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Introduction

Kuranishi spaces were introduced by Fukaya—Ono 1999 and
Fukaya—Oh—Ohta—Ono 2008 as the geometric structure on moduli
spaces of J-holomorphic curves /\_/lg,k(J, B) in symplectic geometry.
Their main purpose was to define virtual cycles/chains for these,
for Gromov—Witten invariants, Lagrangian Floer theory, etc.
Though their definitions work for their purposes, they are not very
satisfactory as geometric spaces in their own right. For example, in
the FOOOQ theory, there is no good notion of morphism f : X — Y
(or even isomorphism) between Kuranishi spaces, only of smooth
maps f : X — Y to a manifold Y. One would like such morphisms
for applications (e.g. forgetful maps between moduli spaces), to
make sense of ‘fibre products’ of Kuranishi spaces, and as Kuranishi
spaces are interesting for their own sake. Kuranishi spaces should be
a differential-geometric analogue of (derived) schemes in Algebraic
Geometry. | will explain a new definition of Kuranishi spaces,

which form a 2-category, with well-behaved 1- and 2-morphisms.
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Introduction

The FOOOQO definition of Kuranishi space X is a topological space

X with an ‘atlas of charts’, like the definition of manifolds. The
charts, called ‘Kuranishi neighbourhoods’, are (V;, E;, ', s;, ;) for

V; a manifold, E; — V; a vector bundle, I'; a finite group acting on
Vi, E;, s; : V; — E; a I'j-equivariant section, and 1); : sfl(O)/F,- — X
a homeomorphism with an open set Im; C X. ‘Coordinate changes'’
q),'j : (V,, E,‘, [, Si, ¢,) — (VJ, Ej, Fj, S, wj) involve embeddings

open ®ij bij : P .
Vi O Vj—V,, E,-|\/,.J.—>Ej, and exist only if dim V; < dim Vj, so

they are generally not invertible. Coordinate changes must be
strictly associative on triple overlaps, @ o ®;; = ®j.

A

In my definition coordinate changes are weaker — ¢;;, ggu need only
be smooth maps, not embeddings. We introduce a notion of
2-isomorphism A : ®;; = be-j of coordinate changes, making Kuranishi
neighbourhoods into a 2-category. Coordinate changes need only be
associative up to 2-isomorphisms Ajy : @ o ®;; = ®;. Coordinate
changes ®;; are invertible up to 2-isomorphism, there exist ®;; and
2-isomorphisms Aj; : ¢j,' o CD,'J' — id(\/,-,...)v /\J'J' : (D,'j o CDJ',' — ld(\/ﬁ)
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Kuranishi spaces and Derived Differential Geometry

The inspiration for this definition came from the Derived Algebraic
Geometry of Jacob Lurie and Toén—Vezzosi. We should understand
Kuranishi spaces as derived smooth orbifolds, where ‘derived’ is in
the sense of DAG. Definitions of oo-categories / 2-categories of
derived manifolds modelled on the definition of derived schemes

were given by Lurie 2009 (sketch), Spivak 2010, Borisov—Noel

2011, and Joyce 2012, dMan,dOrb. They are topological spaces with
oo-sheaves/2-sheaves of derived C*°-rings. My definition (2014) of
Kuranishi space is an ‘atlas of charts’ definition, but constructed to
give an equivalent 2-category Kur to my 2-category dOrb.

One lesson from DAG is that higher categories (oco- or 2-categories)
are key: truncating to ordinary categories loses too much information.
FOOO Kuranishi spaces (1999) predate DAG (2006). This is one
reason for problems with the original definition: some essential

ideas were missing. But also, one can argue that Professor Fukaya
was one of the earliest inventors of Derived Geometry.
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Composition of morphisms in pKur

1. The category of p-Kuranishi spaces
1.1. p-Kuranishi neighbourhoods

As a warm-up exercise, | first explain how to define an ordinary
category of ‘u-Kuranishi spaces’, a simplified version of the
Kuranishi space construction without quotients by finite groups,
and using ordinary category rather than 2-category methods.

Definition

Let X be a topological space. A u-Kuranishi neighbourhood on X
is a quadruple (V, E,s, 1) such that:

(a) V is a smooth manifold.

(b) E — V is a vector bundle over V/, the obstruction bundle.

(c) s € C*°(E) is a smooth section of E, the Kuranishi section.

(d) 7 is a homeomorphism from s~1(0) to an open subset Im 1 in
X, where Im ) is called the footprint of (V, E,s, ).
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Morphisms of p-Kuranishi neighbourhoods

Definition

Let f : X — Y be a continuous map of topological spaces,

(Vi, Ei,si, i), (W, Fj, tj, xj) be p-Kuranishi neighbourhoods on

X,Y,and S C Imw,- N f~1(Imy;) € X be an open set. Consider

triples (Vj;, fi, fii j) satisfying:

(a) Vj is an open neighbourhood of v:1(S) in V.

(b) f; : Vij — W is smooth, with f o1; = xj o f; on s 1(0) N V.

(c) fU Eilv, — f*(F) is a morphism of vector bundles on V/;,
with f(silv;) = () + O(s?).

Define an equivalence relatlon ~ by (Vj, fi, f) (Vj, £, fU’) if

there are open 1, 1(S)C V;; C V NV and A E|v — fU*(TWJ)\VU

with f’—f,ﬂ—/\ s;+0(s?) and f, f,J—{—/\ f*(dt )+O(s,) We write

[Vi, ,J, f,J] for the ~- equwalence class of (Vj, fj, f,J) and call

[Vi, fij fU] (Vi, Ei, si,vi) = (W, Fj, tj, xj) a morphism over S, f.

o
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Here the equivalence relation ~ is weird, but crucial for later.
Given continuous maps f : X =+ Y and g: Y — Z, open S C X,
T C Y, morphisms [U,-j,¢,-j,$,-j] (Ui, Di, ri, i) — (V), Ej, 57,95)
over S, f and [ij,?ﬂjk, wjk] : (VJ, Ej, Sis ?,DJ) — (Wk, F, ti, Xk) over
T,g, the composition over SN f~Y(T), gof is

[Vik, Vit Vil e[V, 0y il = [0 (Vi) ik © B, & (hjic) © i)
(Uia Diari7¢i) — (W/ﬂ Fk7 tk?Xk)'

Theorem 1.1 (Sheaf property of p-Kuranishi morphisms.)

Let (Vi, Ei, si, i), (W}, Fj, tj, x;j) be p-Kuranishi neighbourhoods
on X,Y,and f : X = Y be continuous. Then morphisms from
(Vi, Ei, si, i) to (W, Fj, tj, x;) over f form a sheaf

Homf((\/,-, Ei7 Si, wi)a (VVJ7 Fjv tj7 Xj)) on Im% M f_l(Iij)'

This will be essential for defining compositions of morphisms of
u-Kuranishi spaces. The lack of such a sheaf property in the
FOOO theory is why FOOO Kuranishi spaces are not a category.
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Coordinate changes of p-Kuranishi neighbourhoods

Take Y = X and f = idx. A morphism

by = [V, 35, 03] - (Vi Eiy i i) — (V) Ej, s, 45) over id is
called a coordinate change if there exists

CDJ-,- = [\/J',', Dijis qlb\j,'] ) (\/J, E;, s, wj) — (V4, Ej, si, 1;) such that

(DJ',- O (D,'J' = [V,, id\/l., idE,-] and (b,'j o (Dji = [VJ, id\/j, ldEJ]

This does not require ¢j; o ¢;; = idy;, ¢ji 0 ¢;; = idEg;, but only that
dji 0 ¢ =idy,+N\-5;+0(s7) and ¢ji © gy =idg,+A-F7(dt;)+O(s;).
Coordinate changes exist even if dim V; # dim V;. FOOO
coordinate changes induce coordinate changes in our sense.

A morphism [Vij, ¢ij, dij] = (Vi Eiy siy i) — (Vj, Ej,sj,15) is a
coordinate change over S if and only if for all x € S with
vi = 7 H(x) and v; = wj_l(x), the following sequence is exact:

d5i|vi€B TVI¢)U qgU|Vl69 _dsJ|VJ
O_>’Tv,-\/i Ei|v,-@TvJ-Vj

— 0.

j|Vj
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1.2. The definition of p-Kuranishi space

Let X be a Hausdorff, second countable topological space, and
n € Z. A p-Kuranishi structure IC on X of virtual dimension n is
data K = (1, (V;, Ei, si, ¥i)ier, Pjj, ijer ), where:
(a) Iis an indexing set.
(b) (Vi, Ei, si, ;) is a pu-Kuranishi neighbourhood on X for each
I € [, with dimA\/,- —rank E; = n.
(c) ®; = [V, ¢, il = (Vi Ei, si, i) = (V] Ejy 55, 9) is a
coordinate change over S = Im; N Im4; for all i,j € /.
(d) UyesImps = X.
(e) OP S id(Vi,EhSiﬂﬁi) forall i € .
(f) ®jxo®jj = Py forall i,j, k € | over
S=Imy;N Imp; N Im .
We call X = (X, K) a pu-Kuranishi space, of virtual dimension
vdim X = n.
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Definition 1.2

Let X = (X,IC) with I = (/, (V,, E,',S,',@D,‘),'G/,q),','/’ i,i’€l> and
Y = (Y,ﬁ) with £ = (J, (VVJ, Fj, tj,XJ')jeJ, wjj’,j,j’EJ) be
u-Kuranishi spaces. A morphism f : X — Y is
f = (f, fij j€[7j€_j), where f : X — Y is a continuous map, and
fi =[Vy,fi, 5] (Vi, Eiysi,00) — (W, Fiy g, x;) is a morphism of
p-Kuranishi neighbourhoods over S = Im; N f~1(Imy;) and f
for all i € I, j € J, satisfying the conditions:
(a) Ifi,i" € I and j € J then fy1j o ®ji|s = Fjj|s over
S =TIm; NImey N FImx;) and f.
(b) If i €l and j,j’ € J then W o fij|s = fjp|s over
S=Imy; N Imy; NImy;) and f.
When Y = X, so that J =/, define the identity morphism
idx X > X by idx = (idx,(b,'j’ i,jEI)-
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1.3. Composition of morphisms in puKur

Let X = (X,I) with Z = (/, (U,', D;,r, (ﬁ,‘),’eh CD,','/’ i,i’El) and

Y = (Y,j) with J = (J, (VJ, Ej75j7wj)j€J7 wjj’,j,j’EJ) and

Z = (Z,K) with K = (K, (Wk, Fi, tk, €k)kek s =ki/, kkek ) be
p-Kuranishi spaces, and f = (f,f;): X = Y,

g = (g,gjk) .Y — Z be morphisms. Consider the problem of how
to define the composition go f : X — Y.

For all i € I and k € K, g o f must contain a morphism

(g o f),'k ) (U,', D;, r,-,(b,-) — (Wk, Fp, tk,fk) defined over

Sik =Imo¢p; N (g o f)_l(Imﬁk) and gof.

For each j € J, we have a morphism

gixofij: (Ui, Di,ri,¢i) = (Wi, Fi, tk, k), but it is defined over
Sik =Im¢; N F1(Imv;) N (gof) t(Imék) and g o f, not over
the whole of Sj = Im¢; N (g o f)~(Im&x).
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Composition of morphisms in puKur

The solution is to use the sheaf property of morphisms, Theorem
1.1. The sets Sjj for j € J form an open cover of Sj. Using
Definition 1.2(a),(b) we can show that

gk © fij|5ijkﬂ5,-j/k = g1k © fU"SkaS,-j/k- Therefore by Theorem 1.1
there is a unique morphism of u-Kuranishi neighbourhoods

(g o f),'k : (U,', D;,r;, qb,) — (Wk, Fp, tk,fk) defined over S;, and
gof with (gof)ils, = gjofjforall j€J. We show that
gof = (go f,(gof)i, iel keK) is a morphism gof : X — Z of
pu-Kuranishi spaces, which we call composition.

Composition is associative, and makes p-Kuranishi spaces into a
category uKur.
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2. The 2-category of Kuranishi spaces
2.1. 2-categories

A 2-category C has objects X, Y,..., I-morphisms f,g: X = Y
(morphisms), and 2-morphisms 1 : f = g (morphisms between
morphisms). Here are some examples to bear in mind:

Example

(a) The strict 2-category €at has objects categories ¢, Z, . . .,
1-morphisms functors F, G : € — &, and 2-morphisms natural
transformations n : F = G.

(b) The strict 2-category Top™® of topological spaces up to
homotopy has objects topological spaces X, Y, ..., 1I-morphisms
continuous maps f,g : X — Y, and 2-morphisms isotopy classes
[H] : f = g of homotopies H from f to g.
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There are three kinds of composition in a 2-category. If f : X — Y
and g : Y — Z are 1-morphisms we have composition of
1-morphisms, gof : X — Z. If f,g,h: X — Y are 1-morphisms
and n: f = g, ( : g = h are 2-morphisms we have vertical

composition of 2-morphisms ( ®n : f = h, as a diagram
f'

f
/U”\* y L X % y
N T
- h o
If f,f: X — Y and g,g2: Y — Z are I-morphisms and np : f = f,
¢ : g = & are 2-morphisms twe have horizontal composition of
2-morphisms ( xn: gof = gof, as a diagram

X

f g gof
f g go

There are identity 1-morphisms idx : X — X and identity
2-morphisms idf : f = f. 2-isomorphisms are invertible under
vertical composition.
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2.2. Kuranishi neighbourhoods

Let X be a topological space. A Kuranishi neighbourhood on X is

a quintuple (V, E,T,s,%) such that:

(a) V is a smooth manifold.

(b) m: E — V is a vector bundle over V, the obstruction bundle.

(c) T is a finite group with compatible smooth actions on V' and
E preserving the vector bundle structure.

(d) s: V — E is a -equivariant smooth section of E, the
Kuranishi section.

(e) v:571(0)/I — X is a homeomorphism with an open Im 1) C X.

If S C X is open, we call (V, E,T,s,) a Kuranishi neighbourhood

over Sit S CImy C X.

This is the same as Fukaya-Oh-Ohta-Ono Kuranishi neighbourhoods.

v
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Let f : X — Y be a continuous map of topological spaces, and
(Vi, Ei,Ti,si, i), (W, Fj, Aj, tj, xj) be Kuranishi neighbourhoods
on X, Y. Then we define 1-morphisms

q),'j : (V,, Ei,l'; s, w,) — (VVJ, Fj, Aj, tj, Xj) over f, and
2-morphisms N : ®;; = <D:-j between 1-morphisms. We define
compositions of 1- and 2-morphisms, and identity 1- and 2-morphisms.
Here 1-morphisms are an orbifold version of maps

¢ii: Vido V=W, $,J L Eilv; — gbZ(FJ) in the p-Kuranishi case,
and 2-morphisms generalize the equivalence relation ~.

Let Y = X and f = idx. We call a 1-morphism

Sy (Vi, EiTiysi, i) = (V), Ej, T, sj,1;) a coordinate change if it
is invertible up to 2-isomorphism. That is, there exist

S (Vy, Ej, T, s5,%) = (Vi, Ei, T, si,4;) and 2-isomorphisms
AV (Dj,' o (b,-j = id(Vi,Ei,ri,Siﬂ/)i) and /\jj : (D,'j o CDJ',' = id(\/j,Ej,l'j,sj,@bj)-
A FOOO coordinate change gives a coordinate change in our
sense, but our coordinate changes are more general.
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Theorem 2.1 (2-sheaf property of Kuranishi neighbourhoods.)

Let (Vi, E;,Ti,s;,vi) and (W;, Fj, Aj, tj, xj) be Kuranishi
neighbourhoods on X, Y, and f : X — Y be continuous. Then
1-morphisms ®;;, ®%. - (V;, Ei, T, si,9i) = (W, Fj, Aj, tj, X)) over
f and 2-morphisms \jj : ®;; = CDf-J-, on open subsets

S C Im; N Imepj, form a 2-sheaf (stack) on Im; N £~ (Im x;),
that is, they glue well on open covers, in a 2-categorical sense.
When Y = X and f = idx, coordinate changes ®;; are a

2-subsheaf.

This will be crucial for defining compositions of 1-morphisms of
Kuranishi spaces. It is not obvious. It depends on the weird
definition of 2-morphisms.
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2.3. The definition of Kuranishi space

Let X be a Hausdorff, second countable topological space. A
Kuranishi structure IC on X of virtual dimension n € 7Z is data
K= (1,(Vi, Ei,Ti,si,¥i)ier, Pij, ijer, Nk, ijker). where:

(a) Iis an indexing set.

(b) (Vi, Ei, T, si,;) is a Kuranishi neighbourhood on X for i € I,

with dim V; — rank E; = n. Write 5;; = Im; N Im1);, etc.
(c) @ : (Vi Ei,Ti,si, i) = (V, Ej, T}, s;,9;) is a coordinate
change over §S;; for i,j € I.

(d) Ajjk : ®Pjx o Pjj = Dy is a 2-morphism over S for i, j, k € /.
(e) Uiel Im¢; = X. (f) ¢, = id(Vi,Ei,ri,Siﬂ,Di) for i € I.
(2)
(h)

/\,','J' = /\ijj = idq)l.j fori,j e l.

Nikt © (ido,, #Nijik) |55 = Nijt © (Njgr * ido ;)| s

®, 0 ijk o q),'J"SUk, — ¢il|5ijk/ fori,j, k,1 €l.

We call X = (X, K) a Kuranishi space, with vdim X = n.
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Definition

Let X = (X,K) and Y = (Y, L) be Kuranishi spaces, with

K= (1,(Vi, Ei,Ti,si,¥i)ier, Pii, iirer, Nipin i jriner) and

L= (4, (W, Fj, Aj, t,x5)jess Vi, e Mo, jjrjres) - A

1-morphism f : X — Y is £ = (f,fj ici jey, Ff};{le.j,el, Ff;j/i’ej,’jleJ),

with: (a) f : X — Y is a continuous map.

(b) Fj: (Vi Ei,Ti,si,vi) — (W, Fj, Aj, tj, xj) is a 1-morphism of
Kuranishi neighbourhoods over S = Im; N f~(Im ;) and f
foriel, jeJ.

F, - firjo®;i» = Fjis a 2-morphism over f for i,i" € I, j € J.

1

)
d) F,!:j/ : WJ:J:/ ofj = fjy is a 2-morphism over f fori e/, j,j € J.
(e) Fi=Fl —idy,.
(f) F,Ji,,@(idfi,,j */\ii’i”) = FI!I-,@( F;.lll.” * idq)l_i,) : f,'//j o®rino®; = f,'//j.
(g) F;U/ ® (id\ujjl *F;II/):F;II,/ ® (FIJ}I/ % idcbii’):ij/ (@) fi’j (@) Cb,-,-/ :>fu/
(h) F;_i/jl/Q(idwj/j// *Fljj/) _ FIJj//Q(ij,j// >|<1de) . \Uj/j// o\lljj-/of,-j — fij”'
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Here (c)—(h) hold for all i,j, ..., restricted to appropriate domains.

Definition

Let f,g : X — Y be 1-morphisms of Kuranishi spaces, with

e i
f= <f7 flj, iel,jed, F;']I'/;ll"l'lelj F;'I’J,'éllj )1

oy i e _
g=(g.8j ict jess G{i,f,-e,,-/e,, Gf,eflj 7). Suppose the continuous
maps f,g : X — Y satisfy f = g. A 2-morphism N : f = g is
data A = (Ajj jer, jes), where Ajj : Fjj = g;; is a 2-morphism of

Kuranishi neighbourhoods over f = g, satisfying:
(a) Gl!i,@(/\;/j*idq)ﬁ,):/\,'j@Fl!i, : f,'/jch,','/ ig,-j for i, iIE/, _/EJ
(b) G{JIQ(idwjj,*/\,-j)=AU/®FfJ/ VWiof =g foriel, j,j'ed.

v

We can then define composition of 1- and 2-morphisms, identity 1-
and 2-morphisms, and so on, making Kuranishi spaces into a
2-category Kur. Composition of 1-morphisms involves an arbitray
choice, and needs the 2-sheaf property of 1- and 2-morphisms of
Kuranishi neighbourhoods, as in Theorem 2.1.
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3. Properties of Kuranishi spaces

Kuranishi spaces include manifolds and orbifolds as full
(2-)subcategories, Man C Orb C Kur. Orbifolds should also be
defined as a 2-category for their differential geometry to work well.
| set up Kuranishi spaces as a machine which inputs a category of
‘manifolds’ satisfying some assumptions, and outputs a 2-category
of ‘derived orbifolds’. We can start with manifolds with boundary
ManP, or with corners Man® (of various kinds), ..., and get
Kuranishi spaces with boundary Kur® or corners Kur€, . ... These
have a good notion of boundary 90X, with functorial properties.
Lots of differential geometry of manifolds has good extensions to
Kuranishi spaces: orientations, immersions, submersions, tangent
spaces T, X, transversality and transverse fibre products, .. ..

If X is a compact oriented Kuranishi space with 9X = () it has a
virtual class [X]yirt in (éech) homology Flvdimx(X,Q). One can
also define virtual chains when 90X # ().
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3.1. Tangent and obstruction spaces of Kuranishi spaces

For a Kuranishi space X we can define the tangent space T, X and
obstruction space O,X and isotropy group Gy, X for any x € X,
where if (V;, E;, T, si, ;) is a Kuranishi chart on X with

x = 1)i(v;) then G, X = Stabr.(v;) and we have an exact sequence

div-
0— T, X — Tv,-ViLEi|vi_>Oxx_>O-

If f: X — Y is a 1-morphism in Kur and x € X with

f(x) =y € Y we get functorial morphisms T, f: T,.X = T,Y,
Of : O X = O0,Y and Gf : G X = G Y. Ifn:f=gisa
2-morphism in Kur then T, f = T,g, O.f = O.g, G f = G,.g.
Theorem

(@) A Kuranishi space X is an orbifold iff OxX =0 for all x € X.
(b) A 1-morphism f : X — Y in Kur is étale (a local equivalence)
iff Tf : T, X—=T,Y, Of : O X = 0Y, Gf : G X = G Y
are isomorphisms for all x € X with f(x) =y € Y. And f is an
equivalence in Kur if also f : X — Y is a bijection.
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3.2. Transversality and fibre products

Recall that smooth maps of manifolds g : X — Z, h: Y — Z are
transverse if for all x € X, y € Y with g(x) = h(y) = z € Z, then
Ixg®Tyh: T, XD T,Y — T,Z is surjective. If g, h are
transverse then a fibre product W = X x, 7, Y exists in Man,
with dim W = dim X 4+ dim Y — dim Z.

We give two derived analogues of transversality, weak and strong:
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Definition

letg: X - Z, h: Y — Z be 1-morphisms in Kur. We call g, h

weakly transverse if for all xe X, ye€ Y with g(x)=h(y)=2z in Z,
then Oxg ® Oyh: O, X ® O, Y — O,Z is surjective.

We call g, h strongly transverse if for all x € X, y € Y

with g(x) = h(y) =z € Z, then T,g®dT, h: T,XBT, Y = T,Zis
surjective, and O,g®O,h: O, X320, Y — O,Z is an isomorphism.

If Z is an orbifold then O,Z = 0, so any g, h are weakly transverse.
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Theorem

Llet g: X - Z, h: Y — Z be weakly transverse 1-morphisms in
Kur. Then a fibre product W = X Xg 7, Y exists in the
2-category Kur, with vdim W = vdim X + vdim Y — vdim Z.
This W is an orbifold if and only if g, h are strongly d-transverse.
The topological space W of W is

W={(x,y) e X xY:g(x)=h(y)inZ}.
For (x,y) € W, g(x) = h(y) = z in Z, there is an exact sequence

0— Ty Wi TXOT,Y — e Tzlz
0,20, h Otx. ) €D—Opx
0<— 0,Z <5227 _ 0. Xa0,Y <20 W,

wheree : W — X, f : W — Y are the projections.

v

The definition of fibre product in a 2-category uses 2-morphisms in
an essential way — the theorem would be false in ordinary categories.
Fibre products over manifolds or orbifolds Z always exist.
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3.3. Defining Kuranishi structures on moduli spaces

There are ‘truncation functors’ to my Kuranishi spaces from
geometric structures currently used for moduli spaces of
J-holomorphic curves — FOOO Kuranishi spaces, MW Kuranishi
atlases, HWZ Fredholm polyfold structures, Deligne-Mumford
C-stacks with obstruction theories. So, any moduli space 91
currently known to have one of these structures is also a Kuranishi
space 2T in my sense. One should expect )t to be independent of
choices up to equivalence in the 2-category Kur.

| have a new approach to moduli spaces using algebro-geometric,
2-category ideas. We define a 2-subcategory Kur®™ ¢ Kur of
‘affine Kuranishi spaces’ — Kuranishi neighbourhoods. Given a
moduli problem P we define a moduli 2-functor

F : (Kur®™)°P _ Groupoids of families in P over a base Kuranishi
neighbourhood S. Then we ask if F is representable, i.e. if there
exists T in Kur (unique up to equivalence) with a 2-natural
isomorphism F = Homgy(—,9%). This 9T is the moduli space.
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