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1 A user’s guide to Sobolev spaces

In order to give an unambiguous definition of what is meant by a solution of
a system of partial differential equations appropriate function spaces must be
defined. By far the most important of these spaces for variational methods
are the Sobolev spaces based on the classical LP spaces of functions whose pth
powers are integrable.

The reader not familiar with Banach spaces, LP spaces and weak convergence
will need to supplement the material given here by reference to standard texts
on Lebesgue integration and functional analysis (see, for example, Brezis [6],
Dunford & Schwartz [12], Rudin [21]).

For general references on Sobolev spaces see Adams & Fournier [1], Brezis
[6], Evans [15], Maz'ya [19].

1.1 Review of L” spaces

If x € R™ we write = (1, ..., %), where the xz; are the coordinates of x with
respect to a fixed orthonormal basis e; of R™. Let L™ denote n-dimensional
Lebesgue measure; if E C R" is £L"-measurable we denote its measure by £"(E),
writing dL" = dz. If E C R™ is £"-measurable and 1 < p < oo then LP(F) is
the space of (equivalence classes of) £"-measurable functions u : E — R with
lull, < oo, where

[l

(/E |u(9:)pd:c>; L if1<p< oo, (1.1)

esssup |u(z)]. (1.2)
reE

[l

Here two functions w,v are equivalent if u(x) = v(x) L™ almost everywhere
(that is, for all z € E\N where £"(N) =0). In (1.2),
def

esssup |u(z)| = inf{a >0 |u(z)| < a for ae z€ E}.
zeE

Most of the time we will consider LP(2), where Q C R™ is open. Endowed with
the norm || - ||, LP(E) is a Banach space (i.e. a complete normed linear space;
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complete means that each Cauchy sequence converges). The triangle inequality
[+ vllp < [lullp + llvlly
is Minkowski’s inequality. We also have Holder’s inequality
Juvll < flull ol for all ue LP(2),0 € L (), (1.3)

where % + i = 1. In particular, since

[l 1< A el p /gl Ul (w79

we have that LP(F) C L4(FE) whenever 1 < ¢ < p and L"(E) < occ.

If 1 < p < oo then the dual space LP(E)* of LP(FE) (that is the Banach
space of all continuous linear mappings from LP(FE) to R) can be identified with
L (E). More precisely, if T € LP(E)* there exists a unique ¢ = @7 in LP (E)
such that

(T,u) = / updr  for all u € LP(E), (1.4)
E

and the mapping T — @r is an isometric isomorphism of LP(E)* onto L? (E)
(i.e. it is 1-1, onto and ||| zs(g)« = o7 10 (5))- From this it follows easily
that if 1 < p < oo then LP(E) is reflexive. (Recall that a Banach space X is
reflexive if the natural embedding 7 : X — X** defined by

<Tu,T>=<T,u> forallue X, T € X*

is onto, so that in particular we can identify X** with X.)

If 1 < p < oo then LP(Q) is separable (that is, contains a countable dense
subset); a suitable dense subset is given by finite linear combinations with ra-
tional coefficients of the characteristic functions {xgnq}, where @ runs through
all n-cubes of the form Q = g + (0,1/5)", the coordinates g; of ¢ = (q1,...,qn)
are rational, and j = 1,2,.... Butif £"(E) > 0 then L°°(FE) is not separable;for
example if E is open and x € E the uncountable family of functions g, where
@ runs through all n-cubes of the form @ = x4+ (0,a)", a > 0 sufficiently small,
are all distance 1 apart in L>®(FE).

Assume 1 < p < oo and et ul9) — u in LP(Q). Then there exists a sub-
sequence u*) of u()) which converges to u a.e. in Q (i.e. ul%)(z) — ul)(z)
for all z € E\N, where £*(N) = 0). More generally, this holds if u/) — « in
measure i.e. given any € > (

glggo Lr{z e Q: ju9(z) —u(z) >e}) =0.

1.2 Approximation by smooth functions

Let & C R™ be open, 1 < p < co and u € LP(2). How can we approximate u
by smooth functions?
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Let C*(9) be the space of infinitely differentiable functions ¢ : & — R and
denote by C§°(€2) the subset of C°(Q) consisting of those ¢ : Q@ — R with
compact support in  (i.e. such that p(z) = 0 for x € Q\K, where K C Q
is compact; the smallest such K is called the support supp ¢ of ¢. Note that
a nonzero ¢ € C§°(Q2) cannot be analytic (i.e. representable as the sum of a
convergent power series), since all the Taylor coefficients are zero for « & supp y;
an example of a nonzero ¢ € C§°(R™) is given by (see Example 1.4)

o) = 4P (ei=r) ifled <1, (1.5)
0 if |x| > 1.

Let p € C§°(R™) satisty
() p20, pe)=0 if |z >1, (1.6)
i pdx =1. 1.7
i, (L7)

For € > 0 define
T

pe(z) =c""p (*) ~ (1.8)

3

pe is called a mollifier. Clearly
(i) pe >0, px)=0 if |z| >e, (1.9)
) [ p@de= [ oy =1, (1.10)

so that p. approximates the delta function (see Figure 1). We therefore expect

Pe

3 9 2 -€ €
Figure 1: Approximating the ¢ function; the functions p and p.
the convolution
(e )@)i= [ pola = pyutdy (111)

to approximate u.
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Theorem 1. Let 1 < p < 0o and u € LP(Q2). Define u to be zero outside .
Then
(i) pexue C=(R"),

(i) llpe *ully < llullp,
(111) lim._o||pe *u —ull, =0.
In particular C*(Q) is dense in LP(2).

We make use of the following lemma.

Lemma 2. Let 1 < p < o0, h € C(R™) and u € LP(R™). Then h * u is
continuously differentiable on R™ and fori=1,..n

O(h *u) oh

Gr @)= [ =yl dy (112)

Proof. Let x; — x. By definition

(h*u)(z;) = / h(z; —y)u(y) dy. (1.13)

n

The integrand vanishes for all j for y outside some bounded set, and is bounded
in absolute value by const.|u(y)|. Hence by the dominated convergence theorem
(h*u)(z;) — (h*u)(z) and so h * u is continuous.

For z € €, and |t| < 1 we have

(h*v)(x +te;) — (h*v)(x)
t

/n<h(x+tei —y) _h(x_y))v(y)dy.

t

(1.14)

Since h € C§°(R™) the integrand is bounded by const.|v(y)| and is zero for
y outside some bounded set. Hence by the dominated convergence theorem
O(h x v)/0x; exists and is given by (1.12).

By the first part of the argument applied to the kernel Oh/0x; we see that
each d(h*v)/0x; is continuous and so by a standard result h* v is continuously
differentiable. O

Proof of Theorem 1. (i) This follows by applying Lemma 2 inductively to u
and its partial derivatives.
(i1) We write

1 1

pe(x —y)uly) = pe(x — y) ¥ pe(x — y) ru(y).
Thus

‘/ L Pelz—y)uly) dy’ <

1

(/R" pe(z =) dy) ' </R” pelz — y)lu(y)lpdy) .

(1.15)

=
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and hence, using Fubini’s theorem and [, p=(2) dz = 1,

Lievaras < [ e ([ peto - s an
/Q\u(y)l”dy- (1.16)

(ii1) Given 7 > 0 there exists a continuous function w of compact support in
with [Ju —w||, < 7. Since
p

[ w@ —w@pras =[] pe =i - @i
k()P L™(N.), (1.17)

IN

IN

IN

where k(e) 1= supj,_, <. [w(z) — w(y)|, and Ne = {z € R" : dist (v, suppw) <
e}, it follows that

1irr(1)||p€*w—w||p =0. (1.18)
E—
Since

o2 xw—ully < loe % w —wlly + llpe * (w—w) = (u— w)ly, (1.19)

it follows from (%) that lim. o ||pe * © — u|, < 27. Since 7 is arbitrary this
completes the proof. O

1.3 Weak and weak* convergence

Let X be a Banach space with dual space X*.

Definitions 1. A sequence uY) converges weakly to uw in X (written ul) — u
inX )if

(T, uDy — (T, u) forallT € X™.
A sequence TY) converges weak™* to T in X* (written TW) > T) if
(TY u)y = (T,u)  forallu € X.
Applying these definitions to X = LP(F), and using the characterization of

LP(E)* in Section 1.1, we find that if 1 < p < oo then uU) — u in X = LP(E)
if and only if

/ uDpdr — / pdr forall p € LPI(E), (1.20)
B B
and u) X 4 in L=(E) if and only if

/ uPpdr — / updr  for all p € L*(E). (1.21)
E Q
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Example 1.1. (Rademacher functions) Let Q@ = (0,1),0 < A < 1, a,b € R and
define 6 : R — R by

a, 0<z <A
9(30):{ b A<z<1 (1.22)

extended to the whole of R as a function of period 1. (See Figure 2(i).) Now

0 9()
b I
a_ — T e
1 0N 1 2 T 1z

(i) (ii)
Figure 2: (i) The 1-periodic function #,  (ii) The function 6\ (z) = @(jz) for

large j.

define 89)(z) = 0(jz), j = 1,2,... . For large j, U) oscillates fast between the
values a and b (see Figure 2 (ii)), taking these values with relative frequency A
to 1 —A. Let ¢ = Aa+ (1 — A\)b. Thus we guess that

Proposition 3. ) X ¢ in L°°(0,1) as j — co.

Proof. We first calculate lim;_, frs 0 dx for 0 < r < s < 1. We have that

/Tsﬂ(j)(x)dm = ‘/Tsﬁ(jx)dx

1 [
j/jr O(r)dr. (1.23)

The interval (jr, js) contains N; integers, where |N; — (js — jr)| < 1. Since 0 is
1-periodic and fol 0(r) dr = c it follows that
js
O(r)dr = (js — jr)c+ ¢, (1.24)
gr
where |e;| < constant. Combining (1.23), (1.24) we deduce that
lim 09 (z) dx :/ cdz. (1.25)
I Jr r
It follows from (1.25) that
lim 09 pdx = / cpdx (1.26)

J—=00 Jp



1 A USER’S GUIDE TO SOBOLEV SPACES 7

for any step function ¢ (i.e. for any function ¢ with finitely many values, each
taken on an interval). But step functions are dense in L!(0,1) ; given any
@ € L'(0,1) there exists a sequence o*) of step functions converging strongly
to ¢ in L'(0,1). Hence

1 1
|/ H(j)cpdo:—/ cp dx|
0 0

1 1
< [ O9 - sl ] [ 69 - o - ) ds
0 0
1
< [ 09— dil + K o - o], (127
0
where K is a constant. Letting j — oo and then £ — oo we deduce that
1 1
lim 09 dr = / cpdx (1.28)

for all p € L'(0,1), and thus ) X ¢ in L°°(0,1).
O

A key reason why weak convergence is important for variational methods
is that suitably bounded sequences have weakly (or weak*) convergent subse-
quences.

Theorem 4. Let X be a separable Banach space, and let T be a bounded
sequence in X*, i.e. sup; || T ||x-= M < co. Then there exists a subsequence
TUx) of TU) converging weak* to some T in X*.

Proof. Let {1;};2, be a countable dense subset of X. Since
(T 1) < M || 4 | (1.29)

the sequence (TW) /1) of real numbers is bounded. Hence there exists a sub-
sequence T("1() of TU) such that lim; . (70D ) exists. Similarly, the
sequence <T(”1(j))7 19) is bounded, and so there exists a subsequence T(2(9) of
7)) such that liijOO<T(”2(j)), 19) exists. Proceeding in this way we ob-
tain for each i a subsequence T (i) of T("i-1(1) such that lim;_, o (7)) 1);)
exists. Consider the ‘diagonal sequence’ 7)), Since {T("5U ))}‘;‘;i is a sub-
sequence of {T(™(7) 52, it follows that lim; oo (T0G)) 4, exists for each i.
Now let ¢ € X be arbitrary. Given € > 0 there exists I with

9
- < — .
I =drll< 537 (1.30)
Then
| (T30 Ly — (T PRED ) | <| (T30 app) — (TR 4y | 42 (1.31)
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and hence (T((*) 4} is a Cauchy sequence, so that

T(y) = lim (700D, 45) (1.32)
exists. Clearly T is linear in v, and since | T(¢) |< M || v || it follows that
T € X*. Thus TU») X T in X* with j;, = ng(k). O

A related result is

Theorem 5 ([12, p68]). A bounded sequence in a reflexive Banach space X has
a weakly convergent subsequence.

Thus a bounded sequence in LP(E),1 < p < oo, has a weakly convergent
subsequence, and a bounded sequence in L™ (F) has a weak™ convergent sub-
sequence. A bounded sequence in L!'(E) need not have a weakly convergent
subsequence (consider, for example, the case E = (0,1),u") = JX(0,1)), and an
extra condition is needed to ensure this. ’

Theorem 6 (de la Vallée Poussin, see [11, p24]). A sequence u¥) in L'(E) has
a weakly convergent sequence if

su_p/ O (|u9|) dx < 0o
i JE

for some continuous ® : [0, 00) — [0, 00) with

lim *) =

t—o00 t
Exercises
1.1. Let B={x € R" : |z] < 1}. For a € R define
Uuq(z) = [2]*.
For which p, 1 < p < oo, does u, € LP(B)?

1.2. Let © C R™ be bounded and open. Are the following statements true or

false?
O = U ),
1<p<oo
i) L@ = (] L9
1<p<oo
1.3. For j =1,2,.. let a; = g:l %, and define E; to be the interval (a;,a;41)

(mod 1) (i.e. € E; if and only if 2 € (0,1) and « +m € (a;,a;41) for some
integer m). Show that ul?) = XE; converges to zero in LP(0,1) as j — oo, but
that u() 4 0 a.e..
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1.4. Show that the function ¢ given by (1.5) belongs to C§°(R™).
Hint. Prove by induction that for |t| < 1 the n* derivative f(™ of the function
f R — R defined by

) exp ﬁ% [t] <1
f@) —{ 0 ( 1) > 1 (1.33)

has the form

£ (t) = (tQPﬁ(g% exp (t2 1_ 1) .t <1, (1.34)

where P, is a polynomial.

1.5. Let Q C R™ be open and 1 < p < co.
(i) Prove that C§°(Q2) is dense in LP(Q).
(i) Is C§°(Q) dense in L*>(Q)?

1.6. Let 6 : R — R be continuous with #(¢) = 0 for |t| > 1, and define #U) (z) =
0(z + j).

(i) Prove that #U) — 0 in LP(R) for 1 < p < oo, and that §U) = 0 in L>®(R) as
j — oo.

(ii) Does %) — 0 in L'(R)?

1.7. Prove the following generalization of Proposition 3. If § € L (R) is 1-
periodic and if 89 (z) := 0(jz), then

1
9<J’>$9’:=/ o(t) dt
0

in L*(R) as j — oc.

1.8. Let _ -
) g for O<x<j,
u?(z) = { 0 otherwise
(i) If 1 < p < oo prove that (u(j))% — 01in LP(0,1) as j — oo.
(ii) Is u') weakly convergent in L*(0,1)?

1.9. Let Q C R™ be open, and let fU) — fin L}(Q), f¥) — g a.e. in Q. Prove
that f =g a.e..

Hint. Use Mazur’s theorem, that if /) — f in a Banach space X then there
exists a sequence {#®)} of finite convex combinations of the fU) converging
strongly to f in X.
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1.4 The multi-index notation for derivatives

It is convenient to have a compact notation for expressing mixed partial deriva-
tives of functions. A multi-index « is an n-tuple o = (avy, ..., @, ) of nonnegative
integers «;, and we write || = a1 + -+ - + .

Let Q C R™ be open and u : 2 — R be smooth. Then we define

. 9\ 9\ alely
Dy — <ax1) <8:cn) U= G g (1.35)

For example, if n = 3 and 8 = (2, 1,0), then
(1.36)

Note that if «, § are multi-indices then so is a« + 5 = (a1 + f1, ..., an + Bn), and
DBy = D*DPu = DPDu. (1.37)
We will use the multi-index notation also for weak derivatives as defined in the

next section.

1.5 Weak derivatives

Let  C R" be open with boundary 9, and let v € C1(Q), ¢ € C§°(Q2). Then
for any j =1,...,n

0 dp v
— =v— 4+ — 1.38
oz, (vp) =v oz, a5, " (1.38)
so that integrating over {2 and using the divergence theorem ! we have that
0 0
/ sy - —Ugo dz. (1.39)
Q 8:cj Q axj

This can be thought of as the formula for integration by parts in n dimensions.

IThe divergence theorem states that if f : R — R™ is C!, and if E C R™ is open and has
sufficiently smooth boundary, then

/divfdx:/ f-ndsS,
E OE

where n denotes the unit outward normal to JE. To obtain (1.39) we cannot apply the
theorem directly because 92 may not be smooth. Instead, we extend vy by zero to the whole
of R™ and apply the theorem with E a large ball containing 2 and f = vye;. Then

/divfd:r:/divfdz:O,
Q E

div f = a%(w)

and since

we obtain (1.39).
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Now let @ = (@, ..., @) be a multi-index and u € C1°1(Q). Applying (1.39)
a; times for each j we deduce that

/ uD%pdz = (—1)1*1 [ DY - ¢ d, (1.40)
Q Q

there being || = a; + -+ + «,, changes of sign all together.
Define

L () ={u:Q — R:ulg € L'(E) for all bounded open E with £ C Q}.
Definition 1. Let u € L}, () and o be a multi-index. A function v € L, ()

is said to be an o' weak derivative of u if

/ uD%pdx = (—1)l / vpdr  for all p € C§°(Q), (1.41)
Q Q

and we write v = D%u.

If vy and vy are two ot

h weak derivatives, their difference w = v, —vy satisfies
/ wedr =0 for allp € C3° (),
Q

and so by the following lemma vy = vo. Hence weak derivatives are unique.
Lemma 7. (The fundamental lemma of the calculus of variations.) Let w €
L} () satisfy

loc
/ wedr =0 for all p € C§°(NQ) (1.42)
Q

Then w = 0.

Proof. Let p. be a mollifier. Let E be bounded and open with E C Q. If e <
dist(E, 9Q) then for each = € E the function ¢, , defined by ¢, »(y) = pe(z—y)
belongs to C§°(€2). Hence by (1.42)

(pe *w)(z) = /Q pe(z — yyw(y)dy = 0 (1.43)

for all z € E. But p. *w — w in L'(E) as € — 0, and so w = 0 a.e. in E. Since
FE is arbitrary the result follows. O

1.6 The Sobolev space W™P(Q)

Definition 2. Let m be a non-negative integer and let 1 < p < co. The Sobolev
space W™P(Q) is the linear space of functions u € LP(Q2) such that for each «,
0 < |a| < m, the weak derivative D*u exists and belongs to LP()). We norm
Wmr(Q) by

1
(Zogmgm HDO‘UIIZ) " ifl<p<oo
maxop<|a|<m ”Dau”m if p = o0.

[ellmp =
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If p = 2 an alternative notation is often used, namely
H™(Q) = W™2(Q).

Note that WOP(Q) = LP(Q), while

WHP(Q) = {u € LP(Q) : % eLP(Q) fori=1,..,n}
J

with norm

1

lullsp = (/ |u|pdm+2/ |pdx> , (1.44)

if 1 <p<ooand

Ju ou
oo = 00 005 sty [l g lloo | s 1.45
ol e = 5 (s 5 s o e (1.45)

where the Ou/0dx; are weak derivatives.
If (a,b) C R is an interval we will write W™P?(a, b) instead of WP ((a,b)).

Theorem 8. W™P(Q) is a Banach space.

Proof. W™P(Q) is clearly a normed linear space, and we have to show that it
is complete. Let ul/) be a Cauchy sequence in WP (). Then u9) is a Cauchy
sequence in LP(€2), and since LP(€) is complete u()) — u in LP(Q) as j — oo for
some u. Similarly, if 0 < |a| < m then D*u0) is a Cauchy sequence in LP(Q)
and so D*u) — u, in LP(2). But by (1.41)

/u(j)Do‘gpdx:(—l)'O“/Do‘u(j)-cpda: (1.46)
Q Q

for all ¢ € C§°(€2). Passing to the limit j — oo using Holder’s inequality we
obtain

/uD“cpdx:(—l)la‘/uagodx, (1.47)
Q Q

for all o € C§°() so that u, = D. Hence u) — u in W™P(Q), so that
W™P(Q) is complete. O

Let k = k(m,n) denote the number of multi-indices o with 0 < |a| < m,
and consider the product space LP(2)" with the norm of v = (vy,...,v,) given
by

l .
vm%{<2?wwgw 1< o

maxi<i<y |Villo if p= 00.

Then, since LP(€2) is a Banach space which is separable if 1 < p < oo and
reflexive if 1 < p < oo, by well-known results of functional analysis the space
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LP(2)" has the same properties. Choose a definite ordering of the multi-indices
a with 0 < |a| < m. Given u € W™P(Q) define Pu € LP(Q2)* by

Pu = (D"u)o<|a|<m- (1.48)

Then P is an isometric isomorphism of W™ P(£)) onto a linear subspace Z of
LP(Q)*, and by a similar argument to that in the proof of Theorem 8 it is easily
seen that Z is closed. Recalling that a closed subspace of a separable (resp.
reflexive) Banach space is separable (resp. reflexive) we have thus proved

Theorem 9. W™P(Q) is separable if 1 < p < oo and is reflexive if 1 < p < oo.

1.7 Examples

In this section we give examples of various functions that do or do not belong
to Sobolev spaces, giving proofs from first principles.

1.7.1 Smooth functions

Let u € C™(Q) with ||u|/;m,p < co. Then by (1.40) the weak derivatives D*u for
0 < |a|] < m equal the usual ones, and hence v € W™P(Q). In particular, if
is bounded and u € C*°(R") then ulg € W™P(Q) for all m, p.

1.7.2 Piecewise affine functions

Let n =1, Q = (0,1), and let u be defined by
z if 0<z<3
“(9”)_{ 1-z if l<az<l
Let us show that u € W1°°(0,1) (and hence, since (0,1) is bounded, u €
W1P(0,1) for 1 < p < oo). This looks obvious, since

dﬁ(x)_ 1 if 0<wz<i
de™/ | -1 if i<az<1

(1.49)

(1.50)

and so |Jul|oc = 3, [|du/dz||« = 1. However, there is a crucial detail to check,
namely that du/dz given by (1.50) is indeed the weak derivative of u. To prove
this we must show that

1 1
/0 u— dr = —/0 ﬁapdx for all ¢ € C5°(0,1), (1.51)

where du/dzx is given by (1.50). But, integrating by parts on the intervals
(0,2),(3,1) we have that

'3
/1u6h'0dx = /%xd(pdx—l—/l(l—x)dwd:c
o dz )y Tdx 1 dx
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as required. Hence u € W1°°(0, 1).

A similar proof shows that if u is a piecewise affine function on (0,1) (i.e.
u is continuous on (0,1) and affine on each interval (a;,a;+1), where 0 = a; <
as < ... < a, =1) then u € W1>°(0,1).
1.7.3 The Heaviside function
The Heaviside function H is defined by

H(z) = { (1) zig . (1.52)

Clearly H € L>(—1,1). We ask whether H € W?(—1,1). Since the derivative
an
dz

it is tempting to conclude that dH/dx € L°°(—1,1), so that H € W1 (—1,1).

But this is false. In fact, we have

() =0 for x € (-1,0)U(0,1)

Proposition 10. H ¢ WP(—1,1) for any p,1 < p < cc.

Proof. Suppose for contradiction that H € Wh1(—1,1). Let dH/dx € L*(—1,1)
denote the weak derivative of H. Then, since H is smooth in (—1,0) U (0, 1),
dH/dx = 0 a.e. in (—1,0) U (0,1) and so dH/dxz = 0 a.e. in (-1,1). But by

(1.41)
/1Hd‘pd— /1‘”[ d (1.53)
4, dzx v _1dx(px’ '
so that
/1Hd(pdm—/1dsodx——(0)—0 (1.54)
-1 dﬂ: o 0 dx a SO o ’
for all ¢ € C§°(—1,1), a contradiction. O

1.7.4 The function In|z| on R"
Let n > 1, B={z € R": |z| < 1}. For x # 0 define

u(z) =1Inr, r=|x|. (1.55)
We show that u € WHP(B) if and only if 1 < p < n.

Step 1. Formal calculation. For r > 0, u is smooth and
Ou 10or x
ox; rox; 12

(1.56)

Hence |[Vu|? = % and so

1
/(|u|p+\Vu|p)d:c:wn_1/ 71| log r|? + rP) dr, (1.57)
B 0
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where w,, 1 = H" 1(S"~1), and this is finite if and only if 1 < p < n.

Zi
r2:’

Step 2. Proof that u has weak derivatives given by % =
We must show that

9 i
/ ? -dr = %(p dx (1.58)
BT

for all p € C§°(B).Let € > 0, B. = B(0,¢). Then

Op B d(pu)  Ou
/B\B ox; v = /B\BE< ox; @axi dr

= 7/ cpumde/ x—gcpd:r. (1.59)
8B, B\B. T

We need to pass to the limit ¢ — 0. The volume integrals converge to the
obvious limits by dominated convergence; for example, the first integral can be
written as

/ (1- xs(z))ugj dr, (1.60)
Br 7

where x. denotes the characteristic function of B, and the integrand in (1.60)
is bounded in absolute value by const.|logr|, which belongs to L!(Bg). For the
surface integral we have

/ pun; dS’ < / lo| - [logel,dS < const.|logele™ ™, (1.61)
0B, 0B,

which tends to zero as ¢ — 0. This proves (1.58).

1.8 Approximation by smooth functions

Let u € W™P(Q). Let E C Q be open with g := dist (E,99Q) > 0. Let p. be a
mollifier. Then if 0 < & < g¢ the mollified function

(perwle) = [ e —)utu)dy
= [ ey (1.62)
is well-defined for all z € E. If |o| < m then for z € F
D(pexw)a) = [ DEpulo—puls)dy

= (-1l / D pe( — y)uly) dy (1.63)
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where Dg, Dy denote derivatives with respect to x,y respectively. Let we(y) =
pe(x — y). Since p. € C§°() it follows from the definition of weak derivatives
that for v € £

Da(pe * U)(x)

/st(x —y)D%u(y) dy
= (pe * D"u)(x), (1.64)

i.e. the derivatives of the mollified function are the mollified derivatives. Ap-
plying Proposition 1 we deduce that if 1 < p < oo then p; xu — v in W™P(E)
ase — 0.

Because of the restriction that dist (E,9Q) > 0 this does not provide an
approximation of u in W™P(Q) by functions in C*°(£2). However, by a more
careful argument using a partition of unity one can prove

Theorem 11 (Meyers & Serrin). Let 1 < p < co. Then C*(Q) is dense in
WP (Q).

For  C R™ open and m =1,2,... or m = co define

C™() ={v:Q— R: there exists w € C™(R") with w|q = v}.

Can any u € W™P(Q) be approximated by functions in C*°(€2)? In general the
answer is no.

Example 1.2. Let Q = (—1,0)U(0, 1), u(z) = H(z). Then u € C*°(Q), so that
u € W™P(Q) for any m,p. Suppose that there were a sequence ut/) € C*(R)
with «() — win W?(Q). Then we may assume by Proposition ?? that u¥) — u
a.e. in Q. Choosing z_ € (—1,0),z4 € (0,1) with ) (z_) — 0,ul)(24) — 1
we have that v (z,) —u()(z_) — 1. But

Tt du(9)

li (@) —uW (e N =1
im (v (xy) —uV(z2)) = lim 7

j—o0 Jj—o0

dx =0, (1.65)

xr
a contradiction.
In the example, Q lies on both sides of the boundary point 0. To prevent

this kind of situation and to deal with boundary values we make the following
definition.

Definition 3. An open set Q C R™ has a C™ (respectively Lipschitz) boundary
if given any T € 0N there exist v > 0 and a C™ (respectively Lipschitz) function
a:R" ! — R such that, in a suitable Cartesian coordinate system,

QN B(z,r) ={x e R" : z, > a(z1,....,2n—1)} N B(Z, 7). (1.66)

For brevity we write ' = (21, ...,2,_1), so that z = (2/,z,). Notice that

each of the definitions implies that

0N B(z,r)={xeR":z, =a(z")} N B(z,r), (1.67)
so that the boundary is locally the graph of a C™ (resp. Lipschitz) function.
Theorem 12. Let Q have C° boundary, and let 1 < p < oo. Then the set of

restrictions to Q0 of functions in C§°(R™) is dense in W™P(Q). In particular,

C>(Q) is dense in W™P((Q).
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1.9 Boundary values

Let © C R™ have Lipschitz boundary. How can we define the boundary values
of a function u € WHP(Q)? this is not a trivial matter even if 9Q is smooth,
since (a) u is in principle defined only in €2, (b) even if u could be extended to a
function @ € WP (R") the values of @ on 9§ appear to have no meaning since
L7(09) = 0 and @ may be altered at will on sets of L™ measure zero.

If Q has Lipschitz boundary we can define LP(02) as the space of (equiva-
lence classes of ) H™ ™! measurable functions u : 9Q — R such that [Ju|1s90) <
00, where

[ull P o0y = (foq lu(@)|PdH™ 1 (x))" 1<p< oo,
€sSSup ,cq |u(z)] P = oo.

10

LP(0Q) is a Banach space, and we can use the usual formulae to calculate
integrals, e.g. in a neighbourhood of Z € 99

n—1 2 %
dHn—l(x) = (1 + Z (aa; ) ) dry...dx,_ 1.
i=1 i

The key idea for defining boundary values is contained in the following theorem.

Theorem 13. Let Q C R™ be bounded and open with Lipschitz boundary, and
let 1 < p < oo. Then there exists a constant ¢ > 0 such that

/89 |ulPdH" ! < c||u||’f’p (1.68)

for all u € C1(9).
Proof for Q= (0,1)".

1

ou
1) — ’ _ / )
u(z', 1) —u(a’, x,) . (', 8)ds

Hence

1 p
lu(z’, 1)|P < ¢ (u(x’,xnﬂp +/ @(aj’, s) ds) . (1.69)
0 axn

Integrate (1.69) with respect to z,, € (0,1) to obtain

! ou
’ P < ’ P ’
e vp < [ (ol + |5 )

Then, integrating (1.70) with respect to ' € (0,1)"~! we obtain

p) da,. (1.70)

[ P <

Adding up the corresponding estimates for each face of the cube gives the result.
O
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If u € WHP(Q) there exists a sequence ul9) € C*(Q) with v\) — « in
WP (Q). Hence uU) is a Cauchy sequence in W'?(Q), and by the theorem is
also a Cauchy sequence in LP(9€2). Hence

uP| g — tru in LP(9Q)

for some function tru, the trace of u on 9. Since we can interlace any two
different approximating sequences u'?), u(9) it easily follows that tru is indepen-
dent of the approximating sequence. The mapping tr : WhP(Q) — LP(99) is a
bounded linear operator.

There is an alternative way of describing zero boundary values independent
of the regularity of the boundary. For 1 < p < oo denote by Wj"?(Q) the
closure of C§°(Q) in W™P(Q). If p = oo we define W;">(Q2) to be the set
of v € W™>®(Q) that are the a.e. limit of a sequence ¢) € C§°(Q2) that is
bounded in W (). Wi""(€Q) is a closed linear subspace of W"?(Q), and
hence is a Banach space with the same norm. We write Hy"(Q) = W?(Q).
Then we have

Theorem 14. Let Q2 C R™ be open with Lipschitz boundary. Then if 1 < p < oo
WP (Q) = {u e W™P(Q) : tr D*u = 0 if |a| < m}.

Theorem 15. If 1 < p < oo then W™P(R") = WP (R").

1.10 Lipschitz mappings and W1,

Theorem 16. A mapping u € W,o>°

S (Q;R™) if and only if u has a representa-
tive that is locally Lipschitz.

Theorem 17. Let 2 C R"™ be bounded and open with Lipschitz boundary. Then
u € WH(Q; R™) if and only if u has a representative that is Lipschitz on Q.

1.11 Embedding theorems

Example 1.3. Let n = 1, —c0 < a < b < co. then Wh!(a,b) is continuously
embedded in C([a,b]) i.e. each equivalence class v of functions in W11(a, b) has
a representative 7v € C'([a, b]) and there is a constant K > 0 such that

ITvlleqae < Kllvllia-

Proof. Suppose v is smooth. Then
y

v(y) —v(z) + / V' (t) dt,

T
and so

b
lo(y)) < v(z)| + / W (1)) dt.
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Integrating with respect to x we find

b

(b —a)lv(y)] S/ (o] + (b= a)l'(®)]) dt

a
and so
[vlleqap < Kllvllia- (1.71)

Now let v € Wh'(a,b). There exists a sequence of smooth functions v() with
v — v in W (a,b). Then v is a Cauchy sequence in W' (a,b) and thus
by (1.71) is a Cauchy sequence in C([a,b]). Hence v9) — 7v in C([a,b]) and
Tv = v a.e. with

Imvlle(am < Kol

O

Note that the argument also shows that the continuous representative of v
satisfies the fundamental theorem of calculus

v(y) = v(x) + /y V' (t) dt for all z,y € [a,b],

so that v is absolutely continuous.
Now let p > 1, and suppose [[u?||, < M < co. Then by (1.71) [[u|| ¢ (a0

is bounded, and if x <y
y .
/ Wl (1)) dt

1
P’

([ va)’ ([ o)

< mly—al?

[P (@) = (y)]

IA

IN

Hence u) is bounded and equicontinuous, so that by the Arzela-Ascoli theorem
u) has a convergent subsequence in C([a,b]). So for p > 1 the embedding
WP (a,b) — C([a,b]) is compact (bounded sequences in W1 (a, b) are relatively
compact in C([a, b])).

In general we have

Theorem 18 (Sobolev embedding). Let Q C R™ be bounded, open with Lips-
chitz boundary, and let 1 < p < o0.
If mp < n then W™P(Q) C Lq(Q)
if mp =n then W™P(Q) C L1(Q),1 00,
(if p=1 and m = n then in addition W™(Q) C L>(Q)),
if mp > n then W™P(Q) C C°(9Q).

m
n

>1_
=p
Sq

Theorem 19 (Rellich-Kondrachoft). The embedding W™P(Q2) C L1(Q) is com-
pactifmp<n7% >%—% orifmp=mn,1 <q<oo.
The embedding W™P(Q) C C°(Q) is compact if mp > n.
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Example 1.4. Let n =3, m = 1. Then
HY Q) =wWh2(Q) c L%(Q)

and the embedding W12(Q2) C L57¢(Q) is compact.
Wh3(Q)  LI(Q) for 1 < g < oo but W3(Q) ¢ L>(Q).
Wr(Q) c C°(Q) compact if p > 3.

As an example of use of the embedding theorems we prove

Theorem 20 (Generalized Poincaré inequality). Let Q@ C R™ be a bounded
domain (i.e. open and connected) with Lipschitz boundary, and let 1 < p < oco.
Then there exists a constant C' + C(§2,p) such that

P
/|u|pdx§0<‘/udx —|—/ |Vu|pd:1:>
Q Q Q

for all u € WHP(Q).
Proof. Suppose not. Then there exist ul/) € WP(Q) with

P
1 :/ |u9) [P dz >j(‘/ ul) dx +/ |Vu(j)|”da:>.
Q Q Q

Hence u9) is bounded in W?() and we can suppose that u/) — v in WP(Q).
By the compactness of the embedding W7 (Q) C LP(Q) we have [, [u[Pdz = 1.
We now use the inequality

lal” > [b|” + p|b|P b - (a — b) for a,b € R™.

Thus
/ \Vul?) Pdz > / |VulPdx +p/ |VulP~2Vu - (Vul) — Vu) dz.

Q Q Q

Thus
0 = lim ( / ul) da —|—/ |Vu(3)|pdac>
P
> / udz —|—/ |Vul|Pdz.
Q Q
(since Vu)) — Vu in (LP)™ and |Vul|P~2Vu € (LP')"). Hence Vu = 0, so u is
constant and thus v = 0. Contradiction. O
Exercises

1.10. Let n > 1, B={z € R": |z| < 1}.
(a) For a € R, a # 0, define

ua(x) = [z, x #0.
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Prove that if 1 < p < oo then u, € WHP(B) if and only if n > p(1 — «). For
what « does u, € W1H°°(B)? For what p does u, € WHP(R")?

(b) Prove that the function u defined for = # 0 by

u(x) = loglog(2|z| ")
belongs to W1(B) but not to W1P(B) for any p > n.
(c) Let u: B — R™ be defined for = # 0 by

Show that w € WP(B)™ if and only if 1 < p < n. Interpret u geometrically.

1.11. Let R > p > 0. Show that there exists ¢ € C§°(R"™) satisfying supp ¢ C
B(0,R), ¢l =1,0 < ¢ <1and |Dg| < 7%

Hint. Reduce the problem to the case n = 1 by considering a radial function
» = p(r), r = |z|. Then mollify a suitable piecewise affine function.

1.12. Prove that the ellipsoid Q = {z € R™ : 3" 7 < 1}, where a; > 0,

i=1 a2
t=1,...,n, has C* boundary.

2 The one-dimensional calculus of variations

For the one-dimensional calculus of variations see Buttazzo, Giaquinta & Hilde-
brandt [7]. As a general reference for the calculus of variations there is a new
book of Rindler [20].

Consider for —oo < a < b < oo the integral functional

b
I(u) = / P u(@), ua (@) d (2.1)

for f continuous and bounded below. Here u € Whl(a,b) = AC[a,b], and
satisfies the boundary conditions:

either wu(a) = a, u(b) = 5, (2.2)
or u(a) = a. (2.3)

(Note that for such v we may have I(u) = +00.)

2.1 Existence of minimizers

We begin with some counterexamples.

Example 2.1 (Bolza).
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Theorem 21. I does not attain an absolute minimum in Wol’l(O7 1).

Proof. Let u'9) be as shown (Fig. 3), so that ugcj)(ac) =+1 ae. and [uV)(z)| <
2%. Then

)

4

A A
1

Figure 3: Minimizing sequence for Bolza problem.

1
4 , 1
I(U(J)) - / w92 g < — - 0 as j — oo.
0 4j

Hence infy,10 I = 0. But I(u) = 0 implies v = 0, hence u, = 0 and I(u) = 1.
Contradiction.

Remarks 1.

1. The same argument works for the boundary conditions u(0) = 0, u(1) free.
2. We can think of there being a minimizer which is a ‘generalized curve’ in
the sense of L.C. Young [22], with track u = 0 and derivative given by the
probability measure v = £ (6_1 + 61).

Example 2.2.
1
I(u) = / 22u? dx, u(0) =0,u(1) = 1.
0

To show that the minimum is not attained we can take as a minimizing sequence
u9) as shown in Fig. 4 for which

[

) 1
T u(]) — / x2j2 de = — — 0,
(u'?’) ; 3

and note that there is no v € W11(0,1 with «(0) = 0,u(1) = 1 and I(u) = 0.
Example 2.3.

I(u) = /0 (|t 4 (v — 1)?) dz, u(0) = 0,u(1) = 1.
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)
1 1

1

Figure 4: Minimizing sequence for Examples 2.2, 2.3.

1
/ Uy dx
0

But if u¥) is as in Fig. 4,

Then

I(u) > +/01(u—1)2d;v:1+/01(u—1)2dx.

I(u(j)):/j[j+(jac—1)2]da;—>1asj—>oo.
0

Thus inf I = 1 and is not attained.

In Example 2.1 f(x,u,-) is not convex (recall that a function g : X —
R U {400}, X a vector space, is convez if

g+ (1= XN)g) < Ag(p) + (1 —N)g(q)

for all p,q € X and A € [0,1]), while in Examples 2.2, 2.3 f(x,u,p) does not
have superlinear growth in p.

In order to prove the existence of minimizers we need an appropriate lower
semicontinuity theorem.

Theorem 22 (Berkowitz [4], Cesari [8], Ekeland & Temam [14], Ioffe [18, 17],
Eisen [13], [2] ...). Let Q@ C R™ be bounded open, and let f : @ xR* xR — [0, 0]
satisfy:

(i) f(-,z,v) : Q@ — [0,00] is measurable for every z € R®,v € R?,

(i) f(x,-,-) : R®* x R — [0, 00] is continuous for a.e. x € £,

(iii) f(z,z,-) : R — [0,00] is convex for a.e. x € Q and all z € R®.
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Let 29,z : Q — R® be measurable mappings such that 29 — z a.e., and let
v — vy in LY R?). Then

/fxz dx<hmmf/fzz(3) ) () da.

J—00
Proof. We may assume that

liminf/ f(x, 29 (z),v9)(z)) de = a < oc. (2.4)
Q

J—00

We first claim that
h(J)(‘T) = f(ajv Z(J)(‘T)av(j)(x)) - f(xv z(:c),v(J)(x))
converges to zero in measure as j — oo. If this were false there would exist
e > 0,8 > 0 and subsequences zU*), vU¥) such that £™(M) > § for all k, where
My, = {z e Q:|f(x, 209 (2),00)(2)) - f(z,2(x),0) (2))| > &
208 () — z(x), f(z,-,-) continuous }.

Since v*) — v in L'(Q;R7), and by (2.4), there exists K > 0 such that

/|U]k) ) dz < K, /fxzﬂk) ]k)( ))dx < K

for all k, and thus £"(Ny) < g, where

Ny = {x € Q: vl (z)] > —or f(z, 299 (), 09 (z)) > }

€
Let M = Mj, \ Nj. Then £"(M}) > £ for all k. Therefore

L" (hm sup Mk> g

k—oo

where

oo o0
lim sup Mj, := ﬂ U Mj.
k=00 1=1 k=L

For z € limsup,_,., M], we have, for a further subsequence not relabelled,

(2, 209 (), 009 ()| < 2

41K
<77‘f 5 ’

0™ ()] <
|f (@, 299 (2), 098 (@) — f(@, 2(x), 09 (2))] = &
2U8) () — z(x), f(z,-,-) continuous,

which is impossible (choosing a convergent subsequence of vU¥)(2)), proving the
claim.
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Extracting a subsequence from k), we may suppose that h(j)(x) — 0 a.e.
in Q. By Mazur’s theorem there exist convex combinations ¢¥) = Z;’;k )\?v(j ),
where only finitely many )\;? are nonzero for each k, such that £*) — v(x) a.e.
as k — oo. Since f(x,z(x),-) is convex,

M8

_ A f@, 29 (2),09) ()

J

fla,2(2), €M (2)) + > Nl (z) <
j=k

Il
e

for a.e. = and large enough k.
Integrating over €2, taking the lim inf as £k — oo, and applying Fatou’s
Lemma, we obtain the result. O

Theorem 23 (Tonelli). Let f = f(x,u,p) be convex in p for each x,u and
suppose that
f(z,u,p) > ©(p) for all z,u

2(p)

for some continuous ® with T — oo as p| — co. Let
A={veWh(a,b):v(a) = a,v(b) = B} (2.5)
or
A={ve W (a,b):v(a) = a}. (2.6)

Then I attains an absolute minimum on A.

Proof. Let | = inf4I. Then oo > [ > —oo. Let ul¥) € A be a minimizing
sequence, so that I(ul?)) — [. Then

b
sup/ d(u)dr < 0o
J Ja

and so by Theorem 6 there exists a subsequence, still denoted u), such that
v =4 — v in L'(a,b) for some v. Therefore

x

u(j)(x):aJr/ 09 (5) ds — u(x) ::aJr/ v(s)ds for all = € [a,b].

In particular for the boundary conditions (2.5) we have u(b) = 3. By the lower
semicontinuity Theorem 22 below,

b
| =liminf I(u")) = lim f(z, w9 (), 09 (2)) da

Jj—o00 j—00

b a
> [ fete) @) do = 1) = L

and hence v is a minimizer
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2.2 Local minimizers

Consider again the integral functional

b
1) = [ flovu(e) usle) de (27)
with f continuous and bounded below, with set of admissible functions
A= {uecWh(a,b) : u(a) = a,u(b) = 8}. (2.8)

Definitions 2. u € A is a weak local minimizer of I if I(u) < oo and there
exists € > 0 such that I'(v) > I(u) for all v € A with

esssup [|v(z) — u(@)] + |Jvp(x) — ug(z)|] < e.
z€[a,b]

u € Ais a strong local minimizer of I if I(u) < co and there exists € > 0 such
that I(v) > I(u) for all v € A with

max |v(x) —u(z)| < e.
z€la,b]

Thus u is a weak (resp. strong) local minimizer if it is a local minimizer with
respect to the W1 (resp. L°°) norm (see Fig. 5). A strong local minimizer

(a) (b)

Figure 5: Schematic of typical function v (in red) in (a) a W1°° neighbourhood
of a smooth function w (in black) (b) an L* neighbourhood of w. In the second
case the derivative v, can be arbitrarily large, whereas in the first it must be
close to ug.

is a weak local minimizer, but in general a weak local minimizer need not be a
strong local minimizer.

2.3 Necessary conditions for local minimizers

We now assume for simplicity that f = f(x,u,p) is C® in its arguments z, u, p.
Let u € AN WH®(a,b) be a weak local minimizer. If ¢ € C§°(a,b) then
I(u+7¢) has a local minimum at 7 = 0, so that %I(U+T@)|T:0 = 0, provided
this derivative exists. In fact by the mean-value theorem

I(u+71p) = I(u)

b
- / [l ulz) + () p(@), 1 (@) + 7(@)s (2))pl2)

+fp(@,u(@) + 7(2)p(2), us (z) + 7(2)pa(2))pa ()] da
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where |7(2)| < |7|, so that by the bounded convergence theorem

b
/ [fup + fppe] dz =0 for all p € C5°(a,b), (WEL)

i.e. u satisfies the Euler-Lagrange equation

d
o= 1 (EL)

in the sense of distributions. Note that since

fu@Z(Z(Axfuds'@) —(/:fud8><px,

(WEL) is equivalent to

b T
/(fp—/ fuds)cpmdac=Oforallgong°(a7b)’

and hence to the integrated Euler-Lagrange equation

fo = / fuds+c, x€la,b], (IEL)
where c is a constant.
Similarly we have that the second variation
d2
OI(u)(p,0) = S5 (utTp) 20,

that is

b
/ [fuusﬂ2 + 2fuppon + fppgoi] dx > 0 for all ¢ € C§°(a,b),
a
which we abbreviate to
621(u) > 0. 2.9)

Now let u € AN W1 (a,b) be a strong local minimizer. For ¢ € C§°(a, b
and |7| small enough there is a unique smooth increasing solution z,(x) to
z 4 1p(z) = x for x € [a,b]. Define the inner variation

ur(z) = u(zr(x)),

which rearranges the values of u. Then lim; .o max,e[q [ur(7) — u(x)| = 0,
and so

L Hur oo = A [ el u(e) ) e (1 (2) del g =
i T)lr=0 = S~ T ’ y Wz ’ TP =0 = Y,
dr 0 dr J, 14 14+ 7¢9.(2) ¥ 0
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giving
b
/ [fo + (f —uafp)pe) dz =0 for all p € C5°(a,b). (WDBR)
That is u satisfies the Du Bois-Reymond equation
d
(f k) = fo (DBR)

in the sense of distributions. Equivalently, u satisfies the integrated form

f—uifp:/$fggds—|—c7 x € [a, b, (IDBR)

for some constant c.
Note that (WDBR) does not follow from (WEL). In the special case f = f(p)

the ‘broken extremal’ : |
) gz xe|-1,0
(@) = { re x € [0,1]

satisfies (WEL) on [—1,1] if and only if f,(q) = f,(r), i.e. the tangents to f at
q,r have the same slope. If also (WDBR) holds then

fl@) —afplq) = f(r) —rfp(r),

i.e. the tangents at ¢, are a common tangent (see Fig. 6).

f

-1 1
k4
“r q = q

Figure 6: The broken extremal with slopes ¢, r satisfies (WEL) if the slopes of
f at g,r are the same, and satisfies also (WDBR) if there is a common tangent
at gq,r.

Suppose again that v € AN W (a,b) is a strong local minimizer. Let
[e,d] C (a,b), » € Wy>°(=1,1) and consider for ¢ > 0 and ¢ € [c,d] the
localized variation

ue(zg, ) = u(x) +Ew(m —xo).

€
For ¢ > 0 sufficiently small (independent of ) we have that I(u.(zq,-)) > I(u),
and so

/a:w0+5 (f(x,u(:v) + 61/’(x - xo)’“z(x) +¢y (95 - xo)) (210

R € €

—f(ﬂf,u(:ﬂ),um(ac))) dz > 0.
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Let ¢ € C§°(c,d), ¢ > 0. Multiplying (2.10) by ¢(zo), integrating with respect
to 2 over (c,d), and making the change of variables y = *=™ we obtain

s/ab ol — Ey)(/_ll(f(x,u(w) +et(y), () + Yy (y))

~ f( ulz), ua(2)) dy) dz > 0.

Dividing by e and passing to the limit ¢ — 0 we deduce that
d 1
[ ote) [ (o) unte) + ) = Flo (o), us(e) dydo = 0,
c —1

and since ¢ > 0 is arbitrary it follows that for a.e. = € [¢, d], and hence for a.e.
z € (a,b),

/_ (@) @) + 0, () dy > / . ula) @) dy. (2.11)

(This is quasiconvexity in 1D.)
Define F(p) = f(x,u(x),us(x) + p), so that (2.11) becomes

[ rwnay= [ o

-1

Choosing 1 as shown in Fig 7 we deduce that

Y (y)

slopes

Hence & (LHS)|x—0 > 0, and hence F(p) > F(0) + pF,(0), giving the Weier-
strass necessary condition, that for a.e. x € (a,b),

Flayul@), ua (@) +p) 2 flr,u(@), ua(@)) + phy (e, u(), us () for all p.

Thus the possible values of u,(z) in a strong local minimizer are those for which
the tangent at u,(x) to the graph of f(z,u(x),-) does not lie above the graph
(see Fig. 8).



2 THE ONE-DIMENSIONAL CALCULUS OF VARIATIONS 30

f(z,u(z),p)

Umtw)

Figure 8: The Weierstrass condition is that the tangent at u,(x) to the graph
of f(z,u(x),-) does not lie above the graph.

2.4 Sufficient conditions for local minimizers

By slightly strengthening the necessary conditions we can obtain sufficient con-
ditions for a sufficiently regular u € A to be a weak or strong local minimizer.
For u € AN W1 (a,b) write

6%1(u) > 0 (2.12)
if

b b
/ (fuu®® + 2fup0Pu + foppl) dz > u/ (¢* + ¢2) du (2.13)
a a

for all ¢ € C5°(a,b) and some constant y > 0. Note that (2.13) then holds for
all p € W01’2(a7 b) by density. Note also that (2.12) implies the strong Legendre
condition that for a.e. x € (a,b)

Jop(z,u(z), ug () > p. (2.14)
Indeed, (2.12) implies that ¢ = 0 is a global minimizer for the functional

b
FLw)e.0) -~ [ (5 + 02 da,

so that by the (proof of the) Weierstrass condition 7 = 0 is a point of convexity

of the function (fpp(z, u(z), uz(x)) — p)72, giving (2.14).

Theorem 24. Ifu e ANWH>(a,b) satisfies (WEL) and 621 (u) > 0 then u is
a strict weak local minimizer (i.e. there exists € > 0 such that I(v) > I(u) for
allve A with0 < ||v—ull1,00 <e)
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Proof. Let ¢ € Wy'™(a,b). Then setting 0(t) = f(x,u+tp, uy +tp,) and using

0(1) — 6(0) = 6'(0) + /01(1 — 40" (t)dt

we obtain

b
Hute)=1) = [ (fuptTipa) do+ 501000 0) + Rluss)

where

b 1
R(u, ) = / /0 (1 =) [(fuulz,u +to, up + tpz) = fuulz,u, Um))SDQ + -] dtdz.

For € > 0 sufficiently small and ||¢||1,00 < €, we have that

b
1
Rlug) 2 -5 [+ et da,
and hence b
It o) - 1) 2 4 [+ o) ds,
as required. O

We say that u € ANCY([a, b]) satisfies the strengthened Weierstrass condition
if there exists 6 > 0 such that for all z € [a,b] and p € R

f@v,p) = fl@,v,9) +(p—a)fp(z,v,9) (2.15)
whenever v —u(z)| < 4, |q — ug(z)| < 4.

Theorem 25 (Weierstrass). Let u € AN CY([a,b]) satisfy (WEL), §2I(u) > 0
and the strengthened Weierstrass condition. Then u is a strong local minimaizer.
If strict inequality holds in (2.15) for p # q then u is a strict strong local
minimaizer.

Proof. We sketch a version of Hilbert’s amazing proof of this theorem. The
part we do not do concerns the analysis of the second variation in terms of the
Jacobi equation (the Euler-Lagrange equation of §%1(u)(¢,)) and conjugate
points (see, for example, [5, 7, 9]). Using 62I(u) > 0 leads to the conclusion
that u is embedded in a field of extremals, that is there is a one-parameter family

U(xv"/)v'y € [_7_7 7_]77— > 0,

of solutions to the Euler-Lagrange equation (EL) for f on [a,b] such that

(i) u(z) = U(x,0) for all z € [a,b],

(ii) the field simply covers a neighbourhood of the graph of u, i.e. there exists
€ > 0 such that for each = € [a,b],v € R, with |v — u(x)| < &, there is a unique
v = v(x,v) € [-7,7] with U(z,7y) = v (see Fig. 9). We assume that U(,") is
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U(?’Y)

a b

Figure 9: A field of extremals simply covering an L°° neighbourhood of the
graph of u and a typical v € A lying in this neighbourhood.

C? in (x,7v). We write p(z,v) = Uy (x,v(x,v)) and call p(-,-) the slope function
of the field.

Now let v € A with ||v — u|| sufficiently small. Then we claim that

b
()~ I(u) = / (@, 0,00) — f(,0,p(z,)) (2.16)

—fplz, v, p(z,v))(vs — p(z,v))] dz,

where p(z,v) is the slope function of the field. Thus I(v) > I(u) by the strength-
ened Weierstrass condition.
To prove the claim, we compute

FRRICRIC)

% o fp(ma U('T77)7Um(xa7))U’y('T77) dry

v (x,v(x))
- / Ful, U, y), Us(, 7)) Us (2,7) +
fp($7 U(l‘,’y), Ua:(xa 7))Uw7(l‘7 7)] dry
0, 00), plas (@)U (2,7 (,0)) 2 ,0)

= fla,U(@,7), Ua(z, )3 + fola, v, p(a,0)) (v, — pla,v))
= f(x,v,p(a;,v)) - f(x’uvuw) + fp(x’v7p(xav))(vw —p(x,v)),

where we used that %U (z,v(z,v)) = v, and integrating with respect to x we
are done. O

Remarks 2.
1. Note that the key computation can be interpreted as showing that

L(z,0,05) = f(,0,p(2,0)) + fp(z, v, p(x,0))(ve — p(z, v))
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is a null Lagrangian, i.e. the corresponding Euler-Lagrange equation reduces to
0=0.
2. Another completely different method is due to Hestenes [16].

2.5 Regularity and the Lavrentiev phenomenon

We assumed above that u € C1([a, b]). But when is this true? A first regularity
result is:

Theorem 26. Suppose that f € C? and that f,,(z,v,p) > 0 for all z,v,p. If
u€ ANW>(a,b) solves (WEL) then u € C?%([a,b]) and

Uge = F(x,u,u;) for all x € [a,b],

where

fu — pr _ fupp.
fPP

Proof. Step 1. We prove that u € C'([a, b]). Choose the continuous representa-
tive of u. We have that |ug(z)] < M < oo and

F =

fp(z,u(x),uz(x)) = c+ /ﬂ" fudy (IEL)

for all z € E, where meas E = b — a. Suppose z € [a,b]. We claim that

p(z) == z_gf?eE uy(2) exists.

Suppose not, Then uy(z;) — p1,us(y;) — p2 for sequences z; — z,y; — «z,
with «;,y; € E,p1 # p2. But from (IEL) we deduce that

fp(gja u(x)apl) = fp(xa u(x)ap2)'
Since fp, > 0 this is a contradiction.
Step 2. We prove that u € C?([a, b]). For each = € [a,b] we have that

lim fp(x + hvu(x + h)’uw(x + h)) - fp(xvu(x)vum(m))
h—0 h

= fulz,u(z), uy(x)).
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But the LHS equals

lim fp(x + h,u(z + h),ug(x + h)) — fp(z,u(x+ h), us(z + h))
h—0 h
Jrfzo(ﬂﬁ, u(z + h),us(z +h)) — fp(z, u(@), uz(z + h))
h
+fp(x>u(x)7uw($ + h)) B fp(mv'U'(x)’uw(x))
h
= fap(z, w(@), ue(2)) + fup(z, w(@), us(2))us (2)
Uy (x+h)
+ }lLim 7 fpp(z,u(x), ) dr

=0 Juy(x)

Uy (x + h}i — ug(x) fon

and since fpp, > 0 we get that u, is differentiable with ug, = F(x, u, uy). O

= fmerfupJF%ii%

Remark 1. Another way to do Step 2 is to note that p(x) = wu,(z) solves
G(x,p) =0, where

Gmm:nmmmm—/?ww@

and use the implicit function theorem.

But does the global minimizer u given by Theorem 23 belong to W°°(a, b)
or satisfy (WEL)?

Example 2.4 (adapted from [3]). Let
1
1) = [ [0 = 2%+ 2] da

where € > 0 is sufficiently small, and
A={veW"(-1,1):v(~-1) = —1,0(1) = 1}.

Note that f(z,u,p) = (u® — 23)*p?° + £p? is a polynomial with f,, > 2 > 0,
and that f has superlinear growth in p, so that f satisfies the hypotheses of
Theorem 23. Hence there exists an absolute minimizer u*.

We claim that if u € ANW1>°(—1,1) then

214

I(u) >

> - (2.17)

To prove the claim, suppose that «(0) < 0. If u(0) = 0 then |u(z)| < Cx for
x € [—1,1] and a constant C' > 0. Hence there exist 0 < zy < x; < 1 with

3 % IS 5 .
0 < u(z) < (%) for x € (zo, 1), u(zo) = 0,u(x1) = (71) (see Fig. 10).
Hence

A=
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v

g} N2 1

—1+

Figure 10: Argument for establishing the Lavrentiev phenomenon.

z1
I(u) > / (u® — 2%)2u?0 dx
Zo
1
> / u'u? dx
o
T 1
= / (u2uy)?° dr.
Zo

Since %0 is convex in t by Jensen’s inequality

1 o 20
I(u) > (21 —x0) (Sﬂlxo/ uzuwdx>
20
—u(xo)g)}

— 7@1 —1x0)19 [; (u(m)

3\ 6
3" (%)
19

e

(1 — o)
214 1 214

> S >
- 320 T —320

If w(0) > 0 we argue similarly. Hence

14

inf I>

—. 2.1
AnWwiee(—11) — 320 (2.18)
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But choosing u = |z|3sign = we have that

1 2
ianSQe/ ( 32) dx:2€~g.
A 0 51'_3 5

Hence if ¢ < gg := 15—8 . % we have that
inf I >infl M (2.19)
ANW 1,00 A

This is the Lavrentiev phenomenon, that the infimum can be different in different
function spaces.

Now let u* be a global minimizer of I in A. We claim that if 0 < ¢ < g
then v*(0) = 0 and fp(z, u*, u}) is unbounded in the neighbourhood of = 0.

214

In particular (IEL) does not hold. Indeed if u*(0) # 0 we get I(u*) > 5% >
I(|z|3signz) > I(u*), a contradiction. If [u%| < C in a neighbourhood of 0, and
u*(0) = 0 we get the same contradiction. Hence u} is unbounded near 0 and
hence so is |f,| = [20(u® — 2®)2uzt? + 2eu| > 2¢e|uf].

a E k)

Figure 11: A strong local minimizer has |u'(z)| = co on its Tonelli set E.

Remarks 3.

1. The example shows that an elliptic regularization (adding eu? to a degenerate
elliptic problem) may not smooth minimizers.

2. If ¢ € C§°(—=1,1),0(0) # 0, then I(u* + tp) = oo for all ¢t # 0, since
I(u* +tp) > 6 [7 ui? de = oo.

3. The Lavrentiev phenomenon shows that typical finite element schemes for
minimizing I among piecewise affine functions may not converge to a minimizer.
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Theorem 27 (Tonelli’s Partial Regularity Theorem). Let f be C* with f,, > 0.
Ifu € A is a strong local minimizer of I in A, then there is a closed set E C [a, 1]
with meas E = 0 such that u is a C? solution of EL on [a,b] \ E. Furthermore
the derivative ( n) ()
+h) —u(z
) e 1o
wlz) = lim h

exists for all x € [a,b] as an element of R (one-sided limits if x = a or x = b),
and v’ : [a,b] — R is continuous with E = {x € [a,b] : |u/(z)| = oco}.

See Fig. 11. The theorem is optimal [10].

Exercises

2.1. Consider the integral

Iu) = / ' fus) de,

where f is continuous and bounded below, defined for the set of admissible
functions
A={uecWh(a,b): ula) = a,u(b) = 4},

where «, 3 are given.

(i) Show that if

then I attains a minimum on .A.

(Hint. Consider the convex envelope of f, i.e. the sup of all linear functions
rp+ s < f(p) for all p.)

(ii) Is the minimum in general attained if () does not hold?
2.2. (i) Let
1
I(u) = / [ut — 4u? + 2?u, + u?] de,
0
A={ueW"(0,1) : u(0) = 0,u(l) = 1}.

Show that @(x) = = is a weak local minimizer of I in A. Is @ a strong local
minimizer?

(ii) Let
1
I(u) = / (w2 — 12 + u?] da.
0
Show that there is no strong local minimizer of [ in

A= {uecWh(0,1) : u(0) = u(1) = 0}.
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(Hint. Consider the maximum and minimum of a possible strong local mini-
mizer.)

2.3. Let b
I(u):/ flz,u(z), uy(x)) de,

A={uecWh(a,b):ula) = al,

where —0o < a < b < 00, a € R, and f is C' and bounded below.
(i) Show that if u € ANW1>(a,b) is a weak local minimizer of I in A (i.e. a
local minimizer in AN W'°(a,b)) then

fotoute) us() = [ Al ulo), vy () dy for e € [a1]

(ii) Show that if u € ANWH>(a,b) is a strong local minimizer of I in A (i.e. a
local minimizer in AN L% (a,b)), and if u is C! in a neighbourhood of b, then
f(b,u(b),p) is minimized at p = u,(b).

(iii) Is the minimum of
1
I(u) = / (u? 4 u?) dx
0
among u € C1([0,1]) satisfying u(0) = 0,u,(1) = 1 attained?
2.4. Let )
I(u) = / (u® — x)%u? de,
0
A= {uecWh(0,1) : u(0) = 0,u(1) = 1}.

(i) Prove that the unique minimizer of I in A is a(z) = z53.
(ii) Prove that if p > 2 then
inf I(u) > 0= I(u).
ueArﬂl/{/llm(o,l) (u) (u)

(iii) Prove the repulsion property, that if u) € W13 (0,1) and lim; oo ul) (&) =
(&) for some sequence & > 0 with & — 0, then lim;_,, I(ul)) = cc.
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