ - 2
Jorm (5.44), while if A =24 or 1 — A with either A%} (i.e., p* < l—azl—) or

1= 1 and det Uy == 1, then there is one solution (15,1, A, b, @ my).

In all the cases above, formulas for b ® m associated with a solution (ﬁ, 2,
b @ m) are given by (5.13) evaluated at the ordered eigenvalues of Cy(2).

Proof. By Proposition 4 and the polar decomposition theorem, necessary and
sufficient conditions that the basic equation (5.34) has a solution with A = A*
are that the eigenvalues 0<< A, <1, <1; of Cy(A*) satisfy 1, =1 and
(A — 1)* + (A3 — 1)> £ 0. (The condition 4, >0 is automatically satisfied
because det (U, - 4@ ® n) = det U, > 0 for all 1.)

FPart 1. By Proposition 5, g can be written in the form

g(A) = a(d — 3)* + b, (5.45)
for some constants @ and b with b = g(3) and
g0 =%a+0b g0)=—a. (5.46)

The condition that Cy(A*) has an eigenvalue equal to I for some A*¢ (0, 1) is
that g(A*) = det (Co(A*) — 1) =0 for some A*€ (0, 1), which holds if and
only if g(0) g(3) = 0 with strict inequality if A* == 1.
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By direct calculation,
£(0) = det (U — 1),
g'(0) = 2a- Uy adj (U5 — D n,

so that by (5.46) the inequality g(0) g(3) = 0 is equivalent to (5.36). If g(1*) =0,
A*¢€ (0, 1), then by (5.45) through (5.47)

(5.47)

1
%2 ® __

A*2 — J¥ = 5% (5.48)
with 6% defined by (5.38). Hence, by Proposition 6, the eigenvalues of Cy(1%)
satisfy 4, <4, = 1 < 1, if and only if (5.36) and (5.37) hold. The eigenvalues
of Co(A*) are not all 1, since Cy(A*) = 1 implies that Cy(A¥) e = Uje = e
for e perpendicular to n and Uya, and U does not have an eigenvalue 1.

If (5.39) holds then g(0) g(3) < 0, so that g has the two roots A*, 1 — A*
with 1* given by (5.41). By Proposition 6 equality holds in (5.37) if and only if 1
is a double eigenvalue of Cy(A*). But this is impossible, since there would then
exist a corresponding eigenvector e with e-n = 0, so that

Uge 4 A*(Uga - e)n = e, (5.49)
which with (5.47) implies that
8(0) (Uoa - €) = —34*g'(0) (Uya - e). (5.50)

The quantity Uga-e does not vanish because of (5.49) and the assumption
that U, does not have an eigenvalue equal to 1. Hence (5.50) implies that

g(0) = —34*5'(0), (5.51)

which immediately gives 4* = 1, a contradiction. Hence, by Proposition 4 there
are four distinct solutions of (5.34) as claimed.

If (5.42) holds then by (5.48) A* = L and by Proposition 4 there are two
solutions if strict inequality holds in (5.38) and only one otherwise.

Part II. If U, has an eigenvalue equal to 1, then g(0) = g(1) = det (U — 1)
= 0. Hence, if there is a solution of (5.34) with A = i* (which means that
A*€(0, 1)), then g() = 0 for all 1. Hence, one eigenvalue of Cy(4) equals 1 for
each 1€(0,1) and it remains to examine the other two eigenvalues. Let

0(A) = tr Uz — det U3 — 2 + (A2 — 2) |a|2. (5.52)

A necessary and sufficient condition that 0(1) = 0 for some A€ (0, 1) is that
u*>0. If 6(4) >0, 1€ (0, 1), by Proposition 6 the eigenvalues of Cy(4) satisfy
Ay < A, = 1 < i; and hence there are two distinct solutions of the form (5 44);
this case occurs if p* > ]a| /4 orif 0< p* < |al?/4 and A€ (0, A)U(l — 2,1
If 0(A4) =0, thatisif 4 = 2 or 1 —2, thereisa single solution (Rl, ALb, ®m,)
if and only if C,(A) =1. But C,(1) = 1 implies by (5.5), (5.6) that

0="Us'a-CoW)n =@ — 1) |a|? (5.53)
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and hence that 1 = 1. Hence there is a single solution if i + 34 If A= 1 then
Co(A) =1 implies det Uy = (det Co(2))"/> = 1, while det U, =1 implies by
(5.32) and 0(4) = 0 that tr Cy(4) = 3, which together with the fact that Cy(4)

has two eigenvalues equal to 1 gives Co(l—) = 1. Hence there is a solution if
and only if det U, is not equal to one. [J

Remarks:
1. An alternative method to that in Proposition 5 for evaluating g(4) is to write
g(A) = det (Co(2) — 1)

. (5.54)
— det Co(A) — tr adj Co(A) + tr Co(A) — 1

and note that
tr adj Co(A) = det Cy(2) tr Cy 1(2)
=det U3tr(1 — AUs'a @ n) Ug%(1 — in ® Uy'a)  (5.55)
= det Uj(tr Us? + (22 — 1) [ Ug'a* | Ug'n ),
where we have used (5.7). Thus, from (5.32),
g() = det (U3 — 1) + (A — 2) ((a* — (det UD) | Us'a 2| Us'nD),  (5.56)

and hence
det U3 | Uy 'al? | Ug'n}? — |a]?

6*
2det (U2 — 1)

(5.57)

2. A different way of writing the necessary and sufficient conditions in Theorem 7
that there be a solution of (5.34) with 4 &= 1/2 can be obtained by noting that
if Cy(2) has the unordered triple of eigenvalues 1, 4,, 45, and if e is any eigenvec-
tor of Co(4) corresponding to the eigenvalue 1, then

(1 —=2) (A3 — 1) (e-n)?
=trCy(d) —n-Co()n —n-adjCo(Hn — 1.
Since trCoy()) —n-Co()n =tr U} —n-Uln and n-adjCo)n=n-
adj Uin, we have that
A—2)AG —DEen?=trU§—n-Ujn—n-adjUn —1. (5.59)

Since, as is shown in the proof of Theorem 7, e - n can vanish only if 4 = 1/2,
it follows that necessary and sufficient conditions that (5.34) has a solution
with A == 1/2 are that (5.39) holds and

trU2 —n-Uin—n-adjUin — 1> 0. (5.60)

From the physical point of view, it is rare to have a material whose measured
transformation strain has an eigenvalue equal to 1 within experimental error.
We have not been able to find any such examples* in the literature after an ex-
tensive search, although even in some relatively common alloys the transforma-

(5.58)

* See Notes added in proof.
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tion strain has not been measured. Nevertheless, the transformation strain is
generally a continuous function of composition and while the composition of
an alloy does not change during the martensitic transformation, it can be adjusted
when the crystal is originally grown. Thus, it seems possible that for very special
compositions, alloys could be made that have an eigenvalue of U, equal to 1
in addition to the property (5.43). Such alloys would be interesting because of
the great variety of austenite/martensite interfaces possible, i.e., those given by
(5.44). However, austenite/martensite interfaces in a cubic-to-tetragonal transfor-
mation are only possible when U, does not have an eigenvalue equal to 1, as is
evident from (5.43) applied to (3.1) with either 5, = 1 or 55, = 1. The possibility
mentioned above can occur in cubic-to-orthorhombic transformations, for
example.

We now specialize the calculations to the cubic-to-tetragonal transformation
and then to the specific case of InTl. Let U, have the form (3.1) with , = 1 and
7y &= 1 and let @ and n be given by the twinning formulas (3.19),. Since U,
in this case does not have an eigenvalue equal to 1, we turn to Part I of Theorem 7.
There is a solution of the basic equation (5.34) with A* == 1/2 if and only if
(5.39) and (5.37) are satisfied with strict inequality. This pair of inequalities is
equivalent to the two conditions

11
<1< and —S+—=5<2, or

n G noon (5.61)

m<l<n and f+n3<2.

The inequalities (5.61) delineate the hatched region of Figure 5. There are also
solutions for which 2 = 1/2 that occur when the conditions (5.37) and (5.42)

h

) Z SERTERSS

V2
1. Ve Vh=2
1/}6_ M_—
2,
21 |5 0
M52

Fig. 5. Values of %, >0 and #, > 0 for which a solution of (5.34) exists with 1 & 1/2
are contained in the hatched region, not including its boundary. Solutions of (5.34) with
A = 1/2 exist for , and 7, on the dashed curve, not including the point (1, 1).
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are satisfied. These conditions are

11
<1 and —S+—5=2, or
17’ mnmoon (5.62)

m>1 and i+ 93 =2,

which are satisfied on the dashed curves of Figure 5. No solutions are possible
when either #; = 1 or 5, = 1. We now give formulas for the solutions under
the conditions (5.61). The value of 1* is given by (5.41), which becomes

M= = Q=D - DO+ @ — D2+ DL (5.63)

To complete the calculation we need to find the eigenvalues and eigenvectors
of Cy(A%), according to the last statement of Theorem 7. Once these are found,
the vectors bi and mj- of (5.40) are determined by (5.13). To find the eigenvalues

Ay Z 2, = 1 Z 23 of Cp(A%), it is helpful to note that by (5.32) and (5.33)
14+ 4 + 24 =1+ + min, (5.64)
Mz = 7]‘1177%- '

Hence {A;, 43} = {5}, nin3}. Let {e, €, e} be the orthonormal basis introduced in
(3.1) and (3.19) to (3.21). To find the eigenvectors of Cy(A*), notice that by a direct
calculation e is an eigenvector of Cy(A*) corresponding to the eigenvalue #72. The
remaining two eigenvectors are found by a brute force computation which is
simplified by the identity

Coin — i — D @f + 13 —2) =20 — D@5 — DO} + 53 + (F — n))*.

(5.65)
It is also helpful to change to the variables 6 and 7 defined by
o= [0 +m—2 (1 —m) 1" 566
v = [2nind — ni — nd) (L — ) ~']'2. '
Then, in the basis {e, e, 2}, the other two eigenvectors are
1
m(’t + 4, 7F 6, 0). (5.67)

Therefore, by Proposition 4 with ¢ chosen to make the third component of mi
equal to 1 for simplicity, we get the formulas

b = (F14( + 1), £32(6 — ), B),

(5.68)
mif = (F3 (0 + 1), +3(6 —1),1)
where ¢ and v are given by (5.66) and
(=1—n)A+n),
(5.69)

B=mmi— D1 —n)".
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The signs are taken in parallel (either all upper or all lower). The expressions for
by and mi associated with (1 — A*) are obtained by changing the signs just
before T on the right-hand sides of (5.69) ,.

The expressions (5.68) are equivalent to the formulas given by WECHSLER,
LieBERMAN & READ [50] and summarized elsewhere as the crystallographic theory
of martensite, which is not based on energy considerations as here. The formulas
(5.63) and (5.68) simplify considerably in the case tr U3 = 3 and have been given
by ERICKSEN [19]; this case arises naturally from his theory of constrained
crystals. With , =1 —¢ and 75, =1 + 2¢, all quantities become functions
of z and as ¢— 0, 1* > 1/3 and m; —(F1,0, 1). For InTl, with ¢ = .013,
we get

A*¥ = 338,

my = (F.993, +.0265, 1).

This expression for each mi* differs by about 1° from a member of the {1 10}
family of planes. Note that the acute angle between n and mi* is very nearly
60°, which can be seen from the pictures of BASINSKI & CHRISTIAN [10]. Finally,
if we go back and use the full set of symmetry related twins represented by (3.17),
we get 24(= 6x4) distinct austenite/finely twinned martensite interfaces.

(5.70)

6. Surface Energy and Scaling

The analysis of the minimizing sequences yields the observed austenite/mar-
tensite interfaces but otherwise has an obvious flaw. That is, the sequences suggest
infinite fineness whereas the spacing of the observed twins is small but nonzero.
In this section we explore the idea that interfacial energies, which have been ex-
cluded from our total free energy, can account for limited fineness without nuilify-
ing the overall conclusions we have reached.

Twin boundaries contribute a small free energy, not accounted for by our
¢, which is most simply introduced as an energy per unit area assigned on twin
boundaries (GiBBS [21, p. 314-328]). For simplicity, we assume that the inter-
facial free energy per unit area is a constant ¢. This assumption is open to question
near places where the twin boundaries meet the boundary of the body or the
austenite/martensite interface. Whether or not an interfacial energy should be
assigned to the austenite/martensite interface is debatable. (Recall that our
calculation of Section 4 does assign a bulk energy to this interface of O(j—*), ¢f.
equation (4.35).) An electron micrograph of an austenite/martensite interface
by NaKkANisHI [34] does not suggest a surface of discontinuity of the deformation
gradient, so we omit the interfacial energy there.

Since the twin boundaries are essentially plane and parallel, we do not expect
that the introduction of interfacial energy will change our expressions for the
bulk deformation gradients, stresses or energies. Hence, we assume Ft and F-
are given by the equations (4.34), ,, and we repeat the construction in Theorem 3,
except that now we assume that the total free energy is

FIyP = [HDy?, 0,) dx + cA(j), (6.1)
oQ
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A(j) being the total area of twin boundaries in y’(£2). Here we allow j to take any
nonnegative real value, defining ¥ by (4.29) for j > 0 and ¥® =1y given by
(4.30). A(j) implicity depends on £ and the deformation y”. In any case,

I = const. atj=0,
A()) | (6.2

— o0  as j-> oo.

With a suitable choice of Q, A(j) is continuous. The first term in (6.1) tends to

zero as j— oo and is a continuous function of j. Thus #[y] attains its min-
mum at some j, < co. A quantitative calculation of j, based on linear elasti-
city is given by BURKART & READ [13].

In this calculation we have assumed a certain interpolation of the austenite/
martensite interface involving the deformation gradients D+ and D~ (see Figure 4).
This choice was made so as to simplify the task of showing that each yY)(x) is
invertible. It appears that this particular interpolation does not have any special
physical significance. Other interpolations might lead to a uniformly lower value
of the bulk energy and therefore a higher value of j,. It appears that with any fixed
interpolation and realistic free energy functions we would always get limited fineness
by this calculation.

It is interesting to speculate on the reasons why some materials that are very
similar to InTl do not form internally twinned martensite. The high temperature
A-15 superconductors (see ERICKSEN [16]) undergo a reversible cubic to tetra-
gonal transformation,* the martensite is found twinned on the {1 10} planes,
but the austenite and martensite do not co-exist at equilibrium as in InTl. In this
connection we note that the deformations found in this section are at best meta-
stable with regard to the total energy given by (6.1) since any of the linear defor-
mations y = F*&, y = F-x, y = & have less energy than twinned deformations.
Whether the twinned deformations can really be some kind of relative minima
of a total energy, which includes interfacial energy in a general way, appears to
be a delicate matter.

Another possibly significant fact is that any single crystal of an alloy in solid
solution, which is grown from the melt, inevitably contains a slight concentration
gradient due to segregation during growth. Also, it is impossible to eliminate
completely temperature gradients in a heat bath. Both concentration and tempera-
ture gradients can be modelled by explicit dependence of the free energy on «.
We explore the consequences of this in Section 7(a), where we show that it is a
possible mechanism for the initiation of fine twinning.

The reasoning summarized by the total energy (6.1) suggests that places in £
where the cross-section

{¥€ Qpp:4-n = const.} (6.3)

has a small area should contain a larger twin density than in regions where this
area is large. To explore this suggestion via a heuristic calculation, we consider
a specimen with uniform length and width but with a variable thickness and
suppose an austenite/martensite interface divides the specimen perpendicular
to the thickness direction. Assume m ~n is parallel to the width. We use the

* However, it is not clear that this transformation is really of 1% order (U, =+ 1).
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calculation of bulk energy given in Section 4 directly and therefore ignore the fact
that with limited fineness the boundary of the body will not quite be free of trac-
tion. The bulk energy per unit length is given approximately by (const. j—') while
the surface energy per unit length is given approximately by (const. j4), 4 being
the area of the set given in (6.3) and the constants being positive. The total energy
per unit length is therefore

const.
7 -+ const. Aj (6.49)

which is minimized among all j >0 at
j = const. 4712, (6.5)

Since j—! is proportional to the twin spacing (see Figure 4), equation (6.5) gives
an inverse square root relation between the fineness and the cross-sectional area.
Apparently, experiments to test this relation are not available.

OTSUKA & SHIMIZU [37] observe that “the reason for the absence of internal
twins in ‘small’ martensites is not known presently”. In the spirit of the calculation
just above, consider a cube of side L divided by an austenite/martensite interface
which is parallel to a pair of faces. Again by use of expressions from Section 4 and
the total energy (6.1), the bulk energy in this situation is approximately (const.
L?—1) while the surface energy is approximately (const. L?j), the constants being
positive and independent of L. The total energy is minimized as a function of
j >0 when

j = const. L™12, (6.6)

The twin spacing is therefore proportional to L'2. However, the cube is of
side L. Hence, if L is sufficiently small the twin spacing will be larger than a side
of the cube, suggesting that small crystals containing both austenite and marten-
site will not be stable, as is observed.

7. Other Similar Phenomena
a. Fine twins in a problem with no absolute minimizer

The minimization problem we have studied so far has linear absolute minima
in addition to the minimizing sequences described in Section 4. By allowing the
free energy ¢ to depend explicitly on x, we now construct a similar example in
which the total free energy does not have an absolute minimizer in Wh1(Q, R%).

One way to think of doing this is to put the body in a temperature gradient
so as to introduce dependence on & through the composition ¢(F, 0(x)). Within
the context of a thermodynamic theory based on the Planck inequality and a
Fourier Law of heat conduction, BALL & KNowLEs [9] justify the criterion of
stability

min [ $(Dy(x), 0(s)) d (7.1)
o

as appropriate for an unloaded body having a steady temperature distribution

6(x).
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To avoid technicalities, we ignore the Galilean invariance of the free energy
and consider a linear temperature distribution. Specifically, let a smooth function

¢: xR —R satisfy for each 6 < 0
MF, 6) > §(F+, 0) = §(F-,0) for F = F=, (1.2)

while for 6 >0, let
&F, 0) > ¢(1,6) for F=1. (7.3)

Assume F* are given by (4.34) for appropriate choices of the vectors. As done
there, assume F* — 1 is not a rank-one matrix. Suppose o0& 2. Let

$(F, x) = §(F, x - m) (7.4)
and consider the total free energy
Iyl = [ (Dy(%), ) ds. (7.5)
Q2
As before let o = {yc W'Y(Q,R*: Dyc 2 ae). Then
inf #[y]= $(F*, 5 -m)dx + $(1, & - m) ds,
yesl 9/\{;-:£<0} !)/\{x~1fn>0}

and examples of minimizing sequences are given by the family of functions yY)(x)
constructed in Theorem 3.

We claim that the absolute minimum of # in & is not attained. This in fact
follows from Theorem 3. That is, any absolute minimizer y € &/ must have the
property

Dy=F+ or F-ae on QN{x-m<0} (7.6)

and the property :
Dy=1ae on QN{x-m=0}. (7.7

Any such y belongs to W*(2,R?) and is therefore continuous on £2. Let B be
an open ball with center o and contained in 2. On 2N {x -m = 0} any such y
satisfies

¥#) =%+ ¢y, (7.8)

for some ¢, = const., while on E=QN{x-m < 0}y is given by the ex-
pression

¥®) =co +Fx+fr(x-n)c (7.9

according to (4.4), where f is Lipschitz with derivative 0 or 1 a.e. and ¢, = const.
However, it is easily seen using (4.34) that no continuous y satisfies both (7.9)
and (7.8) on 2N {x-m = 0}. Hence there are no absolute minimizers of #
in o,

Similar arguments show that for appropriate boundary conditions of place,
say y(¥) =&+ b(x-m) for x€ 92, x-m < 0, a minimizer of the original
problem (3.11) fails to exist.
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b. Strongly elliptic energies with minimizers having fine boundary wrinkles

We now consider free energy functions for isotropic, n-dimensional elastic
materials of the type analyzed by BALL [6, Section 6.4] and BALL & MARSDEN
[7}. Let 1<a<n, 0<A<pu<oo Let ¢;: (0, o) — (0, o) be a smooth
function satisfying

¢; >0, ¢ >0, (7.10)
and

b)) =7 A=y=u. (7.11)
Now choose a smooth function ¢,: (0, co) =R with the properties
¢y >0,
$,(t) = —nt™", T€ [ u', (7.12)
$a(7) > —nd '), TE [, W)

There are functions ¢, satisfying (7.12) because (@™’ < 0 for T€[A*, u"].
Define

B o) = 200D b (gl y,.) (113)
and
H(F) = b3(y15 -5 Va)> (7.14)

where y; = y(F), i=1,...,n, are the eigenvalues of (FTF)" .
From (7-10) it follows that ¢, is strictly convex in log v, and hence that the

n

minimum of Y, ¢;(y,) subject to y; > 0, y; =1, is attained exactly when
i=1 i=1

YI=Y2 = =V = 7", Since by construction the nonnegative function
nd;(r'") + ¢,(z) is zero only when 7€ [A", #"], we have shown that the absolute

minima of ¢ subject to det F> 0 are given precisely by F with

ylzyz——;._..z'y,,z'ye[l,,u]. - (7.15)

We have thus constructed a free energy function ¢ for an isotropic nonlinear
elastic material which has a continuous line of absolute minimizers at dilatations.
Surprisingly, ¢ is also strictly polyconvex (see BALL [6]) and strongly elliptic,
unlike our energies for crystals. Furthermore, by suitably choosing ¢, and ¢,,
#(F) can be chosen to grow as fast as desired as |F|— oo

Consider the problem appropriate to an unloaded body,

‘Igleiggfcb(Dy(‘x))_dx, S (7.16)

where 2 CR” is bounded and open and f = {y€ W' (Q,R"): det Dy(x) >0
a.e. #¢€ Q). The absolute minimizers for this problem are those y € &/ having the
property that

(Dy(x))ATDy(x) :y(x)i'I ae x€Q, R (7.17)



Phase Mixtures as Minimizers 47

where (%) €[4, u] a.e.. Equivalently,
Dy(x) = y(%) R(x) ae. %€, (7.18)

for some rotation-valued measurable function R(x). The condition (7.18) says
that y is conformal.

We first consider the case » = 2. The conformal mappings are representable
by analytic functions w = f(z) with the correspondence y(x, x,) = |f'(x; + ix2)|.
Thus any function analytic in 2 and such that 1 < [f'(z)| < u generates an ab-
solute minimizer of the problem (7.16). We first take the example

f(@) = yz + ege, (7.19)
with 2 = (0, 1)* and y € (4, u). We pick o > 0 sufficiently small that y € [A+-p,
i —pl, and take &>>0. Since || =|e 2| <1 for x,=0 we

have that 2 < |f(z)] < u in 2. Note that f is invertible for Rez =0, since
|e? — ™| < |z —w| for Rez, Rew=0 and y >g. The mapping ¥° cor-
responding to (7.19) is given by

¥ = vx; + ege” % cos (x,/e),

(7.20)

. —Xxsle .
Y5 = yXy + ege 2 sin (x,/e).

As ¢—0, y° has finer and finer oscillations near x, = 0. Note that y°* — y&
as ¢— 0 strongly in W'P(2,R?) for 1 =< p < oo, but that y°|,,_o only con-
verges weakly to y& in W'?((0, 1), R?) (weak * if p = oc). As a second example,
we let

fley =2, (7.21)

taking the principal value; with £ the unit disc centered at z = i. Thus with
suitable choices of 4, u we obtain a minimizer y € W*(£2, R?) which is smooth
except at o€ £ where there is a spiral singularity with Dy discontinuous. It

is easily shown that y is invertible on £. It is probably significant that the equi-
librium equations, when linearized about the deformation y =yx, vy €[4, ul,
fail to satisfy the complementing condition of AGMON, DOUGLIS & NIRENBERG
[2] with respect to boundary conditions of null traction. SIMPSON & SPECTOR [43]
discuss in detail exactly this linearized problem within the context of elasticity
theory. See also SIMPSON & SPECTOR [44] for a discussion of the complementing
condition in the context of nonlinear elasticity.

We turn to the case n = 3. The conformal transformations are now charac-
terized by Liouville’s theorem as products of inversions. Under our regularity
assumptions (i.e., y € W2(£2, R3) by (7.18)) an appropriate version of Liouville’s
theorem has been proved by RESHETNYAK [42]. For n odd an example is given by

x
y(x) = — *F (7.22)
If oc 2, theny satisfies (7.18) with y(x) = |#|~>. Note that when @ is convex

this furnishes an example' of a nontrivial deformation which is an absolute mini-
mizer of the total energy for a strictly polyconvex isotropic unloaded material,
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and thus bears on a conjecture of NoOLL [36] (see also TRUESDELL [47]) to the effect
that for rubber-like materials, the absolute minimum is homogeneous and unique
up to rigid-body translation and rotation.

c. Minimizers of energy having a finer and finer mixture of phases
as an interface is approached from one side

VaN TENDELOO, VAN LANDUYT & AMELINCKX [48, Figure 8] show arrays of
triangular Dauphiné twins in quartz which get finer and finer in the direction of
increasing temperature. This suggests another phenomenon whereby compatibility
at an interface is achieved by mixing different deformations in triangles which them-
selves get finer and finer as the interface is approached from one side.

We choose a simplified free energy function which is not intended to model the
behavior of quartz. Also, we ignore the temperature gradient. A free energy
function which accounts for the «-f transformation and Dauphiné twinning
has been given by JAMES [23].

Let {e,, e,, e;} be an orthonormal basis and consider a Galilean invariant
free energy function $(F) whose point group contains a 180° rotation about e,.
That is, for all F with det F > 0, assume

$(F) = HU)|,_ orpye = H(RUR) (7.23)
with R= —1+4+2¢;, ®e,. Let £€(0,1) and y =0 be given constants, As-
sume that ¢(U) has absolute minima at the three positive symmetric matrices
U,, U,, U, where
Ul=(e)e Qe +(3e)(e,®@e;+e;Qe) + 1,

Ul=(e)e, @e,+ (Gl —o(e; Qe+ e, @e,) +e(e —2) e, ®ey - 1,
Ui=1y(e, @e;, + e, ®e)+y’e, ®e, + 1. (7.29)

Referring to Figure 6(a), consider a deformation y(#) defined on the indicated
reference configuration 2 by

X at circled nodes,

_ & + 2 @ Dge,  at uncircled nodes x satisfying
¥x) = . (7.25)
x-e,=(1~-27",i=0,1,2,...,
x+ye [(x-e)—1] for x-e;>1,

and which is linear in each triangle. Assume also Dye; = e;. Constructed in
this way Dy has a.e. only the five distinct values

Fi=1+7vye ®ey,

F,=1+%¢e;, @ey,

Fy,=1-—1}ce, ®ey, (7.26)
Fo,=1+}ce, @ e; —ce; ® ey, o -
Fs=1—1ce, ®e, —ce, ®e,.



Phase Mixtures as Minimizers 49

—{v2e )«

a b

Fig. 6aand b. Compatibility at an interface achieved by a fine mixture of five deformation
gradients. a Reference configuration; b Deformed configuration

The subscripts on the deformation gradients in (7.26) correspond to the numbered
regions in Figure 6a. Clearly y(x) is in W'*(2,R?) and is globally invertible.

The function y we have constructed is an absolute minimizer of the total free
energy

[ $(Dy) dx (7.27)
in the class W"!(2, R?) because !
F{F, = U3,
FIF, = RTFIFsR = U3}, (7.28)

FIF4:RTF§F5R: U%.
However, it fails to satisfy the classical conditions of compatibility because
F; — F; &+ a rank-one matrix, i{=2,...,5. (7.29)

As in the example of finely twinned martensite, here compatibility is achieved
by mixing a fine distribution of ‘“‘phases” near an interface. However, here the
minimum is achieved in W*(2, R?) by the fine phase mixture rather than merely
approached by a minimizing sequence.

The example raises the question of what are the conditions of compatibility
at an “interface”. In this regard we note that both the example presented in this
section and the one involving fine twins have the property that

Dy(x,) — D¥(x,) = a rank-two matrix (7.30)
for almost every ¥; and &, on opposite sides of what one would think of as the

interface. We also note that in the example of this section

5
(}; Y F,-) — F; = a rank-one matrix, (7.31)
i=2
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an analog of the equation
AF++ (1 —H)F)—1=bem (7.32)

found in Section 4.

The example also raises the question of what are the fewest number of defor-
mation gradients of a function in W*(£, R?) such that at least one of them does
not differ from any of the others by a rank-one matrix. We conjecture that the
answer is four and we are pursuing this and related questions in a further study
of fine phase mixtures.
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Note 1 added in proof. Professor J. W, CHRISTIAN has shown us an example of a cubic
to orthorhombic transformation in titanium-tantalum alloys which exhibits an exact
interface between cubic and orthorhombic phases (K. A. BywaTeR & J. W. CHRISTIAN,
Martensitic transformations in titanium-tantulum ailoys, Phil. Mag. 25 (1972), p. 1249-
1272). To get the exact interfaces, these authors adjusted the concentration of tantulum
during preparation of the alloy in order to make one eigenvalue of the transformation
strain equal to 1, while maintaining the condition that the other two eigenvalues are
greater and less than 1.

Note 2 added in proof. By Proposition 4 the conditions in Part II of Theorem 1
that Uy have an eigenvalue equal to 1 and that y* > 0 are also sufficient that there be
an exact austenite/martensite interface.
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