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1. Introduction

Several important areas in Symplectic Geometry are concerned
with moduli spaces of stable J-holomorphic curves. Here (S,w) is
a symplectic manifold, J is a choice of almost complex structure
on S compatible with w. We have to consider moduli spaces
M(S, J,3) of J-holomorphic curves u: ¥ — S in S, where ¥ is a
Riemann surface, and (3 is some fixed topological data for >, u. By
including ‘stable’ curves with nodal singularities, we can usually
make M(S, J, 3) compact. The idea is to ‘count’ the moduli
space M(S, J,3) to get a ‘number’ of J-holomorphic curves with
topological data 3. This ‘number’ could be in Z, or in Q, or a
chain or homology class in some homology theory. To do this
‘counting’ we need an extra geometric structure on M(S, J, 3).
The goal is to make the ‘number’ of J-holomorphic curves
independent of choice of J (possibly up to some kind of homotopy
in a homology theory), so that it is an invariant of (S, w).
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Any such J-holomorphic curve programme must solve four problems:
(a) Define the kind of geometric structure G you want to put on
moduli spaces M(S, J, 3).

(b) Prove that moduli spaces M(S, J, 3) really do have geometric
structure G. Prove that relationships between curve moduli spaces
(e.g. boundary formulae) lift to relations between the structures G.
(c) Prove that given a compact topological space X with structure
G you can define a ‘number of points’ in X, in Z or Q or some
homology theory. (This is a virtual cycle or virtual chain construction.)
(d) Derive some interesting consequences in symplectic geometry —
define Gromov—Witten invariants, Lagrangian Floer cohomology,
Fukaya categories, Symplectic Field Theory, etc.

Of these, (b) is the most difficult. My focus today is on (a),(c).
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There are broadly three current approaches in the literature:

(i) (The Fukaya school.) Geometric structure G is called a
Kuranishi space. Fukaya—Ono 1999, Fukaya—Oh—Ohta—Ono 2009-.
(i) (The Hofer school.) Geometric structure G is called a polyfold.
(Actually, a ‘Fredholm section of a polyfold bundle over a polyfold'.)
Hofer, Wysocki and Zehnder 2005-2025 (?).

(iii) (The rest of the world.) Make strong assumptions on

geometry, e.g. (S,w) exact, J generic. Then ensure that moduli
spaces M(S, J, B) are manifolds (or at least ‘pseudomanifolds’).

Kuranishi spaces and polyfolds are philosophically opposed:
Kuranishi spaces remember only minimal information about the
moduli problem, but polyfolds remember essentially everything.
There has been a lot of debate about the Fukaya—Oh—Ohta—Ono
(FOOO) theory. The early versions certainly had serious problems.
Their more recent work looks correct to me, as far as | can tell.
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Derived Differential Geometry and Kuranishi spaces

The Derived Algebraic Geometry of Jacob Lurie and Toén-Vezzosi
Is @ major subject. It studies ‘derived schemes’ and ‘derived
stacks’, enhanced versions of classical schemes and stacks with a
richer geometric structure. In moduli problems, this geometric
structure remembers about obstructions as well as deformations.
There is a much less well-known subject of Derived Differential
Geometry, the study of ‘derived’ smooth manifolds and orbifolds. It
began in 2008 with the thesis of Lurie's student David Spivak on
derived smooth manifolds, which was simplified by Borisov—Noel
(2011, 2012) and myself (2010-).

If you know FOOO Kuranishi spaces well, and you read Spivak’s
thesis on derived manifolds, you immediately have a revelation:

@ FOOO Kuranishi spaces ought to be defined to be derived
orbifolds (possibly with corners).

@ Some of the problems in the FOOO theory are due to a lack
of ‘derived’ ideas, especially the need for higher categories.
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The first definitions of derived manifolds (Spivak; Borisov—Noél;

my 2-category of ‘d-manifolds’ dMan) were special examples of
‘derived C°°-schemes’, derived schemes over C°°-rings, using

heavy machinery from algebraic geometry. However, | now have a
new definition (arXiv:1409.6908) based on FOOO Kuranishi

spaces, which | will explain today. The two definitions are
equivalent in the sense that my ‘m-Kuranishi spaces’ form a
2-category mKur with an equivalence dMan ~ mKur.

To see why there should be two definitions, note that an n-manifold
structure on a Hausdorff, second countable topological space X is:

(a) A sheaf Ox of R-algebras locally isomorphic to (R", Ogr), for
Ogr the sheaf of smooth f : R” — R. (Compare d-manifolds.)

(b) An atlas of charts {(V;, ;) : i € I}, where V; C R" is open,
and v; : V; — X is a homeomorphism with open Imvy; C X

for i € 1, and ¢t o by ¢ H(Imayy) — o7 H(Imyy) s a
diffeomorphism for i, j € I. (Compare Kuranishi spaces.)
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2. The definition of p-Kuranishi spaces

| define 2-categories mKur of m-Kuranishi spaces, the ‘manifold’
version, and Kur of Kuranishi spaces, the ‘orbifold’ version, with
mKur C Kur. | also define a simplified ordinary category puKur of
‘u-Kuranishi spaces’, with uKur ~ Ho(mKur). For simplicity,
today | will only explain p-Kuranishi spaces.

Definition 2.1

Let X be a topological space. A u-Kuranishi neighbourhood on X

is a quadruple (V, E,s, 1) such that:

(a) V is a smooth manifold.

(b) m: E — V is a vector bundle over V, the obstruction bundle.

(c) s € C*°(E) is a smooth section of E, the Kuranishi section.

(d) 7 is a homeomorphism from s~1(0) to an open subset Im 1 in
X, where Im ) is called the footprint of (V, E,s, ).

If S C X is open, we call (V, E,s, ) a u-Kuranishi neighbourhood
over Sif SCImvy C X.
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Definition 2.2

Let X be a topological space, (Vi, E;, si, ¢i), (V;, Ej, sj, ;) be
p-Kuranishi neighbourhoods on X, and § C Im¢; N Im1; C X be
an open set. Consider triples (Vj, ¢jj, qAﬁ,J) satisfying:
(a) Vj is an open neighbourhood of - (S) in V.
(b) ¢ : Vij = Vj is smooth, with 1); = 1) o ¢;; on si_l(O) N Vj.
(c) éu ; EA,-|VU — ¢3(Ej) is a morphism of vector bundles on Vj;,
with 3;(silv,) = 65(s) + O(s?). A
Define an equivalence relation ~ on such triples (Vj;, ¢jj, ¢ij) by
(Vi 63 $5)~ (V. 0. &) If there are open 1;7(S)C V5. V4NV
and a morphism A : E,-|\-/U — quj-(T\/j)J\-/U of vector bundles on V/;
satisfying (bf-j:gb;j+A-s;+O(5i2) and ¢ = ;i +N\-¢7;(ds;)+O(s) on
\7,-J-. We vAvrite [Vii, dij ngﬁ,J] for tAhe ~-equivalence class of
(Vij, dij, dig), and call [V, ¢y, @] = (Vi Ei si, ¥i) = (V) Ej, 55, 1h))
a morphism of p-Kuranishi neighbourhoods over S.
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Given morphisms [\/I_jy¢l_]7$l_j] . (\/17 Ei75i7¢i) — (\/J? Ej75j7/¢j)'
[Viks Djks dik] = (V) Ej, 55, 5) — (Vi Ek, sk, k) of p-Kuranishi
neighbourhoods over S C X, the composition is

[Vik: djk: Sl o [Vig, ¢ij, b1 = [0 (Vi) djkc © b, 857 (D) © D]
(Vi, Eis siy i) — (Vi Ek, Sk ¥k)-
Then p-Kuranishi neighbourhoods over S C X form a category

mKurs(X). We call [Vj, ¢;, 6;] a p-coordinate change over S if
it is an isomorphism in mKurg(X). We have:

Theorem 2.3

A morphism [\/I_j7 ¢I_]7 &IJ] . (\/Ia Ei75i7¢i) — (\/_]7 Eja S_ja,(pj) Is a
p-coordinate change over S if and only if for all x € S with
vi = ;1 (x) and v; = ¢j_1(x), the following sequence is exact:

d5i|vi@ TV,'¢ij (Z)ij’vi@ _d5j|vj
0— 1T,V Ei|v,-@TvJ-Vj Ej|\/j_>0-
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The sheaf property of morphisms

Theorem 2.4
Let (V;, Ei, si, i), (V}, Ej, sj, ;) be p-Kuranishi neighbourhoods
on X. For each open S C Im); N Im1);, write
’Hom((\/,-, Ei,si,vi), (V, Ej, s}, wj))(S) for the set of morphisms
o (Vi, Ei,si, i) = (V), Ej, sj,)) over S, and for all open
T C S CImvy; NImp; define

PST - Hom((\/,, E,', Si, Lb,'), (VJ, Ej, Sj, ¢J))(5) —

Hom((\/,-, Ei, si, ¥i), (V;, Ej75j7¢j))(7_) by pst: ®jj— &j|T.
Then Hom((\/,-, Ei, si,vi), (V, Ej, sj, wj)) is a sheaf of sets on
Im v;NIm«p;. Similarly, ji-coordinate changes from (V;, Ej, si, ;) to
(Vj, Ej, sj,vj) are a subsheaf of Hom((\/,-, Ei, si, i), (V], Ej,sj,wj))

v

This is not obvious. It means we can glue (iso)morphisms of
pu-Kuranishi neighbourhoods over the sets of an open cover.
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Definition 2.5

Let X be a Hausdorff, second countable topological space, and
n € Z. A p-Kuranishi structure IC on X of virtual dimension n is
data I = (/, (V,, E;, S,',w,'),'e/, (b,'j, i,jG/)v where:
(a) Iis an indexing set.
(b) (Vi Ei, si, ;) is a pu-Kuranishi neighbourhood on X for each
I € [, with dimA\/,- —rank E; = n.
(c) i = [V, dij, 0ij] - (Vi, Eiysiybi) = (V) Ej, s7,1)) is a
p-coordinate change over S = Im; NIm; for all i,j € /.
(d) Ui/ Imyp; = X
(e) ®;; = id(Vi,Ei,Siﬂﬁi) forall i e [.
(f) ®jx o ®jj = Py forall i,j, k € | over
S=Imy;N Imp; N Im .
We call X = (X, K) a pu-Kuranishi space, of virtual dimension
vdim X = n.
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Definition 2.6

Let f : X — Y be a continuous map of topological spaces,

(Vi, Ei,si,vi), (W, Fj, tj, x;) be p-Kuranishi neighbourhoods on

X,Y,and S C Imy; N f~1(Im ;) C X be an open set. Consider

triples (Vj, fjj, f-) satisfying:

(a) Vj is an open neighbourhood of 1 *(S) in V.

(b) fij : Vij = W is smooth, with f o4); = x; o fj on s71(0) N Vj;.

(c) f,J Eilv, — f*(F-) is a morphism of vector bundles on V/;,
with £(silv,) = £7(t) + O(s?).

Define an equivalence relation ~ by (Vj;, fj, f,J) (\/,j7 fU’, f’) if

there are open 1 1(S)C V;; C V ﬂV’ and A: E\V — fU"‘(TWJ)\VU

with fi=1f;+A-s;+0(s?) and f, f,J+/\ f*(dtj)—l—O(s,-). We write

[Vi, fij, fU] for the ~- equwalence class of (Vj;, fj, f-) and call

[Vii, fij, f,J] : (Vi, Ei, siy i) = (W, Fj, tj, xj) @ morphism over S, f.

v
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When Y = X and f = idx, this recovers the notion of morphisms
of pu~Kuranishi neighbourhoods on X. We have the obvious notion
of compositions of morphisms of p-Kuranishi neighbourhoods over
f:X—=Yandg:Y — Z

Here is the generalization of Theorem 2.4:

Theorem 2.7

Let (Vi, Ei,si, i), (W;, Fj, tj, x;) be p-Kuranishi neighbourhoods
on X,Y,and f : X = Y be continuous. Then morphisms from
(Vi, Ei, si, i) to (W, Fj, tj, xj) over f form a sheaf

Homf((\/,-, E;. s, LD,'), (VVJ, Fj, tj, Xj)) on Im ¢; N f_l(Il’Il Xj)-

This will be essential for defining compositions of morphisms of
pu-Kuranishi spaces. The lack of such a sheaf property in the
FOQOO theory is why FOOO Kuranishi spaces are not a category.
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Definition 2.8
Let X = (X,IC) with I = (/, (V,, E,',S,',@D,‘),'e[,q),','/’ i,i’El) and
Y = (Y,ﬁ) with £ = (J, (VVJ, Fj, tj,Xj)jeJ, wjj’,j,j’GJ) be
u-Kuranishi spaces. A morphism f : X — Y is
f = (f, fij j€[7j€_j), where f : X — Y is a continuous map, and
fi =[Vy,fi, 5] (Vi, Eiysi,00) — (W, Fiy g, x;) is a morphism of
p-Kuranishi neighbourhoods over S = Im; N f~1(Imy;) and f
for all i € I, j € J, satisfying the conditions:
(a) Ifi,i" € I and j € J then fy1j o ®ji|s = Fjj|s over
S =TIm; NImey N F(Imy;) and f.
(b) If i €l and j,j’ € J then W o fij|s = fjp|s over
S=TImy;Nf YImyx; NImy;) and f.
When Y = X, so that J =/, define the identity morphism
idx X = X by idx = (idx,(b,'j’ i,jEI)-
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Composition of morphisms in puKur

Let X = (X,I) with Z = (/, (U,', D;,r, (ﬁ,‘),’eh CD,','/’ i,i’El) and

Y = (Y,j) with J = (J, (VJ, Ej75j7wj)j€J7 wjj’,j,j’EJ) and

Z = (Z,K) with K = (K, (Wk, Fi, tk, €k)kek s =ki/, kkek ) be
p-Kuranishi spaces, and f = (f,f;): X = Y,

g = (g,gjk) .Y — Z be morphisms. Consider the problem of how
to define the composition go f : X — Y.

For all i € I and k € K, g o f must contain a morphism

(g o f),'k ) (U,', D;, r,-,(b,-) — (Wk, Fp, tk,fk) defined over

Sik =Imo¢p; N (g o f)_l(Imﬁk) and gof.

For each j € J, we have a morphism

gixofij: (Ui, Di,ri,¢i) = (Wi, Fi, tk, k), but it is defined over
Sik =Im¢; N F1(Imv;) N (gof) t(Imék) and g o f, not over
the whole of Sj = Im¢; N (g o f)~(Im&x).

Dominic Joyce A new theory of Kuranishi spaces

The category of pu-Kuranishi spaces

Composition of morphisms in puKur

The solution is to use the sheaf property of morphisms, Theorem
2.7. The sets Sy for j € J form an open cover of Sj. Using
Definition 2.8(a),(b) we can show that

gk © fij|5ijkﬂ5,-j/k = g1k © fU"SkaS,-j/k- Therefore by Theorem 2.7
there is a unique morphism of u-Kuranishi neighbourhoods

(g o f),'k : (U,', D;,r;, qb,) — (Wk, Fp, tk,fk) defined over S;, and
gof with (gof)ils, = gjofjforall j€J. We show that
gof = (go f,(gof)i, iel keK) is a morphism gof : X — Z of
pu-Kuranishi spaces, which we call composition.

Composition is associative, and makes p-Kuranishi spaces into a
category uKur.
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Comparison with m-Kuranishi spaces and Kuranishi spaces

To define mKur and Kur instead of uKur, we must work with
2-categories throughout. So we define (m-)Kuranishi
neighbourhoods (V;, E;, s;,v;) or (Vi, Ei, i, si, ;) on X, and
1-morphisms ®;; between them, and 2-morphisms Aj; : ®;; = be-j
between 1-morphisms. A Kuranishi structure K on X assigns an
open cover of X by (m-)Kuranishi neighbourhoods, with
coordinate changes ®;; on double overlaps Im¢; N Im1);, and
2-morphisms Ajjy : ®j o ®;; = ®j on triple overlaps

Im; NIm; N Im),. This leads to an awful lot of notation.
We need 2-categories to do orbifolds/Kuranishi spaces properly
(the analogues of Theorems 2.4 and 2.7 are false in the orbifold
case if we try to work with ordinary categories). Also, some
important constructions such as fibre products of (m-)Kuranishi

spaces need the 2-category structure, and don't work in puKur, or
Ho(mKur), or Ho(Kur).
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Differential geometry of (m-)Kuranishi spaces

Manifolds and orbifolds include into m-Kuranishi spaces and
Kuranishi spaces, in a diagram of 2-categories

Man - mKur
= _ <y
Orb Kur.

Much of the differential geometry of ordinary manifolds extends
nicely to Kuranishi spaces. There are good notions of dimension,
orientation, submersions, immersions, embeddings, transversality
and fibre products, gluing by equivalences on open covers. There
are also good notions of (m-)Kuranishi space with boundary and
corners, forming 2-categories mKur C mKur? ¢ mKur® and

Kur C Kur® C Kur®. Some results are stronger than the classical
case. For example, if g: X — Z and h: Y — Z are 1-morphisms
in Kur with Z a manifold or orbifold then a fibre product

X Xg zp Y exists in Kur, without further transversality conditions.
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3. M-(co)homology and virtual cycles

Virtual cycles/virtual chains in symplectic geometry are usually set
up as follows, at least in the FOOO theory. Suppose X is a
compact, oriented Kuranishi space (possibly with corners) with
dimension vdim X = n, Y an (oriented) manifold or orbifold, and
f: X — Y a l-morphism (smooth map). If 90X = () we would like
to define a virtual class [[X]virt] in the homology group H,(Y; Q)
(or the Poincaré dual cohomology group HI™Y="(Y; Q)).

For example, if X = M (S, J, B) is a Gromov-Witten moduli
space with evaluation maps ev; : Mg «(S5,J,5) = S, i=1,...,k,
T Mg (S, J,8) = Mgk then [[Mg (S, J, 8)lvict] in

Hn(S% x Mg k; Q) are basically the Gromov-Witten invariants of S.
If OX # () we must work at the (co)chain level, so we have to
choose a chain complex (C*(Y;@),(?) computing H.(Y;Q), and
define a virtual (co)chain [X]virt € Ca(Y; Q). This should have
nice properties including O[X]virt = [0X]virt, so that if 90X = ()
then again we have a virtual class [[X]virt] € Ha(Y; Q).
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In the Fukaya—Oh—Ono—Ohta Lagrangian Floer cohomology theory,
one studies moduli spaces M (3) of prestable J-holomorphic discs
> in S with boundary in a Lagrangian L, and k boundary marked
points. The M () are Kuranishi spaces with corners, with
‘evaluation maps’ ev; : M (8) — Lfor i =1,...,k, and

OM(B)=]] I Mit1(51) Xeviin,tieviis Mjs1(52). (3.1)
i+j=k f1+B2=p
To make the homological algebra in the theory work nicely, we
would like to be able to choose our (co)chain theory (Ci(—; Q),d)
and virtual chains [—]yirt such that (3.1) translates to a
(co)chain-level equation

O[M i (B)]virt :Z [Mir1(81)]vint Uniir L [Mjt1(82)]virts (3.2)
i+j=k, 1+B2=p

where U is a (co)chain-level cup product/intersection product.
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Which (co)homology theory of manifolds/orbifolds is best?

FOOO 2009 used singular homology for the chain complex
(C(Y;Q),0). Then (3.2) makes no sense, as singular homology
of manifolds has no chain-level intersection product. This made
the homological algebra much more complicated than it need be.
Their more recent work uses de Rham cohomology, where (3.2)
makes sense with U the wedge product of exterior forms. They are
forced to work with (co)homology over R, not Q or Z. Defining
virtual (co)chains is messy, involving perturbing Kuranishi spaces.
In arXiv:1509.05672 | define new (co)homology theories

MH.(Y; R), MH*(Y; R) of manifolds and orbifolds Y, called
M-(co)homology, which have very good behaviour at the (co)chain
level, and are specially designed for constructing virtual (co)chains
for Kuranishi spaces in. They satisfy the Eilenberg—Steenrod axioms,
and so have canonical isomorphisms MH.(Y; R) = H.(Y;R),
MH*(Y; R) = H*(Y; R) with ordinary (co)homology.
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M-chains and M-cochains

Let Y be a manifold (or effective orbifold), R a commutative ring,
and k € Z. The M-chain group MC,(Y; R) is the R-module
spanned by isomorphism classes [V, n, s, t] of quadruples
(V,n,s,t), where V is an oriented manifold with corners, and

n € N withdimV =n+k, and s: V — R" is a smooth map in
Man® which is proper near 0 € R" (so that s~1(0) is compact),
and t: V — Y is a smooth map. These generators [V, n, s, t] in
MC,(Y; R) are subject to some complicated relations we will not give.
The boundary operator 0 : MC,(Y; R) — MCy_1(Y; R) is
0:[V,n,s, t] =~ [0V, n,s,t].

The story for M-cohomology and M-cochains MCK(Y; R) is
similar, except that t : V' — Y must be a cooriented submersion
rather than V oriented, and dimV + kK =dim Y + n.

There is a second version called rational M-(co)homology defined
for R a (Q-algebra, with different relations. The cup product is
supercommutative at the cochain level in rational M-cohomology.
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Why M-(co)homology is good for virtual (co)chains

Let X be a compact, oriented m-Kuranishi space with corners and
t : X — Y a l-morphism. Then X is covered by m-Kuranishi
neighbourhoods (V;, Ej, s;, 1), where V; is a manifold with corners,
and t is represented on each by a smooth map t; : V; — Y.
Suppose that E; — V; is a trivial vector bundle V; x R" — V;.
Then we can regard s; : V; — E; as a smooth map s; : V; — R,
Neglecting properness issues, [V;, n;, s;, t;] is an M-chain in
MC,.(Y;R). Thus, locally on X, to define a virtual chain for

t : X — Y we just have to trivialize the obstruction bundles E;.
The relations in MC,(Y’; R) are compatible with coordinate changes.
(The rest is work in progress.) | intend to define notions of
strong (m-)Kuranishi spaces, which are special examples of
(m-)Kuranishi spaces with trivial obstruction bundles E; — V;. |
will prove that strong (m-)Kuranishi spaces have canonical virtual
chains in M-(co)homology. | will show that any (m-)Kuranishi
space is equivalent in mKur/Kur to a strong (m-)Kuranishi space.
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Postscript: integrality properties of G-W invariants

Here is a future project that | believe will be possible in my
Kuranishi space theory. Given f : X — Y, if X is a general
Kuranishi space (the orbifold version), we define virtual cycles [X]yirt
in rational homology H.(Y;Q), but if X is an m-Kuranishi space
(the manifold version), we can do it in integral homology H.(Y; Q).
| believe that if X is a Kuranishi space with a little extra structure
— an ‘almost complex structure’ on the ‘virtual normal bundle’ of
each orbifold stratum — which is natural for G-W moduli spaces,
then there is a method to define a blow-up 7 : X — X of X at its
orbifold strata, with X an m-Kuranishi space (actually, an
m-Kuranishi space in a category of singular manifolds). Then
fom: X — Y has a virtual class in integral homology H,(Y;Z).
This provides a way to systematically define Gromov-Witten type
invariants in integral homology, and hopefully to study integrality
properties of ordinary G-W invariants. | would be interested in
discussing this with people.
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