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§ 1. Introduction

In this paper we consider the problem of minimizing
b
Iw) = [ f(x, u(x), w'(x)) dx (1.1)
a

in the set 7 of absolutely continuous functions u: [a, b] — R satisfying the end
conditions

ula@) =«, ud) =2, (1.2)

d
where « and f are given constants, In (1.1), [a, b] is a finite interval, " denotes =’
and the integrand f = f(x, u, p) is assumed to be smooth, nonnegative and to
satisfy the regularity condition

Jow > 0. (1.3)

The significance of the regularity condition (1.3) is that, as is well known, it
ensures the existence of at least one absolute minimizer for 7 in &7, provided f
also satisfies an appropriate growth condition with respect to p. Further, it implies
that any Lipschitz solution u of the integrated form

fHr= f Sudy + const. a.e. x€ [a, b] (IEL)

of the Euler-Lagrange equation is in fact smooth in [a, b]. Notwithstanding these
facts and the status of (IEL) as a classical necessary condition for a minimizer,
we present a number of examples in which 7 attains a minimum at some u¢€ .o/
but u is not smooth and does not satisfy (IEL).
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To see where the classical argument leading to (IEL) may break down, recall
that the argument relies on calculating the derivative

d
_d—t—l(u + t¢)lt=0

= lim

t-+0

- (1.4)

fb S, u(x) + to(x), u'(x) + t9'(x)) — f(x, u(x), u'(x)) -
for ¢ a smooth function satisfying ¢(a) = ¢(b) = 0, and concluding that since
I(u + t¢) is minimized at 7 = 0 the derivative is zero; viz.

b
J Uy + f¢'ldx = 0. (1.5)

If u€ W'*(q, b} this argument is clearly valid, since by the mean value theorem
the integrand on the right-hand side of (1.4) is uniformly bounded independently
of small ¢ and consequently one may pass to the limit 7— 0 using the bounded
convergence theorem. However, if it is known only that the minimizer u belongs
to &, the only readily available piece of information which may aid passing to
the limit in (1.4) is that I(u) << co. Consequently one is typically forced into making
assumptions on the derivatives of f, these assumptions being unnecessary for the
existence of a minimizer, so as to pass to the limit. More alarmingly, a difficulty
may arise at an earlier stage in the argument to due the possibility that near some
uc o with I(u) << oo there may be functions v€ &/ with I(v) = oo; in fact,
in two of our examples we are able to show that for a large class of ¢ € Cy'(a, b)
the minimizers » are such that I(u 4 t¢) = oo for all ¢+ 0.

The possibility that a minimizer # of I in o/ might be singular was envisaged
by ToNELLI, who proved a striking and little known partial regularity theorem
to the effect that u is a smooth solution of the Euler-Lagrange equation on the
complement of a closed subset E of [a, b] of measure zero, and that |u/(x)| = oo
for all x € E. He then gave a number of criteria ensuring that “the set £ does not
exist” and thus that wué& C™¥([a, b]). Remarks in TONELLI [32] suggest that
he did not know of any examples in which E is nonempty, and we believe that
our examples are the first of this type. A precise statement and proof of a version
of the partial regularity theorem is given in § 2, where we also gather together
a number of results concerning the existence of minimizers and first order
necessary conditions. In this connection we mention that we are unaware of any
integral form of a first order necessary condition that is satisfied by every mini-
mizer u in the absence of additional hypotheses on f.

Our first example, given in § 3, is that of minimizing

1
I(u) = of [(x%2 — u®)? (W) + e(w)?] dx (1.6)

subject to
w0 =0, u(ll)==k, (1.7)
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where ¢ > 0, k > 0. (As we point out at the end of § 5, the power 14 is the lowest
for which singular minimizers of (1.6) exist.) Note that if 0 << A <1 and ¢ =0

then the minimum of 7 is attained by u(x) = min (x%, k); the results sum-
marized below show that the singularity of # at x = 0 is not destroyed provided
& > 0 is sufficiently small. The integrand in (1.6) has a scale-invariance property
which allows one to transform the Euler-Lagrange equation to an autonomous
ordinary differential equation in the plane, and this makes it possible to give a
very detailed and complete description of the absolute minimizers u of (1.6),
(1.7) for all ¢ and k. Some of the main conclusions are the following (see especially
Theorem 3.12). There exist numbers ¢, = .002474 ...,&* = .00173 ... such that

(a) for 0<<e<Ceg, there exist two elementary solutions k,(g) x%, ky(e) x%
of the Euler-Lagrange equation on (0, 1]; (b) if 0 << & <C ¢* and k is sufficiently
large 7 attains an absolute minimum at a unique function # which satisfies
u(x) ~ ks(e) x% as x— 0+, uc C®((0,1]) and f,(, u(), #'("))¢ L*0, 1), so
that (IEL) does not hold: if k = k,(¢) then u(x) = k,(¢) x%; (©if 0 <e<Ce*
and k is sufficiently large (for example, k£ = 1) there is no smooth solution of
the Euler-Lagrange equation on [0, 1] satisfying the end conditions (1.7), and hence
I does not attain a minimum among Lipschitz functions; (d) if & > &* then there
is exactly one u that minimizes [ and it is the unique smooth solution of the Euler-
Lagrange equation on [0, 1] satisfying (1.7). The detailed structure of the phase
portrait that leads to these conclusions would have been extremely difficult to
determine without the aid of computer plots, though these do not form part of
the proofs. Since the singular minimizers are smooth for x > 0 their “Tonelli
set” E consists in the single endpoint {0} and they do satisfy the Euler-Lagrange
equation in the sense of distributions, i.e. in its “weak” form.

In § 4 we consider the case when f = f(u, p) does not depend on x. We first
construct an f€ C*(R?) satisfying (in addition to (1.3))

|p| < flu, p) < const. (1 + p?), (4, p)€R?, (1.8
and
f(|L;|p)_>°o as |p|—>oo for each u==0, (1.9
such that
Iw) = f:f(u, u') dx (1.10)

attains an absolute minimum subject to the end conditions
(=) =ky, ul)=k, (1.11)

(for suitable k,, k,), at a unique function u, whose Tonelli set E is a single interior
point xo€ (—1, 1) and which satisfies

S, ug) § Lios(—1, 1); (1.12)

hence (IEL) does not hold, with integration in the Lebesgue sense, and neither
is the weak form of the Euler-Lagrange equation satisfied. Next we construct,
for any preassigned closed set E C [—1, 1] of measure zero, a similar function
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f=fF satisfying (1.8) such that for suitable k,, k,, I attains an absolute mini-
mum subject to (1.11) at a unique function u, whose Tonelli set is precisely E.
Again (1.12) holds. These two examples demonstrate the optimality of Corol-
lary 2.12 and the Tonelli partial regularity theorem (Theorem 2.7), respectively.
Awareness of conditions necessary for the validity of chain rule calculations
([34], 1301, [27], [28]) influenced our initial construction of those examples,
thoug the proofs presented here avoid this issue.

In § 5 we consider the problem of minimizing

1
I(w) = _fl [(x* — uS? |u'|* + e(u')?] dx (1.13)

in the set & of absolutely continuous functions on [—1, 1} (i.e. functions in
whl = wh(—1,1)) satisfying the end conditions

(=) =ky, ul)=k,, (1.14)

where s >3 and ¢ > 0. (We allow s to take nonintegral values, even though
the integrand is smooth only if s is an even integer.) We show (Theorem 5.1) that
if s = 27 then, provided —1 =k, <0<k, =1 and ¢ is sufficiently small,
every minimizer ¥, of Iin & is such that uy(x)~ |xl% signx as x~>0, u, €
C([—-1,00V (0,1]) and u,€ W' for 1< p<3. It follows that E = {0}
and that u, does not satisfy the Euler-Lagrange equation either in its weak or
its integrated form. Furthermore, if 3 =< g < oo,

ueniggrw I(v) > Jg}ﬁ’(’)) = I(ug). (1.15)
This remarkable fact is known as the Lavrentiev phenomenon (c¢f. LAVRENTIEV
[22], MaNIA [25], CESARI [11]), and its occurrence in a regular problem has not
previously been noted; in the cited references only the case ¢ = o is considered.
If s> 27 then an equally surprising property holds (Theorem 5.5), namely that
for any sequence {v,} C W™ /N of such that v,(x) = uy(x) for each x in some
set containing arbitrarily small positive and negative numbers one has I(v,,) = oo
as m—>oo. In particular, no minimizing sequence for /in W\ of can converge
to u,. Since conventional finite-element methods for minimizing 7 yield such
sequences, it follows that they cannot in general detect singular minimizers. Si-
milarly, if v, is a minimizer of, for example, an apparently innocuous penalized
functional such as

1
1) = [ 1% = w9 [+ o) + 1 |w[*47] (1.16)

in &7, where y >0, then v, cannot converge to #, as 1 — 0+. Motivated by
numerical experiments of BALL & KNOWLES [6] we show also that if s> 27,
3= g=<=oco and ¢ >0, ky, k, are arbitrary then (Theorem 5.8) 7 attains a mini-
mum in W N o/ and any such minimizer u, is a smooth solution of the Euler-
Lagrange equation on [—1, 1]. (Note that such “pseudominimizers” do not in
general exist for (1.6), (1.7).) The pseudominimizers can be regarded as being
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“admissible” minimizers of I with respect to various penalty methods such as
(1.16). Finally, we show (Theorem 5.9) that for s<C 26 all minimizers of 7 in
&/ are smooth, and that, at least for the corresponding problem posed on (0, 1),
singular minimizers not satisfying the Lavrentiev phenomenon may exist for
26 = s << 27.

In all the examples considered we analyze whether or not the minimizers satisfy
the weak or integrated forms of the DuBois-Reymond equation

d
U —uh) =1 (DBR)

The examples in this paper were motivated by attempts to prove that mini-
mizers of the total energy

Iw) = [ W(x, Du(x)) dx (1.17)
Q2

of an elastic body subject to appropriate boundary conditions are weak solutions
of the corresponding Euler-Lagrange equations

o oW

5754_;:0’ l=1,...,n. (1.18)

Here we have assumed that the body occupies the bounded open subset 2 C R”
in a reference configuration and that there are no external forces. The particle
at x€ 2 in the reference configuration is displaced to u(x)€R", and Du(x)
denotes the gradient of u at x. One of the complications of the problem, which
is still open, is that the stored-energy function W{(x, 4) of the material is defined
only for det A>0 and is typically assumed to satisfy W(x, A)-—>o0 as
det 4 — 0+-. The existence of minimizers in appropriate subsets of the Sobolev
space Wi = W'(Q; R") is established in BALL [2] for a class of realistic
functions W, and conditions guaranteeing that these minimizers satisfy other
first order necessary conditions are announced in BALL [5]. It is known (BALL
[3], BALL & MURAT [8]) that even when W satisfies favorable constitutive hypo-
theses such as strong ellipticity, / may not attain its minimum within the class of
smooth functions, and in fact that if n < g < oo then

inf  Iv)= inf I(v)> inf I(v) (1.19)
v smoz_)th vewlha vew bl
”la.Qs'daD "'0[):;'69 Ulag=;|a.{)

can occur for appropriate boundary displacements u. Of course (1.19) is a higher-
dimensional version of the Lavrentiev phenomenon. The deformations responsible
here for LAVRENTIEV’S gap are those for which cavitation occurs, that is, holes
form in the body. Cavitation cannot occur if W satisfies the growth condition

W(x, A) = const. | A|°  for det 4 >0, (1.20)

for some p > n, by the Sobolev embedding theorem (nor, in fact, if p = n).
An intriguing possibilty raised by our one-dimensional examples is that singular
minimizers and the Lavrentiev phenomenon may occur for (1.17) even when (1.20)
holds, and that the singularities of Du might be connected with the initiation of
fracture. More work needs to be done to decide whether this can happen under
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realistic hypotheses on W. Similar considerations may be relevant for other non-
linear elliptic systems (see, for example, GIAQUINTA [17] and several articles in
BaLL [4]).

In view of the potential physical significance of singular minimizers and the
Lavrentiev phenomenon in elasticity and perhaps other fields, our general view
is that they should be studied rather than exorcised. However, it is of course also
interesting to determine conditions under which this behavior cannot occur. We
mention in particular the theorem of ANGELL [1] concerning a sufficient condition
for nonoccurrence of the Lavrentiev phenomenon, which generalizes earlier results
of ToneLLl [32], CiNQUINI [12] and MANIA [25]. ANGELL’S theorem is presented
in CesARi [11], who gives a wealth of related results, We also refer the reader to
the result of GIAQUINTA & GIUSTI [18] (see also GIAQUINTA [17, p. 267]) giving
conditions on f for minimizers of (1.1) to be smooth in the case when f satisfies
Ap? < f(x, u, p) = Ap?* for all x, u, p, where 1> 0.

Many of the results in this paper were announced in BALL & MizEL [7] and
BaLL [5].

We conclude the introduction with a remark concerning an abuse of notation
in which we indulge. If, for example, we write u € W90, 6) \ W0, 1), where
0 < 6 <1, we mean that u<€ W0, 1) and that u restricted to (0, ) belongs
to W4(0, 8).

§ 2. Review of positive results concerning minimizers
and first order necessary conditions

We consider integrals of the form
b
Iw) = [ f(x, u(x), w'(x)) dx,

where — oo << a < b < oo, and where the competing functions u: [a, b)] - R.
We discuss the problem of minimizing 7 in the set

o = {ue Wh'(a, b): u(a) = &, u(b) = f},

where «, 8 are given real constants. By an appropriate choice of representatives,
W'!(q, b) can be identified with the set of absolutely continuous functions : [a, b]
—R and we shall henceforth assume this to have been done. To avoid getting
enmeshed in technical hypotheses that are unnecessary for our purposes, we make
the standing assumptions that f = f(x, u, p) is C? in its arguments and bounded
below; the reader interested in optimal regularity hypotheses or the case u: [a, b]
—R” can consult the cited references. Our aim in this section is to summarize for
later reference the available information concerning the existence of minimizers
and first order necessary conditions satisfied by them.

Theorem 2.1. (TONELLI’S existence theorem). Suppose f,, =0 and f(x,u,p) =
!
o(p]), x€la, bl, (u, p) €R2, where ¢ is bounded below and satisfies @_) oo

as t—>oo. Then I attains an absolute minimum on <.
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For the proof see, for example, CESARI [11, pp. 112, 372}, HEsTENES {20}, or
ExELAND & TEMaM [16]. The original proof (for the case ¢(f) = ¢, p > 1) can
be found in ToneLLI [31 II, p. 282}, and in TonEeLLI [33] for the general case. To-
NeLLI 31 1T, pp. 287, 296] and [33] also proved that minimizers exist when f has
superlinear growth in p except in the neighborhood of finitely many points or
absolutely continuous curves; significant extensions of some of these results,
together with a more complete bibliography, are described in MCSHANE [24],
and CEsArI [11, Chapter 12]. These results imply, for example, that the func-
tionals I considered in § 4 attain a minimum, but are not needed in our develop-
ment there since the minimizer is constructed explicitly.

Definitions 2.2. A function u¢€ &/ is a weak relative minimizer of Iif I(u) < oo
and there exists 4 > 0 such that f(u) < I(v) for all v€ &/ with
ess sup [u(x) — v(x)| + |#'(x) — v'(x)|] =< 6. We say that u¢€ & is a strong re-

lative minimizer of I if there exists d > 0 such that I(u) < I(v) for all ve &
with max lu(x) — v(x)| < 4.

We consider the following forms of classical first order necessary conditions
for a minimum. The Euler-Lagrange equation is

d
+fo = Ju- (EL)

A function wue€ of satisfies the weak form of the Euler-Lagrange equation if
S /> € Li{a, b) and (EL) holds in the sense of distributions, i.e.

b
J 159 + fugldx =0 for all ¢ C&(a,b). (WEL)

A function uc & satisfies the integrated form of the Euler-Lagrange equation
provided f,€ L'(a,b) and

x
Solx, u(x), W'(x)) = [ f,,dy + const.  a.e. x€ [a, b]. (IEL)
The DuBois-Reymond equation is
d !
ZU —ul) =t (DBR)

A function u€ &/ satisfies the weak form of the DuBois-Reymond equation if
f— 'ty fr€Lis(a,b) and (DBR) holds in the sense of distributions, i.e.

b
J = df)e + fipldx =0 for all € C(a,b). (WDBR)

A function u¢€ &/ satisfies the integrated form of the DuBois-Reymond equation
provided f, € L'(a,b) and

S(x, u(x), w'(x)) — o' (x) f(x, u(x), u'(x)) = fx frdy + const.  a.e. x€ [q, b].
‘ (IDBR)
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Of course, if u satisfies (IEL) (respectively (IDBR)) then u satisfies (WEL) (re-
spectively (WDBR)). We will see later that the converse is false in general; what
is true is that, by the fundamental lemma of the calculus of variations, (WEL)
is equivalent to

So(% u(x), W'(x)) = [ fidy + const.  ae. x¢ g, bl,
¢
for any c€ (a, b), a similar statement holding for (WDBR).

Theorem 2.3.

(i) Let uc o be a weak relative minimizer of I and suppose that f,(-, u(), u'(")) €
L'(a, b) whenever uc L*(a,b) with ess sup lu(x) — u(x)| sufficiently small.
Then u satisfies (IEL).

(ii) Let u€ of be a strong relative minimizer of I and suppose that f,(x(-), u(*),
u'(")) € L*(a, b) whenever x¢€ L¥(a,b) with ess sup [x(x) — x| sufficiently
small. Then u satisfies (IDBR).

Proof.
(1) For 6 > 0 sufficiently small and G CR closed define

yG(x) = sup |fu(x’ u(x) + ¢, u’(x)) I »
te[—6,0NG

E(x) = {tc[—0, d]: | fulx, u(x) + t, u'(x))| = yr(x)}.
We consider the set-valued mapping E: x — E(x). Clearly E(x)is closed for
a.e. x¢€[a, b]. Furthermore, for any closed G CR the set
{x € [a, b]: E(x) N\ G nonempty} = {x € [a, b]: yg(x) — yx(x) = 0}

is measurable (since ys —ygr is a measurable function). By a standard
measurable selection theorem (c¢f. CeSARIL [11, p. 283{f]) there exists a measur-
able function (xt—>#(x) with #(x)€ E(x) a.e. x€[a, b]. Hence ygr(x) =
| fu(x, u(x) + #(x), u'(x))| a.e. x€[a, b], so that our hypothesis is equi-
valent to the existence of y & Ll(a, b) such that

[, u(x), W ()| = p(x)  ae. x€[a, b]

for all u¢€ L*(a, b) with ess Sup |u(x) — u(x)| sufficiently small. The result

now follows from ToNEeLLI [31] (see also CEsari [11, p. 611f], HESTENES [20,
p. 1961t]).

(ii) This follows in a similar way from TONELLI [31] (see also CeSARI [11, p. 611f]).
Alternatively, one can deduce (i) from (i) by a reduction based on the idea
that ¢ =0 is a weak relative minimum of

b
J@) = [ Fx, ug(x), ug(x)) dx

subject to @(a) = p(b) = 0, where uy(x) o uz), z+¢(2)=x. [
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Corollary 2.4. Let f=f,(x, u) + fo(x, p). If uc o is a weak relative minimizer
of I then u satisfies (IEL).

Proof. If uc L™(a, b) then f,(x, u(x), u'(x)) = (f1).(x, u(x)) is uniformly bound-
ed. I

Corollary 2.5. Let f= fi(x,u) + fo(u,p). If u€ of is a strong relative mini-
mizer of I then u satisfies (IDBR).

Proof. If x€ L%(a, b) then f,(x(x), u(x), u'(x)) = (f1)x (x(x), u(x)) is uniformly
bounded. [J

The above results are notable for the lack of any convexity assumptions on f.
The growth assumptions are also considerably weaker than those of corresponding
theorems known for multiple integrals. For example, in Theorem 2.3(i) there is
no hypothesis on f,; that the result is true without such a hypothesis is suggested
by the fact that f, is bounded for any solution of (IEL). We are not aware of any
counterexamples to Theorem 2.3 if the integrability hypotheses are weakened
toread in part (i) f,(, u(*),#'())€ L*(a,b), and in part (ii) £,(-, u(), #'())€ L (a, b).

We now describe results in which f is assumed convex with respect to p.

Theorem 2.6. Let u€ W'¥(a,b) (= Lipschitz continuous functions on [a, b])
be a weak relative minimizer of I, and suppose that f,(x, u(x), p) >0 for all
x€ [a, b}, p€R. Then u€ C3([a, b]) and satisfies (EL).

Proof. This is standard and can be found in CEesari [11, p. 57ff]. [

Let R =R\ {— oo}V {4 oo} denote the extended real line with its usual

topology. We define C*([a, b]; R) to be the set of continuous functions u: [a, b]
— R such that for all x¢€ [a, b]

by def . u(x 1= B) — u(x)
u'(x) = Ll_rf(l)—h— 2.1
exists as an element of R (with the appropriate one-sided limit being taken if
x=a or x=>b), and such that u':[a, b]—>R is continuous.

Theorem 2.7 (TONELLY'S partial regularity theorem). Let f,,>0. If uc o is a
strong relative minimizer of I then u¢€ C'([a, b]; R).

Before proving Theorem 2.7 we note some consequences. Clearly «'(x) as
defined in (2.1) coincides almost everywhere with the derivative of u in the sense
of distributions. Therefore under the hypotheses of the theorem the Tonelli set E
defined by

E={x¢€[a,b]:|u'(x)] = oo}

is a closed set of measure zero. The complement [a, b] \ E is a union of disjoint
relatively open intervals D;. By the optimality principle and Theorem 2.6, u
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is a C? solution of (EL) on each D;. By Theorem 2.7, #'(x) tends to + oo or — oo
as x tends to the end-points of every such interval (unless a€ D; or b€ D).
These consequences of Theorem 2.7 constitute TONELLI’s statement of his theorem
(ToweLLr [31 II, p. 359]); our formulation includes the extra remark that ' is
continuous. The proof we give, like TONELLI'S, uses the local solvability of (EL),
but we avoid his construction of auxiliary integrands by applying the field theory
of the calculus of variations. Recently, CLARKE & VINTER [13, 14] have presented
certain extensions of TONELLI'S theorem to the cases when f is not smooth and
u:[a, b] = R". They have also shown [15] that if f is a polynomial then the
Tonelli set E is at most countable with finitely many points of accumulation.

Lemma 2.8. Let 4 CR? be bounded, and let M >0, &> 0. There exists
e>0 such that if (xo,up)€A, || =M, |B|< M, the solution u(x;x,p)
of (EL) satisfying the initial conditions

u(xo; o, ﬁ) = U + &, ul(xo; &, ﬁ) = :8’ (2.2)

exists for |x — xo| < &, is unique, and is such that

(@) u and v’ are C* functions of x,x,f in the set
SE{xww B): |x — xo| S, |of = M, 8] < M},

(b) |/ (x; 0, ) — B] < 9, (2.3)
du . Ou .
e G0 ) >0, sign 75 (i, ) = sign (x — xo), eX)

for all (x,x,B)€ S, where sign t takes the values —1,0,1 for t <0, t =0,
t >0, respectively.

Proof. Because f,, >0, solving (EL) is equivalent to solving the equation
u'=F(x,u,u'),

where F(x, u, p) & (fu — fox — Pfodlfp- Our hypotheses imply that F¢ C'(R3).
The existence, uniqueness and smoothness assertions follow from standard results
(see, for example, HARTMAN [19, Chapter 5]). Furthermore, the derivatives appear-
ing in (2.3), (2.4) depend continuously on xg, 4. That ¢ > 0 can be chosen
sufficiently small for (b) to hold follows by a simple compactness argument,
using the relations

0 7
W@oimf=p T Cimh =1 Frlximp)=0,

ou\’
(%) (x(),‘x’ ﬂ) =1 []
Proposition 2.9. (ToNeLLI [31 II, p. 344ff]). Let m >0, ¢ >0, M, > 0. Then
there exists € > 0 such that if Xo, x,€[a, 0], 0< x; — x5 = ¢, Jup| =m and

YT %o < M, there is a unique solution u¢ C?*([xq, x;1) of (EL) satisfying

X3 — Xo
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u(xo) = to, (xy) = u, and o |u(x) — uo| < 0, and i is the unique absolute
minimizer of x€[x0,x;
Iw) = [ f(x, u(x), w'(x)) dx
Xo

over the set

o = {ue W' (xq, x1) : u(xo) = uo, u(xy) = uy, xéﬂ%l]]ﬁ(x) — up| = o}.
Proof. Let oc=m+9o, A=][a blx[—0,0], M>max(M;,20) and let
0<o<<M— M, Let £¢>0 be chosen as in Lemma 2.8, and suppose in
addition that 3Me <<p. Let xo,x,€[a, 0], 0<<x;, —xo=¢, lus| =<m and
Uy — Ug

po p < M,. Note that by integrating (2.3) we have that
1~ 40

ju(x; o, f) — ug — & — B(x — xo)| = 0(x — x0), X € [xq, X4]. (2.5)
Therefore

u(x;; 0, M) = ug + Mi(xy — Xo) + (M — M, — 8) (x; — Xo) > uy,

u(x;;0, —M) = ug — M (x; — x0) — (M — M, — 0) (x; — x0) < uy.

a
Since —a%(xl;o, g) >0 for pe[—M, M] there is a unique S, € [—M, M] such

that u(x,;0, 8,) = u,. Define u(x) = u(x;0, o). Setting x = x; in (2.5) we
obtain
1Bo| < 6+ M,. (2.6)

Therefore, again by (2.5), for x¢€ [xq, x,]
|u(x) — o] = (8 + [Bo]) (x — xo)
=@+ M)e<o.

Now suppose that v€ C*([x,, x,]) is also a solution of (EL) satisfying
Uy — Ug

(xo) = ug, v(x;) = u; and max ]]v(x) — up| =p. Then vV'(x)= F——
x€[Xo,x1 1~ A0
for some X¢€ (xo, x;) and (x,v(x))€ 4, and so applying (2.3) with (x, (X))

replacing (x,, #,) we deduce that

Uy — Up

v'(x) —

<45 f , .
Py or x ¢ [xg, x4]

In particular,
[v'(x0)| = M, 4 6 < M.

By the uniqueness of f, we therefore have that v'(x,) = o, and thus v = .

To show that # minimizes I in &/, we consider the one-parameter family of
solutions {u(*; x, B¢), || =< M}. By (2.5), (2.6) we have

u(x; M, o) —uo =M+ (Bo — ) (x —x0) =2 M — (20 + M) e >
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and

u(x; =M, o) —uo = —M + (Bo+8) (x — x9) = —M + (20 + M) e < —p,

ou
for x¢€ [xo, x,]. Since —a—(;(x; &, Bo) > 0 it follows that u is embedded in a field

of extremals that simply covers the region [x,, x1]X[ue — @, o + 0]. Since
Jap >0 it follows from Weierstrass’s formula (e.g. BoLzA [9, p. 91], Cesari [11,
p. 72]) that _ }

I(u) > I(u)
for all u€ o, with equality if and only if u = &, which concludes the proof. []

Proof of Theorem 2.7. Let u € of be a strong relative minimizer of 7; thus there
exists 8, > 0 suchthat I(u) < I(v) forall v€ o with nel[a)é]]u(x) —v(x)| < é,.

Let x¢ [a, b], and suppose that
ME & lim inf 274

X=X X —X
x+x,x€[a,b]

< oo, @.7)

Suppose that x= b and take x, > x with x; — x sufficiently small that

max |u(x) — u(x)| = 71 Choose M, > M(x). By (2.7) we can apply Pro-
x€[x,x,]
_ - 0 —
position 2.9 with x, =X, 4, =u(x), o= 71, uy = u(x;), where x; € (x, x;)
satisfies
- u(xy) — u(x
R [ ZHI|_
xl — X

Let # be the corresponding solution of (EL). Let # € of be defined by u(x) = u(x)
- . ) . d
if x¢€[x, x;], u(x) = u(x) otherwise. Then gl[a)ls] lu(x) — u(x)| = 71 + —23 = 8,

and so I(u) — I(u) = (u) — I(u) = 0. Since # is the unique minimizer of I
in & it follows that # = u in [%, x,] and hence that u¢c C*([x, x,]). Simi-
larly, if X == a then u ¢ C?([x,, x]) for some x, << x. In particular u is Lipschitz
in the neighborhood of any x € [a, 5] with M(x) < oo, and thus by Theorem 2.6
is C? in a neighborhood of any such x. Since u is differentiable almost everywhere
in [a, b} it follows that D gi—f{xe [a, b]: M(x) << oo} is a relatively open subset
of [a, b] of full measure, and that u¢ C3(D).

Let E—=[a,b]\ D, and let x,€ E, so that M(x,) = oco. Suppose that
Xo € (a, b). By an appropriate reflection of the variables x and/or u we can sup-
pose without loss of generality that there exist points y; —> xo— with

. u(xo) — u(y;)
im ————
jre Xo — Y

=+OO,

Let M >0, 6 >0 be arbitrary and apply Lemma 2.8 with u, == u(x,). The
sotutions {u(*; x, M):|a| < M} of (EL) form a field of extremals simply cover-
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ing some neighborhood of (x,, u,) in R2. Thus, for |x — x,| sufficiently small
there exists a unique o(x) with |o(x)| = M such that u(x) = u(x; a(x), M),
and by the implicit function theorem and (2.4) « depends continuously on x.
Clearly «(x,) = 0. We claim that x(x) is nondecreasing near x,. In fact suppose
there exist sequences a;— Xo, bj—> Xo, ¢;—>Xo With 4 <b<¢ and
ofa;) = oc;) = o(b;). Then for large enough j the solution v,(x) &t u(x; o(a;), M),
a;= x = ¢, satisfies v)(a) = ul(ay), v(b) = u(by), vi(c) = u(c) and

max, |u(x) — v;(x)| < 6,. Since v;is embedded in a field of extremals, Weier-
X aj,cj

strass’s formula gives

f ' G u(x), w' (X)) dx > [ f(x, v(x), vj(x)) dx,
8 9

contradicting our hypothesis that u is a strong relative minimizer. Thus « is either
nondecreasing or nonincreasing near xo; the latter possibility is excluded by
noting that by integrating (2.3) (¢f. (2.5)) we obtain

u(xo) — u()’j)
Xo — V; - Xo — J;

o(y;) <o+ M—

so that «(y;) << 0 for j sufficiently large. This proves our claim. Now let x; — x,,
z;—> xo with x; >z, Then for large enough j,

u(x;) — w(zy)  ulxg; ol(xy), M) — u(zy; o(z;), M)

x]' —_ Zj xj bt Zj
- u(x;; olzp), M) — u(z); (z), M)
= X; — z;
= u'(w;; alz;), M)
g M — 5,

where x; = w; = z; and we have used (2.3). Thus, since M, ¢ are arbitrary,

Cou(x) — u(zy)
hm——————( )~ U =
e Xz

+ co. (2.8)

In particular u'(x,) exists in the sense of (2.1) and equals + oo. A similar argument
applies if xo = a or x, = b. We have thus shown that u’(x) exists in the sense
of (2.1) for all x€ [a, b]. The continuity of u’ at x, is obvious if x,¢ D, and
follows simply from (2.8) otherwise. []

As an application of Theorem 2.7 we prove the following version of results of
ToNELLI [31, Vol. II, pp. 361, 366], which should be compared with Theorem 2.3.

Theorem 2.10. Let f,, > 0 and suppose that

X, U,
Il’im f——( |Pu| ?) = oo for each x¢€[q, b], ucR.
p|—> e
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Let u()e s be a strong relative minimizer of I and suppose either that
fu(> uC), W'(:)) €L (a, b) or that f.(, u(), u'(")) € L'(a, b). Then uc C*([a, b))
and satisfies (EL) and (DBR) on [a, b].
Proof. Let D; be a maximal relatively open interval in D = [q, ]\ E. By Theo-
rem 2.7, u€ C3*(D,) and satisfies (EL) and thus (DBR) on D;. If £,(, u(*), ¢/())
€ L'(a, b) then by (EL)
| fo(x, ulx), w'(x))] = const.,, x€D;. 2.9

If £, u(), (")) € L'(a, b) then by (DBR)

L' (x) f(x, (), ' (x)) — f(x, u(x), u'(x))] = const., x€éD,. (2.10)

By the following lemma, either (2.9) or (2.10) implies that u’ is bounded in D,,
and thus that D; = D = [a,b]. []

Lemma 2.11. Let f satisfy the hypotheses of Theorem 2.10. Then

|fo(x, u, P)| = o0, pfy(x, u, p) — f(x, u, p) o0
as |p|— oo, uniformly for x€[a,b] and for u in compact sets of R.
Proof. By the convexity of f(x, u, -) we have that

f(x9 u, 0) 2f(x’ U, p) - pf;)(xa u, P)’
and hence, for p =+ 0,

ya _fnup) fxu0)
/P 1 P = 7]

Therefore, for fixed x, u,

lim f,(x, u, p) = oo, lim f,(x, u, p) = — oo, (2.11)
p-> oo p>r—

But f,(x, u, p) is increasing in p. Thus if x;—>x, w;—>u, p;—>o0 we have
for p; = M,

»fp(xjy uj9 p]) 2f.p(xj, uj5 M)’
and so
lim inf f,(x;, w5, py) = f(x, u, M).
J> oo

Letting M — oo we deduce that the first limit in (2.11) is uniform for x, « in
compact sets; otherwise there would exist a convergent sequence (x;, ;) and a
sequence p;—>oo such that lim inf f(x;, 4;, p;)) << co. The case p-—> — oo 1is
treated similarly.

To prove the second assertion of the lemma we note that

f(x9 u, 1) gf(xa u, P) - (P - l)fp(xy u, P),
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and hence, provided p > 1,

fooup)  p

pf;z(xa u’p) _f(x’ u,P)Z l—f(x, u, 1)'Fi—l,

p P —
Therefore, for fixed x, u,
lim [pfy(x, u, p) — fix, u, p)] = 0. 2.12)

That the limit in (2.12) is uniform for x, » in compact sets follows as above using
the fact that pfi(x, u, p) — f(x, u, p) is increasing in p for p> 0. The case
p—> — oo is handled similarly. []

Corollary 2.12. Let f= f(u, p) satisfy f,, >0 and

, S, p)
m [\ P)

i =oo for each ucR. (2.13)
lpi>e | p|

If u(:)e o is a strong relative minimizer of I then u(-) € C¥([a, b]) and satisfies
(EL) and (DBR) on [a, b].

Finally, we remark that if 1 < g<C oo then Theorem 2.7 still holds (with
the same proof) if we replace o by o N\ W'9gq, b) both in the statement of
the theorem and in the definition of a strong relative minimizer. This is perhaps
of interest since in § 5 we show that minimizers in & and o N\ W'%(a, b) may
be different.

§ 3. An integral with a scale invariance property

In this section we consider the problem of minimizing

1
I(u) = of [(x* — u®)? () + e(w')*] dx (3.1)
subject to

w0 =0, ul)=rk, 3.2)

where ¢ >0 and k£ >0 are given.
Note that the integrand

S(x, u, p) = (x* — u’)? p'* + ep? (33
in (3.1) satisfies
Jop = 26> 0. 3.4

The Euler-Lagrange equation corresponding to (3.1) is

di;c (T(x* — u?)* W) + eu') = —3u?(x? — u®) ()14, 3.9
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It is easily verified that (3.5) has an exact solution » = I_cxg; on (0, 1] provided

b\ -
£ = (—3—) (1 —-K)U3k2=17). (3.6)
Define
0(r) = @' =*( — ) (137 — 7).
Differentiating 6 we see that @ attains its maximum in the interval (g, 1) at the

, 25+ Y79 )
point T* = 35— .868928 ..., and that 6'(r) >0 for Z<7<T¥

0'(r) <0 for 7* < v << 1. Define
go = 0(z*) = .002474 ...
We have thus proved
Proposition 3.1. If 0<<e <egy the Euler-Lagrange equation (3.5) has exactly
two solutzons in (0, 1] of the form u= kx%, k > 0; the corresponding values of k

satisfy 2 5 < kl(a)3 < T*F <L kz(.s)3 < 1. If e ==¢, there is just one such solution,
namely v = (1:*)% xé; if € > ey there are no such solutions.

The integrand f in (3.3) satisfies the scale invariance property

f@ox, u, 21 p) = 2f(x, u, p) X))

for all A>0 and all (x,u, p), where y =% and p = —%. We exploit this
by making the change of variables

v = u'l, z=—;—, g=17, x=¢. (3.8)
Setting A = 1/x in (3.7) we obtain
f(xa U, P) = ng(Za q), (3’9)
where
Fz, p £1Q, 27,y g). (3.10)

It is easily verified that, for any smooth integrand satisfying (3.7), (EL) is transform-
ed into the autonomous system

dz_

a5 G
1

Fo _ F,—oF

dt_ z Qq

More precisely, if 0 << a<< b < oo and u is a smooth solution of (EL) on (a, b)
satisfying u(x) > 0 for all x¢€ (a, b), then

9@) =y EOI U, 20 = e~ e (3.12)
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is a smooth solution of (3.11) for loga < ¢ <<logb. Conversely, if (¢,2) is a
smooth solution of (3.11) defined for « << ¢t < § and satisfying z(tf) < 0 for all
x€(a, B) then

u(x) = [x - z(log Ax)}" (3.13)

is a smooth solution of (EL) for e* << Ax < ¢”, where 4 > 0 is arbitrary. The
arbitrary constant in (3.13) arises from the fact that, since (3.11) is autonomous,
if z(¢) is a solution so is z(¢ + log A); equivalently, if u(x) is a positive solution
of (EL) so is 477 u(Ax). Note that (3.11b) is the Euler-Lagrange equation for the
integral

1 .
f(v) = [ x°F (U(L), v'(x)) dx,
0 X

obtained by making the change of variables (3.8) in (3.1). As has been pointed
out to us by P. J. OLVER, the fact that the scale invariance property (3.7) implies
the existence of a change of variables making (EL) autonomous is a consequence
of the theory of Lie groups (¢f. INCE [21, Chap. 4]). We remark that the above
reduction to an autonomous system is used in BALL [3] as a tool for studying
the radial equation of nonlinear elasticity in # space dimensions, the appropriate
values of y,0 being y =1, p=n—1.

From now on we assume that fis given by (3.3), although it will be apparent
to the reader that much of what we have to say applies to a general class of inte-
grands satisfying (3.7) for suitable y, o. For later use we note that since

Fiz,q) = 3" (1 — 2z "B g - B ez &, (3.14)
(3.11) takes the form

dz _
a_ 9%
3.15
dq G (3.15)
37__ (Z: Q),
G(Z,q)dész +3F -G —9)F,
Fy
_ ¢ [®'2 (A — 2% [13q(7 — 2%) — 84z] g** + ez*
T3z [ 91 ()2 (1 — 252 12 + ez* :, . 3.16)

We study (3.15) in the first quadrant of the (z, g) plane. Note that solutions of
(3.15) in the first quadrant correspond to positive solutions u of (3.5) with '(x) = 0.
It is clear that any minimizer of (3.1), (3.2) satisfies #'(x) =0 a.e. x€][0,1],
since otherwise the value of I could be reduced by making u constant on some
interval.

Before proceeding with the details of our phase-plane analysis, the reader may
wish to look at Figure 3.1 so as to see where we are heading.

We begin by examining the rest points of (3.15) in z > 0, ¢ > 0. From (3.15),

-3 -
(3.16) these are easily seen to be given by ¢ = z = k2, where k > 0 satisfies
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— 2
(3.6), and correspond to the solutions u == kx3 discussed in Proposition 3.1.
— 3
Thus, for 0 << & < ¢, there are precisely two rest points, namely g = z = k()2

- 3 — —
and g =z = k,(e)Z, with 5 < ki(e)® < ka(e)® < 1. We denote these points
by P, and P, respectively. We study the nature of the rest points by linearization.
-3 —3 -3
Thus let P denote a rest point ¢ =z = k2. Setting z=k2 +a, q=kZ + b
gives (3.15) the form

d{a a ) ,
E(b)ZA(b>+O(|al + 1619, (3.17)

o 3
o) %/

o2 (3_11?3 -2
(1 — k%) (14 — 13k%)

where

<%
2

€

A

f

and

The eigenvalues of 4 are given by

2. =3 (1 4 V25 + 360(0)).

Thus,
() if o(k) < =%, 1., A_ are complex,
i) if o(k) = —%, A, A_= —L1 and 4 has a double elementary divisor,
36 6
(i) if —B<ok)< —% A_<A <0,
(v) if o) = —3, A= —% 4, =0,

W) if =3<ak), Ii<0<a.

As is well known (¢f. HARTMAN {19, p. 212, ff.]), cases (i)—(iii) correspond to P
being a sink, and case (v) to a saddle-point. Case (iv) is a critical case where the
stability is determined by the nonlinear terms in (3.17), and we discuss this present-
ly. In case (i), Pis a focus. In case (ii) P is an improper node, all solutions of (3.15)
near P approaching P with slope 3 as ¢ —oo. In case (iii) P is an improper node
with a single pair of solutions approaching P with slope 1_+ 1€ (3, ) as
t—> oo, and all other nearby solutions approaching P with slope 4, + 1€ (3, 1)
as r—>oo, In case (v) the slope of the stable manifold of Pat Pis A_+ 1 < %,

that of the unstable manifold A, + 1> 1. We now note that o‘(-l;) > —2

Fig. 1. The phase-plane diagram for (3.15). Shown in particular are the smooth solution
orbit, which leaves the origin with slope 3/2, and the stable and unstable manifolds of P,.
The absolute minimizers of I correspond to appropriate portions of the dashed curves
(see Theorem 3.12).
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(respectively a(l?) < —3%) if and only if
3972 — 507 4- 14 >0  (respectively <C0)

7 . 25 - V?9_ 7 . . .
where t = k*, and since ——39——< 13 this holds if and only if 7> 7* =
25 + Y79 , —
—3—;/— (respectively 7 < 7*). The case o(k) = —% corresponds to 7 = 7*.

Similarly, o(k) > —2 (respectively o(k) < —%) if and only if

32572 — 4277 + 126 >0  (respectively <<0),
which holds if and only if 7> 7y = .86634 ... (respectively 7 << 7,). We let
g, = O(ry) = .002473 ..., We have thus proved
Proposition 3.2. Let 0 << e <<ée,. Then P, is a sink and P, is a saddle point.

dz

Since =972 the flow in the region 0 = g << z is to the left, that in

the region 0 < z << g to the right. We also make frequent use of the direction

dz
of flow on the diagonal g = z, where i 0, given in the following lemma.

Lemma 3.3.
(i) Let 0<<e<egg Then G(z,2)>0 for 0 <z < l:l(s)% and for
Kae)? < z< oo, while G(z,2)<0 for k()T < z < kale)7.
(i) Let ¢ =¢o. Then G(z,z)>0 for all z>0, z = (t%)1.
(iii) Let &> &o. Then G(z,z) >0 for all z>0.
For the purpose of studying the existence of periodic orbits it is convenient
to introduce the new variable r = F(z, ). It is easily verified, using the fact

that F,, >0, that (z,¢4)—(z,r) maps z>0, ¢ >0 onto z>0, r>0 and
has a smooth inverse. Thus (3.11) is equivalent to

d. .
2 = 4en -2 260,
(3.18)
d o
== F. 4z ) + 3r E RG ).
An easy computation shows that
0Z OR . 319
oz T (3.19)

Integration of (3.19) over the region enclosed by a nontrivial periodic or homo-
clinic orbit gives a contradiction. We have thus proved
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Proposition 3.4. The system (3.15) has no nontrivial periodic orbit and no homoclinic
orbit in z>0, ¢>0.

We next study the continuation and asymptotic properties of solutions.

Proposition 3.5. Let z, >0, g, > 0, and let (2(¢), q(t)) denote the unique solution
of (3.15) with z(0) = zq, q(0) = qo. Then (z(t), q(t)) exists and remains in z > 0,
qg >0 on a maximal interval (ty,,o0), where — 00 = tpin<< 0. As t— o0,

-3 -3
either z(t)—>oo0 and q(@t)—oco or (2(t), q(t))— (kZ, k2), a rest point. As
t = tmin + either (2(2), q(£)) = (0,0) or z(t)—>oco and q(t)— ¢ = c(zo, 90) €

23 -3
[0,00)t or (z(t), q(t)) = (kZ, k2), a rest point.

Proof. Let the maximal interval in which the solution (z(¢), ¢(¢)) exists and remains
in z>0, >0 be (tmin Imax)» Where — oo = 1 <0<ty <00, Ob-
serve first that if (z(¢), ¢(¢)) remains in a compact subset of z >0, ¢ =0 for all
t€ [0, tma) (respectively € (¢in, 0]) then 7, = oo (respectively g, = — ©0),
and we can apply the Poincaré-Bendixson theory (¢f. HARTMAN [19, p. 15111.]).
By Proposition 3.4 the only possibilities are that (z(t), ¢(¢)) tends to a rest point
as t—>oo (respectively f— — o0), or that the w-limit set (respectively «-limit
set) of (z(*), g(-)) contains more than one rest point (and thus 0 << e < &;). The
latter case cannot occur since P, is asymptotically stable.

Next we note that on any open z-interval where ¢(¢) == z(t) we have i—];—

and thus the orbit has the representation g = ¢(z), where by (3.15)

+0,

dg ¢ [(%)” (1 —2%) [13¢(7 — z*) — 84z] ¢"" + 624] def o
dz ~ 3z(q—2) 91(3)'2 (1 — z2)? q'% + ez* = H(z, 9, ¢).
(3.20)

We first eliminate the possibility that g(z) becomes unbounded as z-— z € (0, co)
either from above or below. By general results on ordinary differential equations
we would then have ¢(z)— +oc0 as z—Zz+ or qg(z)—> +o0 as z—>z—. If
z==1, then for g large and for z near z we have

4

@2 - 130~ 2~ s 2]+ o 2
q q q

z z*
32(1 — 7) 91(%)12 (1 — 22)2 51—2—

dq
dz

IA

Cq,

where here and below C denotes a generic constant. Thus g is bounded near z,
a contradiction. If z =1, we observe that ¢(z) satisfies

d 1
—(@—2F,— F)= —%F.

q?*

(3.21)

t It will be shown in Proposition 3.6 that in this case ¢,,;, = — oo and ¢(zo, o) > 0.
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where F is given by (3.14). (This is essentially the DuBois-Reymond equation for
1.) Now

_ 28
Fq—?

2\8 -3 a4 29 %
<_3_) z (1 — 2% _{__3_._3__2 ,
and

ef
1:U(Z:q)d:(q"_Z)Fq*F'

a2 )
Thus, for z near 1 and q large,
|F| = Cla®0 — 27 + g)
< Ol — 2 + qriis

13
é C(q14(1 _ 22)2 + q2)1—4’
and so by (3.21)

13
< C|y(z, qz))|".

d
‘21;/) (Z’ q(z))

Thus y(z, g(z)) is bounded near z =1, which is a contradiction.

The case when (z, qo) is a rest point being trivial, we now consider the re-
maining cases. First suppose that ¢, << z,. Note that ¢ =0, 0 <z <oo is
an orbit of (3.15), and that G(z,q) >0 if z>0, ¢ > 0 and z 4 g is sufficiently
dz
dt
below the line ¢ = z on [0, #,,,), and hence by the first part of the proof tends
to a rest point, or that z(z,) = g(t,) for some ¢, > 0. In the latter case it may
happen that z(¢,) = g(¢,) for some ¢, > ty, with q(¢) > z(¢) for £, <t < t,.

If so, then by Lemma 33, 0<e< g, and z(to) < ki(e) < 2(ty) < Kae)Z,
so that, unless (z(2), ¢(t)) - P, as t—oco without a further crossing of ¢ = z,
z(t,) = q(t;) for some t, > t;. If z(z;) << z(ty) the orbit (z(z), ¢(¢)) would re-
main in a compact subset of z >0, ¢ =0 for #,,;, < t < 0 and hence tend to
P, as t— — oo; this is impossible as P; is a sink. Thus by Proposition 3.4,
z(t,) > z(t,), which implies that (z(t), ¢(¢)) remains in a compact subset of z >0,
g=0 for 0= t<tn, and thus tends to P, as {— oo.

The above considerations show that, as regards the behavior for ¢ =0, it
suffices to examine the case when ¢(r) > z(¢) for all t€ [0, ty,,) and the corre-
sponding solution curve ¢(z) is defined for all z= z,. To show that 7.,, =occ we
examine the slope of the vector field on the line g = pz, where g > 1. On this

small. Since < 0 for g <<z it now follows that either (z(), g(¢)) remains
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line, as z— oo,

G 12(—"_’1)<9_1_ 13 — 82 )+ 12,12
da_ _w ) i
dz 3u—1 1 2
z (1”’ ) 91(_%)12 (? _ 1) + €

“m=s [ )]

1 . .
where the o (7> term is independent of x. Hence, provided po > %—é, there exists

1212

u'iz

. . . de .
z>0 such that if zZ=2z and u = uy then Zzg(z)< # on g = pz. Choosing

i >q_(_) we deduce that

) =@—1z20)

whenever z(f) = z, and hence that f,,, = co.
We consider now the behavior of (z(2), g(¢)) for € (fin, 0]. Suppose first
that g, > zo. If g(¢) > z(¢) for all € (¢4, 0], then either te(mf o z(t) >0 or

!mins

z(t) > 0 as f— ty;+. In the former case, since ¢(z) cannot become unbounded
as t— tmin+, the curve lies in a compact set of z>0, ¢ = 0 and we must have
that #,;, = — oo and (z(¢), g{z)) tends to a rest point as r— — oo, If z(r)—0

d
as t— fnin+ then by (3.20) the corresponding curve ¢(z) satisfies d—g> 0

for sufficiently small z > 0, so that q(#mp) dzeft ltim+ q(t) exists, If q(tmin) > 0
~>!min

d C
then by (3.20) d_.g = - for sufficiently small z > 0, where C >0 is a constant,

and integration of this inequality gives a contradiction. Thus (z(¢), g(¢))— (0, 0)
as t— tmint+. On the other hand, if ¢(¢) = z(¢) for some € (#,;,,0] then
q(t,) < z(t;) for some earlier time.

It only remains, therefore, to consider the case when ¢, < zo. First, if
q(t) < z(t) for all 7€ (tpn, O] then either z(¢) remains bounded as — t,;,+,
in which case #,, = — oo and (z(¢), ¢(t)) tends to a rest point as ¢— — oo,

dg
or lim z(t) =oo. In the latter case, by (3. 20), =< 0, for z2>17, g<z,

= min
and so as 7— fy;+ g(¢) tends to a nonnegatwe 11m1t, which we denote by
(Zo, go)- Next, if g(t,) = 2(t5) for some #, € (tmin, 0] then g(f) > z(7) for some
€ (tmin> to). We have already treated the case when q(t) > z(¢t) for all r¢
(fmin> £] and thus it remains to eliminate the possibility that g(#;) = z(¢;) for an
infinite sequence ¢ — fyin -, and of course this can only occur for 0 << & << &,.
The corresponding orbit would spiral either inwards or outwards as ¢ — #;,+.
Ifit spiralled inwards then clearly we would have #y, = — oo and (z(?), q(¢)) - P,
as t— — oo, which is impossible since P, is a sink. It must thus spiral outwards,
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and of course it cannot remain in a compact subset of z > 0, g = 0, since other-
wise it would have to tend to P, as ¢ — fy;,+, which is clearly impossible. Fur-
thermore the orbit must remain under that part of the stable manifcld of P,
lyingin g > z, and so z(t) —> 0 as #;—> fp;z+. But the solution curve (z,(2), ¢,(¢))

1
of (3.15) satisfying z,(0)=1, ¢,(0) = - approaches the z-axis as r— oo,
crossing g = z arbitrarily close to the origin, which implies that z(f;) is bounded

away from zero. []J

Note that Propositions 3.2, 3.5 together imply that when & = ¢, the unique

-3

fixed point ¢ = z = kZ is unstable.
It is possible to specify more precisely the asymptotic behavior of those
solutions of (3.15) satisfying z(f) - oo, ¢(f)— oo as r—oo. For such a solu-

z
tion we have seen in the proof of Proposition 3.5 that Zg—t))_ is bounded for large ¢.

1
Setting {(¢) = Ty e see that (3.15) becomes

@’
E=t1—9),
@A = D 139727 — 1) — 8421 9t e212] (322)
p=10—9)+ 3 [ 91(3)12 (2 — 1)2 ' + o012 ] >
where ¢(?) ‘i;f%, and hence as ¢ — oo,

¢ =l — o)+ o).
1 21

Hence ¢(f)—> 3% as t->oco. Linearizing about the rest point =0, ¢ = 2
of (3.22) we obtain

1
)= Ce o,
lp() — &} < Cre™,

for sufficiently large ¢, where C; and C, are positive constants. It follows that
C, _b
la) — Bz = Fe
1

for sufficiently large ¢, so that the solution curve rapidly approaches the line
g =3z Since z=¢ —z we deduce that

i _19,
Z(t) = AeX® - O (e )

as t—> oo, where 4 = A(zy, go) is a constant, and hence that the corresponding
solution u of (3.5) satisfies

7 1
u(x) = Ax® 4 O(x¥®) as x—>oo.

We now study the behavior of solutions in a neighborhood of the g and z axes,
and in particular near the origin.
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Proposition 3.6. Every smooth solution u of (3.5) with u(0) =0, u'(0) >0 cor-
responds to asmgle orbit of (3.15)in z > 0, q > 0 that leaves the origin z = q = 0
with slope 3. The only other orbits of (3.15) leaving the origin correspond to solutions
u of (3.5) wzth u(xy) = 0 for some x, > 0; these orbits satisfy

lim z()= lim q(t) =0, a0 _

t—>logxe+ t—logxo+ t~logxo+ 2(2)

(3.23)

Solutions (2(-), q()) of (3.15) whose orbits have an unbounded intersection with
0 < g < z correspond precisely to solutions u of (3.5) with u(0) >0, u'(0) > 0,
and thus satisfy t_l)ir_nw z(t) = oo, tlirpco q(t) = ¢ >0, where c¢ = c(2(0), g(0))

is a constant.

Proof. Let u be a smooth solution of (3.5) on some interval [0, a], a > 0, satis-
fying u(0) =0, ' (0) =& > 0 Then u(x) =ax + o(x) u (x) =0 —|— o(l), as

x— 04, and hence =z = 062 x2 + o(x_) q = 2(042 x2 + o x2)) Thus
the corresponding solution (z(z), ¢(¢)) satisfies

i = 1i - . 9(t)
S a0 = Im g@) =0, lim O

That this solution is the same for any « > 0 (up to adding a constant to ¢) fol-
lows from the similarity transformation (3.13) and the uniqueness of solutions to
the initial value problem for (3.5).

Let ug(x) denote the unique solution to (3.5) satisfying ug(1) =0, ug(l) =
B > 0; this corresponds to a solution (z4(*), g4()) satisfying

[Be" — 1) + o(e! — D]

et

(1) = =o(1),

and

gs(t) = 3B — 1) + ofe' — DIZ (B + o(1)) = o(1),
as t—>0+4+. Also

g . 3
>0+ zg(t) >0+ 2(e' — 1)

Let >0 be sufficiently small. It follows from Proposition 3.5 that z(tz) = &
for some minimal 75> 0. Also, since gg(tg) > z5(ts), the corresponding inter-
section at x = e’ of the graph of ug with 6% x% is transversal, and thus by
the implicit function theorem #; depends continuously on 8. Hence also g(zp)
depends continuously on 8. We examine the behavior of g4(tz) as f varies from
0 to oo, We first show that

Jim gy(t5) = oo. (3.24)
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Since u/;(x) >0 for all x =0, u; is invertible; denote the inverse function by
xg(u). By (3.5) x4(-) satisfies the transformed equation

[19(x* — ?)? + ex}?] x,, = x,(x* — ) 28xx, — 39u?), (3.25)

where the subscripts denote derivatives with respect to w. This equation has the
solution x(u) =1, u€ [0, ], in the neighborhood of which (3.25) can be written
in the form x,, = A(u, x, x,) with / continuously differentiable. Since *(0) =

_ 1
x(0) =1, %,0) =0, (x),(0) =7 it follows that xz—1 in C'([0, 1]) as

f—oo. In particular, 7,—~0 as f—>oo. Since gytp) = + uﬁ(e‘ﬁ)% ug(e's) =
3 6?1 e%ﬁ
2 .2 2,
(xﬂ)u (6 el ﬁ)
Next, let uy(x) = ﬁzuﬁ(ﬁ—3 x), which also solves (3.5) and satisfies u4(8%) =0,
uyf®) = 1. Clearly us—u in C'([0,1]) as f— 0+, where u is the unique
solution of (3.5) satisfying #(0) = 0, #'(0) = 1. But 3¢ is the least value of
x> such that us(x) = 5% x3, and thus tends to the least positive root x
~ 2
of u(x) = §5x% as f—0+. Thus

this gives (3.24).

Jim 45t = 3693 #®),

which is the value of g at the intersection of z =4 with the smooth solution
orbit leaving ¢ = z = 0 with slope 3. We have thus shown that the region above
this orbit in the strip 0 <<z = ¢ is completely filled by the orbits (z4(), g5(").
If xo>0 is given then (z(¢), g(r)) = (z5(t — log xo), qg(t — log x,)) corre-

sponds by (3.13)ff to the solution u of (3.5) satisfying u(x,) = 0, u'(xe) = fxq 3 ,
and thus (3.23) holds.

Let u,, be the unique solution of (3.5) satisfying u(0) =y >0, v'(0) =» > 0.
Then the corresponding solution (z,.("), g,,(?)) of (3.15) satisfies tlir_no0 2, (1)

—oo, 1lim g,,(t) =Fy%v. As y—> 0+, u,—ii in CY([0,1]) and hence,

3
- der U 2(e")
for each fixed t, z,,(t) > z(t) = o
Conversely, suppose that (z(-), ¢(-)) is a solution of (3.15) whose orbit has an un-
bounded intersection with 0 < ¢ < z. By Proposition 3.5, lim g(t)=c¢=0.

fmin*
Let xo = e'min, Suppose fpy > — oo, so that x, > 0. Then the corresponding

solution u of (3.5) would satisfy

and  q,,(t) > §() < 3 i) # ().

1
—

. T _ im o) —
XBE}JFU(x) }1_{22(1‘) oo,  lim v x)=c,

3 . .. . .
where v = 42, which is impossible. Thus ¢, = —o0, x, =0, and since
lim v'(x) = ¢ we have v(x)—d as x— xo-+, where d = 0 is a constant. But
x—0+

if d were zero then we would have

oo = lim v—(fz= {im Z@:

¢,
x>0+ X x>0+
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a contradiction. Hence #(0) > 0, «'(0) = 5—?(%2— = 0. Nowif ¢ =0, u(x) = u(0)
u
by uniqueness of solutions to (3.5), and hence ¢(#) =0. Hence #'(0) > 0.

It follows immediately from the above that for 6 > 0 sufficiently small the
region in 0 << z<Cd, ¢>0 below the smooth solution orbit is completely
filled with orbits corresponding to solutions of (3.5) with «(0) > 0, z’(0) > 0.
In particular there are no other orbits leaving the origin. []

We next apply the results of Section 2.

Theorem 3.7. I attains an absolute minimum on the set of = {uc W0, 1):
u(0) = 0, u(l) = k}. Let u be any minimizer. If & > &, then u is a C* solution
of 3.5) on [0,1). If 0 << e =g, then either u is a C* solution of (3 5) on [0, 1]

oruisa C™ solution of (3.5) on (0, 1] with u(x)~kx3 u' (%) ~ 3kx~ T as x— 0+,

where k satisfies (3.6). In all cases u corresponds to a single semi-orbit (z(2), q(1)),
te(—o0,0], of (3.15), with z(t) >0, q(t) >0 for all t€(—oo,0].

Proof. That 7 attains a minimum on & follows immediately from Theorem 2.1.
Let u be any minimizer. By Theorem 2.7 and the subsequent discussion there is
a closed set E of measure zero on the complement of which u is a C3, and hence
smooth, solution of (3.5). Let D, be a maximal relatively open intervalin [0, 1]\ E,
and denote by x,, x; the left and right hand endpoints of D, respectively. We
have already noted that #'(x) =0 a.e., and it thus follows from Theorem 2.7
that if x, == 0 (respectively x, == 1) then x@;{nJr u'(x) = + oo (respectively

Em_ u'(x) = + o0). If ¥'(x) were zero for some x€ (xq, x;) we would have,

by uniqueness of solutions to (3.5), that u = const. in (x,, x;) and thus in
D, = [0, 1], contradicting k> 0. Thus u'(x) >0 for all x€ (xy, x;) and u
generates a solution (z(¢), g(¢)), t€ (log xo,log x4), to (3.15) with z(r) >0,
g(t) > 0 for all ¢ (log x,, log x;). But by Proposition 3.5 the solution (z(¢), 4(z))
exists for all ¢#> log x,, and therefore

lim_ /() = lim _%q() 2(1)"3 x;F < oo.
logx, —

XrXg—

Hence x; = 1. Suppose that — oo = ¢;. << log x5. Then

1
Jim W) = lim 3q0) 2073 x5 ¥ <oo,
since x, > 0, yielding a contradiction. Therefore ¢, = log x,. By Proposition
3.5 there are three cases to consider. First, we may have (z(z), g(t))— (0,0) as
t—log xo+. If xo > 0 this is impossible since we would then have u(x,) = 0
and hence u(x) =0 for all x€[0,1]. If x, =0 then by Proposition 3.6 u
is C* on [0, 1]. Second, we may have z(¢)—co and g(t)—c=0 as t—log x,+.
In this case, by Proposition 3.6 x, = 0 and u(0) > 0, which is impossible. Third,

—3 —3
we may have x, =0 and t_lj{nw (z(1), 9(t)) = (k2, kZ), a rest point. In this
case u is C° on (0,1] with u(x)~ kx5, w'(x)~%kx~3 as x—0+. [J
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As a preliminary result showing that every minimizer must in certain cases be
singular we prove

Lemma 3.8. Let u minimize I on o, and suppose that 0 << & < < min (1, k)
and

4
FR<@PA-prE—m (3.26)
Then u(x) > ax¥ Jor all x€(0,1].

Proof, We modify an argument of MANIA [25] (see also CESARI [11] and Section 4).
If the conclusion of the lemma were false then there would exist a subinterval
(x1, x5) of [0, 1] such that

(xx% Sux) = ﬂx% for all x; = x=<x,
and u(x,) = ocxl%, u(x,) = ﬂxz% . Thus
X2 X3 u3 2
f S, u,u)dx = f x4 (1 — -)?) ') dx
0 X1

=(1—p [ x*w) dx.

Xt

13
Let x = y.9 Then

“CSI*O

X2

[ sty de = " f (&) o
12
1

x1

and by Jensen’s inequality the minimizer of this integral subject to uL %
1
2 B!

3

2. . . 2 Bxz — ocxl
u| 9 = Px5 isgiven by the linear function u=ox} + | ——— | (v — xP
y=x13 3 _ 13
2 x3> — x}
Therefore

2 2\14
X3 F 2
J Sy dx z @ (1~ ﬂ)@x_—“x_?
° ( 13 x13>

X2

%(‘3 - “(x_i)%

=@ (1 =) x; -(ﬁ,—; (3.27)
=)

= @7 A~ ) Xz%(ﬁ — o).
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Define v€ o by

2 3
x3, 0= xZ8%x,
) 2 3
W) =13, pin=

Then

2

Xz 1
Iv) = ’ [ .9(%x_%)2 dx + [ f(x,u,u') dx
0 X2

_48

=3 ﬂ%x§ + I(u) — ojfzf(x, u, u') dx.

Hence if (3.26), (3.27) hold then I(v) << I{u), a contradiction. []

Remark. Although MANIA’S device, which he developed in connection with the
Lavrentiev phenomenon, is used in the proof of Lemma 3.8, our minimization
problem does not exhibit this phenomenon. In fact if # is a minimizer then by

Theorem 3.7 we have |u(x)]| < cx¥ for x near zero. Thus if

MOX < x<o
up(x) =4 90
u(x), d=x=1,

s
then lim [ f(x, us us)dx =0 and so
6504 I

inf I(v) = I(u).
o€ W00,

In order to identify the minimizer from among the various geometrically
possible trajectories in the phase-plane we make use of the following lemma.

Lemma 3.9. Let u€ o be a smooth solution of (3.5) on (0, 1] with u(x) >0,
u'(x) >0 forall xc(0,1]. Let (z(-), q()) be the corresponding solution of (3.15).
Then
3
I(w) = —3y(kZ, q(0)),
where w(z,q9) = (@ — z) F, — F.

Proof. From (3.11), (3.21) we have that

d
x3F= —~SE [x%w], x€ (0, 1].
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By Proposition 3.6 (see the formula for  in the proof of Theorem 3.7) chl)1+ w(x)
exists and is finite. Therefore

I 2
1) = [ 573 Fdx = ~3y(:(0), 4(0))

3
= —3y(k2,4(0). [
Since y,(z, q) = (9 — z) F,, and F,, >0, it follows from Lemma 3.9 that,
of all trajectories (z(-), ¢(*)) of (3.15) satisfying z(0) = k and tlir~n {z(t), g()) =

-3 -3
(0,0) or (kz,kZ) (a rest point), that corresponding to an absolute minimum

3 3
of I has either the greatest value of ¢(0) = k2 or the least value of ¢(0) < kZ.
So as to decide between these two possibilities it is convenient to restate Lemma 3.9
in the following way. Define

I'(z, q) = v(z, 9) + %Of FL,0)dt. (3.28)

Then if u;, u, satisfy the hypotheses of Lemma 3.9 with corresponding solutions

(Zl(')s ql(‘))s (22('), q2()> Of (315)9

3 3
I(uy) — Iup) = —3[I'(k?, q,(0)) — L'(kZ, q2(0))]. (3.29
Note that by (3.21) we have that along solutions of (3.20)
d

5 1@ a) = =3z q) — Fi(z 2)

= —(q — z) M(z, q, &), (3.30)

where M(z, g,¢) >0 for z,g > 0. As an application of this idea we prove the
following proposition.

We denote by (zym("), gsm(*)) the smooth solution orbit, which by Proposition
3.6 leaves the origin with slope 3 ; this orbit is unique modulo adding an arbitrary
constant to 7, and we choose for convenience the normalization corresponding to
the smooth solution u of (3.5) satisfying u(0) =0, 2'(0) = 1.

Proposition 3.10. If z,(t) > o0, g (t)—>00 as t—oco then for any k>0
there exists precisely one solution u of (3.5) belonging to C*([0, 1]) and satisfying
the boundary conditions (3.2), and u is the unigue minimizer of I in .

Proof. If u is a smooth solution of (3.5) on [0, 1] satisfying (3.2) then wu(x) > 0,
#'(x) >0 for all x€ (0, 1]. Otherwise there would exist some x, € (0, 1) with
u'(xo) = 0, and hence u(x) = u(x,) by uniqueness, a contradiction. Thus any
such solution is represented by an appropriate portion of the smooth solution

3
orbit (zm(*), gsm()), and since this orbit cuts the line z = k2 exactly, once the
existence and uniqueness of u is assured.
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It remains to prove that I{u) < I{(v) for every other v € /. If this were false
there would exist by Theorem 3.7 an absolute minimizer u; of /in o/ with u, 5= u,
I(u) < I(w). Let (z,(), q,(*)) be the corresponding solution of (3.15); thus

z,(0) = k%. We know by Theorem 3.7 that we must have 0 <<e =g, and
Ilir_noc (z:(0), q.(1)) = (Z%, Z%), and since P, is a sink we also have k= Ez if
0 << & << 4. Since the smooth solution orbit lies entirely above any such solution,
by our preceding discussion we know that ¢,(0) has the least value of ¢(0) = k%
of all solutions (z(*), g(*)) of (3.15) with z(0) — k2, lim (z2(0), q(0)) = &2, E%).
It follows that ¢,(¢) < z,(¢) = Z% for all t€ (— oo, 0]. Let the smooth solution

orbit have graph g = qy(2), z > 0. Then by (3.28)-(3.30) and the fact that
vz, g) >0 for g> z,

3 -3 =3 -3 -3 3 3
I'(k7, q,0)) = I'(kZ, k2) < I'(k?, gk ?)) = Tk, gm(k2)),
and thus I(u) << I(4,), a contradiction. []]
We give now an alternative proof of the assertion in Proposition 3.10 that the

unique smooth solution u# of (3.5) minimizes 7/, since it illustrates the various
connections between the phase-plane diagram and the field theory of the calculus of

variations. We note that w4(x) ef 4% u(Ax) is a smooth solution of (3.5) for

8UA(x) —;‘ ,
any A >0, and that o = A°u'(Ax) > 0. Also, for any x > 0 we have
2an
L u(Ax) 2 lu?(Ax)
. o 3 o . L 7| ¥ 4x)
A )= g AT =00 and i) = Him

5

wito

= tlim zsm(t)% = oo. Define uy(x) =0. Then {u}p<q<o is a field of extre-
mals that simply covers the region x>0, u=0. Let v€ ., v3u, with

v(x) >0 for all x€(0,1] and v(x) = Cx% as x— 04 (we have already seen
that any minimizer of / has these properties). In order to handle the singularity
of the field at the origin define for 6 > 0.

u(x), 0=xx94,
0o(3) = { () + %028 — u(®), S=x=25,
v(x), 200 x< 1.

Then
i
Kovs) — I(u) = 6[ LS (x, vs(x), 05(x)) — £, vs(x), p(x, V(X))
- (U;(X) - p(x’ Ua(X)))f;,(x, Ué(x)’ P(x, vé(x)))] dx’

where p(x, v) denotes the slope function of the field. Since the integrand on the
right-hand side is positive by convexity, and since it can be verified that
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28
61irg1+ f S(x, v5, v5) dx = 0, it follows that I(vs) — I(v) as 6 — 0+, and we ob-
=0+ §

tain by Fatou’s Lemma that

1
1) — Iw) = of Lf(x, v(x), v'(x)) — S (x, o(x), p(%, v(x)))

- (v’(x) - p(xa U(x))7 f;:(x’ v(x), P(xs D(X)))] dx > 0’
as required.

Theorem 3.11. There exists a number €* satisfying 0 << e* << &, << &, such that
-3 _3
@ if 0<e<e* then (Zum(t); gem()) = (ki*, ki*) as t— oo,
-3 _3
(ii) if e =e* then (zZum(t), gsm(t)) = (K7, ks*) as t—>oo, and
(iii) if &> e* then zg(t) > 00, gu(t)—>o00 as t—o0,

Proof. We first show that there exists a minimal number ¢* with 0 < s* < ¢,
such that (iii) holds. If &> g, then zg(t)— o0, gun(f) >o0 as t->oc0 by

Proposition 3.5. Thus suppose 0 <<é& =gy, and let k& = k,(e) if 0 < e<gq,
k= (r*)i if & =e¢, (for v* as in (3.6)), and set T = k3. For y > £ define

. -
vAx) = kx?. Then by direct calculation

I E 1) k14w, — I(vy))

y14 13y2 ] [ 2y14 2072 ]
— 22 —_ —_ —_—
=7 [40;/——39 v SR Il kv vpm T g S
14 7 2
L 7 e

28y — 27 4y —3

Therefore
J(.1) = at? 4+ bt + ¢,

where a = 1.52378 ..., b= —2.44042..., ¢ =.94934.... It now follows that
J(1.1) is negative if 7_ << 7 < 7,, where 7_ = .66576..., 7, = .93578 .... Since

7% >7_ it follows that kx3 does not minimize I if &> 0(r.) = .0019603 ....

_3

Therefore if & > 6(z.), there is some solution (z(*), ¢(*)) of (3.15) with z(0) = k2,
3

q(0) %= k2 and t_l}imo‘3 (2(2), g(2)) = (0, 0) or a rest point, and this clearly implies
that zg,(t) > o0, gum(t)—o0 as ¢#—oo. Define ¢* to be the least nonnegative
number such that (iii) holds. Since &, = 0(r,) = .0024735... it follows that
0 < &* < ¢, as claimed.

We next prove that ¢* > 0. If not we would have z,,(f) = o0, gy (t) = o0
as t—oo for every ¢ > 0. By Proposition 3.10 all minimizers of 7 in &/ would
then be smooth for any k& > 0. But by Lemma 3.8 this is false for £ > 0 suffi-
ciently small.
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For the remainder of the proof it is convenient to make the dependence on ¢
explicit by writing z,,(f) = z;m(t, €), gsml?) = gum(?, &) , and where appropriate
Ia(2) = Gz, €). Using the implicit function theorem it is easily shown that
if z(t,8) =Z >0, quu(t,2) &=z then there exists a smooth function ()
defined for ¢ near & such that z,(t(g), &) = z. Thus if zg (¢, e*)—>oc0 as t > oo

we also have z(t,£)— oo as t— oo for ¢ near ¢*, contradicting the minimality
3 3

of e*. Likewise, if (zi(, £%), gsm(t, £%)) — (I:l(s*)T, l:l(e*)T) as t->oo then
since &* < g; we have ¢u(t, &%) < z(t, €*) for some f; thus gu,(t, &) <

zZm(t’, &) for some ¢ > ¢* and some ¢, a contradiction. There remains only one
3

— 3 _ 3
possibility, that (zu(Z, £%), Geml?, £%)) = (ka(e%)2, kao(e*)?) as t—>oo, which
proves (ii).
We next remark that for any £ > 0 the slope of the vector field on the curve

_ 4 Is, by (3.20)
q=13; eduals, y (3.20),

H 14 142
513z °%) T 392204 — 1322)°
o e . 14
which is positive if 0<<z=1. In particular qsm(z,s*)<—1§z— for all z¢

- 3 oH
(0, kz(e*)z). An easy computation also shows that 6_5(2’ q,8) >0 for

14
0<z, z<q<13 e>0. Suppose that 0<<e<e* but that

3 - 3 -
Zem(t € Gsm(t, €)) + (K, (.s)2 ki(e)*) as t—>oo. Since ky(e) is decreasing
3
in ¢ we must then have qsm(kz(e"‘)2 e:)>k2(e*)2 Choose any g, with
qsm(kz(,s*)2 e)>qo>k2(e*)2 and consider the solution (z(t, &), (¢, €)) of

(3.15) satisfying z(0, &) = k. (e*)z, q(0, &) = go. For f<C 0 this solution curve
cannot cross the (Z;u(", €), gum(» €)) orbit and hence by Proposition 3.6 it crosses
3

R - 5 N N dg .
q = z. Therefore there exists z € (0, kz(e*)z) with gq(z, €) = gz, £%), d—j(z, €)
dqsm

(z £*), where g = q(z, &) denotes the graph of (z(-, €), (-, €)). But this
c011trad1cts the monotonicity of H(z, g;n(Z, €), -). Therefore (i) holds. [J

Remarks. The numerical evidence is that ¢*=.00173.... That (z.(t), gm(?))—

_3 -3

(ki*(), k*()) as t—>oo for &> 0 sufficiently small can also be proved by
trapping the smooth solution orbit in an appropriate triangular invariant region,
but the calculations are rather tedious.

For 0 <& <C&* we denote by (,(¢) the maximum value of zy(f), t¢R,
which is achieved when the smooth solution orbit cuts ¢ = z, z > 0, for the
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3
first time. It follows immediately from Theorem 3.11 that if 0 <& << &*, k2 >

£i(e) (orif e =e* and k = k,(e)) then there is no smooth solution to the Diri-
chlet problem consisting in the Euler-Lagrange equation (3.5) and the boundary
conditions (3.2).

In the following theorem we identify the absolute minimizer of 7 in &/ for
every k>0, ¢>>0. If 0<<e<e, we denote by {y(¢) the minimum value of
z on the unstable manifold of P, which is achieved when that part of the unstable
manifold in ¢ <z cuts g =z for the first time.

Theorem 3.12

(a) Let 0 << e<<e* There exists a number ((e) with [(e) << {(e) < £,(e) such
that

W) if 0<k< Zj(s)% there is exactly one u that minimizes I in o and u is the
unique smooth solution of (3.5) on [0, 1] satisfying (3.2),

() if k= C(s)% there are exactly two functions u,, u, that minimize I in </
u, is the unique smooth solution of (3.5) on [0, 1] satisfying (3.2), and u,(x)
~ k,(&) x5 as x> 0+ and corresponds to that connected part of the

_3
unstable manifold of P, defined by q =z, [(s) =< z < ky(e),

(i) if k> C(s)% there is exactly one u that minimizes I in of ; u(x)~ Ez(a) x3
as x— 04 and corresponds to that part of the unstable manifold of P,
3 -3 — -3
defined by q<z,k? <z=< ki) if k=<kye) andby q =z ki (e) =
3 _ - — 2
2z Z k2 if k = ky(e), sothatinparticular if k = k() then u(x) = k(&) x7.

(b) Let ¢ = &*. Then there is exactly one u that minimizes I in . If k < k_z(e*)
then wu is the unique smooth solution of (3.5) on [0, 1] satisfying (3.2), and, if k =

k—z(s*), u(x) ~ l—c-z(e*) x3 as x — 0+ and corresponds to that connected part of the
-3 3

unstable manifold of P, defined by q =z, k(&) = z=k?. In particular if

k = kay(e®) then u(x) = ky(e*) x3.

(c) Let &> &*. Then there is exactly one u that minimizes I in s and u is the
unique smooth solution of (3.5) on [0, 1] satisfying (3.2).

Proof. Part (c¢) follows immediately from Theorem 3.11(iii) and Proposition 3.10.
If 0<e<e* and k€ (0, L))V (Li(®)3,00) or if e=e* and ke
(0, Co(s*)%) U [ko(e™), oo) then the solution specified in the theorem is the only
geometrically possible one, and perforce by Theorem 3.7 is the unique minimizer.

Suppose 0 <<e<e* and k€ [Co(s)%, g 1(6)%]. By Lemma 3.9 and the sub-
sequent discussion there are only two possibilities for a minimizer, a smooth
solution # = u,(x, k) represented by part of the smooth solution orbit ¢ = gm(2),

0<:z< k2, g=z and a singular solution u = u,(x, k) represented by a part
3 ~ 3
of the unstable manifold of P, which we denote by g = ¢,.n(2), k7 = z =< k() 2,
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g < z. Define
R(k) = I(uy(, K)) — 1(us(5 K))-

By Lemma 3.9 we have

R(o(&)F) = —3(Zo®). dm(Co()) — (Cal®): Lo(e)) < O,

and

RE(©)3) = =31, £1() — (1), qunlC1(8))) > 0.
Also, by (3.29), (3.30),

dR
(>0 for L@f k= 0,E)F.

Hence R(C(s)%) = 0 for a unique C(i)e (Co(e), £1()) and part (a) follows.
In the case ¢ =¢*, k¢ [Zo(a*)%, k,(e*)] we define R(k) as above and note

dR _

that R(Ze(e®)3) <0, lim R(k) =0, k>0 for ke [o(e®)3, ae®).
k—>ky(e*)—

Hence part (b) holds. [

The results of Theorems 3.11, 3.22 are summarized pictorially in Figure 3.1.
Note that whenever the minimizer is singular at the origin neither (IEL) nor
(IDBR) holds, since then both Xl_i)l& So(x, u(x), u’(x)) and xl_i>1(1)1+ [ (x) f(x, u(x),
u'(x)) — f(x, u(x), ¥'(x))] are + oco. However, in all cases (WEL) and (WDBR)
are satisfied. Note also that if 0 <<e<Ceg, then u(x)= k,(¢) x3 1is never a
minimizer. It is interesting to observe from the figure how for fixed ¢ the number
of solutions u€ C*((0, 1]) of (3.5) satisfying u(0) = 0, u(l) = k varies with k.
For example, if 0 << ¢ < g; then as k approaches k; the number of such solutions
tends to infinity. An alternative proof that for & = k,(¢) and ¢ > 0 sufficiently

small u(x) = k(&) x5 minimizes I in o has been given by CLARKE & VINTER
[14].

We conclude our discussion of the phase portrait with a few remarks concerning
the behavior of the branch of the unstable manifold of P, that near P, lies in
q << z. Since, by Lemma 3.8, if k > 0 is arbitrary but fixed then any minimizer
of I'in & is singular provided ¢ > 0 is sufficiently small, it follows from Theo-
rem 3.12 that (,(¢) >0 as ¢— 0. Hence also (o(e)—0 as e&—0; this is
consistent with the fact that the slope of the unstable manifold at P, tends to
infinity as ¢ - 0. As t— oo the above branch of the unstable manifold tends

to (kl(a)'g', kl(e)%); in fact it cannot tend to (kz(a)%, kz(s)%) by Proposi-
tion 3.4, and it cannot tend to infinity because the upper branch of the stable
manifold at P, would then have nowhere to go as t— — oco. For 0 <<e < g,
and g, — ¢ very small an application of center manifold theory (see, for example,
Carr [10]) shows that the connecting orbit from P, to P, is almost parallel to
the line g = z.
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§ 4. The case with no y-dependence

In this section we consider the problem of minimizing

1
I(w) = ~fl Slu(x), u'(x)) dx 4.1)

in '
o ={uc WH(—1, 1):u(—1) = ky, u(l) = ky}, 4.2)

where k;, k, € R. Concerning the integrand f= f(x, p) we will require that
feC*R?), f,>0,
|p| = f(u, p) < const. (1 + p?),  (u, p)€R2.

We will show that an absolute minimizer u, of I over & need not satisfy (WEL)
or (IEL), although by Corollary 2.5 u, must satisfy (IDBR). In our examples u,
is constructed directly, though as we remarked in Section 2, for the functions f
appearing below the existence of u, also follows from known extensions of Theo-
rem 2.1.

We first give an example where the Tonelli set E = {x,} is a singleton.

(4.3)

Theorem 4.1. There exist an f satisfying (4.3) and

Sy, p)
|p|

—oo as |p|—oo for each u =0 (4.49)

and a number ko, > 0 such that whenever —k,, k, > ko then (4.1), (4.2) has a
unique global minimizer uy, but E = {x,} for some x, = x4k, k;)€ (—1,1),
and

f;l(uoﬁ Zl(;) ¢ Llloc(— 1’ 1)3
so that neither (WEL) nor (IEL) is satisfied.

Remark. The theorem shows that if (2.13) fails for just one value of u then the con-
clusion of Corollary 2.12 need not hold.

Proof of Theorem 4.1. The proof splits naturally into two parts. Part I is devoted
to the construction of a strictly monotone function g¢ CY(R) satisfying

(gD) ge C'R)N C™R\ {0},

(g2) g'¢L'(—6,0) for any 6 >0,

and to the solution of the minimization problem on &/ for a certain functional J
involving g. Part IT then presents the construction of an integrand f satisfying

(4.3), (4.4) such that the corresponding functional I has the same global minimizer
as J over .
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Part I. Select an even function #¢€ C(R)N\ C*(R \ {0}) such that
h0)=0, 0=h=1, Ms)>0 fors0, } @5)
h(s)=1 for |s|=1/2, W ¢L'(—6,0) for any é>0. ’

For instance,
h(s) = 522 + sin (s 7(s) + (1 — 7)), sER,
with #€ C* an even function satisfying
0=9n=1, 5ns)=0 for |s|=1/2, ps)=1 for |s|=1/4,

defines such a function.
Now specify g¢ C'(R) by

g=h g0)=0, (4.6)
and note that g is odd, strictly monotone, and satisfies (gl), (g2). Put

1
Jw) = __{ [g'(ux) W (X)) dx, uc . @.7

Since g is C! it readily follows that
gouc Wh(—=1,1) for all uc Whi(—1,1). 4.8)

Hence given /¢ R one can decompose J as follows:

1
Jw) = _f1 [(8'(u(x)) u'(x) — )* + 20g" (u(x)) u'(x) — I*] dx

1
_fl (8'(u(x)) v'(x) — )* dx + 2l(g(ks) — g(ky)) — 217, (49)

for all uc /. Thus it is clear that if « <€ o/ satisfies for some /
gy u'(x) =1, ae xe[—1,1], (4.10)

then u is a global minimizer of J in &/. By (4.8) this last condition requires that

gu(x) =Ix+m, xe[—1,1], 4.11)
and the end conditions on u imply that
I=1(glks) — glk), m= 3(glky) + g(ks)). “4.12)

Now since g is strictly increasing and has range R, (4.11), (4.12) determine a unique
strictly increasing function wu, € C([—1, 1]). Moreover, by the inverse function

1
theorem (applied to I—(g — m)) it follows that

o € C([—1, 1PN C¥([—1, 1]\ {xo}), (4.13)
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where x, is the unique point such that u,(x,) = 0. Finally, by (4.12) it follows
that
Uo(—1) = ky,  ue(l) = k,.

Therefore if the function u, defined by (4.11), (4.12) is absolutely continuous,
then u, belongs to o/ and provides a (unique) global minimizer for J. The absolute
continuity of u, is now verified by making use of the monotonicity of ©, and (4.13):

Xo

1 1
el dx = [ ugo) dx 4 [ ualx) dx = (uo(xo) — tio(—1)) + (ol ) — o)
- k2 - kl < oo,

Part II. Write
fou, p) = ('@ p)*, (u,p)eR?,

so that

fo(u,p) >0 if and only if u=0.
Using (4.11)—(4.13) and (gl), we have

S, ug) = 2(g'(uo) ”(3) 8" (uo) 1

= (glky) — gkp) &" o) uo € C([—1, 1]\ {xo}).

Therefore, by (g2), if —1 <<a<{xo<<b<1 then

b Xo—h b
S 1720, u)| dx = lim [ [ 172 i) s+ [ 110 1) dx]
a e a Xo-t+1t

~0+

uog(xo—h) uy(b)
= ()~ gt i | N @ldet T 1) dl

ug(a) uo(xq+Hh)
— OO’
so that
fl?(VO: uO) 65 Llloc(_ ls 1) . (414)
A function f¢ CP(R?) satisfying (4.3) as well as
fu,p) =f°u,p) +p, (@ p)eR?, } @15
fu,p) =f%u,p)+p when gwp=I—39, )

where /is given by (4.12) and & > 0, is constructed below. Obviously for f satis-
fying (4.15) and for u, as in (4.11), (4.12),

1 1
Tao) = [ flo, ug) dx = ]1 [ *(utg, o) + uol dx = Juo) + kz — ki, (4.16)
1 _

so that u, is also the unique global minimizer for f over /. Moreover, by (4.14),
(4.15),

fu(uO’ u(I)) = ft?(uo’ u(,)) QE Llloc(_' la 1) . (417)
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Also, since (4.10) implies that

Ho(X) = ————<—>00 as X-> X,,
o) = ) 0

it follows by TONELLI’S partial regularity theorem (Theorem 2.7) that
U(,)(xo) =00,

so that the Tonelli set of u, is the singleton E = {x,}, completing the conclusions
of the theorem.

To construct f satisfying (4.3) and (4.15) we first construct an appropriate
function e¢ C=([0, 1] xR) such that the formula

def ,

S, p) = e((g'W)?, p) + p (4.18)
yields a function f with the desired properties. Let ¢ € C®(R) be a nonnsgative
even function with suppo C (—1, 1), f o(p)dp =1, and put

-0

o

«= [ p(p)dp.

Thus o,(p) = ¢! p(pfe) satisfies

suppo. C(—¢,8), [ odp)dp=1, [ plop)dp=c*x.  (4.19)

Now let 8 C'(R)N CP(R\ {0}) be given by

. 2P —p+1, p=o0

» - (420
@+ 1, p>0.

Note that 0 is strictly convex, with 0'(p) > 0 for p 4= 0. We claim that for ¢ > 0

small and b€ (0, 1] the graphs of 6 and of »(p) = b(p? — xe?), p<CR, inter-

sect at a unique point p, € [4, 00). The existence and uniqueness of the intersec-

tion follows from the strict monotonicity, in opposing senses, of § and » on 0 <

p < oo. The condition for intersection:

@+ D> —ag?)=>b"1, @.21)
implies when b =1 that

i+ Dpi>1,

so that p; > 4. Since the left-hand side of (4.21) is strictly increasing on § = p << co
when ag? < 1, it follows that then p,€ [1/2,00) as required. Note also that
(4.21) yields the asymptotic estimate

Py~ b3 for beO. (4.22)
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By the inverse function theorem p, is C* on (0, 1]. Therefore on defining

e(bs p) = (Qs * max {6’ ‘V}) (P)

py oo
= [ olp— @) 0@)dg+ [ op — 9)(g) dq, (4.23)
s -

one obtains e as the sum of two functions in C%((0, 1]xR), so that
e€ C°((0, 11xR). Moreover, by (4.19), if p > p, + ¢ then

e(b,p) = b _f°° edq) [(p — 9)* — xe?] dg

=b [ odq)[4* — 2pq + p* — xe?] dgq = bp?, (4.24)

while if p < p, — ¢ then

0 = | ko — 00 dg < 9(p). @.29)
It is easily verified that ¢ has the following properties:
>0; o@)=2*—p+1+20 forp= —e,
D ZOp+e=(@+e+ 1)t for p= —s.
Thus, since by (4.23)
e(b, p) = max {(¢. * 0) (p), (0. *v) (1)} = max {p(p), bp*}, pER, (4.27)

it follows from (4.26) that for ¢ > 0 sufficiently small
eb,p) +p=z9@)+p=|pl, ((B,p)EQO 1]XR, (4.28)

} (4.26)

Now set

and define f by (4.18). It is immediate that f¢ C*((R \ {0}) xR). Furthermore,
since for any interval —4 < p = A4 there exists by (4.22) a number é, > 0 such
that

(W p) +p=9® +p, |gW)| <4 pel—4,A4],

it is seen that actually f€ C*® asrequired. The proof that fsatisfies (4.3) is straight-
forward: the property f,, >0 follows from the facts that 6”(p) >0 for all
p=0, v(p)>0if be(0,1],pcR, while the growth condition follows from
(4.23), (4.26) and (4.28). The growth condition (4.4) is a consequence of (4.24).
The inequality in (4.15) results directly from (4.27), (4.29). To establish the equa-
tion in (4.15) we choose k, = 3/2, so that by (4.5), (4.6) there exists é > 0 such
that

= 3(g(k;) — gky)) > glko) > 1+ 26
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whenever —k, k, > ko Next, we note that by (4.21)

2\ 2 0&284
REpm+ (pb—T) =b o’ +——,
so that for sufficiently small ¢ > 0 we have
[ =8> bp,+eb3  for all be (0, 1]. (4.30)

Now suppose that b%p =1-— 04 for some b€ (0,1], p€R. By (4.30) we have
pPZbH—)>pte,
so that e(b, p) = bp? by (4.24). This completes the proof. []

Remarks. 1. If the construction in Theorem 4.1 is repeated with a function
A € L*(—1, 1) then it is easily verified that the minimizer u, does satisfy (IEL),
(WEL) even though #'(x,) = oo.

2. Let ¢ € Cy°(—1, 1) benonzero in a neighborhood of x,. Then forany ¢ = 0
there exist constants c(f) > 0, «(¢) > 0, such that

Xo-+a(t)

Huo + 1) =ct) [ (ug(x))? dx.

xo— ()

Since
Xo+ale) uxot+a®) gy,
(ug(x))? dx = —
o —fa(:) ) PRSP () ¢

1
it follows that if —h—€ L'Y(—34, 6), for any 6 << 0, which is clearly consistent with
(4.5), then I(u, + tp) = 4 oo.

We now give an example where the Tonelli set E is any prescribed closed Le-
besgue null set; this shows that the Tonelli partial regularity theorem (Theorem
2.7) is in a certain sense optimal.

Theorem 4.2. Given any closed subset E ( [—1, 1] of measure zero, there exists
a function f=f% satisfying (4.3) and
S, p)
|pl

with F a Lebesgue null set, such that for certain scalars k., k, €R, there variational

problem (4.1), (4.2) has a unique global minimizer uy, and ug is strictly increasing
with

—>oco as |p|—>oco for all u¢ F, 4.4y

uy(x) = + oo if and only if x€ E.
Furthermore
filuo, ug) € Lige(—1, 1),
so that neither (WEL) nor (IEL) is satisfied.
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Proof. Again the proof splits naturally into two parts, with Part II identical with
the argument for Part II in Theorem 4.1. Hence only PartI is given here.

Part I. The construction begins with the global minimizer u, and then yields a
function g€ CY(R) satisfying
l)y geC'®)NC®R\F), with FCR a compact Lebesgue null set,
(82) g'"¢L%a,b) for any (a, b) such that FN (a, b) &+ 0.
Let ke C(R)N C*(0, 1) satisfy
k() =0 for te(—o0,0], k() =2 for t€][l,o0),
k'®) > 1 for t€(0,1), tl_l;l(’)l}l_ k(@)= tl_i)rln_ K@t)y= + 43D

We take the harder case when E is an infinite set such that neither —1 nor 1

belongs to E. The modifications necessary when E is finite and/or one or both

endpoints belong to E are easily made. Let x_= Hélé‘l X, X4 = MAxx, so that
X X€

—l<x_<x,<1 Pick ¢e<<—1, d>1. Then
(c7d)\E—__ K/I @js
j=
where the 0; = (a;, b;), j= 1, are disjoint and open, with

(al’ bl) = (C’, X_.), (a21 bZ) = (X+, d)
Clearly

210l =d—c, (4.32)
=1

where |0;| = b; — a;. It follows that
5 &

Z 2(10,) < oo (4.33)

for some increasing continuous function ¢: (0, o) — (0, c0) satisfying

t t
o )g r>0;  im 29 (4.34)
—~0+ f
Define u,: [c,d]—-R by
_ o X — a;
i = B ook (=) 439)
i=1 i 4

By (4.31), (4.33) it follows that this series is uniformly convergent on R. Moreover,
for xc @,

) = 3 oo k (=) +poDk (=2)

g

— ‘;’) , (4.36)

J

= (@) + 90, & (1
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so that
[l_’o(@j)l = 11_5}, Uo(x) — l_lo(aj) = 2¢(|(9j[)~ (4.37)

It follows from (4.36), (4.37) that u, is strictly increasing on [c, d], and u, €
C%([c, d}\ E) with

u(c) =0, ug(d) = 2. (4.38)
Furthermore,

fluo(x)]dx—z ff'f'j (]_"‘:)dx

J

t

; 20(10;]) = 20 = uo(d) — us(c) < oo,

so 1€ Wh((c,d)\ E), and since u,€ C([c, d]) it follows ([29, p. 224]) that
flo € Whi(c, d). (4.39)
Now define u, to be the restriction of u, to [—1, 1] and let
ky =uo(—1), ki =ue(1),
so that 0< k; < k, <2x. Define g:[k;, k;]— [—1,1] by g=us! It
follows from (4.36) that
) = & — )k (i

where  uy(0;) = (uo(ay), ug(b;)), j=1. Consequently gée C®(uy(0;) N [ky, k2])
and

) +a; for u€uf0) Nk, ks,  (4.40)

s b; — g v uo(a;) -
£0) = = )((b o J)) WETO) Ny Kol (441)

By (4.31), (4.40)
lim g'w)=0, j=+1,

u—»uo(a Y+
u_)Ln(‘g) gwy=0, j=£2, 4.42)
0< gy <29 W) N [k, kal, G2 1
b4 (u ¢(b1 _ aj) or u€ uO( ]) 1, K2l J= 1.
By (4.34), (4.42),

0< sup gwy—0 as j—oo, 4.43)
u€uo(O)N ey kz]

so that g’ can be extended to a function g*¢€ C([ky, k,]) by setting

*()def{o ueF, (444
u .
g(u)’ uc [kl: k2]\F’ )
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[o2]

where F2 [k,, ky] — \J %(0,) = uo(E). To show that g¢ C([ks, ky]) N
j=1
C=(lky, k,]\ F) is in C'([ky, k;]) note that

o9

kf’|g'(u)1du=z [ g du

J=1 0"k ksl

I
{8

[g(“o(bj)) - g(uo(aj))] + g(uo(by)) — gluo(—1))

j=3

li

+ &(uo(1) — g(uo(az))

I
Mz

bj—a)—@d—o+2

j
2 = g(k,) — glky) < oo,

where we have used the fact that, by (4.36)—(4.38), F has measure zero. Hence
g€ Wh((ky, k) \ F) and thus by the continuity of g on [ky, k,] ([29, p. 224])
g€ Wk, k,). Therefore, for each u€ [k, k,],

i

gw) — glky) = kf g dy = kf g*(y) dy.
Since g* € C([ky, k,]) we deduce that g¢ Ci([ky, k,]). Moreover, by (4.34),
(4.42) g can be extended to a function in C'(R)N C*(R\ F) satisfying

0<gW=1, ucR\ [ky,k,].
Thus
0=gw=1 ucR,

gWw)=0 if and only if u€ F.
Now g =ug! on [ky, k,] implies that
g ue(X)) up(x) =1 ae. xe[—1,1].

It follows as in (4.7)-(4.9) that u, is a (unique) global minimizer for J in <.

It remains only to repeat the proof given in Part II of the argument of Theo-

rem 4.1 in order to construct an fsatisfying (4.3), (4.15) relative to f°(u, p) &f

(g@p)* wpeR: O
§ 5. A case exhibiting the Lavrentiev phenomenon
In this section we consider the problem of minimizing
1
W)= [ [(x* — u®)? [u'[° + e(u')?] dx (5.1
1

over
o =fue WH—1,1):u(—1) =k, u(l)=ky},
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where s >3, ¢ >0 and k,, k, € R. Note that the integrand

f(xa u, p) = (X4 - u6)2 |Pls + epz (52)

is C3, nonnegative, and satisfies f,, = 2¢ > 0; furthermore, in the case when
§ = 2m 1is an even integer f is a polynomial.

By Theorem 2.1 there exists at least one absolute minimizer u, of I in .
Any minimizer u, of I in & is either nondecreasing or nonincreasing, since other-
wise the value of I could be reduced by making u, constant on some interval.
(In fact, if k, == k, then u, is strictly increasing or decreasing, since if u, were
constant on some interval then, as constants satisfy (EL), by Theorem 2.7 we would
have u, constant everywhere.)

Our first aim is to prove the following theorem. (In the statement of the theo-
rem and below we abbreviate W'?(—1, 1) by W!? where convenient.)

Theorem 5.1. Let s =27. Let —1 =k, <0<k, =<1 and 0 <<o<<1. Then
there is an &, = &y(&, k1, k3, 8) > 0 such that when 0 < & < &, each minimizer
uy of 1in o satisfies

(i) the Tonelli set for uy is E = {0},
(i) uo € W' for all p such that 1 < p <3, and

to(x) ~ IxI% signx as x—>0, (5.3)
— x| < up(x) < aky |x|3 for —1 < x< 0, (5.4)

and
okpx < up(x) < x5 for 0< x< 1, (5.5)

(iii) uo satisfies none of (WEL), (WDBR), (IEL), (IDBR),
(@iv) for any g, 3= g =< oo,

inf  I(v) > inf I(v) = I(uy) (the Lavrentiev phenomenon).
vew bing vest

The proof of Theorem 5.1 depends on some lemmas.

Lemma52. Let 0<oa<f<1,0<k=1,y=%ands>9. Let ve WH(0, 1)
satisfy

oakx? < v(x) < Pkx?  for x; = x = x,,
u(x;) = okxi,  v(xy) = pkx},
where 0 = x; < x, = 1. Then
f (x4 . 176)2 ]vlls dx = (1 . (‘Bk)6)2 es-—lks(ﬂ _ a)s x&""””g

s—9
s—1"

where 0 =
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Proof (¢f. MANIA [25]). We have

X2 X2 1)6 2
[ (=052 |dx = f(l——z) X |o' | dx
X1 X X

= (1— @05 [ 2 |0'[f dx.

X1

Setting ¥ = x% #(x%) = v(x), we obtain by Jensen’s inequality
dv p
dy 4

o [o{x2) — v(x))
=

p-=]
— Osflksx(zy——l)s+9 X2

g es—lks(ﬂ _ o‘)s xéy—l)s+9’

(]
X2 *2

f B |fdx = 677! of

X1 x{

and the result follows. []

Lemma 5.3. Let ky, k, be arbitrary, s > 3, and let uq minimize I in of. Then either
the Tonelli set E of uy is empty, or E = {0} and uy(0) = 0.

Proof. Suppose first that x, € [—1, 1] with uo(x)® = x3. Then there is a non-
trivial interval [c, d] C [—1,1] containing x, and such that

up(x)® = x*,  x¢€le d]. (5.6)

Now u, minimizer the integral

J@) = fd [(e* — 05 |0'[° + e(v')?] dx
n
B ={ve Whc, d): v(c) = uo(c), v(d) = uo(d)}.
But by (5.6),

| £u(x, (), uo(x)) | = comst. f(x, ug(x), up(x)), x€ [c, dl,

and therefore, since J(up) < 00, f,(, uo(*), uo(*)) € L'(c, d). By Theorem 2.10,
uy is smooth in [¢, d], and in particular x, ¢ E.

It remains to consider the possibility that x,€ E with u(x,)® = x§ = 0.
Suppose k, = k,; thecase k, =< k; is treated similarly. Then u is nondecreasing
and so we must have ug(x,) = + oo. Suppose that x, >0 and u(x,) = xo%;

the other three cases xq >0, u{xg) = ——x(% and xq << 0, u(xg) = 4 |xo]
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2
are treated similarly. Then there exists x, € (0, x,) such that 0 << u(x) << x3
for all x¢€(x, xo). By the preceding argument u, is a C3 (in fact C*) solution of
the Euler-Lagrange equation

d
I [s(x* — u®? o' |~ sign o’ + 2eu’] = —12u%(x* — u®) |/ |* 5.7

in (x;, Xo). Since the right-hand side of (5.7) is negative in (x;, x,) this contradicts
ug(xo) = +oo. []

Lemma 5.4. Let ky, k, be arbitrary, s > 3 and let u, minimize I in of. Suppose
2

2 2 2
that 0= x, <x, =1 and that uy(x,) = xP, up(x2) = x;3. Then uy(x) < x3
Jor all x¢€ [xy, x,].

Proof. Suppose first that uy(x) > x% for all x€ (x, x,). Define

uo(¥)  x¢ [x1, x2]

ux) = {x§ x € [xy, x,].
Then

Kuo) — @) = [ 1" — ud)? |ug]* -+ s(ug)? — e@'Y?] dx

= [t — gl de e | 1Gx 4 vy — G H

where v = uy — u. Note that v(x,) = v(x,) = 0, v(x) >0 for all x¢& (x;, x;).
The first integral on the right-hand side is positive, and for the second integral
we obtain, using integration by parts,
X2 X2
f %x_% v dx + f (v")? dx
X1

X2 4 X2
= (—}x‘% O+ [ $x 3vdx+ [ (@)2dx>0.
X3 X1

This contradicts the minimum property for u,. (When x; = 0 the validity of the
integration by parts stems from the fact that finiteness of I(u,) ensures that
X
v’ € L*(—1, 1), so that o(x) = f v'(y)dy is o(x%) as x—0+.)
)

More generally, if uy(x) > %% for any x¢€ (x;, x,) then there is an interval
(X1, X2) C (x5, x;)  such that  ue(x;) = X7, up(x2) =%3 and ue(x) > x%
for all x¢& (x;, x;). Applying the preceding argument to (x,, x,) gives a contra-
diction. []

Proof of Theorem 5.1. Fix &, § with 0 << &« << f << 1. Let v€ o, and suppose for
the moment that

o(%) < ok, %% for some %< (0, 1]. (5.8)
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Then there exists an interval [x;, x,]C (0, 1) such that

akox3 < v(x) < Bpx,  x€(xp x)

; 2 (5.9
o(x;) = akpxy,  v(x)) = Pkox3.
By Lemma 5.2, with &k =k, and y = 2/3,
1) > (1 — (B 6" k3B — )° x7 =2, (5.10)
Since s = 27, (5.10) implies that
I(v) > (1 — (Bk)®) 6° k3B — ). é.11
Similarly, if in place of (5.8) we assume that
o(x) = ok, |E|% for some x€[—1,0), (5.12)

then by applying Lemma 5.2 to the function —uv(—x) we obtain
I(v) > (1 — (Bky)®)* 0°~'(—kp)* (B — o)’ (5.13)

We now note that one of (5.8), (5.12) holds if either ©(0) 0 or v€ W N o/
for some ¢q with 3 < g < oo, since if v(0) =0 and v€ WY N o/, g€ [3,00),
then for all x€[—1,1]

1/q

|o(x)] =

x X x , I/q'
[ 7O) dJ’Iélf |/ |2dy| | [ 19 dy' = o(1) | x|~ Vs,
0 0 6

while if g = oo,
|v(x)| =< const. | x]|.

In either case we therefore have

1) > min {y(ky), ha(k)} (B — )", (5.14)
where hy(k) o (1 — (Bk)®) | k|%, this estimate being independent of &> 0 and
of q.

Now consider the following function #¢€ 7:
. 3
kl’ '—'lé-xé—lkl‘7
2 3
A —|{x[3, —lkl?=x=0
ux)=17 2 3
x3, 0= x=k}
3
Lk2, k2 <x=1.

A direct computation yields

3
k2 k

2
=0+ [ eipa=G [ s tax=Fiattd. 619

—lkyt 2 —lk;1 2

Njw
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Together (5.14), (5.15) ensure that for § = f(x, k), k2, s) chosen to maximize
the right side of (5.14) and for ¢ > 0 sufficiently small, i.e. ¢ < go(w, k1, k3, 5),

inf  I(v) > I(u) = inf I(v)
veWwbing vt

for all ¢ with 3 =< ¢ =< oco; furthermore any minimizer u, of I in o/ satisfies
uy(0) = 0, and
uo(x) << ok x%, —-1=2x<0
o x| } 516

u(X) > ohyx3, 0< x=<1.

It follows from (5.16) that u,(0) = + oo, so that by Lemma 5.3 we have E = {0}.
Also, since |k;| =1, i= 1,2, it follows from Lemma 5.4 (applied to ue(x) and
—uo(—x)) that

2

ug(x) = —|x|3, —-1=x=

o(x) Izl .17
uy(x) = x3, 0sx<1.

Since by Theorem 2.7 ug: [—1, 1]—>]§. is continuous, we have

i 7,6 00, u6(x)) = Lim (4600 1%, wa), 1)) — 1, o), )]
= + oo,

and it follows immediately that none of (WEL), (WDBR), (IEL), (IDBR) hold.
We next show that

| #g(x)] = const. Ix|_31', x€[—1,1], (5.18)

which ensures that u,€ W' for all p such that 1 <p< 3. For (€[0,1]
define u.€ &/ by

uo(%), —1=xs ¢

uol—0), = x= —lu(—0)E
w® =1 1xTsigny,  —Ju(—0|F = ¥ < w(®)?

4o (0), wWOT <x<t¢

| 4o(X), t<x<1.

Then

¢
0 = I(uo) — I(u) = _fc [Ce* — uf)? (o) + &(uo)’) dx

3
wo(@) 2
— e |x| by,

3
—lup(=2)i 2
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and hence by (5.17)

4 1 1
[ 16 — ud)? gy’ + eug)?] dx < const. {uo()? + |uo(—0)[%)
¢
, (5.19)
<cth, cep, 1,

for some constant C > 0. Now define
80x) = 1333, o), X)) — f (x o), 140
so that
8(x) = (s — 1) (x* — uf)* (uo)* + e(up)*.
Since uy(x) is smooth for x 3 0, by (DBR),
g (%) = —8x*x* — ud) (wy)’, x€[—1,0)V (0, 1],

and so by (5.17) g is increasing on [—1, 0), decreasing on (0, 1]. Thus for ¢ (0, 1],

¢ 4 ¢
g = Of g0 dx = of gx)dx = (s — 1) Of [(x* — uf)® (uo)* + e(uo)’] dx,
(5.20)
and it follows from (5.19), (5.20) that

2(8) = const. | £| 5. (5.21)

The same argument applied on [—1, 0) shows that (5.21) holds also for { € [—1,0),
and (5.18) follows by the formula for g. Clearly (5.18) implies that uy, € W' for
1=p<i.

It now only remains to prove (5.3) and the strictness of the inequality in (5.17).
For this we make the same substitutions as in Section 3, namely

3%! z

z= , g=-zutu, x=¢,

% | Do

which for > 0, x > 0 reduce the Euler-Lagrange equation (5.7) to the system

dz

a9

dg ¢’

=3 (5.22)

s—2 /5—26

(z?q)s—s(l — 2% [(s— g (%(1 2%+ 8z4) — 8SZ} I

s—2 (5—26 b4

5—2 P
%(s — 1A —z%? (12?’2) + szTe( 3 )
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) d
which, of course, is not autonomous since s = 26. We compute the sign of d_z
on the diagonal g = z; this is the same as the sign of

2 (1226,

s—3
(5) amfomna(Fa—mree) ] 5

s— — $=2 (526,
:(%Z_> 3(I —24)z(s—24)(s 1)(6,-24)+823 e( 3 ) s

3 3

s(s — 25) . i .
where cs—m<l. Fix pc(of,1). Then if p<<zo<1 we

have that, for ¢ sufficiently large and negative, %—< 0 whenever g =z,
e <z< 2z

Now let (z(*), ¢(*)) be the solution of (5.22) corresponding to u, on (0, 1];
the behavior of u, on [—1, 0) is handled similarly. By our results so far (taking

2
oy = 0%) it follows that if & > 0 is sufficiently small, i.e. & < go(x,, k4, ks, 5),

P
then o< 2z(r) < 1, 0< q(r) < const. for all € (— oo, 0]. Note that 7i< 0

d
for g < z, —f;- > 0 for g > z. In view of the bound on z, this implies that we can-
not have z(t) =1 = q(t) for any f€(—o0,0). If z(t) = q(t) =1 for some
dg dz d?z .
1€ (—o0,0) then by (5.22), E(t) =1, gt-(t) =0, Ez—(t) = %}, which by

the same reasoning is impossible. Thus strict inequality holds in (5.17) for x==0,
4+1. If z(t) < q(¢) for all sufficiently large and negative ¢, or if z(z) = q(t)
for all sufficiently large and negative ¢, then for some z*¢ [0, 1], z(t) — z* as
t— — oo; in these cases we must have z* = 1, since for z* << 1 the relations

up(x) ~ (z*x)% as x—> 04 and I(y,) << oo imply that
¥
[ x3(ug) dx < oo,
0

and hence by Hdlder’s inequality

x 9 9

’ ; 8, '/ NS 1= s I_T
Uo(x) = of uy(y) dy =< const. Of Yuydy)x T =ol)x °,

which contradicts z(f) > ¢ since s == 27. We therefore need only consider the
d
case when there exists a sequence f;— — oo with z(f;) = q(t)) < 1, d_j ) =0.

d
By our analysis of the sign of d—z on the diagonal, it follows that for any such
d:
sequence z()— 1 as j->oco, and the sign of ;,Z—
as t— — oo. This proves (5.3). [] t

then implies that z(s) — 1
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We remark that the relations (5.3)—(5.5) imply that the inverse function x(u)
of uy is not C?, and in particular that the graph of u, is not a smooth curve in
the plane. We mention this fact because of its relevance to attempts to elucidate
the phenomenon of singular minimizers by consideration of some parametric
problem of the calculus of variations.

We remark also that if ¢ € Cg°(—1, 1) is given with ¢(0).== 0, and if 4= 0,
then I(uy + tp) = co. In fact, since wuy(x)—>oco0 as x—>0 by Theorem 2.7,
there exist constants ¢(¢) > 0, a(f) > 0 such that

*(t)
I(uo + t9) = c(2) {) |ug(x)|* dx.

Since by (i) and (iv) uo ¢ W' (—a(r), &(¢)) the assertion follows.

The reader can easily verify that an appropriate version of Theorem 5.1 holds
when the signs of &k, k, are reversed. Note also that the comparison argument
used in the proof requires that the value of ¢ approach zero as ky, k, = 0. In
fact if &> 0 is fixed then for sufficiently small |k, |, | k,| the minimizer of 7 in
& is unique and smooth. This can be proved by noting that constants satisfy (EL),
and thus, by an argument similar to that used in the proof of Lemma 2.8, for
|ky|, | k2| sufficiently small there is a unique smooth solution u; of (EL) in &/
and u, can be embedded in a field of extremals simply covering the region S =
{(x,v):|x] =1, k; = v = k,}. But any minimizer %, of / in &/ is monotone and
thus has graph lying in S. By the field theory of the calculus of variations F(u;) =
I(u,) with equality if and only if %, = u;. Hence uy, = 4y, as claimed.

It is important to note the significance of the Lavrentiev phenomenon for nu-
merical schemes designed to approximate minimizers of variational problems
such as (5.1). Such schemes, for instance those using finite elements, are often
associated with the use of approximating functions that are Lipschitz. Hence the
existence of Lavrentiev’s gap ensures that no such scheme can yield a minimizing
sequence for I. On the other hand, one might suppose that a sequence {v,} C
WL N of could be found satisfying the pseudo-minimizing condition

Iw,,) — inf I{),
vewl.ongs
and such that v,, converges to the actual minimizer u, in some mild sense. Our
next result shows that even this cannot happen.

Theorem 5.5. Let 5s>27, —1=Z2k <0<k =1, 0<a<], O<e<
ei(ov, ky, kyy 8) and 3 = q = oco. Let uy be an absolute minimizer of I in sf. For
any sequence {v,,} C WY N\ of such that v,(x)— uy(x) for each x in some set
containing arbitrarily small positive and negative numbers one necessarily has

I(v,)—>o0 as m—>oco.
Proof. Let [,€[—1,0), r;€(0,1] satisfy /,—~0, r,—~0 as j—oo, and

suppose that v,([;) = u(l;), vn(r;) — ue(r;) as m—oo for each j=1,2,....
Fix & with 0 << & << ». Given j we have by (5.5) that for all sufficiently large m

vmll) < ovkey lljlg’ Um(ry) > okeor ,% .
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Since v, changes sign in [[;, r;], v,(xo) = 0 for some x,€ ([, r;). If x, =0,
say, then by the argument preceding (5.14) there is an interval [y, y.] C (0, r)
such that

_ 2
lxkzx? < Um(x) < ‘X’k2x§‘9 x€ (yl’ yZ),

— 2 2
Um(yl) = O‘sz’?, Um(yZ) = ‘kayg .
By Lemma 5.2,
N2 os—17.s NS _%(3—27)
1(v,) > (1 — (xkp)*)* 0° k(o — &)° y,

> cte,

where C >0 is a constant. If x, = 0 we obtain similarly

v, > C | 3¢,

Letting j— oo we obtain that I(v,) oo as m— oo, asrequired. [J

A more quantitative version of Theorem 5.5 may be proved. If s, kq, k5, x, ¢, ¢
and u, are as in the theorem and if 1 =< ¢ < oo then
s—27
1 — —_ 24340
uEpQ{lf?If/I‘ll,q (I(U) I(u())) “ v uo\\LU(_ll'l) > 0'
This has some of the features of an uncertainty principle. By Theorem 5.1(iv) it
suffices for the proof to show that if & = |[v — wgllzs(—;;) then
s—27
I(v) 6*3° = const. > 0

for 6 >0 sufficiently small. But it is easily shown using (5.3) that for 6 >0
3

sufficiently small there exist points —I, r € (0, const. 62+3°) such that
o) < ok |13, o(r) > akor3,

and the result follows using the same proof as for Theorem 5.5.

Theorem 5.5 contrasts strongly with a claim of LEwy [23]. There it was asserted
that the sequence {u,s} constructed through the following constrained minimiza-
tion procedure:

Ipg) = inf 1),

where &y ={€ WL N o ||lvllpr.0o = M}, would yield a sequence {u,}
converging to the global minimizer u, as M — co. Note that the existence of a
constrained minimizer u,, for M sufficiently large follows from the precompactness
of &/, in C([—1, 1]). Theorem 5.5 reveals that in our example no subsequence
of {uyg can converge to u, pointwise, even on a two-sided sequence of points
x;—> 0. A similar comment applies to any “penalty method” which involves
adding to the integrand a term such as % |&'|>**” or n|u”|'*?, » >0, and ex-
amining the limiting behavior of the corresponding minimizers as 7 — 0--.
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The above predictions for numerical methods have been confirmed experiment-
ally in BALL & KNOWLES [6], where numerical methods are described and developed
that are capable of detecting the absolute minimizer u,. Their numerical experi-
ments also indicate that in an example due to MANIA [25] (which is not regular,
but to which the ideas below also apply) minimizing sequences in W* converge
to a ‘“‘pseudominimizer” u; & u,. We now examine the existence of pseudo-
minimizers corresponding to the regular integrand (5.2).

We first discuss the problem of minimizing

Jw) = fl [(x* — u®? |/ [* + e(u'Y] dx (5.23)
o

in various subsets of
Adoy={uc w0, 1): u(0) = 0, u(1) = k}.

We begin by stating an analogue of Theorem 5.1 for this problem. Note that there
is no condition on the size of k.

Theorem 5.6. Let s=27, k>0, and 0<<o<<1. Then there is an &, =
e1(x, k, s) > 0 such that if 0 << e <&, eachminimizer uy of J in o, (at least one
such existing by Theorem 2.1 for any ¢ > 0) satisfies

(i) the Tonelli set for uy is E = {0},
(i) uo€ WH(0,1) for 1 <p <3 and satisfies
Up(X) ~ x% as x—> 0+ (5.24)
if k=<1 then ,
2
owkx? < up(x) << x® for 0 << x <1, (5.25)

2

while if k > 1 then there exists exactly one X< (0, 1) with uy(X) = X° and
2

zxx% < up(x) < x3 for 0 < x < ¥, (5.26)

2

X3 <up(x) <<k for x<x<1. (5.27)
(iii) uo does not satisfy (IEL) or (IDBR),
(iv) for any g, 3= q = o0,

inf J(@) > inf J() = J(uy).
vEWLa©,1)Nety v€Ho

Proof. If & = 1 then the proof follows the same lines as that of Theorem 5.1.
We therefore suppose that k> 1. Choose § with «<<f << 1. Let vE &,

with v(xp) = ocxo% for some x4 €(0, 1); we have seen that such an x, exists if
ve WH(0,1) with 3 =g =<oo. As in the proof of Theorem 5.1 there exists

an interval [x, x,] C (0, 1) such that
2
3

2
ax3 < v(x) < fx3, x€(xy, X3),

W) = oxdy  o(x)) = s
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and thus by Lemma 5.2
J I =0 0] @) dx > (L — B 6B — o G (5.28)

Now define v¢ o/, by

2
x3,

o) = l w(x) W)= xS x,

(x), xx=x=1.
Then
ﬁ-z—xz

J) — J(@©) = 072 [(x* — v82 0" + e(v')?]) dx — of a(%x_%)2 dx,

and so by (5.28), with 8 = B(x, s) chosen to maximize (1 — f%)* (8 — «)°, one
has
J@) = J@) > K1 — P07 — o)’

for ¢ sufficiently small (independently of v). In particular, (iv) holds. Also, any
minimizer u, of J in o/, satisfies

uo(x)><xx% for 0 < x =1,

and so E D {0} with uy(0) = -+ oo. By inspection of (5.7) it is seen to be im-
possible that uy(x) = x* for all sufficiently small x € [0, 1]; hence there exists
some X€(0,1) with uy(X) = x* and we may assume that X is maximal. By
Lemma 5.4, wuy(x) > x% for x<x=1 and u(x) < x% for 0=x=xX

It follows as in the proof of Theorem 5.5 that uy(x) << x% for 0 < x <X, so
that X is unique. The remaining assertions in the theorem follow as before. [

We now prove the existence of a pseudominimizer for (5.23).

Theorem 5.7. Let s > 27, k>0 and 3 = q < oo. Then J(u) attains an absolute
minimum on W0, 1) N\ of,, and any such minimizer u, belongs to C*([0, 1])
and satisfies (EL) on [0, 1].

Proof. We first note that it suffices to prove the theorem for ¢ = 3, since any
minimizer for this ¢ value is by the theorem smooth and thus a minimizer for all
qg > 3.
Let {v;} be a minimizing sequence for J in W30, 1) N o7, Since v;€ W'3(0, 1)
we have by Hélder’s inequality that, as x — 0,
0, (%) = o(1) %, all j= 1.

We claimn that there exists a number 6 > 0 such that

b(x) < 4x% for all x€[0,0], all j= 1. (5.29)
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If not there would exist a subsequence {v,} of {¢;} and a sezuence x,— 0+ with
v”(x‘,)>%x§. Therefore there would exist numbers xj,, xp, € (0, x,) such that

2
pizom=wd, x=x=x,

i

2
Uﬂ(xl,u) = %:X?”, v,u(xZ,u) = %xiu'
Applying Lemma 5.2 we deduce that
J) > (1 — 2792 1 45339,
Since s> 27 and x,;,— 04, it follows that J(v,) >oo as p-—oco. This
contradiction establishes (5.29). By (5.29),
8 06\ 2 3
Jo) = [ (1 - ?i) [P dx = (1 — 279 [ x®|v}]° dx. (5.30)
) 0
But
4 § _ 24 -3/ ¢ 3
flvjPdx = (f x 5“3dx‘ s (f xslv}fsdx)‘
0 0 ) 0
s 3
< const. (f Ak dx) s,
0
and therefore by (5.30)

s
0f|v}|3dx§M<00, j=1.

Since v,(0) = 0 it follows that {y;} is bounded in W"*0, 8). Moreover, it is ob-
vious from the form of J that {v;} is also bounded in W'(0, 1). Therefore there
exist a subsequence {v,} of {v} and a function wue W30, 8 N W0, )N o,
such that in the sense of weak convergence,

v,—~u in W0, 8) and in W0, 1);

in particular, v,(x) — u(x), for all x,0 < x = 1. Since J is sequentially weakly
lower semicontinuous in W'(0, 1) (see, for example, CESARI [11, p. 104]) it follows
that

J() < limiof J(v,) == inf J). (5.31)
g vew 30,07

For given X< (0, 1), however small, the integral
1
JHo)= [ [(x* — v 0’| + e(v')] dx
x

attains a minimum on the set

tz= e WG, 1): o) = v, (1) = &}
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and, by the proof of Lemma 5.3 (reformulated for the interval (x, 1)), any mini-
mizer u belongs to C*([x, 1]). Given any such minimizer u, define

(%), 0<x=xXx
v(x) = !%(7‘) + 75 U + 1) — (N (x = %), X=Sx=X+7,
Lu(x), X+n=x=1,

where 7, = |v,(x) — u(x)|. For sufficiently large ¢ and small x, v, is well defined
and belongs to W30, 1) "\ «/,. Notice that |vy(x)| is uniformly bounded in
[x, x + 7,], independently of g. Therefore, since #,— 0,

lim J5(5) = J5G@-
By lower semicontinuity,

ligl_l) i,“f Ji(v,) = Jx(w),
and hence

0 < lim sup [J(v,) — J(v,)] = lim sup [J(v,) — J(v,)]

g—> 00 o> 00

= JHw) — J(w).

Therefore J (1) = J(u) and thus ¥ minimizes J- in o/~. In particular u€ C*([x, 1])
and satisfies (EL) in [, 1]. Since x was arbitrary it follows that u¢ C*((0, 1])
and satisfies (EL) in (0, 1]. Since u€ W'3(0, ) we also have ugc W30, 1)
and therefore by (5.31) u minimizes J in W30, 1) "N\ &/,. Clearly u'(x) > 0 for
x€ (0, 1].

Our final task is to show that u ¢ C>([0, 1]), and by (EL) it suffices for this
to show that #'(0) is finite. Passing to the limit ¢ — oo in (5.29) we obtain

ux) = %x% for all x€]0, 6], (5.32)

and since J(u) << oo it follows that
1
[ x®|uw'|* dx < oo, (5.33)
0
Since u is a smooth solution of (DBR) on (0, 1] we have
L Wfy =) = (s — 1) (5% — w9 W) + W)
dx’? dx

= —8x3(x* — u%) (u)’

for 0 < x=1, and therefore by (5.32), (5.33)

d
x = (f, = EL'Q, ).
But J(u) << co implies that

ufy —f=(—1Dx*—u%? @) +e@)? €¢LO,1)
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and thus
d ! d r’ 7
d—x(X(uJ; —-f)= xa(ufp =N+ W~ 1

belongs to L*(0, 1). Hence

6

45\ 2
sty =)= 6= 1 (1 = %) 26 + o)’
is uniformly bounded, and by (5.32) this implies that x°(%’)* is bounded. Hence
9 9
w'(xX) < const. x_ %, u(x) <conmst.x %, x¢&(0,1]. (5.34)
Note that since s>27, 1 —9/s > %. Pick o,€ (%, 1 — 9/s) such that if

e s + 5\7
Oy d—f(ffo % (S—_ 1) +% (5.35)

then o, ={:
induction that for any n=20,1,2,... there is a constant c,> 0 such that
W(x) < (1 + x%7Y),  u(x) < e x + x7), x€(0,1]. (5.36)

This is true for n = 0 by (5.34). Suppose the assertion is true for n. We prove
that it holds for » 4- 1. Thisis obvious if ¢, = 1, so we consider the case o, << 1.
Now by (EL)

for any n=20, 1, 2,.... This is clearly possible. We prove by

d
Eﬁ’ = —12u%(x* — u®) (), x€(0,1],
and so by (5.32), (5.36)

< const. x> T4C=D - x (0, 1].

d
dxf"

. s—35 .
Since o, == P it follows that

fo=s(* — u8? (') ' 4 2es’ < const. (I + x*~5H6+d%m) xc(0,1].  (5.37)
-5

If o, > T3 then (5.37) implies that ' is bounded on (0, 1] and thus that

-5

ST and we deduce from (5.37) that

X3’y ! < const. x35HETN9 x € (0, 1].

(5.36) holds for » + 1. Otherwise, o, <

Therefore
(D o= 3D '
u'(x) =< const, x5/ "7 = const. x%+17
so that (5.36) holds for » -+ 1. This proves our assertion.

Since oy > %, 0,=1 for large enough », and hence by (5.36) u'(x) is
bounded in (0, 1]. Therefore «'(0) is finite and w € C*([0, 1]). Finally, if u is any
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minimizer of J in W90, 1) N\ o,, g = 3, then the above arguments applied
to the minimizing sequence in W0, )\ o/, given by v;=1u show that
u€ C°([0, 1]) and satisfies (EL) on [0,1]. T

Note that the proof of Theorem 5.7 shows that any minimizing sequence for
Jin W40, 1) N\ of,, g = 3, has a subsequence converging weakly in W90, 6)
and W0, 1) to a minimizer.

Remark. Theorems 5.6 and 5.7 apply equally to the problem of minimizing

0
J = [ [(x* — u®?|u'|" + e()*] dx
=1
over various subsets of
A_={uc W' (—1,0): u(—1) = k, u(0) = 0}, with k<0,

as can be seen by noting that v(-)€ &/_ if and only if o = —v(— )€ &/,, and
J_(v) = J(v).

We next prove the existence of pseudominimizers for our original functional
I(u) given by (5.1).

Theorem 5.8. Let s> 27, 3= qg=<oco, and let ky, k, be arbitrary. Then I(u)
attains an absolute minimum in s/ N\ W', and each such minimizer u, belongs
to C*([—1, 1]) and satisfies (EL) on [—1, 1].

Proof. If k, = k, then the unique minimizer of 7 in o N\ W™ is u, =k,
and there is nothing to prove. If &, k, are not equal and have the same sign then
any minimizer 4, of [ in & is strictly monotone and by Lemma 5.3 is a smooth
solution of (EL) in [—1, 1], and again we have finished. We therefore suppose that
ky <0 <k,; thecase ky > 0 > k, is treated similarly. Let {v;} be a minimizing
sequence for 7in of N\ W"4 By extracting an appropriate subsequence, again
denoted by {v;}, we may suppose that v,—u,, say, in W'*(—1, 1) and that
either (a) v{(0) = 0 for all j, or (b) v;(0) < 0, for all j, or (c) v{0) > 0 for all j.
If (a) holds then clearly {v;} (restncted to [0, 1]) is a minimizing sequence for J
(given by (5.23)) in oo\ W0, 1), where o= {uc W"(0,1): u(0) = 0,
u(1) = k,}, and therefore by the proof of Theorem 5.7 u; minimizes Jin W"(0, 1)
N &l A similar argument holds on [—1, 0], and so by Theorem 5.7 and lower
semicontinuity #, is smooth on [—1, 0] and [0, 1] and minimizes [ in o/ N W4,
Standard arguments then show that u, satisfies (EL) and is smooth in [—1, 1].

Suppose (b) holds; case (¢) is treated sumlarly Suppose first that hm ;(0)
= 1,{(0) < 0. Let u, be any minimizer of [ in ,Q{ = {u € :ul) = ul(O)} Then
by Lemma 5.3 u, is smooth in [—1, 0] and [0, 1], and so

mf I = H(uwy) = I(uy).
FNW

But by lower semicontinuity I(ul) = lnf1 1, and it follows that #; minimizes
INW 14
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I'in of also. Hence u, is smooth in [—1, 0] and [0, 1], minimizes 7 in o/ N W9,
and by standard arguments is a smooth solution of (EL) in [—1, 1].

It remains to consider the case when (b) holds and  lim v;(0) = u,(0) = 0. Let
u; be any minimizer of I

0
)= [ I = | [ o)
in &/_, where
o _ = {uc WhH(—1,0): u(—1) == ky, u(0) = 0}.

On the other hand let u, be any minimizer of J(u) in &, N W90, 1); the
existence and smoothness of u, is guaranteed by Theorem 5.7 and the remark
following it. Define u€ &/ by
us(x), —-1=x=0
u(x —{

u4(x)5 0 é X g 1-
We first show that

Iw)= inf I (5.38)
ANwla
To this end consider the sequence
1
u3(x), ——I_S_X§——_',
J
1
us(-T), ——<x=0,

wi(x) = (5.39)

1
w(——)+mx 0=x=5,

| 4a(x), gi=x=1.

In (5.39), M is chosen greater than max {uy(0), k, + |k, |} so f;— O+ satisfies
1

uy(B;) = us (— 7) + MpB;. The existence of B; follows from the intermediate

value theorem. Note that by a version of Lemma 5.3 which applies to J_,
u3 € C°([—1,0)) and so w;€ o N W Since, as is easily checked,

lim I(w) = 1@,
j—oo

(5.38) follows. Next, let ¢;> 0 be the largest root of v(x) =0 in (0, 1), and

define
0, 0=x= 4,

v(x), G=x=1.

Then 7€ A, N w40, 1) and so J(v;) = J(v;) = J(us). Also, by the sequential
lower semicontinuity of J_,

J(u3) = J_(uy) = liminf J_(v;).
Jr oo

509 =1
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Therefore
inf I=lim I(v;) = lim (J_(v)) + J(v)))
J—>0o0 J>co

INwlhd

= liminf J_(;) + lim inf J(1)) (5.40)
J>roo Jroo

= J_(u3) + J(ua) = I(@).
Combining (5.38), (5.40) we obtain

In) = inf I. (5.41)
anwld
Suppose first that #3(0) is finite so that u; is smooth on [—1, 0]. Then % minimizes
Iin o N W' is smooth on [—1, 0] and [0, 1], and so is a smooth solution of
(EL) on [—1, 1]. On the other hand by Theorem 5.6 and the Remark, we know
that for & > 0 sufficiently small u3(0) = + oo. For such ¢, lim v,(0) = u,(0) = 0
cannot occur. Indeed, solving (EL) with initial data e

u(0) =06, u'(©) =M, (5.42)

for | 6| small generates by Lemma 2.8 a field of extremals covering a neighborhood
of the origin. For 4 sufficiently small and negative the solution us of (EL) satis-
fying (5.42) intersects the graphs of both u; and u,4 at points ;<< 0 and 55> 0
respectively, where rg, 55— 0as 6 — 0—. It then follows from the field theory
that

uS(x)5 —1 é'xéré,
vo(x) = | us(x), rs = X = S,
uy(x), ss=x=1,

satisfies I(vs) < I(n). But v,¢€ o N W', contradicting (5.41).

Summarizing, we have shown that in all cases 7 attains a minimum on & N\ W'?
at some smooth solution u; of (EL). If u, is any minimizer in o N\ W4 then
applying the proof to v; = u; shows that u,; is smooth (the case when (b) holds
and}irglo v;(0) =0 does not occur). []

We now examine what happens if s < 27. If s = 26 the integrand f given by
(5.2) satisfies the scale invariance property (3.7) with y =% and ¢= —%
and the phase-plane techniques of Section 3 are applicable to the one-sided prob-
lem of minimizing J in &/,. We confine attention here to the observation that the
same argument as in Lemma 3.8 shows that if s = 26, 0 << « << min (1, k) and

& > 0 is sufficiently small then any minimizer u, of J in o7, satisfies uo(x) > ax3
for all x€(0,1] and is thus singular. If, further, s<C 27 then the Lavrentiev
phenomenon does not occur; this follows by noting that, by the proof of Theo-

rem 5.6, up(x) = x% for x sufficiently small, and by using the argument in the
remark following Lemma 3.8. It remains, therefore, to consider the case s <C 26.

Theorem 5.9. Let 3 << 5<C 26, ¢ > 0.

() Let ki, k;€R and let uy minimize Iin of. Then uy€ C*([—1, 1)) and satis-
fies (EL) on [—1, 1]



386 J. M. BarL & V. J, MizEL

(ii) Let k€R and let uy minimize J in ofy. Then uy, € C([0, 1]) and satisfies
(EL) on [0, 1].

Proof. It suffices to prove (ii), since in case (i) if uo(0) == 0 then u, is smooth
by Lemma 5.3.

To prove (ii) we may as before assume that k& > 0. We note that by the same
arguments as in the proofs of Theorems 5.1, 5.6 any minimizer u, satisfies
0 < uo(x) = x¥ for x sufficiently small and |u(x)] < const. x3, x€ (0, 1].
It follows from (5.7) that

22—s

d 4__ 620, M1 ’ ==
E(s(x —ug) (up)’ ' + 2eumg) [= comnst. x 3, x€(0,1]. (5.43)

Hence, by integration, uy(x) is bounded for x€ (0, 1] if s << 25. If 25 <5< 26
we deduce by integrating (5.43) that

up(x) < const. x™7 1, ug(x) < const. x*,  x€(0, 1], (5.44)

for some 7,€ (%, 1), and we may clearly choose 7, such that if

def S — 6 » 5 — 6
T, = (‘[0 - m) (s + 5"+ m, (5.45)
-5
then 7, = i s for any n=20,1,2,.... We prove by induction that for any

n=20,1,2,... there is a constant d,> 0 such that
us(x) = d,(1 + x»7Y,  uy(x) = d(x + x), x€(0,1]. (5.46)
This is true for. n = 0 by (5.44). Suppose it is true for n. We prove that it holds
for n + 1. This is obvious if 7, = 1, so we consider the case 7, << 1. By (5.7)
2sug(x) < const. (1 + x> 1690wy x¢ (0, 1]. (5.47)
But 5— s+ (s+ 57, =7, — I, so that (5.46) holds for #n -+ 1.

—6
pE— =
ST A and thus 7, = 1 for large enough
n. Hence in all cases u, is bounded in (0, 1] and thus %, is a smooth solution of
(EL) in [0,1]. O

s
Since s << 26 it follows that 7o, >

We end by remarking that the methods of this section apply also to the problem
of minimizing
1
Iw) = [ [(x* — u®? |u'|* + e(u)?] dx
0
in
o = {uc W0, 1) : u(0) = 0, u(1) = &},

the special case s = 14 having been exhaustively discussed in Section 3. For this
problem any absolute minimizer is smooth for 3 < s < 14, singular minimizers
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can exist without the Lavrentiev phenomenon for 14 = s < 15, singular mini-
mizers and the Lavrentiev phenomenon can exist for s = 15, and smooth pseudo-
minimizers exist if s> 15.
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