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Plan of talk:

o Derived C°°-rings and derived C°°-schemes
e D-spaces and d-manifolds
o The 2-category of m-Kuranishi neighbourhoods

0 The 2-category of m-Kuranishi spaces
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4. Derived C°°-rings and derived C*°-schemes
Differential graded C*°-rings

We can define derived C-schemes by replacing C-algebras A by dg
C-algebras A® in the definition of C-scheme — commutative
differential graded C-algebras in degrees < 0, of the form
A2 g i>A0, where A is an ordinary C-algebra.

The corresponding ‘classical’ C-algebra is H°(A®) = A%/d[A~Y].
There is a parallel notion of dg C*°-ring €°, of the form
NN i>e:°, where @° is an ordinary C*>-ring, and
¢l ¢72 ... are modules over ¢° as an R-algebra. The
corresponding ‘classical’ C*-ring is HO(¢*) = ¢?/d[¢1].

One could use dg C°°-rings to define ‘derived C°°-schemes’. It is
necessary to regard dg C°°-rings as in oo-category. An alternative is
to use simplicial C*°-rings, see Lurie DAG V, Spivak arXiv:0810.5175,
Borisov—Noel arXiv:1112.0033, and Borisov arXiv:1212.1153.
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Square zero dg C*°-rings

My d-spaces are a 2-category truncation of derived C*°-schemes.
To define them, | use a special class of dg C*°-rings called square
zero dg C®°-rings, which form a 2-category SZC°°Rings.

A dg C-ring €* is square zero if € =0 for i < —1 and

¢ l.d[¢7=0. ThenCis ¢! 4, ¢0, and d[¢!] is a square
zero ideal in the (ordinary) C>-ring €°, and ¢! is a module over
the ‘classical’ C*®-ring H°(¢*) = ¢%/d[¢ 1.

A 1-morphism «® : €* — ©°® in SZC°°Rings is maps

a®:¢% 5 0% a1 ¢t 5 D! preserving all the structure.
Then HO(a®) : HO(€*) — HO(D*) is a morphism of C>-rings.

For 1-morphisms «°®, 3° : €* — ©°® a 2-morphism n : a®* = [B® is a
C>®-derivation 17 : €0 - ® L with B0 =al +don, gl =a1+nod
There is an embedding of (2-)categories C°*°Rings C SZC*°Rings
as the (2-)subcategory of €* with ¢~ = 0.
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Examples of square zero dg C°°-rings

Example 4.1

Let V be a manifold, E — V a vector bundle, and s: V — E a
smooth section. Then we call (V, E,s) an m-Kuranishi
neighbourhood (compare m-Kuranishi spaces later). Associate a

square zero dg C®-ring €* = (¢! N ¢%) to (V,E,s) by
¢ =C>®(V)/I12, ¢ =C®(E")/Il;- C(E*),
d(e+ Is - C°(E*)) = e(s) + /2,

where [y = C®(E*)-s C C*°(V) is the ideal generated by s.
The d-manifold X associated to (V, E, s) is Spec €®. It only knows
about functions on V up to O(s?), and sections of E up to O(s).
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5. D-spaces and d-manifolds

A d-space X is a topological space X with a sheaf of square zero
dg-C>-rings 0% = Ox' -5 0%, such that X = (X, H'(O%)) and
(X,0%) are C*>-schemes, and (’);1 is quasicoherent over X. We
call X the underlying classical C°°-scheme.

D-spaces are a kind of derived C°°-scheme. They form a strict
2-category dSpa, with 1-morphisms and 2-morphisms defined
using sheaves of 1-morphisms and 2-morphisms in SZC®°Rings in
the obvious way. All (2-category) fibre products exist in dSpa.
C°°-schemes include into d-spaces as those X with C’))_(l = 0.
Thus we have inclusions of (2-)categories Man C C*°Sch C dSpa,
so manifolds are examples of d-spaces.

A d-space X has a cotangent complex L5, a 2-term complex

L)_(l iﬂl‘& of quasicoherent sheaves on X. Such complexes form
a 2-category gcohl™19(X).
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D-manifolds

A d-manifold X of virtual dimension n € Z is a d-space X whose
topological space X is Hausdorff and second countable, and such
that X is covered by open d-subspaces Y C X with equivalences
Y ~ U Xgw,n V in dSpa, where U, V, W are manifolds with
dimU+dimV —dimW =n,andg: U— W, h:V — W are
smooth maps, and U Xz w  V is the fibre product in the
2-category dSpa. (The 2-category structure is essential here.)
Write dMan for the full 2-subcategory of d-manifolds in dSpa.
Alternatively, we can write the local models as Y ~ V' xq g V,
where V is a manifold, E — V a vector bundle, s: V — E a
smooth section, and n = dim V — rank E.

We call a d-manifold X affine if it is equivalent in dMan to some
V' X0.e,s V. So any d-manifold has an open cover by affine
d-manifolds.
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Tangent and obstruction spaces of d-manifolds

Let X be a d-manifold, and x € X. Then we have the tangent
space T, X and obstruction space O, X, finite-dimensional real
vector spaces with dim 7, X — dim O, X = vdim X. The dual

vector spaces are the cotangent space T; X and coobstruction

space O;X. If Lx = [Ly" iﬂ[&] is the cotangent complex of X
as a d-space, we may define these by the exact sequence
d|x

0> 0:X —> Ll LYy —> T:X —=0.  (5.1)
If f: X — Y is a 1-morphism in dMan and x € X with
f(x) =y € Y, we have natural, functorial linear maps
Tf : TuX—=T,Yand Of : O X = 0,Y. Ifn:fF=gisa
2-morphism in dMan then T,f = T,g and O.f = O,g.
In contrast to schemes, most d-manifolds are affine:

Theorem

A d-manifold X is affine if and only if dim T, X is bounded for
x € X. This holds automatically if X is compact.
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D-manifolds with boundary, and with corners

| also define 2-categories dMan®, dMan® of d-manifolds with
boundary and corners, and orbifold versions dOrb, dOrb®, dOrb®,
d-orbifolds, using Deligne—-Mumford C°°-stacks.

The currently available definition of d-manifolds with boundary
and corners is not that pretty. In joint work with Kelli
Francis-Staite, | am planning a different definition based on a new
notion of C°°-ring with corners, which is quite like log schemes in
algebraic geometry. Including boundaries and corners in the
(m-)Kuranishi picture is a lot easier.
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6. The 2-category of m-Kuranishi neighbourhoods

We will define m-Kuranishi spaces, a weak 2-category of derived
manifolds mKur, by an ‘atlas of charts’. The charts themselves,
m-Kuranishi neighbourhoods, form a strict 2-category, with
objects, 1- and 2-morphisms.

Let X be a topological space. An m-Kuranishi neighbourhood on
X is a quadruple (V, E, s, 1) such that:

(a) V is a smooth manifold.

(b) m: E — V is a vector bundle over V, the obstruction bundle.

(c) s € C°(E) is a smooth section of E, the m-Kuranishi section.

(d) % is a homeomorphism from s~1(0) to an open subset Im 1) in
X, where Im ) is called the footprint of (V, E,s, ).

If S C X is open, we call (V, E,s,) an m-Kuranishi
neighbourhood over S if S C Im1 C X. We call (V, E,s, )
global if S = X.
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Let f : X — Y be a continuous map of topological spaces,

(Vi, Ei,si,vi), (V), Ej, sj, 1) be m-Kuranishi neighbourhoods on

X,Y,and S CIme; N f1(Ime;) C X be an open set. A

1-morphism ®j; : (Vi, E;, si, ;) = (V}, Ej, sj, ;) over (S,f) is a

triple ®;; = (Vj;, ¢ij, qgu) satisfying:

(a) Vj is an open neighbourhood of v:1(S) in V.

(b) @i : Vjj = Vj is smooth.

(c) @ Eilv; — ¢7(Ej) is a morphism of vector bundles on Vj;,
with &ii(silv;) = 97(s) + O(s7).

(d) Parts (b),(c) imply that ¢;; maps s; *(0) N V;; — sj_l(O). We
require that f o 1); = 1); o ¢;; on s 1(0) N Vj;.

Here the ‘O(s?)’ means that (g,-j(s,-\\/lj) — ¢7(sj) lies in the square

of the ideal of smooth functions generated by s;.
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Properties of m-Kuranishi neighbourhoods

We often take f : X — Y to be idx : X — X, and then we call ®;;
a 1-morphism over S.
The identity 1-morphism of (V;, E;, s;, 1;) over idx is

id(\/hEiashwi) - (\/I’ idVi’ ldE’)
Let f : X — Y and g : Y — Z be continuous maps, and T C Y,
S C f}(T) C X be open, and
q)U — (VIJ7¢IJ7¢IJ) : (VH Ei75i7¢i) — (Vja Ejysjawj) be a
1-morphism over (S, f), and
Pik = (Vik, djk,> Ojk) = (V) Ejy sj507) = (Vi Exk, sk, k) 2
1-morphism over (T, g). The composition is
S 0 D= (V5 N5 (Vik), b © bigl-r 05 (i) © Byl..) -
(\/ia Ei75i7¢i) — (Vk7 Ek75k7¢k)‘
Composition is strictly associative, and identities behave as
expected, ®;; o id(Vi,Ei,Si,wi) = id(\/j,Ej,Sj,wJ‘) od;;i = dj;.
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Definition

Let <I>,-J-,<Df-j : (Vi, Eiysi, i) = (V) Ej, sj, 1)) be 1-morphisms over
(S, f) with & = (\/,-j,qb,-j,gb,-j) &L = (Vj, ¢ ’) Consider pairs
(\/,-j,;\,-j) with open ¢ (S)C V; C ViiNV;; open, and

\:E |v — @ (TV)\\-/ a morphism of vector bundles on V;;
satlsfylng ot ¢U+/\os,+0( 2) and gb ¢U+qb (dsj)oA+O(s;)

on \/,J. Define an equivalence relation ~ on such pairs by

(Vi, 3:,1) (\/,;, N ;) if there exists an open Y (S)CV;C VN Vi
with Ayl = N, |V + O(s7). Write Ajj = [Vj, Aj] for the
N—equivalence class of (Vj,\;), and call A : &;; = d’ a

2-morphism of m-Kuranishi neighbourhoods over (S, f).

v

There are natural notions of vertical and horizontal composition of
2-morphisms, and identity 2-morphisms, which make (global)
m-Kuranishi neighbourhoods into a strict 2-category GmKN. All
2-morphisms are invertible, so GmKN is a (2,1)-category.
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Global m-Kuranishi neighbourhoods and affine d-manifolds

We can motivate the definitions above using d-manifolds. There is
a natural strict 2-functor Fgr'\r’l'ﬁr,'\, GmKN — dMan, which on
objects takes a global m-Kuranishi neighbourhood (V/, E, s, ) on
X to the affine d-manifold Spec €®, for €* the square zero dg
C°-ring defined from (V/, E,s) in Example 4.1. For fixed objects,
Fgr'\rll'f;’,‘\, Is surjective on 1-morphisms, and a 1-1 correspondence on
2-morphisms. In fact, the correct definition of 2-morphism of
m-Kuranishi neighbourhood was deduced from the definition of
2-morphisms of d-manifolds.

This 2-functor FdMa" |s an equivalence from GmKN to the full

2-subcategory dMan C dMan of affine d-manifolds.
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Coordinate changes

For X a topological space and S C X open, write mKurg(X) for
the strict 2-category of m-Kuranishi neighbourhoods and 1- and
2-morphisms over (S,idx). We call a 1-morphism

i (Vi, Eissi, i) = (V), Ej, sj,7)) in mKurs(X) a coordinate
change over S if it is an equivalence in mKurg(X). That is, there
should exist a 1-morphism & : (V}, Ej, s;, ;) = (V;, Ei, si,¢i) and
2-morphisms Aji : ®ji 0 & = id(\/,-,E,-,s,-,w,-) and

Njj : ®jjo ®ji = id(y, E 5 4;)- Then we have:

Theorem 6.1

A l—morphlsm q>l_] — (\/IJ7 ¢IJ7 qglj) . (\/17 Eiasivwi) — (\/_]7 E_jasjawj)
is a coordinate change over S if and only if for all x € S with

Vi = wi_l(x) and vj = zpj_l(x), the following sequence is exact:

dsi|v.® Tv. dj Bijlv;® —ds;ly;
O_>Tv,-\/i Ei|v,'@TVjVj EJ|VJ_>O

-
-
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The stack property of 1- and 2-morphisms

Theorem 6.2
Let f: X — Y be a continuous map, and (V;, E;, s;, ;),
(Vj, Ej, sj, ;) be m-Kuranishi neighbourhoods on X, Y. For each
open S C Imy; N £~ 1(Im);), write
”Homf((\/,-, Ei,si, vi), (V, Ej, sj,wj))(S) for the groupoid of
1-morphisms (b,'j, (D:J : (V,, E,', Si, ¢,) — (VJ, Ej, Sj, wj) and
2-morphisms N : ®; = ®; over (S, f). For all open
TCSCImy;N f_l(Im ;) define a functor

pst : Home((Vi, Ei, si, i), (V) Ej, 57, 5))(S) —

Hom¢ ((Vi, Ei, si,¥i), (Vi Ej, sj,¥;))(T) by restriction to T.
Then ’Homf((\/,-, Ei,si, ¥i), (Vj, Ej,sj,@bj)) is a stack (the
2-category version of sheaf) on Im; N £~ (Im ¢);).

This is not obvious. It means we can glue 1- and 2-morphisms of
m-Kuranishi neighbourhoods over the sets of an open cover.
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7. The 2-category of m-Kuranishi spaces

Definition 7.1

Let X be a Hausdorff, second countable topological space. An
m-Kuranishi structure IC on X of virtual dimension n € 7Z is data
K= (1,(V;, Ei,si,¥i)ier, Pij. ijer, Nk, ijker). where:
(a) Iis an indexing set.
(b) (Vi, Ei, si, ;) is an m-Kuranishi neighbourhood on X for i € [,
with dim V; — rank E; = n. Write §;; = Im; N Im1);, etc.
(c) @4 : (Vi Ei,si, i) = (V) Ej, sj,1)) is a coordinate change
over S;i for i,j € I.
) Njjk : Pjx o @jj = Py is a 2-morphism over Sy for i, ), k € .
) UiEI Imy; = X. (f) b = id(Vi,Ei,Si,¢i) for i e I.
g) Aiij = Aijj = idq),.j fori,jel.
h) Nit © (ide,, *Njji)lse = Nijt © (Ajia * ide; )]s, -
®, 0 ijk o cbij‘sijkl — ¢,'/|5Ukl fori,j, k, 1 €l.
We call X = (X, K) an m-Kuranishi space, with vdim X = n.
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This defines m-Kuranishi spaces using an ‘atlas of charts’, where
the charts are m-Kuranishi neighbourhoods (V;, Ej, s;, %;), with
coordinate changes ®;; on double overlaps Im¢; N Im1);, and
2-isomorphisms Ay : ®j o Cb,-j|5,.jk = Cb,-k|5,.jk on triple overlaps

Im p; N Imp; N Im g, with associativity

Ni) © (id¢k/ */\fjk)|5ijk/ = /\,'J'/ O (/\jkl * idq)ij)‘sijk, on quadruple
overlaps Imv; N Im; N Im 4y N Im ;.

Once you have grasped the idea that m-Kuranishi neighbourhoods
over S C X form a 2-category, with restriction |1 to open subsets
T C S C X, Definition 7.1, although complicated, is obvious, and
necessary: it is the only sensible way to make a global space by
gluing local charts in the world of 2-categories.
Fukaya—Oh—Ohta—Ono define their Kuranishi spaces by a similar
atlas of charts approach, but their coordinate changes only go in
one direction, and they have no 2-morphisms.
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Definition 7.2
Let X = (X,K) and Y = (Y, L) be m-Kuranishi spaces, with
= (I,(Vi, Ei, si,¥i)ier, ®iv,iiver, Nivjv, iininer) and

L= (4, (W, Fi t5,X3)jes Vi, jress Mo jjrres) A )

1-morphism f : X — Y is f=(f,fj i1, jey, Ffi,fiJ,el, FJ,JIEJ,J EJ),

with: (a) f : X — Y is a continuous map.

(b) Fjj: (Vi Ei,si i) = (W, Fj, tj, x;) is a 1-morphism of
m-Kuranishi neighbourhoods over S = Im); N f~1(Im x;)

and f foriel, je J.
Fi, : Fijo®; = fjis a 2-morphism over f for i,i" € I, j € J.

1

£y Wjyrofjj = fj is a 2-morphism over f for i € /, J,j e J.

)

) F

(e) Fi=FV —idy,. |

() Fii//®(ldfi//j /\,','/,'//):FI!I-,Q(F ,,>I<1d¢ ):f,'//joq),'/,'//oq),','/:>f,'//j.
) F' 6 (idw,, *Fl,)=F, @(F{J xide,, ): Wy o Fiijo O =>Fin.
)

" (s i’ i’
F,. ®(1dwj/j” *Fi ) F @( JJ_]”*ldf ) \Ifj/j//ollljj/of,-j:>f,-ju_
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Here (c)—(h) hold for all i, j, ..., restricted to appropriate domains.

Definition 7.3

let f,g: X — Y be 1- morphisms of m-Kuranishi spaces, with

— N J, JE 4’ jJ'ed
f= <f7f’J i€l, jeds Fu IIEI’ F,IEI )’

j,jeJd Jj’s JJj'€d :
g = (g 8ij, icl, jeJ> G,,, el GI icl ) Suppose the continuous

maps f,g: X = Y sat|sfy f=g. A2-morphismn : f = gis
data n = (1, ies, jes), Where n;; : f;; = g;; is a 2-morphism of
m-Kuranishi neighbourhoods over f = g, satisfying:

(a) G;I,/Q(nll_j*ld(b,,/):nU@F;ll’ : fi’jo(bil'/:>gij for i, i’EI, _]GJ
(b) G',U @(ldwﬂ,*?’]lj):nu/@F;U c \UJJIOf’J:>gU/ for IEI, j,j/GJ

v

We can then define composition of 1- and 2-morphisms, identity 1-
and 2-morphisms, and so on, making m-Kuranishi spaces into a
weak 2-category mKur. Composition of 1-morphisms needs the
stack property of 1-morphisms, as in Theorem 6.2.
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Composition of 1-morphisms in mKur

Suppose f: X — Y, g: Y — Z are 1-morphisms of m-Kuranishi
spaces, where X, Y, Z have m-Kuranishi neighbourhoods

(Vis Eiysisi)ier, (W, Fjs . XG)jess (Wh, Fi, te, §k)kek. Consider
how to define the composition go f : X — Z in mKur.

Now g o f should contain 1-morphisms of m-Kuranishi
neighbourhoods (g o f)ix : (Vi, Ei, si, i) — (Wk, Fk, tk, k) for all
i €1 and k € K, defined over Sy = Im1); N (g o f)~(Im&). We
do not have this. Instead, for each j € J we have 1-morphisms
gjko Fij: (Vi Ei,si,i) = (Wi, Fi, ti, Ek) defined over

Sijk = Im¢,- N f_l(Iij) N (g o) f)_l(Imfk).

As the Sy for j € J cover S, we can use Theorem 6.2 to show
that there exists (g o f);, defined over Sy with 2-isomorphisms
(gof)ils, = gjcofiforalljeJ. This (gof)i is only natural
up to 2-isomorphism. Thus g o f is only natural up to
2-isomorphism in mKur, so mKur is a weak 2-category. FOOO
can't compose morphisms, as they have no stack property.
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e The 2-category equivalence Fd:\n"fz’,‘\, : GmKN — dMan®" can be
extended to an equivalence Fng‘:‘ : mKur — dMan. Here GmKN
is basically the full 2-subcategory of m-Kuranishi spaces X in
mKur with only one m-Kuranishi neighbourhood.

e There is a full and faithful embedding Man — mKur taking a
manifold X to the m-Kuranishi space X with topological space X
and one m-Kuranishi neighbourhood (X, 0,0,idx), where E — X
is the zero vector bundle.

e There is an orbifold version of this construction, Kuranishi
spaces, a kind of derived orbifold. Kuranishi neighbourhoods
(V,E,T,s,1) on X are a manifold V, a vector bundle E — V, a
finite group I acting on V.E, a -equivariant section s: V — E,
and a homeomorphism v : s71(0)/I' — X with an open subset
Imy C X. They form a 2-category Kur.

e We can generalize all this to (m-)Kuranishi spaces with
boundary, or with corners, by taking V; to be manifolds with
boundary, or corners. (Not quite as simple as this.)
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Tangent and obstruction spaces of m-Kuranishi spaces

As for d-manifolds, for an m-Kuranishi space X we can define the
tangent space T,X and obstruction space OyX for any x € X,
where if X = (X, IC) with I = (/, (V,, E,', S,',’QD,'),'E/, (D,','/, ii'els
/\,','/,'//7 i,i’,i”El) and x € Im1; with @Dl_l(X) =V € SI-_l(O) C V, then
as for (5.1) we have an exact sequence

0> T X —= T Vi Bl s O, X —> 0.
If f: X — Y is a 1-morphism of m-Kuranishi spaces we get
functorial linear maps T,f : T, X — T,Y and Oxf : OxX — O, Y.
If n: f = g is a 2-morphism then T,f = T,g and O,f = O,g.

(@) Anm-Kuranishispace X isa manifold iff OxX =0 forall xe X.
(b) A 1-morphism f : X — Y of m-Kuranishi spaces is étale (a
local equivalence) iff T f : T, X — T,Y and Of : OxX = O, Y
are isomorphisms for all x € X with f(x) =y € Y. And f is an
equivalence in mKur if also f : X — Y is a bijection.
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Although tangent and obstruction spaces T, X, OxX are only a
small part of the data in a derived manifold X, they tell you a lot,
as Theorem 7.4 illustrates. One can often write (necessary and)
sufficient conditions for things in terms of T, X, O,X and

T.f, O f. The same thing does not hold for general d-spaces.
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