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7. Orbifolds
7.1. Introduction

Orbifolds X are generalizations of manifolds which are locally
modelled on Rn/Γ for Γ a finite group acting linearly on Rn.
If Γ acts effectively on Rn (i.e. the morphism Γ→ GL(n,R) is
injective, so that Γ is a subgroup of GL(n,R)) then X is called an
effective orbifold. Some authors include this in the definition.
Orbifolds were introduced in 1956 by Satake, who called them
‘V-manifolds’. Thurston gave them the name ‘orbifolds’ in 1980.
Lots of differential geometry for manifolds also works for orbifolds,
often with only minor changes. Orbifolds are important in some
kinds of ‘moduli space’ and ‘invariant’ theories, particularly for
J-holomorphic curves in symplectic geometry and Gromov–Witten
invariants, where one must “count” ‘Deligne–Mumford stable
curves’ with finite symetry groups Γ, which makes the moduli
spaces (derived) orbifolds rather than (derived) manifolds.
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There are some subtle issues around defining ‘smooth maps’ of
orbifolds, and so making orbifolds into a category (or higher
category), and there are several non-equivalent definitions in the
literature, both ‘good’ and ‘bad’. For the ‘bad’ definitions, some
differential-geometric operations such as transverse fibre products,
or pullbacks of vector bundles, are not always defined.
The best answer is that orbifolds form a 2-category Orb, in which
all 2-morphisms are 2-isomorphisms (i.e. a (2,1)-category).
Orbifolds are a kind of differential-geometric stack, and stacks
form (2,1)-categories. There are at least five definitions of (strict
or weak) 2-categories of orbifolds, giving equivalent 2-categories.
‘Good’ definitions of ordinary categories of orbifolds yield a
category equivalent to Ho(Orb). In Ho(Orb), morphisms
[f] : X→ Y are not local (do not form a sheaf) on X. If you try to
define an ordinary category of orbifolds in which smooth maps
f : X→ Y are local on X, you get a ‘bad’ definition.
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To see what these issues are, suppose f : X→ Y is a smooth map
of orbifolds, and x ∈ X, y ∈ Y with f(x) = y , and X,Y are
modelled near x , y on [U/Γ], [V /∆] for U ⊆ Rm, V ⊆ Rn open
and Γ,∆ finite groups acting linearly on Rm,Rn preserving U,V .
Näıvely, we would expect f to be locally given near x by a smooth
map of manifolds f ′ : U → V and a group morphism ρ : Γ→ ∆
such that f ′(γ · u) = ρ(γ) · f ′(u) for all u ∈ U and γ ∈ Γ, so that
f ′ induces a map of sets U/Γ→ V /∆.
Note that the map of sets f : U/Γ→ V /∆ does not determine f ′

and ρ uniquely. For any δ ∈ ∆, we can always replace f ′, ρ by f̃ ′, ρ̃
where f̃ ′(u) = δ · f ′(u) and ρ̃(γ) = δρ(γ)δ−1. For some f, there is
more choice of f ′, ρ than this.
The definition of smooth map f : X→ Y needs to remember some
information about allowed choices of (f ′, ρ). To see this is
2-categorical, think of (f ′, ρ), (f̃ ′, ρ̃) as 1-morphisms
(U, Γ)→ (V ,∆), and δ : (f ′, ρ)⇒ (f̃ ′, ρ̃) as a 2-morphism.

5 / 45 Dominic Joyce, Oxford University Lecture 7: Orbifolds

Orbifolds
Kuranishi spaces

Introduction
Orbifold charts and coordinate changes
Stacks on topological spaces
The weak 2-category of orbifolds Orb

We will discuss some examples before formally defining orbifolds.

Example 7.1

Let X be a manifold, and G a finite group, so that [∗/G ] is a
(noneffective) orbifold. What are ‘smooth maps’ f : X → [∗/G ]?
The answer should be: in the 2-category Orb,

1-morphisms f : X → [∗/G ] should correspond to principal
G -bundles P → X .
For 1-morphisms f, f̃ : X → [∗/G ] corresponding to principal
G -bundles P, P̃ → X , 2-morphisms η : f⇒ f̃ should
correspond to isomorphisms of principal bundles P ∼= P̃.

Therefore in the homotopy category Ho(Orb), morphisms
[f] : X → [∗/G ] correspond to isomorphism classes of principal
G -bundles P → X .
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Non-locality of morphisms in Ho(Orb)

Example 7.2

Let X = S1 ⊂ R2 and G = Z2. Then X = U ∪ V for
U = S1 \ {(1, 0)}, V = S1 \ {(−1, 0)}. There are two principal
Z2-bundles on S1 up to isomorphism, with monodromy 1 and −1
around S1. But on U ∼= R ∼= V there are only one principal
Z2-bundle (the trivial bundle) up to isomorphism.
Therefore morphisms [f] : S1 → [∗/Z2] in Ho(Orb) are not
determined by their restrictions [f]|U , [f]|V for the open cover
{U,V } of S1, so such [f] do not form a sheaf on S1.

Regarding X as a quotient [S1/{1}], this example also shows that
morphisms f : [U/Γ]→ [V /∆] in Orb or Ho(Orb) are not globally
determined by a smooth map f ′ : U → V and morphism
ρ : Γ→ ∆, as f ′ : S1 → ∗, ρ : {1} → Z2 are unique, but f is not.

7 / 45 Dominic Joyce, Oxford University Lecture 7: Orbifolds

Orbifolds
Kuranishi spaces

Introduction
Orbifold charts and coordinate changes
Stacks on topological spaces
The weak 2-category of orbifolds Orb

Example 7.3 (Hilsum–Skandalis morphisms)

Suppose U,V are manifolds and Γ,∆ are finite groups acting
smoothly on U,V , so that X = [U/Γ], Y = [V /∆] are orbifolds
(‘global quotient orbifolds’). The correct notion of 1-morphism
X→ Y in Orb is induced by a triple (P, π, f ), where

P is a manifold with a smooth action of Γ×∆
π : P → U is a Γ-equivariant, ∆-invariant smooth map
making P into a principal ∆-bundle over U.
f : P → V is a smooth ∆-equivariant and Γ-invariant map.

This is called a Hilsum–Skandalis morphism.
2-morphisms η : (P, π, f )⇒ (P̃, π̃, f̃ ) are Γ×∆-equivariant
diffeomorphisms η : P → P̃ with π̃ ◦ η = π, f̃ ◦ η = f .
If (Q, π, g) : [V /∆]→ [W /K ] is another morphism then
composition of 1-morphisms is

(Q, π, g) ◦ (P, π, f ) =
(
(P ×f ,V ,π Q)/∆, π ◦ πP , g ◦ πQ

)
,

where P ×f ,V ,π Q is a transverse fibre product of manifolds.
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Suppose (P, π, f ) : [U/Γ]→ [V /∆] is a Hilsum–Skandalis
morphism with U connected, and P = U ×∆ is a trivial ∆-bundle,
with ∆-action δ : (u, δ′) 7→ (u, δδ′). The Γ-action on P commutes
with the ∆-action and πU : U ×∆→ U is Γ-equivariant, so it
must be of the form γ : (u, δ) 7→ (γ · u, δρ(γ)−1) for ρ : Γ→ ∆ a
group morphism. Define f ′ : U → V by f ′(u) = f (u, 1). Then f
∆-equivariant implies that f (u, δ) = δ · f ′(u), and f Γ-invariant
implies that f ′(γ · u) = ρ(γ) · f ′(u).
Thus, if P is a trivial ∆-bundle then (P, π, f ) corresponds to the
‘näıve’ notion of morphisms [U/Γ]→ [V /∆] discussed before.
Since every principal ∆-bundle is locally trivial, every
Hilsum–Skandalis morphism is locally of the expected ‘näıve’ form.
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Example 7.4 (Weighted projective spaces)

Let n and a0, . . . , an be positive integers, with hcf(a0, . . . , an) = 1.
Define the weighted projective space CPn

a0,...,an = (Cn+1 \ {0})/C∗,
where C∗ acts on Cn+1 \ {0} by

λ : (z0, z1, . . . , zn) 7−→ (λa0z0, . . . , λ
anzn).

Then CPn
a0,...,an is a compact complex orbifold. Near [z0, . . . , zn] it

is modelled on Cn/Zk , where k is the highest common factor of
those ai for i = 0, . . . , n with zi 6= 0.
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Example 7.5

CP1
2,1 is topologically a 2-sphere S2. It has one orbifold point [1, 0]

where it is locally modelled on C/{±1}, and CP1
2,1 \ [1, 0] ∼= C.

Suppose for a contradiction that CP1
2,1
∼= [U/Γ] for U a manifold

and Γ a finite group. Let [1, 0] ∼= uΓ and [0, 1] ∼= vΓ, and let
∆ ⊆ Γ be the subgroup fixing u, so that ∆ ∼= Z2. Write
U ′ = U \ uΓ, U ′′ = U \ vΓ and U ′′′ = U ′ ∩ U ′′. Then
U ′ → U ′/Γ = CP1

2,1 \ [1, 0] = C is a |Γ| : 1 covering map, so that
U ′ is |Γ| copies of C as C is simply-connected, and U ′′′ is |Γ| copies
of C \ {0}. Also U ′′/∆→ U ′′/Γ = CP1

2,1 \ [0, 1] = C/Z2 is a
|Γ|/2:1 covering map, so U ′′/∆ is |Γ|/2 copies of C/Z2, and U ′′ is
|Γ|/2 copies of C, and U ′′′ is |Γ| copies of C\{0}, a contradiction.
Hence CP1

2,1 cannot be a global quotient [U/Γ] for Γ finite.

This example shows we need to define orbifolds X by covering X by
many open charts Ui ⊂ X with Ui

∼= [Ui/Γi ].
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7.2. Orbifold charts and coordinate changes

We now give one definition of a weak 2-category of orbifolds Orb,
taken from my arXiv:1409.6908, §4.5. It is a dry run for the
definition of Kuranishi spaces Kur.

Definition 7.6

Let X be a topological space. An orbifold chart (Vi , Γi , ψi ) on X is
a manifold Vi , a finite group Γi acting smoothly on Vi , and a map
ψi : Vi/Γi → X which is a homeomorphism with an open set
Imψi ⊆ X . We write ψ̄i : Vi → X for the composition

Vi → Vi/Γi
ψi−→X . If X ′ ⊆ X is open, the restriction of (Vi , Γi , ψi )

to X ′ is (Vi , Γi , ψi )|X ′ := (V ′i , Γi , ψ
′
i ), where V ′i = ψ̄−1

i (X ′) and
ψ′i =ψi |V ′i /Γi

.

12 / 45 Dominic Joyce, Oxford University Lecture 7: Orbifolds



Orbifolds
Kuranishi spaces

Introduction
Orbifold charts and coordinate changes
Stacks on topological spaces
The weak 2-category of orbifolds Orb

Definition 7.7

Let (Vi , Γi , ψi ), (Vj , Γj , ψj) be orbifold charts on X with
Imψi = Imψj . A coordinate change
(Pij , πij , φij) : (Vi , Γi , ψi )→ (Vj , Γj , ψj) is Pij , πij , φij , where

Pij is a manifold with a smooth action of Γi × Γj .
πij : P → Vi is a Γi -equivariant, Γj -invariant smooth map
making Pij into a principal Γj -bundle over Vi .
φij : Pij → Vj is a Γj -equivariant, Γi -invariant smooth map
making Pij into a principal Γi -bundle over Vj .

If (Pij , πij , φij), (P̃ij , π̃ij , φ̃ij) : (Vi , Γi , ψi )→ (Vj , Γj , ψj) are
coordinate changes, a 2-morphism η : (Pij , πij , φij)⇒ (P̃ij , π̃ij , φ̃ij)
is a Γi × Γj -equivariant diffeomorphism η : Pij → P̃ij with
π̃ij ◦ η = πij , φ̃ij ◦ η = φij . If X ′ ⊆ X is open, we can restrict
coordinate changes and 2-morphisms to X ′ by (Pij , πij , φij)|X ′ :=(
(ψ̄i ◦ πij)−1(X ′), πij |···, φij |···

)
and η|X ′ := η|(ψ̄i◦πij )−1(X ′).
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Definition 7.8

If (Pjk , πjk , φjk) : (Vj , Γj , ψj)→ (Vk , Γk , ψk) is another coordinate
change then composition of coordinate changes is

(Pjk , πjk , φjk) ◦ (Pij , πij , φij)=
(
(Pij ×φij ,Vj ,πjk

Pjk)/Γj , πij ◦ πPij , φjk ◦ πPjk

)
,

where Pij ×φij ,Vj ,πjk Pjk is a transverse fibre product of manifolds.

If η : (Pij , πij , φij)⇒ (P̃ij , π̃ij , φ̃ij) and

ζ : (P̃ij , π̃ij , φ̃ij)→ (P̂ij , π̂ij , φ̂ij) are 2-morphisms, the vertical

composition is ζ � η = ζ ◦ η : Pij → P̂ij .
If η : (Pij , πij , φij)⇒ (P̃ij , π̃ij , φ̃ij) and ζ : (Pjk , πjk , φjk)⇒
(P̃jk , π̃jk , φ̃jk) are 2-morphisms, the horizontal composition is

ζ ∗ η = (η ×Vj
ζ)/Γj : (Pij ×Vj

Pjk)/Γj → (P̃ij ×Vj
P̃jk)/Γj .

The identity coordinate change for (Vi , Γi , ψi ) is id(Vi ,Γi ,ψi ) :=
(Pii , πii , φii ) where Pii =Vi×Γi with Γi×Γi -action (γ1, γ2) : (v , δ) 7→
(γ1 · v , γ2δγ

−1
1 ), and πii : (v , γ) 7→ v , φii : (v , γ) 7→ γ · v .

The identity 2-morphism for (Pij , πij , φij) is id(Pij ,πij ,φij ) = idPij
.
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Theorem 7.9

Let X be a topological space, and S ⊆ X be open. Then we have
defined a strict 2-category CoordS(X ) with objects orbifold charts
(Vi , Γi , ψi ) on X with Imψi = S , and 1-morphisms coordinate
changes (Pij , πij , φij) : (Vi , Γi , ψi )→ (Vj , Γj , ψj), and 2-morphisms
η : (Pij , πij , φij)⇒ (P̃ij , π̃ij , φ̃ij) as above. All 1-morphisms in
CoordS(X ) are 1-isomorphisms, and all 2-morphisms are
2-isomorphisms. If T ⊆ S ⊆ X are open, then restriction
|T : CoordS(X )→ CoordT (X ) is a strict 2-functor.
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7.3. Stacks on topological spaces

In §3.2 we defined sheaves of sets E on a topological space X .
There is a parallel notion of ‘sheaves of groupoids’ on X , which is
called a stack (or 2-sheaf ) on X . As sets form a category Sets, but
groupoids form a 2-category Groupoids (in fact, a (2,1)-category),
stacks on X are a (2,1)-category generalization of sheaves.
The connection with stacks in algebraic geometry is that both are
examples of ‘stacks on a site’, where here we mean the site of open
sets in X , and in algebraic geometry we use the site of K-algebras
AlgK, regarded as a kind of generalized topological space.
As for sheaves, we define prestacks and stacks. Sheaves are
presheaves which satisfy a gluing property on open covers
{Vi : i ∈ I}, involving data on Vi and conditions on double
overlaps Vi ∩ Vj . For the 2-category generalization we need data
on Vi ,Vi ∩ Vj and conditions on triple overlaps Vi ∩ Vj ∩ Vk .
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Definition 7.10

Let X be a topological space. A prestack (or prestack in
groupoids, or 2-presheaf ) E on X , consists of the data of a
groupoid E(S) for every open set S ⊆ X , and a functor
ρST : E(S)→ E(T ) called the restriction map for every inclusion
T ⊆ S ⊆ X of open sets, and a natural isomorphism of functors
ηSTU : ρTU ◦ ρST ⇒ ρSU for all inclusions U ⊆ T ⊆ S ⊆ X of open
sets, satisfying the conditions that:

(i) ρSS = idE(S) : E(S)→ E(S) for all open S ⊆ X , and
ηSST = ηSTT = idρST for all open T ⊆ S ⊆ X ; and

(ii) ηSUV � (idρUV ∗ηSTU) = ηSTV � (ηTUV ∗ idρST ) :
ρUV ◦ ρTU ◦ ρST =⇒ ρSV for all open V ⊆ U ⊆ T ⊆ S ⊆ X .
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Definition (Continued)

A prestack E on X is called a stack (or stack in groupoids, or
2-sheaf ) on X if whenever S ⊆ X is open and {Ti : i ∈ I} is an
open cover of S , then (iii)–(v) hold, where:

(iii) If α, β : A→B are morphisms in E(S) and ρSTi
(α)=ρSTi

(β) :
ρSTi

(A)→ ρSTi
(B) in E(Ti ) for all i ∈ I , then α = β.

(iv) If A,B are objects of E(S) and αi : ρSTi
(A)→ ρSTi

(B) are
morphisms in E(Ti ) for all i ∈ I with

ηSTi (Ti∩Tj )(B) ◦ ρTi (Ti∩Tj )(αi ) ◦ ηSTi (Ti∩Tj )(A)−1

= ηSTj (Ti∩Tj )(B) ◦ ρTj (Ti∩Tj )(αj) ◦ ηSTj (Ti∩Tj )(A)−1

in E(Ti ∩ Tj) for all i , j ∈ I , then there exists α : A→ B in
E(S) (unique by (iii)) with ρSTi

(α) = αi for all i ∈ I .
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Definition (Continued)

(v) If Ai ∈ E(Ti ) for i ∈ I and αij : ρTi (Ti∩Tj )(Ai )→
ρTj (Ti∩Tj )(Aj) are morphisms in E(Ti ∩ Tj) for i , j ∈ I with

ηTk (Tj∩Tk )(Ti∩Tj∩Tk )(Ak)◦ρ(Tj∩Tk )(Ti∩Tj∩Tk )(αjk)◦ηTj (Tj∩Tk )(Ti∩Tj∩Tk )(Aj)
−1

◦ ηTj (Ti∩Tj )(Ti∩Tj∩Tk )(Aj)◦ρ(Ti∩Tj )(Ti∩Tj∩Tk )(αij)◦ηTi (Ti∩Tj )(Ti∩Tj∩Tk )(Ai )
−1

=ηTk (Ti∩Tk )(Ti∩Tj∩Tk )(Ak)◦ρ(Ti∩Tk )(Ti∩Tj∩Tk )(αik)◦ηTi (Ti∩Tk )(Ti∩Tj∩Tk )(Ai )
−1

for all i , j , k ∈ I , then there exist an object A in E(S) and
morphisms βi : Ai → ρSTi

(A) for i ∈ I such that for all i , j ∈ I
we have

ηSTi (Ti∩Tj )(A)◦ρTi (Ti∩Tj )(βi ) = ηSTj (Ti∩Tj )(A)◦ρTj (Ti∩Tj )(βj)◦αij .

In the examples we are interested in we have ρTU ◦ ρST = ρSU and
ηSTU = idρSU for all open U ⊆ T ⊆ S ⊆ X , so all the η···(· · · )
terms above can be omitted.
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In Theorem 6.6 we showed that coordinate changes of M-Kuranishi
neighbourhoods have a sheaf property. There is an analogous stack
property for coordinate changes of orbifold charts.

Theorem 7.11

Let (Vi , Γi , ψi ), (Vj , Γj , ψj) be orbifold charts on X . For each open
S ⊆ Imψi ∩ Imψj , write Coord

(
(Vi , Γi , ψi ), (Vj , Γj , ψj)

)
(S) for the

groupoid of coordinate changes (Pij , πij , φij) : (Vi , Γi , ψi )→
(Vj , Γj , ψj) over S, and for all open T ⊆ S ⊆ Imψi ∩ Imψj define

ρST : Coord
(
(Vi , Γi , ψi ), (Vj , Γj , ψj)

)
(S) −→

Coord
(
(Vi , Γi , ψi ), (Vj , Γj , ψj)

)
(T ) by ρST = |T ,

and for all open U ⊆ T ⊆ S ⊆ X define
ηSTU = idρSU : ρTU ◦ ρST = ρSU ⇒ ρSU .
Then Coord

(
(Vi , Γi , ψi ), (Vj , Γj , ψj)

)
is a stack on Imψi ∩ Imψj .

The nontrivial part of this is a gluing result for principal Γj -bundles
on a cover of Vi , with given isomorphisms on double overlaps and
an associativity condition on triple overlaps.
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7.4. The weak 2-category of orbifolds Orb
Definition 7.12

Let X be a Hausdorff, second countable topological space. An
orbifold structure O on X of dimension n ∈ N is data
O =

(
I , (Vi , Γi , ψi )i∈I , Φij , i ,j∈I , λijk, i ,j ,k∈I

)
, where:

(a) I is an indexing set.
(b) (Vi , Γi , ψi ) is an orbifold chart on X for each i ∈ I ,

with dimVi = n. Write Si = Imψi , Sij = Imψi ∩ Imψj , etc.
(c) Φij = (Pij , πij , φij) : (Vi , Γi , ψi )|Sij → (Vj , Γj , ψj)|Sij is a

coordinate change for all i , j ∈ I .
(d) λijk : Φjk ◦ Φij |Sijk ⇒ Φik |Sijk is a 2-morphism for all i , j , k ∈ I .
(e)

⋃
i∈I Imψi = X . (f) Φii = id(Vi ,Γi ,ψi ) for all i ∈ I .

(g) λiij = λijj = idΦij
for all i , j ∈ I .

(h) λikl � (idΦkl
∗λijk)|Sijkl = λijl � (λjkl ∗ idΦij

)|Sijkl :
Φkl ◦ Φjk ◦ Φij |Sijkl =⇒ Φil |Sijkl for all i , j , k , l ∈ I .

We call X = (X ,O) an orbifold, of dimension dimX = n.
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Recall that to define M-Kuranishi spaces in §6, which form a
category, we specified data on Si , Sij , and imposed conditions on
Sijk . Here for orbifolds, which form a 2-category, we specify data
on Si ,Sij ,Sijk , and impose conditions on quadruple overlaps Sijkl .
We call X an effective orbifold if the orbifold charts (Vi , Γi , ψi ) are
effective, that is, if Γi acts (locally) effectively on Vi for all i ∈ I .
We can also define 1-morphisms and 2-morphisms of orbifolds. To
do this, given a continuous map f : X → Y and orbifold charts
(Vi , Γi , ψi ), (Wj ,∆j , χj) on X ,Y , we have to define 1-morphisms
(Pij , πij , fij) : (Vi , Γi , ψi )→ (Wj ,∆j , χj) of orbifold charts over f ,
and 2-morphisms ηij : (Pij , πij , fij)⇒ (P̃ij , π̃ij , f̃ij), compositions
◦,�, ∗, and identities. These generalize Definitions 7.7 and 7.8 for
f = idX , so we leave them as an exercise.
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Definition 7.13

Let X = (X ,O) and Y = (Y ,P) be orbifolds, with
O =

(
I , (Vi , Γi , ψi )i∈I , Φii ′, i ,i ′∈I , λii ′i ′′, i ,i ′,i ′′∈I

)
and

P =
(
J, (Wj ,∆j , χj)j∈J , Ψjj ′, j ,j ′∈J , µjj ′j ′′, j ,j ′,j ′′∈J

)
. A 1-morphism

f : X→ Y is data f =
(
f , fij , i∈I , j∈J , F j , j∈J

ii ′, i ,i ′∈I , F jj ′, j ,j ′∈J
i , i∈I

)
, with:

(a) f : X → Y is a continuous map.
(b) fij = (Pij , πij , fij) : (Vi , Γi , ψi )→ (Wj ,∆j , χj) is a 1-morphism

of orbifold charts over f for all i ∈ I , j ∈ J.
(c) F j

ii ′ : fi ′j ◦ Φii ′ ⇒ fij is a 2-morphism over f for i , i ′ ∈ I , j ∈ J.

(d) F jj ′

i : Ψjj ′ ◦ fij ⇒ fij ′ is a 2-morphism over f for i ∈ I , j , j ′ ∈ J.

(e) F j
ii = F jj

i = idfij .

(f) F j
ii ′′�(idfi′′j ∗λii ′i ′′)=F j

ii ′�(F j
i ′i ′′ ∗ idΦii′ ) : fi ′′j ◦Φi ′i ′′ ◦Φii ′ ⇒ fi ′′j .

(g) F jj ′

i � (idΨjj′ ∗F
j
ii ′) = F j ′

ii ′ � (F jj ′

i ′ ∗ idΦii′ ) : Ψjj ′ ◦ fi ′j ◦Φii ′ ⇒ fij ′ .

(h) F j ′j ′′

i �(idΨj′j′′ ∗F
jj ′

i )=F jj ′′

i �(µjj ′j ′′ ∗ idfij ) : Ψj ′j ′′ ◦Ψjj ′ ◦ fij⇒ fij ′′ .

Here (c)–(h) hold for all i , j , . . . , restricted to appropriate domains.
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Definition 7.14

Let f, g : X→ Y be 1-morphisms of orbifolds, with

f =
(
f , fij , i∈I , j∈J , F j , j∈J

ii ′, i ,i ′∈I , F jj ′, j ,j ′∈J
i , i∈I

)
,

g =
(
g , gij , i∈I , j∈J , G j , j∈J

ii ′, i ,i ′∈I , G jj ′, j ,j ′∈J
i , i∈I

)
. Suppose the continuous

maps f , g : X → Y satisfy f = g . A 2-morphism η : f⇒ g is data
η = (ηij , i∈I , j∈J), where ηij : fij ⇒ gij is a 2-morphism of orbifold
charts over f = g , satisfying:

(a) G j
ii ′�(ηi ′j ∗idΦii′ )=ηij�F j

ii ′ : fi ′j ◦Φii ′⇒gij for i , i ′∈ I , j ∈J.

(b) G jj ′

i �(idΨjj′∗ηij)=ηij ′�F jj ′

i : Ψjj ′◦fij⇒gij ′ for i ∈ I , j , j ′∈J.

We can then define composition of 1- and 2-morphisms, identity 1-
and 2-morphisms, and so on, making orbifolds into a weak
2-category Orb.
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Composition of 1-morphisms g ◦ f is complicated: we have to use
the analogue of the stack property Theorem 7.11 for 1-morphisms
of orbifold charts to define (g ◦ f)ik in g ◦ f. This only determines
(g ◦ f)ik up to 2-isomorphism, so we have to make an arbitrary
choice to define g ◦ f. Because of this, we need not have
h ◦ (g ◦ f) = (h ◦ g) ◦ f, instead we prove the existence of a natural
2-isomorphism αh,g,f : h ◦ (g ◦ f)⇒ (h ◦ g) ◦ f. This is why Orb is a
weak 2-category rather than a strict 2-category.
Note that the arguments used here are of two kinds. First in
§7.1-§7.2 we use a lot of differential geometry to construct a
2-category of orbifold charts, and prove the stack property. But for
the second part in §7.3, there is no differential geometry, we use
2-categories and stack theory to define the weak 2-category Orb.
To generalize to Kuranishi spaces, we first need to construct a
2-category of Kuranishi charts, and prove the stack property. The
second part, construction of the weak 2-category Kur using
2-categories and stack theory, is standard, identical to Orb.
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Plan of talk:

8 Kuranishi spaces

8.1 Kuranishi neighbourhoods and coordinate changes

8.2 The 2-category of Kuranishi spaces Kur
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8. Kuranishi spaces

We now define a weak 2-category Kur of Kuranishi spaces X, a
kind of derived orbifold, following my arXiv:1409.6908, §4. One
can also define derived orbifolds using C∞-algebraic geometry by
generalizing the definition of d-manifolds, replacing C∞-schemes X
by Deligne–Mumford C∞-stacks X . This yields a strict 2-category
dOrb of d-orbifolds, as in my arXiv:1208.4948. There is an
equivalence of weak 2-categories Kur ' dOrb, so Kuranishi spaces
and d-orbifolds are interchangeable. Kuranishi spaces are simpler.
The definition of Kuranishi spaces combines those of M-Kuranishi
spaces in §6, and orbifolds in §7. We define 2-categories KurS(X )
of ‘Kuranishi neighbourhoods’ on X supported on open S ⊆ X ,
with restriction functors |T : KurS(X )→ KurT (X ) for open
T ⊆ S ⊆ X , and show they satisfy the stack property. Then the
same method as for orbifolds defines Kuranishi spaces as
topological spaces with an atlas of Kuranishi neighbourhoods.
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In fact ‘Kuranishi spaces’ (with a different, non-equivalent
definition, which we will call ‘FOOO Kuranishi spaces’) have been
used for many years in the work of Fukaya et al. in symplectic
geometry (Fukaya and Ono 1999, Fukaya–Oh–Ohta–Ono 2009), as
the geometric structure on moduli spaces of J-holomorphic curves.
There are problems with their theory (e.g. there is no notion of
morphism of FOOO Kuranishi space), and I claim my definition is
the ‘correct’ definition of Kuranishi space, which should replace the
FOOO definition. Any FOOO Kuranishi space X can be made into
a Kuranishi space X′ in my sense, uniquely up to equivalence in
Kur, so this replacement can be done fairly painlessly.
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8.1. Kuranishi neighbourhoods and coordinate changes

Definition 8.1

Let X be a topological space. A Kuranishi neighbourhood on X is
a quintuple (V ,E , Γ, s, ψ) such that:

(a) V is a smooth manifold.
(b) π : E → V is a vector bundle over V , the obstruction bundle.
(c) Γ is a finite group with compatible smooth actions on V and

E preserving the vector bundle structure.
(d) s : V → E is a Γ-equivariant smooth section of E , the

Kuranishi section.
(e) ψ :s−1(0)/Γ→X is a homeomorphism with an open Imψ⊆X .

We write ψ̄ for the composition s−1(0)→ s−1(0)/Γ
ψ−→X .

If S ⊆ X is open, we call (V ,E , Γ, s, ψ) a Kuranishi neighbourhood
over S if S ⊆ Imψ ⊆ X .

This is the same as Fukaya-Oh-Ohta-Ono Kuranishi neighbourhoods.
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Definition 8.2

Let X be a topological space, (Vi ,Ei , Γi , si , ψi ), (Vj ,Ej , Γj , sj , ψj)
be Kuranishi neighbourhoods on X , and S ⊆ Imψi ∩ Imψj ⊆ X
be open. A 1-morphism Φij : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj)

over S is a quadruple Φij = (Pij , πij , φij , φ̂ij) satisfying:
(a) Pij is a manifold with a smooth action of Γi × Γj , with the

Γj -action free.
(b) πij : Pij → Vi is Γi -equivariant, Γj -invariant, and étale. The

image Vij := πij(Pij) is a Γi -invariant open neighbourhood of
ψ̄−1
i (S) in Vi , and πij : Pij → Vij is a principal Γj -bundle.

(c) φij : Pij → Vj is a Γi -invariant and Γj -equivariant smooth map.

(d) φ̂ij : π∗ij(Ei )→ φ∗ij(Ej) is a Γi × Γj -equivariant morphism of
vector bundles on Pij , using the given Γi -action and the trivial
Γj -action on Ei , and vice versa for Ej .

(e) φ̂ij(π
∗
ij(si )) = φ∗ij(sj) + O(π∗ij(si )

2).

(f) ψ̄i ◦ πij = ψ̄j ◦ φij on π−1
ij (s−1

i (0)) ⊆ Pij .
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Here [Vij/Γi ] ⊆ [Vi/Γi ] is an open sub-orbifold, and
φij = (Pij , πij , φij) : [Vij/Γi ]→ [Vj/Γj ] is a Hilsum–Skandalis
morphism of orbifolds, as in §7.1. We can interpret Ei ,Ej as
orbifold vector bundles over [Vi/Γi ], [Vj/Γj ] with sections si , sj ,

and φ̂ij as a morphism Ei → φ∗ij(Ej) of vector bundles on [Vij/Γi ]

with φ̂ij(si ) = φ∗ij(sj) + O(s2
i ).

Thus, (Pij , πij , φij , φ̂ij) is the orbifold analogue of the morphisms

[Vij , φij , φ̂ij ] : (Vi ,Ei , si , ψi )→ (Vj ,Ej , sj , ψj) of M-Kuranishi
neighbourhoods in §6.1, with (Pij , πij , φij) in place of φij .

For M-Kuranishi spaces, we took equivalence classes [Vij , φij , φ̂ij ]

of triples (Vij , φij , φ̂ij). Here we do not take equivalence classes for
1-morphisms, but we will for 2-morphisms.
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Definition 8.3

Let Φij ,Φ
′
ij : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj) be 1-morphisms

of Kuranishi neighbourhoods over S ⊆ Imψi ∩ Imψj ⊆ X , where

Φij = (Pij , πij , φij , φ̂ij) and Φ′ij = (P ′ij , π
′
ij , φ
′
ij , φ̂
′
ij).

Consider triples (Ṗij , λij , λ̂ij) satisfying:

(a) Ṗij is a Γi × Γj -invariant open neighbhd of π−1
ij (ψ̄−1

i (S)) in Pij .

(b) λij : Ṗij → P ′ij is a Γi × Γj -equivariant smooth map with
π′ij ◦ λij = πij |Ṗij

. This implies that λij is a diffeomorphism

with a Γi × Γj -invariant open set λij(Ṗij) in P ′ij .

(c) λ̂ij : π∗ij(Ei )|Ṗij
→ φ∗ij(TVj)|Ṗij

is a Γi - and Γj -invariant smooth

morphism of vector bundles on Ṗij , satisfying

φ′ij ◦ λij = φij |Ṗij
+ λ̂ij · π∗ij(si ) + O

(
π∗ij(si )

2
)

and

λ∗ij(φ̂
′
ij) = φ̂ij |Ṗij

+ λ̂ij · φ∗ij(dsj) + O
(
π∗ij(si )

)
on Ṗij .

(8.1)
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Definition (Continued)

Define an equivalence relation ≈ (or ≈S) on such triples by
(Ṗij , λij , λ̂ij) ≈ (Ṗ ′ij , λ

′
ij , λ̂
′
ij) if there exists an open neighbourhood

P̈ij of π−1
ij (ψ̄−1

i (S)) in Ṗij ∩ Ṗ ′ij with

λij |P̈ij
= λ′ij |P̈ij

and λ̂ij |P̈ij
= λ̂′ij |P̈ij

+ O
(
π∗ij(si )

)
on P̈ij . (8.2)

Write [Ṗij , λij , λ̂ij ] for the ≈-equivalence class of (Ṗij , λij , λ̂ij). We

say that [Ṗij , λij , λ̂ij ] : Φij ⇒ Φ′ij is a 2-morphism of 1-morphisms
of Kuranishi neighbourhoods on X over S , or just a 2-morphism
over S . We often write Λij = [Ṗij , λij , λ̂ij ] or λij = [Ṗij , λij , λ̂ij ].

Here (8.1) is the orbifold version of standard model 2-morphisms
of d-manifolds in §5.3, and (8.2) the orbifold version of when two
standard model 2-morphisms are equal from Theorem 5.3(b).
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A 2-morphism [Ṗij , λij , λ̂ij ] : Φij ⇒ Φ′ij really consists of three
pieces of data:

(i) An open neighbourhood [V̇ij/Γi ] of ψ−1
i (S) in

[Vij/Γi ] ∩ [V ′ij/Γi ] ⊆ [Vi/Γi ], where Ṗij = π−1
ij (V̇ij).

(ii) A 2-morphism of orbifolds λij : (Pij , φij , φij)|[V̇ij/Γi ]
⇒

(P ′ij , φ
′
ij , φ
′
ij)|[V̇ij/Γi ]

, in the sense of §7.

(iii) A ‘standard model’ 2-morphism of derived manifolds λ̂ij , lifted
to derived orbifolds.

There is little interaction between (ii) and (iii); the ‘orbifold’ and
‘derived manifold’ generalizations of manifolds are more-or-less
independent.
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We can define composition of 1- and 2-morphisms of Kuranishi
neighbourhoods, and identity 1- and 2-morphisms, by combining
the orbifold story in §7 with the derived manifold story in §5–§6.
In this way we obtain a strict 2-category KurS(X ) of Kuranishi
neighbourhoods over S ⊆ X .
If T ⊆ S ⊆ X are open there is a restriction 2-functor
|T : KurS(X )→ KurT (X ). On objects (Vi ,Ei , Γi , si , ψi ) and
1-morphisms (Pij , πij , φij , φ̂ij), this just acts as the identity. But for

2-morphisms [Ṗij , λij , λ̂ij ] in KurS(X ), the equivalence relation ≈S

on triples (Ṗij , λij , λ̂ij) depends on S , as (8.2) must hold in a
neighbourhood of π−1

ij (ψ̄−1
i (S)). So |T maps the ≈S -equivalence

class [Ṗij , λij , λ̂ij ]S to the ≈T -equivalence class [Ṗij , λij , λ̂ij ]T .

Definition 8.4

A 1-morphism Φij : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj) of
Kuranishi neighbourhoods over S ⊆ X is a coordinate change over
S if it is an equivalence in the 2-category KurS(X ).

36 / 45 Dominic Joyce, Oxford University Lecture 8: Kuranishi spaces



Orbifolds
Kuranishi spaces

Kuranishi neighbourhoods and coordinate changes
The 2-category of Kuranishi spaces Kur

Theorems 5.7 and 6.5 gave criteria for a standard model 1-morphism
to be an equivalence, and a morphism of M-Kuranishi neighbourhoods
to be a coordinate change. Here is the orbifold analogue:

Theorem 8.5

Let Φij = (Pij , πij , φij , φ̂ij) : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj)
be a 1-morphism of Kuranishi neighbourhoods over S ⊆ X . Let
p ∈ π−1

ij (ψ̄−1
i (S)) ⊆ Pij , and set vi = πij(p) ∈ Vi and

vj = φij(p) ∈ Vj . Consider the complex of real vector spaces:

0 // Tvi Vi

dsi |vi⊕(dφij |p◦dπij |−1
p )
// Ei |vi⊕Tvj Vj

−φ̂ij |p⊕dsj |vj // Ej |vj // 0. (8.3)

Also consider the morphism of finite groups

ρp :
{

(γi , γj)∈Γi×Γj : (γi , γj) · p =p
}
−→

{
γj ∈Γj : γj · vj =vj

}
,

ρp : (γi , γj) 7−→ γj . (8.4)

Then Φij is a coordinate change over S iff (8.3) is exact and (8.4)
is an isomorphism for all p ∈ π−1

ij (ψ̄−1
i (S)).
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Example 8.6

In Fukaya–Oh–Ohta–Ono Kuranishi spaces, a ‘coordinate change’
(Vij , ρij , ϕij , ϕ̂ij) : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj) consists of
a Γi -invariant open Vij ⊆ Vi , a group morphism ρij : Γi → Γj , a
ρij -equivariant embedding of submanifolds ϕij : Vij ↪→ Vj , and a
ρij -equivariant embedding of vector bundles ϕ̂ij : Ei |Vij

↪→ ϕ∗ij(Ej)
with ϕ̂ij ◦ si = ϕ∗ij(sj), such that the induced morphism
(dsi )∗ : ϕ∗ij(TVj)/TVij → ϕ∗ij(Ej)/Ei is an isomorphism near

s−1
i (0), and ρ restricts to an isomorphism
StabΓi

(v)→ StabΓj
(ϕij(v)) for all v ∈ ψ̄−1

i (S).
By Theorem 8.5 we can show that this induces a coordinate
change (Pij , πij , φij , φ̂ij) in our sense, with Pij = Vi × Γj the trivial
principal Γj -bundle over Vi . But FOOO coordinate changes are
very special examples of ours; they only exist if dimVi 6 dimVj .
Our coordinate changes are more flexible, and are invertible up to
2-isomorphisms.
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As for Theorems 6.6 and 7.11 we have:
Theorem 8.7

Let (Vi ,Ei , Γi , si , ψi ), (Vj ,Ej , Γj , sj , ψj) be Kuranishi
neighbourhoods on X . For each open S ⊆ Imψi ∩ Imψj , write
Coord

(
(Vi ,Ei , Γi , si , ψi ), (Vj ,Ej , Γj , sj , ψj)

)
(S) for the groupoid of

coordinate changes (Pij , πij , φij , φ̂ij) : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej ,
Γj , sj , ψj) over S, and for all open T ⊆ S ⊆ Imψi ∩ Imψj define
ρST : Coord

(
(Vi ,Ei , Γi , si , ψi ), (Vj ,Ej , Γj , sj , ψj)

)
(S) −→

Coord
(
(Vi ,Ei , Γi , si , ψi ), (Vj ,Ej , Γj , sj , ψj)

)
(T ) by ρST = |T ,

and for all open U ⊆ T ⊆ S ⊆ X define
ηSTU = idρSU : ρTU ◦ ρST = ρSU ⇒ ρSU .
Then Coord

(
(Vi ,Ei , Γi , si , ψi ), (Vj ,Ej , Γj , sj , ψj)

)
is a stack on the

topological space Imψi ∩ Imψj .

The important, nontrivial part is a gluing result for coordinate
changes on an open cover, with given 2-isomorphisms on double
overlaps and an associativity condition on triple overlaps.
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8.2. The 2-category of Kuranishi spaces Kur
Definition 8.8

Let X be a Hausdorff, second countable topological space. A
Kuranishi structure K on X of virtual dimension n ∈ Z is data
K =

(
I , (Vi ,Ei , Γi , si , ψi )i∈I , Φij , i ,j∈I , Λijk, i ,j ,k∈I

)
, where:

(a) I is an indexing set.
(b) (Vi ,Ei , Γi , si , ψi ) is a Kuranishi neighbourhood on X for i ∈ I ,

with dimVi − rankEi = n. Write Sij = Imψi ∩ Imψj , etc.

(c) Φij = (Pij , πij , φij , φ̂ij) : (Vi ,Ei , Γi , si , ψi )→ (Vj ,Ej , Γj , sj , ψj)
is a coordinate change over Sij for i , j ∈ I .

(d) Λijk : Φjk ◦ Φij ⇒ Φik is a 2-morphism over Sijk for i , j , k ∈ I .
(e)

⋃
i∈I Imψi = X . (f) Φii = id(Vi ,Ei ,Γi ,si ,ψi ) for i ∈ I .

(g) Λiij = Λijj = idΦij
for i , j ∈ I .

(h) Λikl � (idΦkl
∗Λijk)|Sijkl = Λijl � (Λjkl ∗ idΦij

)|Sijkl :
Φkl ◦ Φjk ◦ Φij |Sijkl =⇒ Φil |Sijkl for i , j , k , l ∈ I .

We call X = (X ,K) a Kuranishi space, with vdimX = n.
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Definition 8.8 is a direct analogue of orbifolds in Definition 7.12,
replacing orbifold charts by Kuranishi neighbourhoods. It covers X
by an ‘atlas of charts’ (Vi ,Ei , Γi , si , ψi ) over Imψi ⊆ X , with
coordinate changes Φij on double overlaps Imψi ∩ Imψj , and
2-isomorphisms Λijk : Φjk ◦ Φij |Sijk ⇒ Φik |Sijk on triple overlaps
Imψi ∩ Imψj ∩ Imψk , with associativity
Λikl � (idΦkl

∗Λijk)|Sijkl = Λijl � (Λjkl ∗ idΦij
)|Sijkl on quadruple

overlaps Imψi ∩ Imψj ∩ Imψk ∩ Imψl .
Once you have grasped the idea that Kuranishi neighbourhoods
over S ⊆ X form a 2-category, with restriction |T to open subsets
T ⊆ S ⊆ X , Definition 8.8, although complicated, is obvious, and
necessary: it is the only sensible way to make a global space by
gluing local charts in the world of 2-categories.
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We can also define 1-morphisms and 2-morphisms of Kuranishi
spaces. To do this, given a continuous map f : X → Y and
Kuranishi neighbourhoods (Vi ,Ei , Γi , si , ψi ), (Wj ,Fj ,∆j , tj , χj) on
X ,Y , and open S ⊆ Imψi ∩ f −1(Imχj), we first have to define

1-morphisms f ij = (Pij , πij , fij , f̂ij) : (Vi ,Ei , Γi , si , ψi )→
(Wj ,Fj ,∆j , tj , χj) of Kuranishi neighbourhoods over S and f , and

2-morphisms Λij : (Pij , πij , fij , f̂ij)⇒ (P ′ij , π
′
ij , f
′
ij , f̂
′
ij), compositions

◦,�, ∗, and identities. These generalize Definitions 8.2 and 8.3 for
f = idX , so we leave them as an exercise.
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Definition 8.9

Let X = (X ,K) and Y = (Y ,L) be Kuranishi spaces, with
K =

(
I , (Vi ,Ei , Γi , si , ψi )i∈I , Φii ′, i ,i ′∈I , Λii ′i ′′, i ,i ′,i ′′∈I

)
and

L =
(
J, (Wj ,Fj ,∆j , tj , χj)j∈J , Ψjj ′, j ,j ′∈J , Mjj ′j ′′, j ,j ′,j ′′∈J

)
. A

1-morphism f : X→ Y is f =
(
f , f ij , i∈I , j∈J , F j , j∈J

ii ′, i ,i ′∈I , F jj ′, j ,j ′∈J
i , i∈I

)
,

with: (a) f : X → Y is a continuous map.

(b) f ij = (Pij , πij , fij , f̂ij) : (Vi ,Ei , Γi , si , ψi )→ (Wj ,Fj ,∆j , tj , χj) is
a 1-morphism of Kuranishi neighbourhoods over
S = Imψi ∩ f −1(Imχj) and f for i ∈ I , j ∈ J.

(c) F j
ii ′ : f i ′j ◦ Φii ′ ⇒ f ij is a 2-morphism over f for i , i ′ ∈ I , j ∈ J.

(d) F jj ′

i : Ψjj ′ ◦ f ij ⇒ f ij ′ is a 2-morphism over f for i ∈ I , j , j ′ ∈ J.

(e) F j
ii = F jj

i = idf ij .

(f) F j
ii ′′�(idf i′′j ∗Λii ′i ′′)=F j

ii ′�(F j
i ′i ′′ ∗ idΦii′ ) : f i ′′j ◦Φi ′i ′′ ◦Φii ′⇒ f i ′′j .

(g) F jj ′

i � (idΨjj′ ∗F
j
ii ′)=F j ′

ii ′ � (F jj ′

i ′ ∗ idΦii′ ) :Ψjj ′ ◦ f i ′j ◦ Φii ′⇒ f ij ′ .

(h) F j ′j ′′

i �(idΨj′j′′ ∗F
jj ′

i )=F jj ′′

i �(Mjj ′j ′′ ∗idf ij ) :Ψj ′j ′′ ◦Ψjj ′ ◦f ij⇒ f ij ′′ .
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Here (c)–(h) hold for all i , j , . . . , restricted to appropriate domains.

Definition 8.10

Let f, g : X→ Y be 1-morphisms of Kuranishi spaces, with

f =
(
f , f ij , i∈I , j∈J , F j , j∈J

ii ′, i ,i ′∈I , F jj ′, j ,j ′∈J
i , i∈I

)
,

g =
(
g , gij , i∈I , j∈J , G j , j∈J

ii ′, i ,i ′∈I , G jj ′, j ,j ′∈J
i , i∈I

)
. Suppose the continuous

maps f , g : X → Y satisfy f = g . A 2-morphism Λ : f ⇒ g is data
Λ = (Λij , i∈I , j∈J), where Λij : f ij ⇒ gij is a 2-morphism of
Kuranishi neighbourhoods over f = g , satisfying:

(a) G j
ii ′�(Λi ′j ∗idΦii′ )=Λij�F j

ii ′ : f i ′j ◦Φii ′⇒gij for i , i ′∈ I , j ∈J.

(b) G jj ′

i �(idΨjj′∗Λij)=Λij ′�F jj ′

i : Ψjj ′◦f ij⇒gij ′ for i ∈ I , j , j ′∈J.

Definitions 8.9, 8.10 are direct analogues of the orbifold versions.
We can then define composition of 1- and 2-morphisms, identity 1-
and 2-morphisms, and so on, making Kuranishi spaces into a weak
2-category Kur. Composition of 1-morphisms needs the stack
property of 1-morphisms of Kuranishi neighbhds, as in Theorem 8.7.
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Write KurtrΓ for the full 2-subcategory of Kur with objects
X = (X ,K) in which the Kuranishi neighbourhoods
(Vi ,Ei , Γi , si , ψi ) in K have Γi = {1} for all i ∈ I . Write KurtrG for
the full 2-subcategory of X in which Γi acts freely on s−1

i (0) ⊆ Vi

for all i ∈ I . Then KurtrΓ ⊂ KurtrG ⊂ Kur. Both KurtrΓ,KurtrG

are 2-categories of derived manifolds. In the notation of next time,
KurtrG is the full 2-subcategory of Kuranishi spaces X with trivial
orbifold groups GxX = {1} for all x ∈ X.

Theorem 8.11

There are equivalences of weak 2-categories

KurtrΓ ' KurtrG ' dMan, Kur ' dOrb,

and equivalences of (homotopy) categories

MKur ' Ho(KurtrΓ) ' Ho(KurtrG) ' Ho(dMan).

So for most purposes Kuranishi spaces (with trivial orbifold
groups) and d-orbifolds (or d-manifolds) are interchangeable.
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