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Abstract

Broadly speaking, the research presented in this thesis is centered around the study of
the Soliton Resolution Conjecture (SRC) for the wave maps equation in dimension 241,
which is rooted in a belief held by the physics community since the 1970’s predicting that
for a large class of non-linear dispersive/hyperbolic evolution equations in mathematical
physics (of which wave maps are an example), the solution should decompose into a
decoupled sum of rescaled solitons plus a regular term, up to an error of asymptotically
vanishing energy, as one evolves towards its maximal time of existence.

To be more precise, we consider large energy wave maps as in the resolution of
the threshold conjecture by Sterbenz and Tataru [29, B0], but more specifically into
the unit Euclidean sphere S"~! C R” with n > 2 (although parts of our argument
work for general targets). We prove that, on a suitably chosen sequence of time slices
approaching maximal existence, there is a decomposition of the map, up to an error with
asymptotically vanishing energy, into a decoupled sum of rescaled solitons concentrating
in the interior of the light cone and a term having asymptotically vanishing energy
dispersion norm. For the latter, we further describe it as a linear gauge co-variant
wave, concentrating on the null boundary and converging to a constant locally in the
interior of the cone, in the energy space.

Similar and stronger results have been recently obtained in the equivariant setting by
several authors [4] [5, 2 [3, 5], where better control on the dispersive term concentrating
on the null boundary of the cone is provided and in some cases the asymptotic decom-
position is shown to hold for all time. Here however, we do not impose any symmetry
condition on the map itself and our strategy follows the one from bubbling analysis of
harmonic maps into spheres in the supercritical regime due to Lin and Riviere [20} 21],
which we make work here in the hyperbolic context of [30]. A large part of the work

presented in this thesis has appeared in author’s [12].
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Chapter 1

Introduction: the Wave Maps

Equation

1.1 Wave maps

We start by explaining some important facts about smooth wave maps into compact
Riemannian manifolds. For a broad introduction to the subject, we shall refer the
interested reader to the monograph of Shatah and Struwe [26]. Our exposition will

however be self-contained.

1.1.1 The basic definition

In this thesis, we will work with closed Riemannian manifolds N equipped with an
isometric embedding into some Euclidean space. If thinking about applications to
mathematical General Relativity, it is important to consider the broader class of non-
compact manifolds such as the hyperbolic space. However, as we will elaborate in
the next section, for the particular case of the hyperbolic space the questions we are
addressing here have been already completely resolved seven years ago. Also, it is
interesting to point out that from the analytical perspective, having the manifold N
embedded into R™ enables us to use techniques form harmonic and Fourier analysis
with ease. Moreover, the boundedness of the map will be quite helpful for both the
arguments upon which we will rely, and those which we will present.

Let us denote by & = ( J’Z) the second fundamental form corresponding to the

embedding A/ — R". Wave maps are smooth maps ¢ : I x R? — R", defined on some



CHAPTER 1. INTRODUCTION: THE WAVE MAPS EQUATION 6

time interval I C R, with the evolution:

Plto] == (¢(to), Opd(to)), to €I,

taking values in the tangent bundle TN of the manifold A, so that

Si(@)Viad’ =0, (1.1.1)

with ¢[t] also required to belong to the Sobolev space CO(I; H}) N CH(I; L?) and gov-

erned by the following semi-linear wave equation:
O¢" = =Siy(¢)0a0 0% ¢ (1.1.2)

Here, the D’Alembertian is given by 00 := 9,0 = —9? + A,. Note our convention: we
are summing over repeating indices, where « is running from 0 to 2, with 0y = 9, and
9° = —0, as we will be always raising the indices with respect to the Minkowski metric
p= —dt®? 4 do? + dz5? on R**! unless clearly stated otherwise.

Using the identities , we can rewrite the wave maps equation in a more geo-
metric form:

06 + Q.0 = 0, (1.1.3)
where €, is an so(n) connection matrix defined by:
() = [Sje(6) = Si(®)] Oass”

One of the main benefits of taking this point of view lies in the fact that given a change

of gauge, i.e. change of moving frame on R™:
Vt’x(b — th,m¢7

for a smooth field U with values in SO(n), the gauge, equation (1.1.3)) transforms

naturally after application of the latter:
(0a +QF) U =0, (1.1.4)

where we have the usual definition QY = 9,UU T+ UQLUT. This extra degree of freedom
introduces the need of choosing the right gauge to do analysis in. As we will discuss

later, several possibilities have been constructed by various authors. However, as far
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as this thesis is concerned, the issue of choosing the right gauge will not be present for

most of the arguments we advance.

1.1.2 Important examples

The most interesting example for us would be when the target manifold is chosen to
be the Euclidean sphere S*~! € R™. We should remark that all of the results we claim
in this thesis do extend to the slightly more general case of homogeneous Riemannian
manifolds, but for the sake of mathematical clarity we will focus on S"~! — being the
simplest yet fully representative situation. In this case, the evolution taking values in

the tangent bundle T'S"~! leads to the following geometric identities:
Plp=1, ¢'V,.0=0. (1.1.5)
The wave maps equation itself takes the following nice form:
O¢ = —p0u¢' 0%6. (1.1.6)

A further special case of the above example, that we would like to single out in our
presentation, is the one of equivariant wave maps. Those have the two-sphere as target
(certainly more general surfaces of revolution can be considered here, but we leave it

to the references in [20]) and take the following form:

sin(t,r) cos
o(t,r,0) = | siny(t,r) sinld |, (1.1.7)
cos(t, )

with (r, #) standing for spatial polar coordinates. The integer £ = 1,2, ... is the equiv-
ariance class of the map, and the function v (t, r) solves the following semi-linear wave

equation on R x R.:

sintpcosty

r2

—OH) + 0% + %&w — 0.

We will say a bit more about this set-up in the next section, as this is the one other

authors have been considering.
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1.1.3 Conservation laws

Let us now discuss some important properties that wave maps have. First of all,

symmetries: we recall that equation ([1.1.2) is invariant with respect to the scaling:
o(t, ) — d(At, Ax),

for any A > 0, and also any space-time translation. Moreover, a few important con-
servation laws are associated to the wave map evolution. Firstly, the energy of a wave

map at time ty € I, scale invariant in dimension 241, is given by:

1 1
Eldlt) =5 [ 100 +V20(t0)* do = 5 [ Vewolto) 3
RQ
and a conservation of energy law holds:

Ele](to) = €[] (1), (1.1.8)

for any to,t; € 1.
Secondly, restricting ourselves to the case N’ = S"~! and using the identities ((1.1.5)),

it is simple to see that equation (|1.1.6)) is equivalent to the following conservation law:

8a(¢8a¢T - aoe¢¢T) = 0. (119)

The use of this identity means however, that some of our arguments do not directly
generalize to the case when one has an arbitrary closed Riemannian manifold as a
target.

A more geometric perspective on ([1.1.9) would be to argue through Noether’s the-
orem and the abundance of Killing vector fields on the Euclidean sphere (and similarly
for other homogeneous Riemannian manifolds but, as mentioned before, we shall focus
on the sphere in the thesis). For, one has to note that wave maps are formally critical

points of the Lagrangian:

L(¢) := /R " 0% Opgdtda, (1.1.10)

of which (1.1.2)) is the Euler-Lagrange equation. The reader interested in this formalism
is invited to have a look at the beautiful monograph of Hélein [13].

Going back to a general target N, there is another consequence of the variational
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point of view and Noether’s theorem worth mentioning. In fact, smooth wave maps

have the stress energy tensor:

Tosl6) 1= 061030 — S pas"610,0, (1.1.11)

being divergence free:

O°Taslg) = 0. (1.1.12)

Note that this conservation law can be deduced directly from identities and
equation , without appealing to Noether’s theorem.

The energy conservation law is actually obtained by contracting T'[¢] with 0,
and using with Stokes’ theorem in [tg, #;] x R?. As we shall see later, many other
monotonicity and Morawetz type estimates, very important in the blow-up analysis of
large energy wave maps, are obtained in this way.

Finally, closing our presentation of wave maps, we remark that the Lagrangian £ is
invariant under Lorentz transformations of R?*!, which implies that, after composition
with Lorentz transformations, the map still solves equation and in particular, if

we target the Euclidean sphere, the conservation law (1.1.9) also stays true.

1.2 From the Threshold Theorem to the Soliton

Resolution Conjecture

1.2.1 Some basic notation

Before presenting our main results, let us set up some notation. As usual, for two
quantities A and B we will be writing A < B if A < C - B for some implicit constant
C > 0 whose dependence should be clarified when necessary. We also write A ~ B
whenever the additional estimate B < A holds. Similarly, for the O-notation, we set
A=0(B)if |A| < C - B.

Regarding the asymptotic notation, arising in various statements of the soliton
decomposition below, we write f, = ox(A), as ¥ — +oo in the background with X
some Banach space (typically a Sobolev space), for a sequence of elements f, € X with
I fullx < ¢ - A where ¢, | 0. In the same spirit, we will write A, < B, whenever
A, /B, — 0 holds.

By B,,(79) C R? we will be always referring to a spatial open ball of radius ro > 0

and center 7, € R?. In space-time our basic domains should be light cones. We denote
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the forward light cone by:
C:={(t,x) : 0<t,r<t}, r:=|z,
and the restriction to some time interval I, as well as time sections, by:
Cr:=0n{IxR?Y, S, :=0Cn{t} xR?),

respectively. We let 0CT := {(t,x) : t € I, r = t} standing for the lateral boundary, to
which we usually refer as the null boundary. Given some § > 0, it will be convenient
also to set C° := (6,0) + C, with the convention that C° stands for Us-oC?, the open
interior of C'. Accordingly, we have C? := C; N C?, Sfo = S, NC° and if § > 0, IC?
for the lateral boundary of C?.

1.2.2 Well-posedness versus blow-up

We recall now the set-up from [30], which holds for any closed Riemannian manifold N
as target. By the finite speed of propagation, translation and scaling invariance proper-
ties, we shall restrict ourselves to the forward light cone C' on which it is convenient to
study at the same time both scenarios: the finite time blow-up at the tip of the cone,
as well as the problem of scattering as ¢t — 4o00.

We pause here to note that, classically, one says that a wave map scatters at infinity
if ¢[t] is equal to a linear wave up to an error term which has asymptotically vanishing
energy as t — +oo. In reality, because the wave maps equation transforms naturally
under change of gauge, see (|1.1.4]), one can obtain such a behavior only by constructing a
suitable gauge. Therefore, we should always state precisely what we mean by scattering
in each concrete situation.

With this understood, we can assume that we are given a wave map ¢ on C, smooth

up to but not necessarily including the origin (0,0), and satisfying the energy bound:
1 2
gStO [¢] = 5 ||vt,x¢||[,2(st0) S ga vtO € [07 00)7 (121)

where £ is an arbitrarily large but fixed for the rest of the thesis bound on which most

of our constants will depend. Let us introduce here the notation for the energy of the
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wave map ¢ over some domain U C R**! at the time slice {t = #(} setting:

1 1
Euldl(to) == §/U - \V120(to)] dz = 3 \|Vt7$¢(to)Hi2(Um{t:to}) ’
N{t=to

or simply Ey[¢] when there is no ambiguity, as for example with &, [¢] above. For the

latter quantity, we recall the important monotonicity property:
5Sto [¢] < 5Stl [¢] for to < ty.

It is obtained, as the conservation of energy law (|1.1.8)), contracting the stress energy
tensor T'[¢] with 0; and using (1.1.12)) with Stokes’ theorem, this time however applied
in Clyy 4y, giving:

1 1
E5,[6) = Funaalol+€5, 61, Fioalé)i= [ (Z\L¢\2+§‘r189¢‘2) 1A, (1.22)

Cleo.t1]
The quantity Fi, +,1]¢] is called the fluz of the wave map from ¢; to to, and L is part of
the null frame:

L= at—’—a,,‘, L:ZQ—@T.

The monotonicity property and the global bound ([1.2.1) enable us to define the
limits:

80 = ltIf(I} ESt [(b]a goo = g{g gSt [(b]’

and imply that Fy,1(¢] | 0 as to, t; both tend to zero or infinity. The latter can be
used, together with the angular part of Fp, ., [¢] from , to construct, given any
e > 0, an extension of ¢ outside the cone C on (0,%y] for t, = ty(¢) small enough,
and on [ty, 00) for to, = too(e) large enough, solving the wave maps equation (which is
possible by finite speed of propagation, hence we shall slightly abuse notation denoting
those extensions by ¢) such that:

El(t) — Es,[¢] < 2, Yt € (0,t0] U [tas, 00).

The details of this construction can be found in Sections 6.1 and 6.2 of [30], and a
similar argument is presented here in Section 3.2}

By the small energy theorem of Tao [32], that we explain carefully in Section [2.2] if
E[9](to) can be chosen small enough, then & = 0 and ¢ can be extended to a smooth

wave map for all time. This guarantees also that the above extensions are smooth
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everywhere except possibly (0,0), even if Eg,[¢] is large, provided e > 0 was chosen
small enough initially.

Moreover, via a continuity-iteration-renormalization argument, ¢ is proved in [32]
to belong to a space S C CO(I; H)) N C}(I; L?), implying control in all the Strichartz
spaces amongst others, in which well-posedness for the Cauchy problem (|1.1.6) can be
established. We discuss this more precisely with further references later in Section

Following the terminology of Sterbenz and Tataru [30], we will say that scattering
holds if:

¢ €5,

noting that, strictly speaking, this means that ¢ behaves like a linear wave as t —
+oo after passing to frequency localization and applying the microlocal gauge (if small
energy, see [32]) or the diffusion gauge (necessary if large energy, see [29]). We refer the
reader to the structure theorem of Sterbenz and Tataru in [29], and Section |3.2]in this
thesis for further information. Therefore, if £[¢](t) could be chosen small enough for
some extension we consider the scattering problem for ¢ as t — 400 resolved.

Let us take the opportunity here to remark that, if the target manifold is a hyperbolic
Riemann surface, then scattering in the classical sense was established by Krieger and
Schlag [I7] for wave maps in the Coulomb gauge. For the hyperbolic spaces, this was
achieved by Tao [33] using the caloric gauge. Those works were considering wave maps
with initial data of arbitrarily large energy, without any further assumptions. Therefore,
as we explain below, they obtain the proof of the full Soliton Resolution Conjecture for
those targets, see Section [1.2.4]

Once energy gets large, blow-up can occur and the first examples of finite time
singularity for equivariant wave maps into S? were constructed by Krieger, Schlag and
Tataru [18], as well as Rodnianski and Sterbenz [24] and also Raphaél and Rodnianski
[22], where, as for the harmonic map heat flow, the mechanism behind the singular
behavior was concentration of a non-trivial harmonic map.

More generally, the wave map ¢ could have concentrated at the origin at least one

soliton: these are defined to be finite energy smooth maps w : R** — A solving the
wave maps equation ([1.1.2)) and satisfying:

Xw =0,

for some constant time-like vector field X on R?*!. In particular, precomposing w with

a Lorentz transformation W that takes d; to X, we obtain a finite energy harmonic
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map from R? steady in the time direction which, upon extending over spatial infinity
using the removable singularity theorem of Sacks and Uhlenbeck [25], gives a harmonic
two-sphere w o ¥ : R x §? — N familiar from the bubbling analysis of harmonic
maps and heat flows. Let us note here that this last point of view enables us to set
w(00) := limyy| 0o w(t, ), which is well-defined and independent of time ¢ chosen.

The Threshold Conjecture, resolved by Sterbenz and Tataru [29, B0] (for closed
Riemannian manifolds), Krieger and Schlag [17] (for hyperbolic surfaces) and Tao [33]
(for hyperbolic spaces of any dimension), predicts that concentration of solitons is the
essential mechanism behind blow-up. That is if &, £, are less than the energy threshold
below which every harmonic two-sphere is constant, then one has regularity at ¢ = 0
and scattering as t — +o0.

One of the central difficulties in establishing this conjecture, in the general non-
symmetric situation, was that relying only on standard Morawetz type estimates ob-
tained from the stress energy tensor, it was not possible to get a non-trivial amount of
energy concentrating within the light cone required to produce a non-constant soliton.
As far as the program of Sterbenz and Tataru is concerned, the breakthrough was made
in [29], where they obtain that, on top of concentrating energy, the map must concen-
trate a non-trivial amount ¢(€, N') > 0 of the BMO type energy dispersion norm. That
is if:

sgp HPk(ﬁHL?f;((O,to]U[too,oo)) <e(E,N), (1.2.3)

where Py stands for the Littlewood-Paley projection (see Section , then:
¢ € 5((0,to] U [tos, 00)),

and the map extends smoothly to a neighborhood of ¢ = 0 (we shall state a slightly
more precise version of this theorem in Section . This is a large data result and is
proved in [29] via an induction on energy argument.

Let us note here, as an aside, that the program of Krieger and Schlag [17], as well
as the one of Tao [33], proceeded via a different induction on energy argument and
without any smallness assumption as . As there are no non-constant solitons for
the targets considered there, one obtains global regularity and scattering for arbitrarily
large data in those cases. We point out on the other hand, that the concentration-
compactness techniques used in [I7] can also lead to a fruitful study of the formation of
solitons, as was demonstrated so far for equivariant wave maps in [4, [5, 2, B, 15]. In the

present work however, we shall adopt a more direct approach staying closer to [29] [30],
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see Section for a detailed summary of our strategy.

In Section 3.2} we will briefly discuss results from [30] that convert concentration
of energy dispersion into concentration of a non-trivial amount of time-like energy, as
this is how, arguing by contradiction, we get the energy dispersion norm of the term
concentrating on the null boundary asymptotically vanishing. On the other hand, the
fact that arguments in [30] give that only some energy is prevented from escaping into
the null boundary at a finite time singularity, is a serious obstacle to controlling null
concentration further. In fact, techniques dealing with this phenomenon would have
to strengthen [29] [30] considerably in this situation, if not giving a wholly alternative

proof to the threshold conjecture (which we shall not attempt in this thesis).

Theorem 1.2.1. (Threshold Theorem of Sterbenz and Tataru [29, B0]). Suppose that
the wave map ¢ is singular at (0,0), respectively ¢ ¢ S[ts,0) for any extension as
discussed above, then there exists a sequence N | 0, respectively \>° 1 oo, the so-called

final rescaling, such that setting:

¢I/() = (b()‘g)v respectwely ¢()‘SO)>

1
we can find a sequence of concentration points (t,,x,) € C’ﬁ o] and scales r, | 0, for
which: -
o, (t, + 1tz +1r,2) — w(t,z) in (H;x)loc([—é, 5] x R?),

for some non-constant soliton w.

We shall describe in detail the final rescaling ¢, at the beginning of Chapter [3] see
Lemma 3.0.11

1.2.3 Statement of the main results

In our main theorems, we study the above sequence ¢, of Theorem further, car-
rying out a blow-up analysis for it and establishing an analogue of the energy identity
from the bubbling analysis of harmonic maps and heat flows (and many other geometric
variational problems), see for example the works [0} [36, [T9] and the references therein
for the critical regime, and for a supercritical situation the papers of Lin and Riviere
[20, 21], which are of closer flavor to the arguments presented in this thesis.

Below, Theorems [1.2.2] and [1.2.3] hold for a general target N as considered in The-
orem .21l
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Theorem 1.2.2. (Blow-up analysis for asymptotically self-similar sequences of wave
maps). Upon passing to a subsequence for the wave maps {¢,},y obtained in Theorem
1.2.1) or abstractly those satisfying the conclusions of Lemmal[3.0.1], the following holds.

There exists a non-trivial finite collection of time-like geodesics o1, ..., 01, emanat-
ing from the origin in Minkowski space R**1, along which the maps concentrate some

threshold e; > 0 of energy:

liminngT(gi(t))[@,] >e, VEe[L,2], Vr>0, i=1,...,1,

V—00

where we are writing o;(t) :== 0; NSy, and the maps converge locally to a constant away

from o; in the interior of the light cone:
¢, —> const. on 0[0172] \ U;0i,

locally in CO(HY) N CHL?).

In our next theorem, we consider the parts of the maps ¢, that get concentrated on
the null boundary 0C'.

Theorem 1.2.3. (Dispersive property for null-concentration). Given the set up from

Theorem (1.2.2, fix a small distance to the null boundary:

1
50 = Edist(uigi, 80[1’2}).

200
[to—d0,to+00]

o) X R?, for each ty € [1+ 89,2 — &o], solving the wave maps equation on this short, but

The maps ¢, on Cly—_so.t0+50] \ C admit extensions wy,, to [to — do,to +

independent of v, time interval and converging to a constant away from OC':
Via@ty — 0 in CP(L2)1oe (([to — o, to + do] X R?) \ 0C(y—sy.t0+501) ;

with a decay for the angular and the null L = 0; + 0, energy:

sup ([ L@y ()]l 12 + |77 09 ()| 12) — O
tE[to—T,to+T] v z

Moreover, the maps wy,, admit a uniform dispersive bound:

<1

Hwto,l/ H S[to—do,to+do] ~ 7

for any tg € [1 4 60,2 — do|, and we can extract the following asymptotic structure for
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them:

Wtoy = Z Yug + OL?O(HéXL%)[to—%,to-i-%](1)’ (1.2.4)
kEZ

where each 1, ), solves a gauge co-variant linear wave equation:

Y

{ <D ¥ 2A£f“’”)aa> Yo =0
wl/,k[tO] - Pkwto,u[tO]

with AS") € so(n) given by:
(Agk7y))§ = Pék—mu [S;Z(wtow) - Sgé(wto,V)} PSk:—mu [aawfg,u] )

for a sequence of integers m, —» +0o0.

Our final theorem is the heart of this thesis and requires the full machinery of com-
pensation theory that we develop in Section [2.3] which relies on the crucial conservation

law (|1.1.9) not available for general targets.

Theorem 1.2.4. (Quantization of time-like energy for wave maps into spheres). Con-
sider the set up from Theorems|1.2.4 and|1.2.4 with N' = S"~!. We can find a sequence

of time slices:

{tV}I/EN C []— + 607 2 - 50]7

on which there ezists a non-trivial collection of J = J({t,},en) Se 1 sequences of points
al, € R?, |al| < t, — 53y, with associated scales N, | 0 for j = 1,...,J, satisfying the
orthogonality conditions:
Ao A e —al
XA AN,

as v — +oo for distinct i # j, such that:

J .
t—1t, v —al
ot.0) =35 (10 (51 55 ) ~ (69 )+ Fualte ) + 0gppa1) on S

j=1

where w; : R**Y — S"=1 are solitons for which:
Gy (ty + N, al, + Nx) — w;(t,x) on R**\ U0l (1.2.5)

locally in CP(H}) N CH(L2), for a finite collection, ¢ =1,...,q(w;,E), of parallel time-
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like geodesics .

In other words, we have Energy Quantization in the interior of the light cone for

wave maps into spheres.

1.2.4 Towards the Soliton Resolution Conjecture

Our Theorems [1.2.2] [1.2.3| and [1.2.4] represent a little first step towards understanding

the Soliton Resolution Conjecture for the (241)-dimensional wave maps equation with
target S"~!. It states that in addition, such a decomposition should be unique holding
for all time and that @, , should have asymptotically vanishing energy in the case of
finite time blow-up, or correspond to the scattering part of the wave map in the case
of global existence.

We mention here that the soliton resolution conjecture has recently been shown to
hold for the l-equivariant wave maps into S* C R? (see equation from Section
1.1.2) with initial data having topological degree one and energy strictly less than 3
times 47 (note that 47 is the energy threshold) by Cote, Kenig, Lawrie and Schlag at
finite time singularity in [4], and in [5] for the case of global existence (more general
surfaces of revolution are also considered). Note that in this situation, one knows a
priori the uniqueness of the possible configurations of solitons that can be concentrated
(in fact there is only one of them and it is the unique equivariant degree one harmonic
map). The conjecture is also established for the examples constructed by Krieger,
Schlag and Tataru [I§], as well as Raphaél and Rodnianski [22].

Without this restriction on the initial data, the soliton resolution along a sequence
of times was obtained in the l-equivariant setting by Cote [2, B] building upon [4] [5],
and more generally for the (-equivariant case for any integer ¢ > 1 by Jia and Kenig [15]
relying on a method different from [4, B, 2] (in both works, the finite time singularity
and the global existence case have been considered). We refer the reader to [15] for more
references and an overview with some history of the various beautiful techniques used
to tackle the soliton resolution conjecture in the radial /equivariant cases for a variety
of non-linear wave equations initiated by Duyckaerts, Kenig and Merle, see for example
[8]. We also note that those techniques have been very recently applied to prove the
sequential soliton resolution conjecture without any symmetry assumptions for some
focusing semi-linear wave equations by Duyckaerts, Jia, Kenig and Merle [I4] [7, [I].
The strategy of the present thesis will have a very different flavor though. An outline
can be found in Section [L.3
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It is worth mentioning here that our theorems give an alternative proof for some of
the results obtained in [4, 2, [15]. For, we have to recall the following self-similar energy
decay estimate for equivariant wave maps due to Christodoulou and Tahvildar-Zadeh
[1], as well as Shatah and Tahvildar-Zadeh [27] from the early 90’s.

Theorem 1.2.5. (Self-similar energy decay [I, 27]). For an equivariant wave map

¢:C —S%, given any constant 0 < A < 1, we have:

Eclo)(t) — Exclo)(t) — 0 as t L 0.

Combined with the above result, Theorems|1.2.2} [1.2.3| and [1.2.4] immediately imply

the sequential version of SRC in the case of finite time blow-up for equivariant wave

maps. For the case of global existence, one has to rely on [5] to extract the scattering
profile of the map before applying our quantization result. We should, however, abstain
from reporting on this further here.

To close this section, let us say that the techniques we use to establish the above
theorems leave completely open the question of uniqueness of the set of solitons. In
fact, as suggested by an example of Topping [36] for the harmonic map heat flow, this,
and therefore the soliton resolution conjecture, could fail for certain targets (in view
of the work of Simon [28] however, such pathologies are believed to be excluded when
working with real analytic targets like S"~!). Therefore, there is a notoriously difficult
and long way from Theorem to the full soliton resolution conjecture as one should
expect the quantization result to hold for any closed Riemannian manifold as a target
and the only place where we use the fact that our target is a sphere is when relying on
the conservation law (1.1.9)) in the proof of the compensation estimates in Section
Establishing the analogue of those estimates for general targets is an important open

question even in the elliptic theory, see the work of Riviere [23] for a further discussion.

1.3 Discussion of the strategy and overview of the

argument

We should close the introduction by outlining the proofs of Theorems [1.2.2)] and
[1.2.4] which are contained in Section
Firstly, Theorem is obtained in Section [3.1] For the sequence of wave maps

{ov},en at the final rescaling, Sterbenz and Tataru [30] obtain a decay estimate along
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the scaling vector field 0, = %(t@ +70,):

t2—T2)1/2

1
//(% m lé?p(ﬁl,\zdxdt — 0,

—1
[svysp 7]

1
for some sequences ¢, | 0, € < ¢, see Lemma |3.0.1] If one uses a local version of the

latter, by contracting the stress energy tensor (1.1.11) with ¢0,, for some compactly
supported cut-off ¢ on the unit hyperbolic plane H?, it is possible to spread a given
energy control on some ball B, (xg) € S, at the time slice t = 1 say, along the flow
of the vector field d, for any finite amount of time; in other words the wave maps ¢,

would have small energy, uniformly in v, on the whole of:
{Az:xe[l,2], ze{t=1} x By, (x0)},

provided they did so initially at ¢ = 1. This is a simple analogue of the fact, from
the blow-up analysis of supercritical harmonic maps, that one must have the tangent
Radon measures monotone under scaling (see the work of Lin [20], and Lemma
here).

This way, relying as well on concentration-compactness at ¢ = 1 and the small energy
compactness result under control of a time-like direction due to Sterbenz and Tataru
[30], see Lemma here, we are able to obtain a subsequence for {¢,}, .y which
converges on 0[01,2]’ away from a finite set of time-like rays passing through the origin,
to a regular self-similar wave map ¢. By homogeneity and the singularity removable
theorem of Sacks and Uhlenbeck [25], the map ¢ extends to a smooth wave map on the
whole of the open forward light cone C° (the details of this argument are contained in
Lemma . We note that similar arguments give also the convergence to solitons
statement claimed in Theorem[1.2.2] (see Lemma for this point). We recall,
however, that self-similar wave maps of finite energy must be constant. This is a well-
known result, the proof of which can be found in [30] (see also Proposition here
for a precise statement).

On the other hand, another crucial property of the wave maps at the final scaling
of Sterbenz and Tataru [30], is that a non-trivial amount of energy is uniformly held
at a fixed distance away from the null boundary. Hence, our configuration of time-like
rays, along which the wave maps concentrate, must be non-trivial. At this stage, this
yields the proof of Theorem [1.2.2

Because only some time-like energy is obtained in [30] (as some of the total energy
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can be consumed by the linear part of the map if one considers the non-scattering
problem for example), our second result, Theorem treated in Section tries to
address the issue of null concentration. By cutting the parts of the map concentrating
at the time-like geodesics, we are able to solve the wave maps equation for a uniform
amount of time, even though the energy of the initial data is a priori large (thanks to
the finite speed of propagation property and the fact the configuration of time-like rays
was fixed initially). Running the arguments of Sterbenz and Tataru [30] backwards,
yields then the claimed control for the energy dispersion norm (see Lemma , as
well as decay for the angular and L null energy. Finally, the decomposition (|1.2.4]
claimed in Theorem is a consequence of the theory developed in [32] 29].

Up until now, all of our arguments were valid for any closed Riemannian manifold N
as target. For our last result, we have to restrict ourselves to the case when N' = S*~ 1,
the Euclidean sphere.

The construction of the asymptotic decomposition and the proof of the energy quan-
tization, Theorem [1.2.4] is contained in Section [3.3l Upon choosing a suitable sequence

of time slices {t,(,l)}l,eN C (1,2) and scales §, | 0, we study the wave maps:
¢i,u(') = ¢V(t1(/1) + 51/'7 Qi(tul)) + 51/) on [_L 1] X Bl>

for each geodesic g;, from Theorem [I.2.2] The maps ¢;, converge to the constant c4
corresponding to the self-similar wave map ¢ mentioned previously, locally in L°(H} x
L?) away from g;, and in fact strongly in L°(L2). The time slices {t,(jl)}VeN have been
chosen such that:

Xi(bi,u — 0 in L2

t,x?

for the constant time-like vector field X; pointing in the direction of the ray o;. The
concentration scales {0, },en have been chosen decaying slowly enough, to avoid losing

energy in the process:

lim sup 5s5v\uiBéu(gi(t))[¢”] = 0.

Vo0 4el1,2] !
From there, we appeal to the compensation type estimates from Section (the
only place where we use the fact that our target is the sphere S*~1), decomposing the

gradient as:
vt,qui,u = @i,lj + Ei,m

with ©;, — 0 in Lj, and Y [|BZill ) S 1,
keZ
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which is obtained in Proposition [2.3.1f To construct ©;,, we rely essentially on the

time-like decay above, and for =; , the div-curl type structure of the non-linearity:
O 0%, where Q= ¢;,000!, — Dudbindl,.

coming from the conservation law . Furthermore, we obtain a decomposition for

the higher order time-like derivatives of gzﬁl-,l,:
X7,‘2¢i,u =1, +1I;,,
where the first term is a linear combination of:

Z PV [0 (Psgy100i0) Z Py (P<j410Vai)], and Qp "NViabi, (1.3.1)

kEZ keZ

that we note being local in time and quadratic in the gradient, and the second one

satisfies a favorable decay estimate:

_ 2
D o 1P 72 gy — 0.

keZ

This is obtained in Lemma of Section [2.3], relying crucially on the conservation
law again, and plays an important role in the proof of the Besov decay estimate
for wave maps on neck domains of Lemma in Section [3.3] to which we come in
few moments here.

We proceed then by constructing the soliton decomposition for the wave maps ¢; ,,
up to terms called necks in the literature on harmonic maps, which are given by ¢;,
restricted to a finite collection of conformally degenerating annuli:

E ok
T

[_T;,,7 ) (BRf (#5,)\ Byx (& w)) C [=1,1] x By with ¥, < RF,

and k= 1,..., K;(&), satisfying the local energy decay estimate:

sup sup &g, ok )\B, (k) [0in] () — 0, (1.3.2)

2=tk <r<2tRF te[-3,5] '
for any positive integer ¢ € N. This is the content of Lemma [3.3.1, and represents
essentially a standard argument of concentration-compactness. The whole of Theorem

1.2.4}is then reduced to showing that those necks have asymptotically vanishing energy.
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In doing so, upon picking up suitable time slices {tl(,Q)}VeN C (-1 35 2) before applying

Lemma and taking the fastest concentrating scale Apin ,, := mlni{)\f,}, we consider

the maps:
gzsl/,il'l-c (t7 x) = ¢1,V<t1€2) + Al'l’lin,llilz xf,l/ + Amin,yx) on [_]., ]_] X R2,
together with:

]/7;1:1? (t) I) ::/\min,y@i,u (tl(/2) + )\min,ut7 ‘rﬁy + /\min,z/x)7
Ey,x’? (t, JT) ::)\min7VE’i,V(t(yz) + Amin,uta xiy + Amin,u£)7
H k (t7 :C) )\2 Hi,u(t,(/Q) + )\min,yta xﬁy + )\min,ux>7

mll’l v

and {tl(,2)},,€N was chosen in such a way that:

2—>0.

|12, (0 \

+HX¢” H +Zz%HPk

We use then the second and third items of the decay statement above, to write for
the gradient of ¢, ,» on the neck domain:

vt»fcqéy,a;]? = ’I\u,ac'-C on [_1’ ]‘] X (B)\ L Rk \B/\ L )7

sV min,v " i,v mlnl/ll/

with the RHS supported on [—1,1] x (Byy-1 pe \ By-1y-1 .+ ) and satisfying:

min,v= 1, min,v ’Ll/

HT — 0.

L3

S 1, 5w |[A, 0)

L (L3)[-1.1] keZ

k
vz,

This is proved in Lemma using the decay for X¢¢,,,m§’y, localizing to the neck
region the already obtained favorable estimate for Hv,zf,’ and relying on the local
energy control to get a weak Bo_ol’? decay estimate for the non-linear terms at
high frequency, which are quadratic in the gradient of the map ¢V7xﬁu such as
left over from Lemma 2.3.2

Finally, we are brought to the following control for the energy of ¢, . on the neck
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domain at time t = 0:

2
’ ‘ vtﬂ?qsu,xf

UV

(0)]

LZ(By—1 pe \By-1 %)

min,v” i,v min,v ' i,v

Lg) 2 HP’“EV@?,V(O)‘
o

5 (Sup HPkTV,IEkD(O)

keZ '

+ HTV,M (0)’

L3

ol

v

O, 2t

L3

and this gives the desired energy collapsing result.
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Chapter 2

Technical results and Compensation

Theory

In this section we gather some of the technical results, mainly restricted to the regularity
theory of wave maps, that we will be using in Section [3|to establish our Main Theorems.

The crucial compensation estimate is proved in Section [2.3]

2.1 Some harmonic analysis

2.1.1 Fourier Analysis and Littlewood—Paley theory

We will be mainly relying on the spatial Fourier transform. For ¢(t,z) € S(R?), a

Schwartz function on R? at some fixed time ¢, we define:

~

o(t,§) = /RZ e 2o (t, x)de,

together with the inverse transform given by:
plt.r) = [ o o)
R

for a Schwartz function ¢(¢,&) on the frequency space. The space-time Fourier trans-

form:

Fip(r,§) = /R ] /R e~ ey (¢ x)dtdr, ) € S(R x R?),

with inverse denoted by F~!, will however appear in Section while treating high

modulations.

24
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The use of Littlewood—Paley theory will be quite beneficial to our analysis and
general references for it are the monographs of Taylor [35] and Grafakos [11]. We shall
rely on the discrete version here only: the Littlewood--Paley projection P<y, with k € Z,
is defined to be a Fourier multiplier with symbol m< (&) 1= m<o(27%|¢]), i.e. via the

convolution:

Paot.a)i= 2% [ e (2a =) ot 0)dy, (2.11)

R2
for some radial non-negative function m<o(|¢]) in frequency space, identically 1 on
€] <1 and 0 for |£] > 2.

We also set Py, to be a multiplier with symbol my(€) := mo(27% |€]), where mg(|€]) :=
m<o(|€]) — m<o(2[¢]), and the operators Py, Py, <.<k,, P>k, etc. are then defined in
the usual way. Note that LP-projections make sense for functions defined only at some
given time ¢, or restricted to any time interval, and more generally commute with
time cut-offs. Furthermore they are disposable multipliers, i.e. have the distributional
convolution kernels of bounded mass, even when considered on the whole of space-time
which in practice means that they are bounded on any translation-invariant Banach
space of functions on R x R? and therefore can be discarded from the estimates as one
wishes.

Two elementary but important facts about LP-projections that we would like to

mention here are the finite band property that states:
IVaPrllz < 2° 1Pkl 1 (2.1.2)

and further:
|’V1Pk¢|’Lg ~ 2k ||Pk¢||L§ ) (2.1.3)

for any 1 < p < oo, as well as Bernstein’s inequality:
1Pl S 22 G5) | Pl g (2.1.4)

for any 1 < g < p < oo. The latter is especially useful converting integrability into
regularity at low frequencies.

We can decompose any Schwartz function using LP-projections, and as we typically
consider maps taking values in the sphere, we will be considering affinely (i.e. upon

adding a constant) Schwartz functions, obtaining:

¢ =Pegp+ Y Puop=const. + Y _ P in S(R?). (2.1.5)

k>0 keZ
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While working with the gradient V,,¢, this will make no difference of course. By
duality, the above decompositions hold also for tempered distributions and are used to
define various Besov and Triebel-Lizorkin spaces, see [11]. Let us present here some
examples important for our argument.

In this thesis, we will be mainly working with the Besov spaces BJ” (R?), for s €
R and 1 < p,q < oo, together with the homogeneous versions B;”p(RQ), defined as

completions with respect to the norms:

9]

bew = [Podllfy + D2 1Pl s [l0lhen =D 2 | Peol] .

k>0 keZ
and taking the £°° norm if ¢ = oo instead, of subspaces of S(R?) for which those norms
are finite. We remark that the case p, ¢ = 2 corresponds to the familiar Sobolev spaces
H?, and their homogeneous versions H; respectively.
We introduce also the local Hardy space H;,.(R?) with its homogeneous counterpart
H'(R?), as Triebel-Lizorkin spaces Fy~ (R?) = HL (R?) and Fy"'(R?) = H'(R?) (this
characterization is obtained in [I1]), both subspaces of L., defined as the completion

of Schwartz functions with respect to the norms:

19l por = I1P<odllp + I Q 1PdI) 2 Nluss Mol zor =l Q1P s,

E>1 kez

and which admit the local and homogeneous BMO spaces as a duals, (H},,) = bmo and
(H') = BMO respectively. Although the latter does not admit a Littlewood-Paley type
characterization, the former does via the Triebel-Lizorkin space F20 "> = bmo, which is
defined to be the Banach space of all tempered distributions ¢ € &’(R?) having the

following norm finite:

lllgee = inf {llP<ogoll + | O 1Peorl? |l 0 = Peowo + Y Pror}s

k>1 E>1

{»

the series above required to hold in &', see the monograph of Taylor [35] for further
information. Hardy spaces are especially useful in estimating paraproducts (see below),
and let us mention here, with this in mind, that H! embeds into a Besov space with

lower regularity but better summability:

FPH(R?) € By (R?). (2.1.6)
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This fact, that we will exploit in the proof of Proposition later, is taken from
Lemma 7.19 of Krieger and Schlag [I7] (page 250). For a related result in the Lorentz
space setting see the monograph of Hélein [13] (Theorem 3.3.10 and also the references

mentioned there).

2.1.2 The Littlewood—Paley trichotomy

Littlewood-Paley decompositions are also very useful in studying non-linear expressions,
and one central example is the product 69 of two Schwartz functions 6 and ¥ € S.

Applying the decomposition (2.1.5)), we can write:

P (09) = Py Y (Pr,0)(Pi,),

k1,k2

but recalling that the Fourier transform of a product is a convolution leads to the
so-called Littlewood-Paley trichotomy decomposition (also called paraproduct decom-

position), which simplifies the above double sum into:

ket k> k—6: k1 — k2| <O(1)
+ (P<—70)(Py—3<.<kt37)
+ (Py—s<.<k+30)(P<x—79)],

ethe high-high interactions: both 6 and ¥ have Fourier support well above the scale
|€] ~ 2% but the only way the sum of two annuli at larger scales |£] ~ 2% 2*2 with
ki, ky > k + 6 can intersect the small annulus at [£] ~ 2¥, is if they are approximately
at the same scale, we should have |k; — ko| < 3.

ethe low-high interactions: if 6 has Fourier support in the ball of radius 276, it will
contribute to the frequency scale |€| ~ 2F if it is multiplied by o frequency localized to
the annuli |¢] ~ 2% with k — 3 < ko < k + 3. The rougher components of 9 bring up
the low frequency parts of . The sum in k of the low-high interactions is sometimes
called a paraproduct in the literature. By symmetry, we have the same picture with the
roles of # and ¥ interchanged: these are the high-low interactions.

We are then left only with the contribution of 0,1, where both terms are frequency
localized at 2¥1,2%2 ~ 2% these are the low-low interactions and in our case it will be

often convenient to incorporate them in the high-high interactions.
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2.1.3 Tools for analysis in space-time

Finally, let us set up here the notation for some space-time function spaces and related
tools that we use. We define the Sobolev spaces H;, = H; (R x R?), for s € R, by
using the space-time Fourier transform and taking the completion of S(R x R?) with

respect to the norm:

1]

mp, = |0+ 7+ EDEFU( O s -

We define the modulation projections Q<; and @); for j € Z to be the Fourier multipliers

with symbols:
| 7| — 1¢]
27

respectively (and similarly for Q;, @j,<.<j, and @>;). We note that those are not

o1}y ana 78T,

disposable so that one needs to be careful when discarding them off from the estimates
in general, but as their symbols are bounded and smooth, they are directly seen to be
bounded on L7, by Plancherel. Otherwise, we have the following lemma due to Tao
(Lemmata 3 and 4 in [32]).

Lemma 2.1.1. The operators P,Q;, PrQ<;, P<xQ<; and P<,Q; are disposable for
any pair of integers j and k with j > k + O(1). Moreover, for any 1 < p < oo and
4,71, J2 € Z, the operators Q<j, Qj <.<j, and Q; are bounded on the spaces L} (L?2).

Using the modulation projections @;, we define following Tao [32] the homogeneous
X" spaces associated to the cone {|7] = ||} at the spatial frequency scale k, for any
fixed integer k € 7Z and some given real b € R, to be the completion of the space of

Schwartz functions ¢ on R x R? with respect to the norm:

Q=

kuxzm = 2% [Z 2% HQ;’PMN%%] )
J

provided the latter is finite for ¢, and adopting the usual convention if ¢ is infinite.
For ¢ = 1 we obtain an atomic space. As our methods here have more of an elliptic
rather than dispersive character in the end, we shall not use those spaces directly (other
than stating the estimates from regularity theory). However, the distinction between
the high modulations regime P,()sk+10, and the one of frequency space-like PpQ<g+10,
is absolutely crucial for our analysis.

To close this section, let us recall here the convention that function spaces over

domains are defined via minimal extensions. For example, we shall write X (I), where



CHAPTER 2. TECHNICAL RESULTS AND COMPENSATION THEORY 29

X is a function space over R x R? and I some time interval, for the Banach space of

functions f in I x R? admitting an extension f’ to the whole of R x R? and set:

1l = inf {[|f'lx : ffeX, f'=fonlIxR}.

2.2 Regularity theory for wave maps

2.2.1 Small data well-posedness theory

We shall not give here the full definition of the space DS, and its undifferentiated version
S, used in the iteration arguments of the proofs of well-posedness for the wave maps
equation, referring to [32] Section 10 or [29] Section 5.2, but we will briefly summarize
here some characteristic properties.

At a given frequency scale k € Z, the space DS is defined as an intersection of

several different spaces and for us it will be enough to note that we have the control:

Li2 1)k
HPkleL?(Lg) + ||Pk¢||Xo,%,oo + sup AR ||Pk¢||Lg(L;) < ||Pblps, (2.2.1)
k

1,11
(gr)ig+3:<3

for any Schwartz function ¢ on R x R? (under frequency localization, for the space
S we have Pyp € S if V,,P,¢ € DS for a Schwartz ¢). The first component is the
natural energy component on which we should mainly rely in this work. The second
one is the dispersive component to be used only indirectly here but being important
in gaining extra regularity for the part of the wave map that has Fourier support away
from the light cone. The latter observation is exploited by Sterbenz and Tataru [30] in
their compactness result that we discuss below. The third component represents the
standard Strichartz spaces.

We note that, for the regularity theory, the QQo-null structure in the non-linearity
of equation is crucial and the components mentioned above are not enough
by themselves to exploit it so that one needs to introduce further suitable null frame
Strichartz spaces. However, as this structure will not play any direct role in our argu-
ments we should not elaborate more on this point here. Let us simply remark in the

end that DS contains the atomic Fourier restriction space:
HPMDHDS S HPkaXo,%J ) (2.2.2)
k

referring to Lemma 8 in Tao’s paper [32] for the proof of this fact, ideas from which we
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will actually use later in the proof of Lemma [2.3.2]
By default in [29], the authors define the spaces DS and S as completions of Schwartz
functions in R x R? with respect to the norms obtained by #?-summing the control on

the LP-projections and adding the L*> norm for S:

1ll5s =Y I1Ptllns s 16l5 = Illz + > [Vea ol - (2.2.3)

k€EZ kEZ

In practice however, it is sometimes convenient to replace the 2 summation in (2.2.3)
with a control with respect to a frequency envelope. Following Sterbenz and Tataru [29],
we call a sequence ¢ := {cy},o; € €2 of positive numbers ¢, > 0 a (09, 01)-admissible

frequency envelope if 0 < oy < o7 and for any ky < ki we have:
2—Go(k1—ko)ck1 S Cko S 201(k1_k0)0k1.

Given some smooth initial data ¢[0] = (¢(0),0;¢(0)) we can naturally attach to it an

admissible frequency envelope by setting:

G = 2B VL6075 + Y 2B P Ve ()], (2:24)

ko<k k1 >k

for which we note that:

N

(Z 2200i> ~ ||vt7x¢(0)||Hg, —0g <o <oy, (225)

keZ

< ¢, implies:

~

so that given any function 1 on R?, || Py || 2

1Pl S NIVe2dO)ll g, —00 <0 <o,

which is very useful in controlling the regularity of an evolution like the wave map.

Well-posedness theory for the wave maps equation with small energy initial data is
due to Tao [32] for the Euclidean sphere as target, and Tataru [34] for general closed
Riemannian manifolds, and also Krieger [16] who considered the hyperbolic plane as
target. We will be using here a local version that we state below appearing as Theorem
1.3 in [34).

Theorem 2.2.1. (Tao [32], Tataru [34]). There exists a constant €q := eo(N) > 0 such
that:
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e Regularity: given some smooth initial data ¢[0] € TN at time t = 0 constant

outside a compact domain with energy:

E[](0) < eo,

there exists a unique smooth wave map ¢ defined on the whole of Minkowski space R*™1
such that:
1Pedlls S crs (2.2.6)

taking the frequency envelope ¢ from for ¢[0] and where oy = oo(N) is some
fixed small positive constant but o1 can be chosen arbitrarily large;

e Continuous dependence on initial data and rough solutions: given a sequence of
smooth tuples ¢,[0] € TN of initial data equal to a fized constant outside some fized

compact domain, with energy:

g[gbu] (0) < €p,

and converging strongly in H! x L2 to some ¢[0], there exist smooth wave maps ¢, with

the properties as stated in the first point above and a map:
¢ €,

solving weakly the wave maps equation (1.1.6), to which ¢, converge in CY(HL)NC}(L2)

on bounded time intervals, and further for 0 < s < oy:

Viehy = Vigd in DS N LX(H;*)(R*),

2.2.2 A compactness result under time-like control

We state now a compactness result due to Sterbenz and Tataru [30] for a sequence
of small energy wave maps which become constant in the direction of some smooth
time-like vector field. The absence of such a result in the general small energy case is
precisely what makes the study of wave maps near the null boundary of the light cone a
very challenging affair, requiring global non-linear techniques going beyond the present
article. We mention that the arguments in [30] rely on the elliptic flavor given to the
situation by the assumption that the sequence is asymptotically constant along a time-
like vector field, the use of the Fourier restriction component of D.S to gain compactness
and regularity for the limiting map, as well as the small energy weak stability theory

developed by Tataru [34] (which we have presented in the second point of Theorem
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here).

Lemma 2.2.2. (Sterbenz and Tataru [30]). Consider a sequence of smooth wave maps

¢, in [—3,3] x By with small energy:

sup 533 [¢V](t) < €, (2'2'7)

te[—3,3]

where €, > 0 depends only on €y from Theorem |2.2.1], and such that:

”XQSuHLg’x([_g,g}XBS) — 0, (2.2.8)

for some smooth time-like vector field X. Then there exists a wave map:

e H2([-1,1] x By), (2.2.9)

1

Jor any 0 < e < 3,

satisfying:
X¢p=0 on [—1,1] x By,

to which the maps ¢, converge in CP(HY)NCH(L2) after passing to a subsequence, and
further:
Vizdy — Viao in DSH{t € [-1,1], r <2 —|t|}). (2.2.10)

Remark 2.2.3. The proof of this lemma can be found in Proposition 5.1 of [30] and we
remark that convergence in Hy ,(U) for any domain U € (—3,3) x Bs only is claimed

there. But the stronger statement (2.2.10), to be understood in terms of minimal

5 5

extensions, can be obtained as follows. Let us fix U = [—3, 3

] X Bs /2, then upon passing

to a further subsequence we would have:

16 (8) = () 220y + Vi () = Viwd P ) — 0 for ae. ¢, (2.2.11)

5 5
2 2

therefore ¢, converge strongly to ¢ in (H} x L2)(Bs/2) for almost every ¢ that we can
fix as close to 0 as we wish. Hence, assuming that e, was chosen small enough initially,

by the pigeonhole principle we have for o € (2, g)

/ Vo (D2 d0 < c..
OB

away from a set of measure 15 say. Fixing such a o, we would have ¢(t,0B,) contained
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in a single chart of A/ of diameter O(,/€,) around a point ¢ € N. Moreover, upon
passing to a further subsequence, by the strong convergence we can choose
o € (2,2) such that ¢,(t)|os, — &(t)|ss, in the Hélder space C*(0B,) with a € (0, 1),
using Morrey’s inequality. Hence, we would have ¢,(t,0B,) contained in the chart
around ¢ € N of diameter O(,/€;) as well, for all v € N large enough. Therefore, we
can construct extensions ¢, [t] € TN of ¢,[t]|p,, smooth as the latter are, with the

energy bound:

Elp,)(t) < €,

by smoothly interpolating between ¢,[t]|95, and (¢,0) € TN on B3\ B,. By construc-
tion, we obtain ¢/ [t] strongly convergent in H} x L2 to some map ¢'[t] agreeing with
¢[t] on By. In the end, setting the constant e, > 0 small enough and the time ¢ close
enough to 0, the convergence statements are justified by the continuous dependence on
the initial data part of Theorem and the finite speed of propagation property.

In particular, the assumption (2.2.8)) gets upgraded to:

Xo¢, — 0 in CP(L2) ([-1,1] x By),
and going further, the regularity theory of Theorem tells us that in fact we have:
3_¢ 1_e
¢ € C([-1,1]; Hi (B1)) N Ci([—1,1]; Hi (By)),

for any 0 < e < § improving upon (2.2.9), although it is unfortunately impossible to

obtain convergence in such a stronger space without further assumptions, especially

regarding the decay (2.2.8)).

2.2.3 Energy dispersed wave maps

Let us close this section by mentioning the result of Sterbenz and Tataru [29], see both
Theorem 1.3 and Proposition 3.9 there, which relaxes the assumption of small energy
in the work of Tao [32] and Tataru [34] to small energy dispersion. This represents a
crucial technical ingredient in the proof by Sterbenz and Tataru [30] of the threshold

conjecture. Let us consider an open interval I = (to,t;), which can be unbounded.

Theorem 2.2.4. (Sterbenz and Tataru [29]). Given an energy bound € > 0, there exist
constants 0 < e(N,€) < 1 and 1 < F(N,E) such that for any smooth wave map ¢ on
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(to,t1) with energy bounded by € and V¢ spatially Schwartz, if we have:

Sllip ‘|Pk¢||L§fl(to,t1) < €N, €),

then
||¢||S(t0,t1) S F(N7 8)

Moreover, considering an admissible frequency envelope ¢ attached to some ¢[t] for

to <t <ty asin and oy as in Theorem we obtain:
Hpk(bHS(to,tl) < ks

and the map ¢ extends to a smooth wave map on a neighborhood of the time interval
(to,t1).

2.3 Compensation type estimates

We prove here two compensation estimates for wave maps into spheres with a good
bound in the direction of some constant time-like vector field, relying on the conser-
vation law to treat high-high frequency interactions (this phenomena goes back
essentially to Henry Wente, see the references in [13]). These estimates will play a key
role in the proof of no loss of energy in formation of solitons, and as in the case of
higher dimensional harmonic maps considered by Lin and Riviere [21], this is the only

place where we use the fact that our target manifold is S*~1.

2.3.1 The hyperbolic version of the div-curl lemma

Proposition 2.3.1. Let ¢ : [-1,1] x R? — S"! be a smooth wave map equal to a
constant ¢ outside a compact domain in space, with energy bounded by some positive
E>0:
2
Hvt,quHLf(Lg)[_Ll] < 57 (2‘3‘1)

and X a constant time-like vector field, that we may take to be:

X = cosh(¢)0d; + sinh(¢)0,,, (2.3.2)
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for some rapidity constant ( > 0. Denote by x = x(t) € C(—1,1) a smooth time
cut-off function, then there exists a decomposition holding in S(R x R?):

xViz¢ = Ox + Ex, (2.3.3)
satisfying:
||@X||L§,z S HX¢||L§71[—1,1} + ¢ — CHLgo(Lg)[_LH (2.3.4)
and
Z 1PeZx 2y S 1, (2.3.5)
keZ

with the implicit constants depending only on n the dimension of R™, the energy bound

E, the rapidity constant ¢ and the cut-off x (most notably on HatxHLtoo).

Proof. We start by noting that, expressing 0, as a linear combination of X and 0,, via
(2.3.2)), it suffices to consider the spatial gradient xV,¢.

For low frequencies, we proceed claiming immediately:

HXPSUVx(bHLf’x Slle— CHL?"(L%)[*I,H ) (2.3.6)

which simply follows from the finite band property (2.1.2)), passing to L{°(L2) as nec-
essary. This is an acceptable contribution.

For high modulations, we claim:

Z Q>kt10P:[X V2 0]

kEZ

5 HXQSHL,%@[—l,l] + ||¢ - CHLtOO(Lg)[_Ll] y (2-3-7)
L,

and the idea here, as in [30], is to note that the vector field X being time-like, the
Fourier multiplier X *1VxQ2k+1015k, where }Njk = Py_1<.<k+1, has symbol smooth and
bounded uniformly in & € Z. By Plancherel in Lfvm, this gives rise to the favorable

elliptic estimate:

1@k 110 Pk XVl 2 SIXPX Ol 2+ 110x) Bedll (2.3.8)

and so follows square-summing in k the above and dropping the cut-off. This is
again acceptable.

The main term to consider is Q-x110Pr(xV¢) with & > 0, and for this we rely
on the wave maps equation , that we rewrite to make the vector X to appear,
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introducing the operator:

Amﬁ = (1 - ﬁQ)a,il + 82

2

B = tanh(¢) € [0,1), (2.3.9)

which is elliptic in the frequency region considered. So, using ([2.3.2)), together with

(1.1.5)), we rewrite the wave maps equation ((1.1.6|) as:

Asp(X9) = — X(00ad’ — 0udp") "¢ (2.3.10)
+sech?(¢)(X — 2sinh(¢)ds, ) (xX¢) — sech(()(9,x) X ¢,

and inverting A, 3 we have:

Va

P>OXV£IT¢ = A s

P>0(A$,E(X¢))a

holding in S(R x R?), hence let us treat each term in ([2.3.10)) one by one.
Considering the second line in (2.3.10]), we control the first two terms by claiming,

for any k € Z:

5 HPkX¢HL$,z[—1:1] y (2311)

2
Lt,:L'

Via
Hvx—At’ Q<rr10P (XX B)
m’ﬁ

which follows immediately discarding, via Plancherel in L? , the Fourier multiplier

t,x’

V$Vt7mA;15Q<k+loﬁk of symbol bounded uniformly in & € Z, and dropping the time
cut-off x. For the third term, we have, for any k € Z:

Q<k+10P:[(9x) X @]

V. 3
H 5 2% HatXHLtoox ‘|P]€X¢HL?,$[7171} ) (2.3.12)

Asp

2
Lt,z

where we discarded by Plancherel in Lgx the Fourier multiplier 2kaA;7}3Q<k+1oﬁk,
having here again the symbol bounded uniformly in k € Z. Therefore, square-summing
over k > 0, both and lead to acceptable contributions.

We consider now the non-linear term on the first line of . Let us introduce
some notation for the connection matrices:

Qa = ¢aa¢T - aa¢¢Ta with aaQa =0 and ”Qa”L?"(L%)[—l,l} S

~Y

1, (2.3.13)

by (1.1.9), respectively the global energy bound ([2.3.1) and the boundedness of the
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wave map. We claim then the following compensation estimate:

2

k>0

\%

—Q<r110P(XQ2,0%0)

< 1. 2.3.14
A < (23.14)

L}(L3)

Thanks to the conservation law, the term Q,0%¢p exhibits a div-curl type structure,
and we should treat this using the Littlewood-Paley trichotomy in very much the same

standard way as the actual div-curl structure, see Taylor’s monograph [35]. We start

by writing:
Pr (xQ20%9) = Py[(0:x) > Qo ey b (2.3.15)
k1 ko >k—6:[ky —ka| <O(1)
+0° Z XS0,k Py
ki1,ka>k—6:|k1—k2|<O(1)
+ XQ0,<k—70" Pr_3<.<k+3
+ X p-3<-<k+30" P<—1],
where Q, 1, = Py, ), and similarly for ¢x,, Qs <x,, etc. We are going to prove claim
(2.3.14])) for each of the terms in (2.3.15)) separately. Note that the Fourier multipliers:
VaoVia ~ 2FV, ~
A Y2 Qckir0Ps and A Q<k+10L%, (2.3.16)
m7/5 x?ﬁ

are disposable, which is essentially contained in Lemma (precomposing, for ex-
ample, with the space-time LP-projections to |7| + |£| ~ 2F that we do not use here
otherwise). This justifies the fact that we can work with the space L}(L?) instead of
L}, (on which, of course, are bounded by Plancherel).

Let us start with the high-high interactions on the first and second lines of ,

for which we control (2.3.14)), discarding the multipliers (2.3.16)) and dropping 279,y
for the first term, by:

Z By Z Qa,k1¢k2 (2317)

k>0 k1,ka>k—6:|k1—k2|<O(1) LY(L2)[=1,1]
t T )

S sup Y 2 > 192001 ()1, ()] 1

te[-1,1] 129 E1,ka>k—6:|k1 —k2|<O(1)

where we applied Bernstein’s inequality (2.1.4)), commuted the sum ), with L} and
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discarded Py. Using Cauchy-Schwarz in L! and recalling the finite band property ([2.1.3))
for ¢,, we can bound the contribution of (2.3.17)) via:

ap Y 20 (). Vet Ol

te[—1,1] k>0 k1,ko>k—6:1k1—k2|<O(1)

and summing this over £ > 0, letting ¢ := ky — ks and j := ky — k, we obtain:

Sup Z Z 2” J Z HQa k+J+z HL2 HV ¢k+J( )HL2

“LliZ00)j>0(1) k>0

[N

1
2

< swp | Y 1200012 ] | X IVeon®lZ |

=11 \ k,>0(1) ka>0(1)

where we have used Cauchy-Schwarz in k. By the global energy bound, we get that
high-high interactions make an acceptable contribution to ([2.3.14)).

Finally, let us consider the contribution of the paraproducts from lines three and
four in (2.3.15]), and we focus on the latter as the former is treated in the same way
by symmetry (or in fact, could have already been absorbed in the argument for high-
high interactions). Here, the div-curl structure is not playing any role, and is actually
counter-productive. Hence, discarding the second multiplier from (2.3.16) and com-

muting the discrete sum Y-, , with L} as previously, it suffices control:

sup Y 270 (| Pe[Qa p-s<<hra(t) 0" hr(t)]l 12 -
te[=1.1] 1> z

Recalling the embedding (2 we are reduced to showing:

Z P[0 p—3<.<kr3(t) 0% d<i—7(t)]

k>0

sup
te[—1,1]

<1

0,1
Fy " (R2)

Using the duality (Fy"")’ = Fy'™, as discussed in section we take an arbitrary
¢ € Fy™ together with a representation ¢ = > k>0 Pk in S such that each ¢ has
Fourier support in || ~ 2% (]¢| < 1 for o) and:

[ Qo) lez=< 2l pooe -
k>0



CHAPTER 2. TECHNICAL RESULTS AND COMPENSATION THEORY 39

Then, recalling the fact that LP-projections are self-adjoint, we must show that:

Z Z/|Qak s<-<k+3(8)0 P<i—7 () Prs| dx S [ ]| pooe

) k>0

with the convention that ¢, with k£ negative simply stands for ¢g. Using Cauchy-

Schwartz we bound this via:

O Q0 k-s<<ris(t)*)?

k>0

sup | P<x Vi 0(1)]
keZ

Zl@ 1/2

k>0

b

L2 ; Leo
It is a well-known fact from harmonic analysis, to which we shall refer as the Little-

wood—Paley square-function estimate, see e.g. [35] (Section 2 of Chapter 1), that:

IO 12k Iz < 120l

kEZ

I sup [Pk Viad(O)] 12 S Vi@l 2 -
€

Hence, by the global energy bound, the contribution of the paraproducts is acceptable.
Therefore we have shown the compensation estimate ([2.3.14]).

Proposition is proved. O

2.3.2 Controlling the second order time-like derivatives

We present now a compensation estimate for higher order time-like derivatives of wave
maps as considered in the previous proposition. It holds up to a non-linear bulk,
essentially quadratic in the gradient and local in time, that we shall consider on neck
regions later in the proof of the weak Besov BL? decay estimate in Lemma . Parts
of this estimate are non-linear, and will be established via a duality argument in the
spirit of the energy collapsing result itself.

As for Proposition [2.3.1] the conservation law is absolutely crucial, and so
our arguments do not generalize directly to the case of a general target beyond the

Euclidean sphere S* 1.

Lemma 2.3.2. Consider a wave map ¢ : [—1,1] x R? — S"1 with the same set-up as
in Proposition then we have the following decomposition holding in S(R x R?),
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using notation from and recalling that B = tanh(():

SeChQ(C)XX2¢ == Z By [X((l — %) 02, Y, + 3z29x2)(P>k+10¢)} (2.3.18)
keZ
+sech®(¢)x (—Qx X + sinh(Q)(x0a, & + R, X))
+ Ilx,

the error term satisfying:

> 2P Ly (2.3.19)

keZ

S 1+ ”X¢HL§Z[—1,1} + ¢ — CHL?"(L%)[fl,l])(HX¢HL§I[—1,1] + ¢ - C”L;”(L%)[fl,l])a
with the same dependence as for the implicit constant as in Proposition [2.5.1].

Let us note here, for later use in Lemma that we can rewrite the decomposition
(2.3.18]) as follows. Introducing the notation:

ang = (1 — BQ)Qxldl'l + QIdeQ,
we can write:

sech?(O)xX2p — xQa0% = — Z XPri [Vo - (8 Psi1100) + Qa g - P<iy10Vad)

kEZ

+ IIx.

To obtain this equation, one should rely on the conservation law ({1.1.9)), making the
vector X appear through ([2.3.2)) and adding up on both sides some low-high interactions

- see the proof below for more details.

Proof. Let us start with the frequency space-like region, that we can treat directly and

for which we claim the stronger estimate:

27 || PiQerrio(XX0) |1z 1y ) S IPX Dl 1y (2.3.20)

for any k € Z. To see this, we simply commute X with the time cut-off y, getting:

27 HPkQ<k+10(XX2¢>Hng[,LH S HPk(XX@”Lf@ + 27" HPkQ<k+10(atXX¢>HLf’m[fl,l] )
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where for the first term we discarded the multiplier 27%X ﬁkQ<k+10 using Plancherel in
Lf’m. Regarding the second one, passing to L°(L?2), which is possible as we are working
over a bounded time interval in (2.3.20)), we can apply the inversion formula for the

space-time Fourier transform F, to get:

27 | PeQars10(OX X )| o2y S 27" IFPrQrr10(Ox X ) 11 12) »

combining Minkowski’s inequality and then Plancherel in L2. But the integrand on the

RHS has 7-support of length O(2¥), hence we can bound this simply via:

||~7:Pk(atXX¢)||Lgo(Lg) S ||Pk(8tXX¢)”Lg(L§) S ||atX||L§(Lgo) ”PkX¢”L§J[—1,1] ’

where we applied the inversion formula for F~! this time (note that this argument is

essentially a manifestation of Bernstein’s one dimensional inequality). This gives claim

(2.3.20)) as desired.

For high modulations, we use the wave maps equation as in (2.3.10)). Following the
Littlewood-Paley trichotomy (passing to the convention ¢ := Py, etc. as before), we

write:

Py@Q>ppr0(sech?(Q)xX?0) = PuQsk110 [As 5(x9) + 2sech® () sinh(¢) D, X ¢
+ sech?(O)x (—Qx X ¢ + sinh(¢)(Qx0p, & + Qu, X P))
+XQp - Vab<riio + XVa - (25051110
= X(Va - Qu6)(d5k+10)] ,

where we set:

Qx := cosh(¢)€2 + sinh(¢)y, .

From there, we add and subtract the frequency space-like part of the terms on second
and last lines above, and use the conservation law ((1.1.9)), that we rewrite as:

V. - Q.5 = sech?(¢)(XQx — sinh(¢)(9,,2x + XQ,,)).
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This yields the following decomposition:

Py@Q>pi10(sech?(Q)xX?0) = PeQ>r410 [As 5(x9) (2.3.21)
+ 2sech?(¢) sinh(¢ )Xﬁxqub]
+ sech?(O)x Pr [~ Qx X ¢ + sinh () (Qx 0y, ¢ + Uy, X 0)]
+ sech2<oQ<k+m[wk + o + o + )]
[}

+ @410 ) 4 Sﬁk ] P [X(Ve - Q2.8)(@5k410)] 5

where we define:

W= X Py [Qx X 10 — sinh(C) (Qx Dy i 10 + oy X b<hrno)]
@ = P [(Xx0) (—Qx + sinh(C) ) Pos10]

123) := Py, [[X —sinh(() 0, | (xQx P>k+10)] ,

;(.34) := Py, [—sinh(0) X (x4, ¢ k+10)]

as well as:

90;(:) =Py, X5 - Vad<it10] ,
90;(3) =P [va : [Qx,6¢>k+1o]] .

We proceed proving the estimate (2.3.19)) for the first line of (2.3.21)) and each of
the w,(f) and go,(f) separately.

For the Laplacian, inverting X, we have the stronger estimate:

27" ”PszkJrlOAx,ﬁ(X@é)”Lgvz[_m} S HPkX(bHLf,z[fm} + Hpk(bHLgym[fm] ’

that follows immediately by discarding, via Plancherel in L? -

27k X _1Ax“3ﬁkQZk+10 having symbol bounded uniformly in k£ € 7Z, which leads to an

the Fourier multiplier

acceptable contribution.
For the second term on the RHS of (2.3.21) we immediately have:

27 PiQzrr10Dx0e, Xl 2 S I1PRX Dl 1 -1y

by the finite band property (2.1.3)), which is acceptable.
Regarding w}(;)’ we remark that it has a paraproduct structure and so at least one

of the factors will be frequency localized to |£| ~ 2F, which is favorable for square-
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summing. More precisely, discarding (119 before dropping the cut-off x, and using
Bernstein’s inequality (2.1.4) to pass to LZ(L), it is enough to note that for any 1 <
p,q,7 < n and any time slice ¢t € [—1, 1]:

S (M Xeuasi) O, + (@ Veas X)),

kE€Z k'=k+0(1)
(Pl Vead | XSV D2, + | (Pl X V0ad") (D)2, )
S [1Vead(0)25 XS

by Cauchy-Schwarz. Upon integrating in time, this is an acceptable contribution by

the energy bound ([2.3.1)).

For the expression @D,(f), it is already convenient to proceed via a duality argument:

2
272]6 < H (2)
% 2, ™ % v Lg*(L3)

< (22l ) Gl )

where we used Bernstein (2.1.4]) for the first factor, and for the second one we pro-
ceeded as for the frequency space-like term ([2.3.20)), using time frequency localization

to estimate it via the Fourier inversion formula:

|Qcerof?

o2t HQ<1¢+101/1;(€2)
Lt,z

2k HQ<1~:+10¢;§2)

< ||.,(@
L) ™ Hw’“

Li(L3)

The first factor is universally bounded for us, as for any 1 < p,q,r < n:

T 2
Z 2k Hpk[(atX)(prvt,x(bq) >k+10H|Ltlz 5 HatXHLtl(L;O) Hvt,:v(bHLgO(Lg)[_Ll] )

kEZ

which follows directly from the analogous treatment of high-high interactions in the
proof of Proposition [2.3.1l On the other hand, the second factor is controlled via:

||Pk[(atX)(¢pvt,x¢q> r>k+10] HLtla: S ||atXHLt1(Lg°) Hvt,xﬂs”LgO(Lg)[_Lu H¢ - C”LtOO(Lg)[_Ll] )

which yields an acceptable contribution to the non-linear part of (2.3.19)).
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Regarding w,(f), it is a linear combination of:

> 2 Qert10PiVi (X dspi10) 172

kEZ
2

S| > 2 |3y (D2 [ Ve (02|

kEZ kl,k22k+0(l):‘k17k2|§0(1) 12
t

where we discarded via Plancherel in Liz the Fourier multiplier 2% Vi@« k+1015k. having
bounded symbol, passed from ¢? to £* summation in k after commuting time integration
with the discrete sum ), , and applied Bernstein (2.1.4) with Cauchy-Schwarz. This
contribution is directly seen to be bounded by O(||ng5||iim[_17” ||Vt7$¢||i§o(Lg)[7L”) as
required.

The terms w,(f), go,(:) and 90562) are similar and require a duality argument relying
heavily on their compensated structure to obtain estimate at ¢? modulation.

First for 1/’1(94)7 using the self-adjointness of Q<x110 and then commuting ), with

time integration, we have:

2
227% ‘Q<k+10?/1;(g4) 12
kez @
_ 4 — 4
S« ikmwé))(prH A2 e
ke “llpe ke ellzz-1)

For the first factor, we claim that it is universally bounded due to its compensated
structure. Indeed, passing to the Hardy space on each time slice via the embedding

(2.1.6]), we estimate it by:

N

S

)

LE(L})

S 1Q% 0t 1?)

kEZ

(Z 2% Pu[X S22y @5k 1 10] |2>%

kEZ

L3(L})

where we relied on the Calderén-Zygmund theory for the Littlewood-Paley square func-
tion and the vector valued operator (27% X Q2< k +10]5k) kez, precomposing with the space-
time LP-projections to |7|+|£| ~ 2% as necessary. From there, proceeding as previously,
we immediately bound the latter by O(vagbnigo(Lg)[—m]) as required.

The set-up is similar for 4,0;,1) and go,(f).

Here however, being at high modulations,
we start by inverting the time-like vector X for one of the factors. Then, using the

skew-adjointness of 28X 1Qxy, 10, but proceeding identically to the above otherwise,



CHAPTER 2. TECHNICAL RESULTS AND COMPENSATION THEORY 45

we obtain:

2 2k// Q>k+10§0k Q>k+1o<,0k )dxdt

keZ
s [Zo Eet o sup2-2 | x|
kez 2|, Ilkez zllLz-1,1]
< 2k+i 1 _ok (i)
up | Qe et} sup2% || X 0)|
j>10 L2(L1) keZ zl1L2[-1,1)
i 1 — i
Ol sup2-2 | X (1) ,
keZ L%(Lals) kez * Lf[—l,l]

where @kﬂ- = Qr+tj_1<-<ktj+1 is the slightly enlarged modulation projection, and we
relied as previously on Calderén-Zygmund theory to discard the vector valued operator
(2k+jX_1Qk+jC§k+jﬁk)keZ, precomposing with the space-time LP-projections to |7| +
|€] ~ 2F+7 as necessary, for any integer j > 10.

From there, we note that the first factor is bounded by O(||Vx¢Hig°(Lg)[—1,1}) as
required. This follows essentially from the arguments used to treat the high-high inter-
actions and the paraproducts, for cp,(;) and go,(f)
2.3.7] that we shall not reproduce here.

Given this, to prove estimate for the terms wk , 90(1) and go,(f), it is enough
by (2.1.3) and (2.1.4) to establish the followmg couple of weak estimates:

respectively, in the proof of Proposition

27 IX Pil(x¢"Vad") (Peri10Vad" ) (D] 1y S X012 + 10 — ) (0)]]2 . (2:3.22)
27M || X Puxd” (Vo) (62 k10| 12 S IX D)2 + (6 = (Ol 2, (2:3.23)

for any 1 < p,q,r < n and any time slice ¢t € [—1, 1].
Consider ([2.3.22)). For convenience, let us suppress the time ¢ from the notation.
Moving X inside the bracket, we first differentiate the time cut-off getting by Cauchy-

Schwarz:

270087V (Perr10Vad Nl 11 S N6l e 1Vl 2 16— ell 2

where we relied on the finite band property ([2.1.2)) for ¢, which is a permissible bound

for (2.3.22)).
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Next, if X falls on ¢, then we have:

27 INX ¢V o0 (Pars10Vad )y S IX S XVl 16712

with again the finite band property applied to ¢", but this time in L3°, and this
is an acceptable bound.

When X falls on V,¢? we shall first insert the projection P<jioa) in front of
PP X'V,¢?, which is possible by the localization of V,¢L, ., and untangle the high-

high interactions:

Peiro) (9P XV30") = Perrow) (924 0y X Vadlron)
+ > P XV.0L.

k1,k22k+0(1):\k1—k2|50(1)

Given this decomposition, we have for the low frequency interactions:

27" HX¢<k+o (XV. ¢<k+0(1 )(quﬁ;ker) I

S NPl oo 1X 0 12 (V2| 2

where we used the finite band property (2.1.2]) for ¢9, and this is acceptable. For the
high-high frequency interactions:

> 27" Xk, (X Vb, ) (Ve o) ]
k1,ka>k4+0(1):|k1—k2|<O(1)
S 167z > IVadi |l X652

ki1,ka>k+0(1):|k1—k2|<O(1)

where we have used the finite band property for ¢" in L3°,
the spatial gradient from ¢? to ¢P by relying on this time and the fact that
|k — k2| < O(1). This control is acceptable applying the discrete Cauchy-Schwarz
inequality in k; = ko + O(1).

The last case we need to consider, in order to finish with (| , is when X falls

on ¢". This follows however at once, applying (2.1.2) to the latter:

and transferred

27" ||X¢p(vx¢q>(P§k+10va¢r)]||L2(L1) ~ ||¢p||Loo ||V ¢q||L°°(L2 —1,1] ||X¢T||L2 L1010

which is certainly acceptable and gives ([2.3.22]).
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The estimate (2.3.23]) is very much similar to (2.3.22)). As previously, we move X
into the bracket, first estimating the term when the derivative falls on the time cut-off,

passing initially to Ll via Bernstein’s inequality (2.1.4)):

H(atX)(¢pV PN kr10 HLI S ||¢HLoo IV CbHLQ ¢ — CHL?D’

simply noting that Psyi10¢ = Psgi10(¢ — ¢) and then discarding the LP-projection.
When X differentiates ¢, we pass again to L!, and then immediately get:

HX (X ) (V0) (L >k+10 HL; N ||X¢p||Lg ||v:v¢q||Lg ||¢r||Lgo

Both estimates are acceptable for ([2.3.23)).
We consider now the term with X falling on ¢?, and untangling the high-high

interactions in the product we should regroup together ¢” and ¢", obtaining:

Prl(¢"X Vot (0% k110)] = PulP<iro) (0% 1110) X Vadly o0
> P (P00 1 410) X Vo, -

k1,k22k+0(1):|k17k2\§0(1)

Now, given this decomposition, we control the first term directly by applying the finite
band property (2.1.2) to ¢9 :

27|\ Pt (#6Lk10) X Vet |, S 16705 kmmoll o 1K1z

which is acceptable by the boundedness of wave maps. For the high-high interactions

we proceed as for ([2.3.22)) above, passing initially to L. via Bernstein’s inequality ([2.1.4])
and transferring the spatial gradient V, from ¢? to ¢¢Z ., , via the finite band property

(2.1.3)), which gives:

Z ||XPk1(¢p¢;k+1o)Xvw¢Zz “L}E
k1,k2>k+O0(1):|k1—k2|<O(1)
N Z HPkl (¢# ¢>k+1o HLz ||X¢k2

k1,k22k+0(1):|k1—k2|§0(1)

and using the discrete Cauchy-Schwarz, we can bound this by:

V2t 2 197N g + 1071 Lo V"Il 2) X D7 2
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which is certainly acceptable.
Lastly, if X differentiates ¢, we pass to L! and this immediately yields the desired

control:
X9 (V) (Por10X )| 1 S NP poe Va2 [ X" [| 2

hence we have (2.3.23)).

Lemma [2.3.2 is proved. [



Chapter 3

Proof of the Main Theorems:
Bubbling Analysis

We prove our main Theorem in Section 3.1, Theorem in Section and
Theorem in Section [3.3] We start by recording, in the lemma just below, some of

the important properties of the wave map ¢, we were considering in the statement of
the Threshold Theorem [I.2.1] at the final rescaling obtained by Sterbenz and Tataru
in Section 6.6 of [30].

Lemma 3.0.1. (Sterbenz and Tataru [30]). The maps {¢,},en from Theorem [1.2.]]
represent a sequence of smooth wave maps of bounded energy on increasingly large

domains of the forward light cone C':
¢y Crp o) — N, Es o] <E Ve [q,4 1], (3.0.1)

where ¢, | 0 as v — oo, with the following properties:
1

e There exists a sequence €, | 0, with €2 < <, such that:
1
]:[gu,cfl][%] < e (3.0.2)

e A decay to the self-similar mode holds:
1 2 _1
3 p 10,0, |” dzdt < |loge,| 2 €, (3.0.3)
(O
where p = (t2 — r2)2 and 0, = %}(t@t +1r0,) is the scaling vector field which we recall is
uniformly time-like pu(0,,0,) = —1;

49
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e There is a uniform amount of energy E. > 0 getting concentrated by the maps ¢,

in the interior of the light cone:

1

3 [ o) ez € o el (3.0.4)
z|<vcto

for some 0 < v, < 1.

Let us write here a few lines of comments regarding the above lemma, referring the
reader to [30] for more details. Given a sequence of concentration points (¢,,z,) for the

energy dispersion norm:
27 | Py Vi a0(ty, 2,)| > €N, E),

with £, — 0 in the case of a finite time blow-up, or ¢, — 400 in a non-scattering

scenario, the sequence €, | 0 is chosen such that:
1
ﬂevtu,tu] [¢] < 635

In [30], Sections 6.3 and 6.4, the authors use the above lower bound to prove that there
is a non-trivial amount of time-like energy concentrating on the time slice S;,. As we
shall later rely on those results in Section 3.2 we gathered them in Lemma here.
From there, a weighted energy estimate (see Lemma 3.4 in [30]) propagates this energy
backwards in time, leading to for any t € [e 1/2151,, 6,1/415,,].

In parallel to this, a Morawetz type estimate (see Lemma 3.3 in [30]) and the

pigeonhole principle enable Sterbenz and Tataru to find a sequence of time intervals
[1,, N,7,] C [ei/Q, ell,/ﬂ with N, = exp(y/|log€,|), such that the following decay estimate

holds:
// [o(t,t, t,2)]) dedt < loge,|” 2
cr

v Nov]
see section 6.6 in [30]. Then for the final rescaling, the authors in [30] choose t,7,
for the scales A2 (or A>°), obtaining a sequence of wave maps ¢(\2-) with the desired
properties on the growing cones Cpy y,]. In our case, it will be more convenient (for
notational purposes mainly, as to respect the CMC foliation in Section below), to

asymptotically cover all of the forward light cone C, so we should simply fix any:

t, 7, K A N° < Njt,1,,
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and choose then ¢, | 0 decaying slowly enough, for Lemma to hold.
Finally, we bring the reader’s attention here to our convention that, in any of the
results stated in this last section, we assume ({3.0.1])-(3.0.4) holding without mentioning

it. In fact, one might directly consider those as the assumptions under which claims of
Theorem are made.

3.1 Blow-up analysis for asymptotically self-similar

sequences of wave maps

We start the proof of Theorem with a study of the energy concentration sets.
Our approach here will be close in spirit to the work of Freire, Miiller and Struwe [10].
We will rely on a monotonicity lemma for asymptotically self-similar wave maps, see
Lemma[3.1.1]below, which is a rough analogue of part (ii) from Lemma 1.7 in Lin’s work
[20], but mainly parallels the computations in the proof of Morawetz type estimates
from section 3 of [30]. Note that we do not use here the fact that our target manifold

is a sphere.

3.1.1 An asymptotic monotonicity formula

It will be convenient to use hyperbolic coordinates, also known as CMC foliation of

the (forward) light cone C°, where we recall that C° denotes the open interior of the
forward light cone, C° = C'\ (9C' U {(0,0)}). Those are defined by:

t = pcosh(y), r = psinh(y) and 6.
Associated to those coordinates, we recall the expression for the volume element:
dV := rdtdrdf = p*sinh(y)dpdyds,
and for the hyperbolic planes H? = {p = po} the area element:
dA,, = pjsinh(y)dydo,

with respect to the Minkowski metric 1 on R?>T!. These formulae will be useful below in

applying Stokes’ theorem in the hyperbolic annulus {p; < p < po}. Let us also record
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here that, using the identities:

one computes, for a smooth map ¢ into S*~1:

1
0910,6 = ~ 001" + 0,61 + — |0pel”

1
= 10,91 + 5 [Viol", (3.1.1)
where V2 denotes the gradient on the unit hyperboloid H? := H2:

Vazol” = 10,0 + 1000|” .

b
sinh?(y)

For every given pg > 0, let us define the Radon measures:
1
Tupy = (|3pgz5,,|2 + ? |VH2¢,,|2> dA, € R(Hio).

We can naturally view them as measures on the unit hyperbolic plane H? since for any
given test function ¢ on H?, that we should view as a function ¢(y, ) independent of

p on the whole of the light cone C°, we have:

1 .
/ odo,, ) = / <|8p¢u(po)l2 o |VH2¢u(p0>|2) ©(y,0)pg sinh(y)dydo.
H?2 0

Using the decay (3.0.3) to a self-similar mode, we can establish the following asymp-

totic monotonicity property for the family {0, ,} _, C R(H?).

p>0

Lemma 3.1.1. For every pair po > p1 > 0 and every A > 0, we have the decay:

P2 p2+A
/ (/ godal,’p()) dpo —/ (/ goday,p()) dpo — 0, (3.1.2)
p1 p1+A

holding as v — 400 for any test function ¢ € C§°(H?).

Proof. Given a continuously differentiable vector field v = 1?95 compactly supported
in (y,0), contracting the stress-energy tensor T'[¢,] with 1), we obtain the associated

Noether current:
w)Pa - Taﬁ [ﬁbu]@bﬂ
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Hence, if we set:

0" (VP,)dv = / Tosl6, 007V,

{0p'<p<p"}

Diysyemn(®) = [

{0’ <p<p"'}

where we relied on the conservation law (|1.1.12]), and:

Bj (1)) ;:/{ " W P(9,)dA; :/{ . Taﬂ[%]%wﬁd%,
p=p p=p

where our convention follows z° := ¢ and 2y = —t, so that 2* = u* ., applying Stokes’

theorem over the region {py < p < po + A} leads to the identity:

Dypo<p<pota} (¥) = By, (¥) — Bpo+/\<"¢)- (3.1.3)

Taking ¢ = ¢(y, §)0,, we compute using the expression (1.1.11)) for T,z[¢,]:

1
D{PoSpSpoJr)\} (w) = / (; |8p¢1/|2 »+ 8p¢iaa¢uaa90) dV>

{Po<p<po+A}

and for the boundary terms:
~ 2 ~2 1 Y 4T 14
Bﬁ(¢) = |paﬂ¢l/| + P 58 gbyaquu ~_2dAﬁ
{p=np} P

1
= i/godo-l/,ﬁ7

where to pass to the second line we have used the identity (3.1.1). Therefore, plugging
the above back into ([3.1.3]) we obtain:

1
/ o — / o0 o0 =2 / (— 18,6, + 8@1@@%) av.
{po<p<pot+r} \P

Integrating over py € [p1, p2] and using Cauchy-Schwarz for the second term on RHS

above, appealing to the decay (3.0.3) and the global energy bound (3.0.1]), we obtain
(3.1.2). Hence Lemma is proved. O

3.1.2 The concentration-compactness argument

From now on we restrict ourselves to the time interval 1 < ¢t < 2. We will study

there the sets in space-time where our wave maps concentrate a non-trivial amount
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of energy as in the work of Freire, Miiller and Struwe [10], where some general state-
ments about the structure of energy concentration loci can be found (for instance, it
is shown in Proposition 4.1 and Theorem B.1 of [I0] that, upon passing to a suitable
subsequence, the concentration set of an energy threshold will be contained in a finite
union of Lipschitz curves). Our assumptions however enable us to go beyond [10] via
more elementary arguments and prove that picking a suitable subsequence will lead
to an energy concentration set which is in fact given by a finite collection of time-like
geodesics, relying on Lemmata [2.2.2 and [3.1.1]

To use the latter, we remark that for a fixed open domain U with closure U C C

0
(3.3]°
we have:

1 1
¢ [Veadil” <100 + 75 [Viedu|" < C|Viad* on U (3.14)

with C' = C(dist(U, 50[% 3))), and this will enable us to transfer control back and
forward between the Radon measures o0, , and the energy densities |Vtﬁz¢>,,|2dxdt of
which we want to study the concentration sets (with the small energy compactness
Lemma enabling us to obtain some uniformity in time).

Lemma 3.1.2. There exists a subsequence of {¢,}, oy restricting to which, without
changing notation, we can find a finite collection of time-like geodesics o1, . . ., 01 passing

through the origin in Minkowski space such that defining the energy concentration set

by:
2= {(t,0) € Chy + lminf Ep,[00)(1) > e Vr >0},

we have:

1
Z = 0[0172} N U Oi,
=1

and away from 3, there exist a wave map ¢ satisfying:

3

9,0 =0 on CHy \ S with ¢ € (HZ, Vioe (Cloy \ T)
for any 0 < e < %, of finite energy on C[OLQ], Egolo] < E Vt € [1,2], such that:
by — ¢ on (COHDNCHL2),, (Chay\5), (3.1.5)

lo

as dictated by Lemma[2.2.9,

Proof. In view of the asymptotic monotonicity provided by Lemma let us denote
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for a set U C S;—; the cone over U by:
CU):={\t,x) : A\>0,z €U at t =1},

and by Cr(U) := C(U) N Ct the corresponding truncation to a time interval I.
Considering the time slice S, given the global energy bound (3.0.1)) we can pass

to a subsequence for {¢,} without changing notation, such that for some Radon

veN»
measure ¢ € R(SY) we have:

V120, (1))* dz — ¢ in R(SY), (3.1.6)

from where we also see that there exist only finitely many points {xi}le C SY such
that:

{z}, = {x € By : lim &g, ()[du](1) > €5 Vr > O} : (3.1.7)

and we set g; := C({x;}).
Let us start by showing that:

I
scchgnlJes (3.1.8)
i=1
obtaining on the way claim (3.1.5). Fix any point zy € S?\ X, then there exists a radius
r1 = r1(xo) > 0 such that for all v € N:

SBT1 (zo) [(bu] S €s,

hence by the energy-flux identity (|1.2.2), shrinking  to 7o > 0 as necessary, we obtain
that:

sup SB:sTQ (z0) [9.](t) < €.
t6[1—37’271+3’r‘2]

By the decay assumption (3.0.3)), we can apply the compactness Lemma obtaining
that on a subsequence {¢,/}, .y We have convergence in CP(H;) N C{(L2) to a wave
map ¢ in [1 —ry, 14 179| X B,, (), satisfying d,¢ = 0 and having regularity as dictated

by (2.2.9)) there.

Hence, given any positive constant 7 > 0 there exist a radius 7, > 0 such that:

sup  sup  Eg(p,, (z0) [0v](t) < 1.
v'eNte[l—ry,14ry]
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Therefore, using (3.1.4) we get for any test function o(y, ) on the hyperboloid H?,
having support in C(B,, (o)) N H? and satisfying 0 < ¢ < 1, the bound:

1 P2
sup / </ deau’,p) dp 5 7,
veN P2 — P1 Jp,

for some suitably chosen 0 < p; < py. The implicit constant here does not depend on

the parameter 7, and in fact depends only on the distance of the point (1,zg) to the
null boundary.

Recalling Lemma [3.1.1} we obtain by (3.1.2)) for every fixed A > 0 the estimate:

1 p2+A
/ (/ @day/7p> dp <.
v'—oo P2 7 P1 Jpi+A

lim sup

Given this, shrinking 75 to r3 = r3(zg,n7) > 0 and picking a suitable cut-off function
¢ on H? as necessary, we can rely on the other inequality in (3.1.4)) this time and the
energy-flux identity (1.2.2]) to find, arguing via the pigeonhole principle, a finite cover
of:

N
Cp1ay( By (x0)) C [ JIts — 55,15 + 5] x By, (1))
j=1
with N = N(zg,n) € N satisfying:
N
\JIt; = 3sj,t; 4 3s;] x Bsy, (y;) C Cr1 5(Bry (20)),
j=1

and such that:

lim sup sup SBBSj(yj)[@/](t) <n, j=1,...,N,
v'—oo te[t;j—3sj,tj+3s;]
where the implicit constant is independent of 7. Hence, choosing 7 > 0 small enough

we can claim:

. 1 ‘
lim sup sup Eps, wlow](t) < ses, j=1,...,N,
v/ —o00 te[t]'738j,tj+38j} J 2
with N = N(x) and r3 = r3(z0) now.
Proceeding this way for a countable dense set of points zo € S¥ \ ¥, we obtain

ultimately a countable cover of C’[O1 2] \U; 0; that we can use together with the compactness
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Lemma m to construct a subsequence for {¢,}, .y via the diagonal process, to which
we restrict ourselves without changing notation this time, such that (3.1.5) hold for
a wave map ¢ € (Hgf_e)loc(qol o \ Uioi) with 9,¢ = 0. By construction, it can be

seen immediately that the obtained map ¢ has energy bounded by £ and we note the
argument also yields as desired.

To finish the proof of the lemma, we need to get the reverse inclusion to . This
follows however from a simple argument by contradiction: suppose that there exists a
point (s;,y;) € o; which is not contained in 3. We can then run the above proof with
(s;,y;) instead of (1,z0) and obtain that the full ray o; is not contained in X, but that
contradicts the definition of x; from . Lemma is therefore proved. m

3.1.3 Ruling out self-similar behavior

To close the proof of the first part of Theorem [1.2.2]it is enough now to prove that the
wave map ¢ obtained above must in fact be constant. For this point, we will rely on a
folklore fact that finite energy self-similar wave maps do not exist in dimension 2 + 1
which we state in Proposition below. A self-contained proof of this proposition

can be found in the work of Sterbenz and Tataru [30] (see section 4 there).

Proposition 3.1.3. Let ¢ be a smooth wave map in the interior of the forward light
cone C°, having finite energy, Ssg[qﬁ] < 1Vt > 0, and satisfying the self-similarity

condition 0,¢ = 0. Then ¢ must be constant.

Consider the wave map ¢ from Lemma [3.1.2 By homogeneity, we can extend it to:
I
Qb : CO \ U 0i — Na
i=1

with finite energy Ego[¢] < & V¢ > 0, locally in Ht%x_ “ and satisfying 9,6 = 0. Let us
note here that we were considering the unit time interval [1,2] in just in order
to simplify the task of keeping track of the dependence of implicit constants. It is easy
to see that the arguments above lead to local convergence of the sequence ¢, to the
map ¢ on all of CY\ U;g;. This is however a purely qualitative statement.

Restricting ¢ to the unit hyperbolic plane H? gives rise to a harmonic map of locally
finite energy, by , defined away from a finite set of points given by HQQUZLI 0;- By
the regularity theory due to Hélein [13], we obtain in fact a smooth harmonic map away

from the above collection of points. But then, by the removable singularity theorem of
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Sacks and Uhlenbeck [25] we can extend ¢ to a smooth harmonic map on the whole of
the hyperbolic plane H?, which in turn means that, by homogeneity again, we could
have extended ¢ across the rays o; to a smooth finite energy self-similar wave map on
C°. By Proposition ¢ has to be a constant.

Theorem is therefore established, given that > must be non-trivial by the

concentration of time-like energy assumption ((3.0.4)).

3.2 Dispersive property for null-concentration

This section is devoted to the description of the parts of the sequence that escape into

the null boundary. We will prove Theorem [1.2.3]

3.2.1 Cutting the bubbles off the body of the map

We proceed first, borrowing arguments from Section 6.1 of [30], by constructing ex-
tensions for the maps ¢, outside the light cone with asymptotically vanishing energy
there (we note that, if considering the non-scattering problem, those have been already
constructed in Section 6.2 of [30]).

Relying on the flux decay estimate 1) and using the angular part of Flo ] (0],
see the expression in , we can find by the pigeonhole principle a sequence 7, €
[2, 3] such that:

1

/ ‘r_lagqﬁ,,(ﬂ,)|2 do < e2.
9Sn,

Hence, as in Remark [2.2.3) we get that ¢,(0S,,) is contained in a chart of radius
O(er*) and so we can build smooth spatial extensions ¢/ [r,] € TN of ¢,[r,], satisfying

the energy control:

Ro|=

g[gb/u](Tu) - gS-rl, [¢V] 5 €.

We solve then the wave maps equation with initial data ¢/ [7,| backwards in time for
t € [, 7,]. By the finite speed of propagation property, the solution agrees with ¢, on
Cle, - hence let us denote it by ¢, (abusing notation slightly). Moreover, relying again
on the assumption and using the conservation of energy law together
with the energy-flux identity , we propagate to all of the time interval [, 7] the

smallness of the energy exterior to the light cone:

sup (E[6,]() — E6,[0,]) S 2.

tekuﬂ—u]
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which in particular guarantees smoothness of the extension on all of [g,, 7,] x R?.
Another consequence of the flux decay estimate (3.0.2]) that we record here, is the

following weighted control:

1 2 —1 2
Lo, 0y 0., dr <1, 2.
tiﬁ%/& (t—[a] + o)} (Z6.0F + o)) dz 51, (321)

a direct consequence of Lemma 3.2 in [30], and constitutes an important ingredient in
the elimination of sharp pockets of null energy (see section 6.3 of [30]).

Regarding the interior of the cone, by the previous section we can pick a monoton-
ically decreasing sequence of scales 9, | 0, starting with 0y := 1—10dist(uigz-, 0C,9)), such
that:

lim sup Sng\uiBa,,(gi(to))[qSV] =0, (3.2.2)

V0 40€(1,2]

which are in some sense the slowest concentration scales, i.e. have the property that:
by (to + O0ut, 0i(to) + 0,2) —> ¢, € N on ([—4,4] x By) \ i, (3.2.3)

locally in CP(H})NC}(L?), where the constant ¢ corresponds to the wave map ¢ from
(3.1.5)), for any given ¢ty € (1,2) and ¢ = 1,...,I. This can be obtained upon taking d,
tending slower to 0, which will not break condition (3.2.2)). Hence, by pigeonholing, we

can choose a sequence of radii o, = 0, (to,7) € (3,4) such that:
/ Vio [0 (to + O,t, 0i(to) + 6,)]* d — 0,
0B.,

which enables us, as before, to construct extensions into B, that have asymptotically
vanishing energy. That is we cut off the bubbles from the body of the map. More
precisely, we choose a sequence of maps (wi ., hWis,) € TN defined on B,, such
that:

vt,x |:¢I/(t0 + (51/'7 Ql(tO) + 5V')|{t:0}><B4\BUV + wi,h),l/(')] — 0 in Li(B4)>

and performing this surgery for each ¢ = 1,..., I, we obtain smooth maps:

I
wtoﬂj[to] = ¢V[t0]|R§\Ui35wy(gi(t0)) + Z(wi,tmw 5—(‘915@'@150’,,) ( 5 )
i=1 v v
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satisfying by construction:

V2@t (to) —> 0 in (L2)10e (R*\ {r =to}) . (3.2.4)

3.2.2 Decay for the energy dispersion norm

Fixing tg € [1 + o, 2 — Jp|, we can naturally view wy, ,[to] as defined on the time slice
St,, and solve the wave maps equation with initial data wy, ,[to] obtaining a smooth
solution on [ty — d, to + dg] provided we work with v large enough, relying on the finite

speed of propagation property (which tells us that @, , agrees with ¢, near and beyond

200
[to—d0,t0+d0]

(3.2.4). The choice of dy is not the most optimal one, but here we are rather concerned

the null boundary, at least away from C ), and the small energy regularity via

with its independence from v. It is immediate then that,
Vmwtw — 0 iIl CE(Li)loc (([to - 50, t() + 60] X R2) \ 80@0_507,50_5_50]) B

as desired in Theorem m Furthermore, the weighted estimate (3.2.1)) is inherited by

the maps @y, .

swp [ (Lm0 + [ O ) dr S 1 (329
tefto—rtot+r] J S (T — |x| +€,)2
This immediately implies the desired decay for the angular and the L null energy, as
required in Theorem [1.2.3]
This whole construction opens us the possibility to apply the following lemma of
Sterbenz and Tataru from [30] (see Sections 6.3 and 6.4 there), which forces the energy

dispersion norm of @y, , to asymptotically vanish:

lim sup sup (2—k ]|kat7frwtw||L§0x[t0—50,t0+50}> =0.

V—00 k

Lemma 3.2.1. (Sterbenz and Tataru [30]). Consider tuples {(p., Owp) }ven of Schwartz

functions on R? satisfying, for some sequence €, | 0 and a bound € > 0:

1
Hvt,ISOVHi% 5 87 Hvt,xwl/”i%@@\Bl) S 658,

1 _ 2
J (et + s
By (1= | +e)2

dr < €,

N——
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such that for some given € > 0:
sup (2_k \|kat@<p,,]|mo> > €.
k x
Then, there exist constants 0 < vy(e,€) < 1 and e(e,E) > 0 for which:

/ ]Vmgp,,fdx >¢e(e, &), YweN.
By(e6)

As immediate consequence of the decay of the energy dispersion norm and Theorem
of Sterbenz-Tataru from Section [2.2] we obtain the uniform bound:

<1

||wt0,V||S[t0—60,t0+50} ~

claimed in Theorem [1.2.3]

3.2.3 Extracting the gauge co-variant linear wave

Because, by construction, the maps @y, , converge to a constant strongly in L°(L2),
their low frequencies P<gwy,, are not interesting. The purpose of this section is to
extract some structure, as v — o0, for the high frequencies of @, ,. For, without

losing generality, we will consider abstractly a sequence of wave maps:
@, : [~1,1] x R* — N with ¢, := sup | Pewy | oo — 0. (3.2.6)
L ,T

We will present here the main points from the theory developed by Terence Tao in
[32], and later refined by Sterbenz and Tataru in [29], that leads to the decomposition
(1.2.4) claimed in Theorem [1.2.3]

Before we start, let us adopt the convention, for this section only, that all function
spaces we work with are to be understood as restricted to the time interval [—1, 1], even
if the notation does not reflect this directly. We shall not mention this further.

Let us introduce the space N, companion to the space S in iteration arguments
establishing various well-posedness results for wave maps, like those in [32] [16] 34], 29,
17]. As with S, we are not going to give the full definition referring the reader to
Section 5 of [29]. But we mention that N is built upon atomic spaces N, one for each
frequency level k € Z, by ¢? summing in k or also conveniently relying on frequency

envelopes.
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Spaces Nj contain several kind of atoms. For example, we have the typical en-

ergy/Strichartz type atoms satisfying
HFHLg(Lg) <1,

with F frequency localized to |£| ~ 2%, or the ones based on Fourier restriction spaces
having
Il o0 < L

again |£| ~ 2F for F'. There are also the null frame atoms, which are absolutely crucial

for dealing with the (Qyp-null form present in the non-linearity of the wave maps equation

(1.1.2). However, those are complicated enough for us to avoid reporting on them, as

we actually did with the angular Strichartz spaces for S. But the reader is reassured

that those spaces are not going to arise directly in any of the arguments in this thesis.
It might be helpful to think of N as a partial dual to S via the estimate:

\ /] qudexdt\ <2 [0l [IPLE L,

for Schwartz functions ¢ and N, see Section 10 in [32]. However, their main relationship
is dictated by the following energy estimate, proved by Terence Tao in [32] (Section 11
there):

1Pedlls S 1Pe@l0]l| 2, L2 + BP0y, -

Now, one certainly imagines how the iteration argument proceeds: its main aim is
to suitably estimate the non-linearity of equation in N. In fact, with this in
mind, Tao developed a whole range of bi-linear and tri-linear estimates in [32] for the
spaces N and S, which later got refined by Tataru [34] and Sterbenz-Tataru [29].

As one can imagine, looking at the papers cited above, this story is pretty long and
complicated and reporting on it simply does not find its place in this thesis. What we
shall do is to state the relevant outcome, that the interested reader can immediately
obtain by combining Propositions 3.6 and 3.9 from [29] as black boxes.

For wave maps as in , there exists a positive constant §; = §;(N) > 0 such
that setting:

= (Ag“”); P, [0°w]] — P [S;g(wy)aawfaawi] ,

where
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(AF) = Py, [Sje(@y) = S(@)] Petm, [0aml]

o J

for m, = 5}/ ?lloge, | which degenerates as v — +o00, we have:

DTk, Sei (3.2.7)
kEZ

Perhaps, at this level of exposition, an important take-away point from the above
estimate, is the fact that such a result cannot be true when considering, in the definition
of T, 1, the first term alone. Those are the infamous low-low-high frequency interactions
which cause breakdown of well-posedness for critical semi-linear wave equations of this
class.

That not everything was lost, and well-posedness under suitable smallness assump-
tions was still achievable for the wave maps equation , which we rewrite with the

above notation under frequency localization as:
(O +24%"0%) Py, = T,

is consequence of the fact that Al e g o(n). This anti-symmetric property is geometric
in nature, and is obtained thanks to the identities for the second fundamental
form.

Tao’s breakthrough in [31], [32] was to invent a gauge transformation for the above
gauge co-variant wave equation which turned the difficult low-low-high interactions
into high-low-high ones, amenable to the multi-linear estimates such as the ones used
to establish . This gauge, called by Tao the microlocal gauge, was constructed
under the assumption of smallness of energy for the wave map. However, the construc-
tion turned out to be so robust that it was with little pain that Sterbenz and Tataru
generalized it to arbitrary energy levels in [29], coining the name diffusion gauge.

We will not attempt to report on the details of this whole construction. We will
simply content ourselves with extracting the result that leads to the decomposition
in Theorem m The reader should arrive at the same conclusions combining
Propositions 3.1, 3.2 and 3.9 from [29]. An analogous result was proved in [17].

Under assumptions and choices of integers m, and matrices A&k’y) as above,
the Cauchy problem:

{ <D + 2A‘(1kyy)aa) v =B , (3.2.8)

¥[0] = Prp|0]
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given a Schwartz space-time function F' and a tuple of initial data ¢[0] = (¢, Owp),

admits a unique solution v satisfying:

4 HﬁkF(

Nk) : (3.2.9)

for some universal 9, > 0. The projections P, stand for enlarged LP-projections to
€] ~ 2",

In the end, to obtain Theorem m, it suffices to consider with = 0 and
©[0] = w@,[0], which gives us the linear gauge co-variant wave 1, ;. The difference
Py, — 1,1, solves then with F' = T, and ¢[0] = 0. Finally, square-summing
the estimates for Pywo, — 1, in k € Z and applying Minkowski’s inequality, we

have:

|Petpls S 270 (Hﬁw[m)

H2xL2

9 1/2
Z vt,w(Pkwu - wlx,k) 5 Z Z Vt,zpk’(Pka - 77Dzz,k)
keZ L5°(L2) k'€Z || keZ L§°(L2)
1/2
S| IVeeP (P, — %,k)llfm)
k' keZ
1/2
—280|k' —k 2
s(Zrmenm,)
k' keZ

recalling the definitions of spaces S and DS from Section [2.2] The tri-linear estimate
(3.2.7) leads then to the desired result, and Theorem is proved.
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3.3 Quantization of time-like energy for wave maps

into spheres

In this whole section, we restrict ourselves to the case N’ = S" 1.
To prove our last result, Theorem [1.2.4] we have to carry out the bubbling analysis

for our sequence of wave maps {¢,},.y near the set of time-like energy concentration:
(UiBs,(0:)) N Chy € C, (3.3.1)

recalling the set-up from Section [3.2] where dy > 0 controls the distance to the null
boundary 0C' of the light cone, on which dependence of our constants will be considered

universal.

3.3.1 Choosing suitable time slices

The dynamics of the maps ¢, near distinct rays p; are completely disjoint and to get
the claimed asymptotic decomposition from Theorem we will have to select the
time slices t, rather carefully.

To start, in order to obtain from the decay assumption the asymptotic sta-
tionarity at all scales for some suitably chosen time slices, we consider a sequence of

positive functions on the time interval [1, 2] defined by:

G(t) = /S 10,6,(0) da.

so that ||¢,|| Lz — Oby |D Then, looking at the corresponding Hardy-Littlewood

maximal functions:

1 S+r
M, (s) :=sup —/ ¢, (t)dt,

r>0 r S—1r

the well-known maximal inequality of Hardy-Littlewood tells us that for any A > 0:

1
MG > A S 5 16 -

1/2
Li
[Cull 1, we can select a sequence of time slices {t,},cy C (1 + 6o, 2 — do) such that:

Therefore taking a sequence A, ~ ||(,]|;i° 4 0 decaying slowly enough compared to

MC,(t,) — 0. (3.3.2)
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We should note here that this will not be quite the final sequence of time slices we will

claim the soliton resolution on as we might need to perturb it a little at scales 6,,.
From there, we have to study for each i = 1,..., I, a sequence of wave maps obtained

from ¢,, upon translating by (t,, 0:(t,)) and rescaling by 4,, which gives us by (3.2.3):

Bin () = Gty + 6, 0i(t) + 6,) — co on ([—4,4] x Ba) \ 0;, (3.3.3)

locally in CP(H!) N C}(L2). Moreover from (3.3.2), denoting by X; the unit constant

time-like vector field pointing in the direction of the line p;, we have:

HXZ'(ZLU

— 0. (3.3.4)

L .([~4,4]x Ba)

Proceeding as in Remark [2.2.3, we interpolate smoothly between ¢;,[0] and the
constant initial data (cy,0) € T(S"!) on By \ Bs, replacing the map ggi,,, with a wave

map ¢, agreeing with the latter on [—%, %] X Bs/, and constant outside By (at most) for
t e [—%, %] by finite speed of propagation. This introduces an error of asymptotically

vanishing energy on this time interval, safely by (3.3.3)). In fact, from the construction

it is immediate that:
3 3

23

which improves to locally in C?(H}) N C}(L2) away from g;, and we still have decay in

hi —cy — 0 in CP(L2)] ], (3.3.5)

a time-like direction:

HXi(bi,uHLix[_%, ] — 0. (336)

3
2
Let us fix a smooth time cut-off x(t) € C§°(—32, 2), identically 1 on [—1,1], so that

we get now in position to apply Proposition [2.3.1 obtaining from ({2.3.3)) the following
decomposition:

XVia20ip = 0, + 2, with:

H@iﬂ/HLf@ S ||Xi¢i,l/”L§‘z[7%%] + ||¢i,u - C¢||L?0(L%)[,%%] ) (3.3.7)
keZ

Furthermore, applying Lemma [2.3.2] we get from (2.3.18)) a decomposition for second

order time-like derivative of ¢; ,:

XX/L'2¢7:,I/ =1, +1L,,
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where the first item is a linear combination of:

> PV (Poprr0in)], Y Pl (Papi10Vatin)], and Q7Y 064,

keZ keZ
with Q3" = 1,000}, — Oatbindl,,
while the second one satisfies ([2.3.19)):

Z 272 ||PkHi,1/”igz[7%%] (3.3.9)

kEZ
S A+ 1Xitiwllpz oz ) 1IXidiwll 2 s 5
+ (1 + [|fi — C¢>HL§°(L2 2,3 ) i — C¢”L§°(L§)[—g,g} :

We note that the implicit constants, including the factors in the linear combination
for I';,, depend only on the energy bound £ from ([2.3.1) and the distance dy to the
null boundary 0C' from (3.3.1]), hence can be considered universal for the rest of the
argument.

With this understood, we define non-negative functions ¥, ,, & ., (i, and m;, for
i=1,...,] and t € [—1,1], setting:

0 (1) = [©in ()} with [|6i,]l,0 — 0,

&) =Y IPEi®)ll with (€l =Y 1PE @)l e S 1,

kEZ kEZ

Gol) = [ Xibiu (]2, , so that Giull,y — O,

as well as:

_ 2 — 2
m(t) = 27 [ Pelliy (E)]l72 » where |, [l = o2 12T ()2 — 0,
kEZ keZ

by (3.3.7) and (3.3.8), (3.3.4) and (3.3.5)), and finally (j3.3.9).

We will now choose a sequence of time slices where we uniformly control 6;, and

have all of the other functions above asymptotically decaying. This will be used to
prove decay of the weak Besov norm Bif on the neck regions, and ultimately get the
energy collapsing there via the control on 6, ,,. At the same time, to start this argument,

we shall build first the weak bubble tree decomposition. To do so, one relies on the
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small energy compactness result from Lemma m (which, for example, enables one
to extract solitons from the standard concentration-compactness procedure). Hence,
for that reason, we will need to control the maximal function M, corresponding to
1Xigi (8)72 s well.

Let us take \% ~ ||9’W||1L/12
0 to be fixed according to (3.3.10) below, as well as \§ ~ ||CWH2/%2 1 0and AT ~
H7r2-7,,H1L/t12 4 0. Hence, applying Chebyshev’s inequality and the maximal inequality of
Hardy-Littlewood for M(;,, we get:

10, (M)t ||fi,l,||L% < € for some arbitrarily small ¢ >

1

> ({0 > N + {&w > A3 + [{Gw > ASH + H{miw > AT (3.3.10)
i=1
1
. G —
+ (MG > N} < 45
Therefore, we can choose a sequence of time slices {t,}, .y C [—%, %], that we may

assume simply to be ¢, = 0 upon translating the maps ¢;, by (,,0;(t,)) without
changing notation for ¢;, (and working on [—%, 1] X Bg), such that for all i =1,...,T
we have the following control:

0, (0) — 0, &.,(0) S 1, Gu(0) — 0, m,(0) — 0, (3.3.11)

and M¢;,(0) — 0.

These are the final time slices that we will consider and obtain the asymptotic decom-
position on, as claimed in our main theorem. We start doing bubbling analysis on them
just below. Here we just add the remark that, upon working in (3.3.10)-(3.3.11)) with

the maximal functions for 0;,, &, and m;, as well, it should be clear by end of the

argument that we can also get the energy collapsing result for almost every time slice

strictly within the lifespan of the fastest concentrating solitons.

3.3.2 The weak bubble tree decomposition

In the following lemma we present a preliminary version of the soliton decomposition.
It is essentially the one that we aim towards from Theorem [1.2.2] but it contains errors
that we shall call necks - those are wave maps on conformally degenerating annuli such
that once localized in space they converge to a constant, but when considered on the

whole annulus they might a priori carry a non-trivial amount of energy. Ruling out
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such a scenario will be the last step in the proof of the main theorem.

We note that the proof of this lemma relies on a covering argument which goes
back to at least Ding and Tian [6] and today is pretty standard in the literature on
bubbling analysis of harmonic maps (and related areas, where some authors refer to it
as weak bubble tree convergence). The lemma of course holds for any closed Riemannian

manifold as a target.

Lemma 3.3.1. Passing to a subsequence, there exists for each i =1,...,1 a collection
of J; Se 1 solitons wj,;, j =1,...,J;, with corresponding concentration points a%,/ € B

converging to the origin, and scales )\{’V 4 0 satisfying the orthogonality relations:

-/

i lah—dl

i,V i,V i,V B,V

5 )\T NG — 00, (3312)
)\i,u i,V )‘i,u)\i,u

as v — oo for j and j' distinct, such that:

gbw(,\? t,al + )\iyx) — wji(t,z) on R*\ Uqggi,

i,V

locally in CY(Hy)NCY(L2) for a collection of at most J; — 1 time-like geodesics 0% with

direction X;. Moreover, setting for any fixed positive constant C > 0:
Aminy == C-min {\,}, veN,
2,7 ’

we have the following asymptotic decomposition holding for t € [—Aminy, Aminv]:

Ji J
t a—al,
Giu(t,x) —co = (Wj,i ( ) - wﬂ(oo)) + Niw(t, @) + 0 (1 12)(1),

= Now A
(3.3.13)
where N;,, stands for the wave map ¢;, restricted to a collection of K; Sg 1 sequences

of degenerating annuli:

e, T " . 11 . i i
(=22 ) x (B, (e, B (a£,)) C (=5 5] X By with A,y <78, < R,
(3.3.14)
such that we have:
sup sup 5B2T(:eﬁ,,)\Br(xﬁy)[Cbiﬂ/](t) — 0, (3.3.15)

rr

k 1 pk _rr
ri,ugrngi,utE[ 2’2}
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holding for each k =1,..., K;.

Proof. Let us fix ¢ = 1,...,I, and suppress this subscript in the argument below to
lighten the notation. In the same spirit, we also never change notation here whenever
passing to a subsequence for {¢, }, ey while using Lemma as it will be clear from
the construction that we obtain in the end a countable cover of a suitable neighborhood
of {t = 0} x B3 on which we can rely to build via the diagonal process a final subsequence
that satisfies the claims of Lemma [3.3.1]

Pick a sequence of points al € B; with radii A} | 0 such that:

gB2AL(a,1,)[¢V](O> = €s. (3316)

Note that such a concentration point is guaranteed to exist by the results of Section |3.1
and the compactness Lemma , and that by any energy concentration point
would have to converge to the origin.

Consider the sequence of balls Byt (al) with k a positive integer, and choose the
lowest Ko = Ko({a}},en) € N such that the functions:

TV . BQKO—I (a}/) — R>O

x—ry(z) i=sup{r >0 : Ep w)lon(A ap, + A,)](0) < e}, (3.3.17)

v v

which are continuous as the wave maps ¢, are smooth, admit a collective positive lower
bound 7’ := liminf,, r,(z) > 0 (assuming K, exists, the case when it does not is
treated later when we describe convergence to solitons at infinity). As a preliminary
step, relying on (3.3.11) and the compactness Lemma , we can obtain for the

rescalings of the maps ¢, at al, upon passing to a subsequence, that:

ﬂ\

/
¢, (Aot al + Ax) — wi(t,x) on [— ,%] X Byko-1,

|

in CP(H}) N C}HL?) for some wave map w; with regularity as in (2.2.9) and satisfying
Xw; = 0, with X standing for the constant time-like vector field X; from (3.3.4]).
Therefore, the map w; is part of a soliton.

,r,/ ,’,/

The time interval [—%, %
below by recalling the methods from Section , see the proof of (3.3.20). Now, we

shall proceed instead describing further w; in space. Slightly abusing terminology, let

| for the convergence above will be improved considerably

us refer to w; as a soliton already from here, bearing in mind that we will prove it is

one shortly.
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By construction, we can find at least one sequence of concentration points:
0% € Byrony(a}) \ Byo-iyy (ah). (3.3.18)
bubbling off on the top of the soliton w; in the sense that:

Ep,,@)[0)(0) = esy A2 < AL, (3.3.19)

202

where it is quite important to note that we have an equality above, a fact that must
hold by the compactness Lemma [2.2.2

Let us consider a new sequence of concentration points satisfying and
(3.3.19) like {a2}, oy, in other words forming itself above the scales A} and converg-
ing, upon passing to a subsequence, in the closure of Byx, ,\;(ai% so that it suffices
to work in Byr+1y1(a,,). There are of course uncountably many of those, given the

existence of a single one, {a?} but we are going to consider equivalent all those for

veNy
which the orthogonality condition ((3.3.12)) holds and pick only one representative per
equivalence class. That is, if a sequence {aj,}, .y satisfies (3.3.18)) and (3.3.19)) but in

addition also has A/, ~ A2 with:

‘alg _2 CL;}‘ 5 1’
)\V
then one can see that the maps ¢, (\2t, a2 + \2x) and ¢, (N, al, + X\, x) would converge

on [—271,271 x By-1, upon passing to a subsequence directly by Lemma [2.2.2 to the

same soliton up to translation that we should denote by wy as it was initially obtained

2

from a;

once the procedure we are describing now for the soliton w; is completed and
applied to the soliton wy. Hence the sequence {a}, .y should be discarded keeping
{aZ},en-

Given the orthogonality relations holding between any two sequences of
concentration points as above, we note that we are left with only finitely many possi-
bilities, say {a/},eny with j = 2,...,J’". This follows from the fact we are considering a
sequence of functions {Vy ¢, }, oy C L2, bounded by the global energy control assump-
tion , and with V., concentrating definite amounts of its L2 norm, namely
V€, note the equality in (3.3.19)), at different frequency and/or spatial scales so that

we can conclude that, since L2 is a Hilbert space, we should have:

rste

~
€s
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which is a universal bound for us as desired.

The collection {a? },en, 7 = 2, ..., J', gives rise to solitons w;, one for each j, by the
same procedure as described for w; and so from now on we should be running for each
of them the same construction as we are currently considering for ws.

From the point of view of w;, we can subdivide the above collection of sequences
of energy concentration points into disjoint families by considering the limit points
b, € m \ Byro-11(ay,), indexed by ¢ = 1,...,Q" for some integer Q" < .J', to
which the sequences converge once rescaled by AL. So for any r > 0 small but fixed, we

have by Lemma [2.2.2}

ﬂ\

¢, (At al + Aw) — wi(t, ) on [—

v v

)% (B \ UgB,(0)).

w|

in CY(H}) N C}HL?) since the functions 7, from extended to By, \ Ug B, (bl)
admit a collective lower bound 7’ := liminf, , r,(z) > 0 (provided r > 0 is fixed of
course as 1’ depends on it). Understanding the behavior of the maps ¢, as r | 0 is
linked to the convergence of ¢, to solitons at the spatial infinity and this is when the
neck domains enter into our picture. We shall discuss this straight after we finish the

construction of the soliton wy (and so for the other ones, w; above, in parallel).
1

14

as above whether there are new sequences of concentration points satisfying ,
upgrading the collection {a/},en, 7 = 2, ..., J’, accordingly upon checking the orthogo-
nality relation holds for each new member (we should not change the notation
for the upgraded version), we must a reach an integer K; = K;({al},en, €5, E) € N such
that for any & > K the functions r, from (3.3.17)) once considered on Byx (al)\ Bys-1(al)

would admit a positive collective lower bound there. Note that this situation could have

Considering the annuli Byxo+xy1 (a})\ Boxo+x-1)1 (a,) one after the other and studying

occurred without passing by the previous bubbling analysis induced by the existence
of the integer K, e.g. if we would have picked up the fastest concentrating soliton
initially for w.
From there, we let £ — oo with r | 0 and fully construct the soliton w; in the sense
that we claim:
du(M\t, ay, + M) — wi(t, ) on R\ Ugo,, (3.3.20)

locally in C{(H,) N C}(L2) for a finite collection of geodesics o, ¢ = 1,...,Q’, each
passing through the corresponding point b;, all with direction X, and such that Xw; = 0
there. To prove (3.3.20]), we note that by (3.3.11)), used already above, we have for any
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fixed bounded time interval the following decay estimate:
/ | X[, (ALt, al + ALa)]|* dadt = o(s), (3.3.21)
_s JR2

and so denoting by W the Lorentz boost taking 0, to X, if one considers the foliation
induced by {U({t} x R?)},_ on the whole of Minkowski space R*** instead of the CMC
foliation in the interior of the forward light cone as in Lemmata [3.1.1] and [3.1.2] the
very same arguments would lead to the convergence claimed in . Let us present
some details, setting ¢, = ¢, (AL, al + AL.).

v v

Working on U~!(R?*1) we denote the coordinates there by z%, or (f,Z,Z»), and
writing ¢, = ¢, o ¥ we get by the Lorentz invariance of smooth wave maps that
the associated stress energy tensor T;5(¢,] enjoys the conservation law 0°T5(p,] = 0.
So, contracting T'[¢,] with the vector field x(z)0;, for some continuously differentiable
test function y with dyy = 0, and integrating the divergence of the Noether current
0%(X@%) P) over the strip ¢ € [t,t + \] for any ¢ € R and positive constant A\ > 0
(similar considerations apply when A < 0), we get by Stokes’ theorem and the mentioned

conservation law:

/ Vi 2|2 xdE — / Vs, |? xdi
(F=t+7} {i=t}

= -2 / af@:r/(aﬁ@vaﬁx + 852@V852X>d£dj
[t,t+A] xRZ

Hence, integrating the above identity over ¢ € [to, t1] for given g, ¢; € R, using the

decay (3.3.21)) we obtain:
/ Vezpo|” xdtdz — / Vizp,|” xdidt — 0, (3.3.22)
[to,t1]xR2 [to+A, b1+ xR2

analogously to from Lemma|3.1.1] To use this asymptotic monotonicity formula
to propagate small energy control, we note that we have |Viz@,| ~ |Vizp,| with
the implicit constant depending only on X, which is constant and fixed. Therefore,
proceeding as in Lemma W, given any point y € R? \ Uqb}] and a positive constant
n > 0, there exists a radius r; = r1(y,n) > 0 such that:

sup sup &g, ylp](t) <m,

veN te[—r1,r1]
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which leads to the control:

1
sup — Vo] dtde <,
veN T'1 J[—ry,m1]x By, (y)
that in turn gives us, precomposing with W and shrinking suitably the radius to r; >
ro 2 T1:
1 _
sup — Viap, | didz S,
veN T2 J[—ry+5,r245]x By, (7)

where (5,7) := ¥1(0,y). By the decay estimate (3.3.22), we get that given any \ € R:

1 _
lim sup — |V£,5c<ﬁu|2 dtdz S,
veN T2 J[—ro454Ar2+5+A X By, ()
and so going back to ¢, by precomposing with W1, shrinking further the radius to
re > 1r3 2 To we obtain by the pigeonhole principle, using the energy flux identity

(1.2.2)), the estimate:

. <
hnulesNup ||vt7a;spy||L?(L%)(([*TS’TS]XBT:‘ (y))+)\X) >N,

for any given A € R, viewing naturally X € R?*!. All the implicit constants above being
independent of 1 (and of A, the dependence on which of our construction is hidden in

the limsup), we can choose 7 small enough obtaining the small energy control for any

fixed A € R: .

lim sup ||vt7$<p’/||L§°(L%)(([—r3,r3]><B,«3(y))+)\X) < 5657 (3.3.23)

veN

with the radius r3 = r3(y). Therefore, picking suitable collections of points y € R2\Uqbé
and constants A € R, we construct a countable cover of R*" \ U} such that relying
on the estimates and we can apply Lemma to get a subsequence
via the diagonal process for which the local convergence claim holds a desired.

Note that by construction w; has energy bounded by £, and so precomposing it
with the Lorentz boost U we get a steady in time finite energy harmonic map from R?
minus a finite set of points (note that the energy of this harmonic map will be smaller
or equal to £[w;], nothing travels faster than light!). By the regularity theory of Hélein
[13] the latter has to be smooth and by the removable singularity theorem of Sacks and
Uhlenbeck [25], it extends smoothly across the singular points. The outcome of this
argument is therefore that w; is a smooth finite energy wave map defined on the whole

of R?*! with Xw; = 0, i.e. a genuine soliton as desired.
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The same holds of course for the solitons w;, j = 2,...,.J’, but note that those
do not of course constitute all the members of the decomposition (3.3.13) as parts of
the maps ¢, can get lost a priori at spatial infinity and in between the solitons we are
considering. We shall address this issue now.

Consider the scales {\}}, .y corresponding to the soliton w;. Fix an arbitrary small
0 < € < €4, then by the pigeonhole principle there exist an integer K (¢) > K such that
for any k£ € N fixed:

532K(6)+,€A£ (@]\Byic(ey+k-1,, (ab) [6,](0) < &, (3.3.24)

for all v large enough. Suppose that there exist a sequence of smallest integer k,(¢) >

K(¢e), as v gets large, such that the above inequality fails:

532@(6)4-1)5 (ai)\BQky(s)Aﬁ (a}) [¢V] (0) 2 ¢,

and note that by construction we must have k,(¢) — oo; then we have found a new
soliton on the top of which our previous w; is concentrating, that we should denote by
wyry1 so that setting A/ +! .= 20()=1)\L we can apply directly Lemma , by the
choice of k, () and (3.3.24)), to get:

y y 11
BN T, b+ X ) — wpea(t,2) i CX(HD) N CHIR) (=5, 4] % (Bi\ By)

with 534\32 [¢V()‘g/+1"7 a11/ + AI{/—H)](O) > €,

and the analysis we carried for w; so far should also be applied to wj 1 now.

It should be clear that if no k,(¢) as above exist, i.e. (3.3.24) is not violated for
any k € N for v large, then choosing 0 < € < ¢, small enough initially, by equality in
(3.3.16|) we must have been working with w; and there should exist then a sequence of
integers &/, such that 2\l ~ 1 and holding for any k =1,..., k], — K(¢), with
any 0 < ¢’ < ¢ for larger k > k!, — K(¢) by as v — 00. The map wy ;1 would be
standing for the constant cy in this case.

For the other solitons w;, with j > 2, k,(¢) must exist and we could of course end
up with wy, or also a constant (to which some authors refer to as a ghost bubble, i.e.
a soliton on the top of which two or more non-constant solitons are concentrating but
itself is constant) in which case we obviously do not consider this as a new soliton. This
brings us to the final steps in the proof of Lemma (3.3.1]

In fact, in the above construction the constant € > 0 could be arbitrarily small but
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was initially fixed and we would like now to let it degenerate to 0. We claim that in fact
we can put ourselves in a situation when for any smaller 0 < &’ < ¢ the choice of the
integers k,(¢’) € N is uniform in the sense that there exist positive integers L(¢') € N
independent of v such that k,(¢') = k,(¢) — L(¢’), that is:

sup & a v , 3.3.25
K(e)<k<ky(e)—L(¢’) Byn+153 (@2)\Byryy (a [¢ ](0) < ( )
for v large enough. If this were to fail for some & > 0, we could find a sequence of

scales, that we denote by )\i/”, such that:

J'+1 J'+2 1
8Bzxi’+2( al)\B J’+2 [¢V]( ) > " and A, < A, P« A (3.3.26)

and that would give rise to new non-constant solitons at scale A’ *2 or above, in which
case we have to redefine ¢ as ¢’. Note that we can have only finitely many non-constant
solitons forming by the global energy bound since those cannot have arbitrary
small energy as this is not possible for harmonic 2-spheres, and by they are
asymptotically orthogonal in H; x L2. Hence our procedure, applied to every single
soliton we have found so far, detects all of the solitons in the claimed decomposition
(3.3.13) and we are just left to characterize the regions in-between the domains of
convergence to solitons as neck regions, but this can be obtained directly from (3.3.25))
as follows.

Upon changing notation, by the above remarks we can assume that holds.
Now, we simply choose sequences 0 < 7} < R! tending to 0 slowly enough so that for
any € > 0 small enough:

“:Brl a)\B, K (e) 51, (@ H{e](0) — gRQ\BQK(E> ()|w1](0) and

gB)\J’Jrl (a},)\BRlll (al) [¢V] (0) — €B1\{0} [WJ’-H] (O>7

then by (83.3.25)) there exits a sequence €], = ¢l (rl, R!) | 0 such that:

SUp  sup g, (ap)\5,(ah)[04](1) < £,

ri<r<iRlt€[-3,5]

If we know a priori that 7} ~ R! then we can immediately absorb this part of the wave
map ¢, into the error term oy g1, 72y(1) in the decomposition (3.3.13) and there is no

loss of energy between the considered solitons. Otherwise we should have 1} < R!| i.e.
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the annulus is conformally degenerating, and this is precisely a neck in our terminology,
as required. To prove Theorem [1.2.2] we must show that those terms can also be
absorbed into 0y1,.;2(1) upon picking a suitable time slice, but that is the next and

final step of the whole argument. So far we have established Lemma [3.3.1] n

Remark 3.3.2. We note here that our techniques cannot say anything more about the

decomposition beyond the scales {O(Ayin)} which is a central issue to address if

veN?
one were to try understanding the full soliton resolution conjecture.

Let us also remark that there is also quite some freedom in fixing the radii R}, and
rﬁy defining the neck domain, as for any positive integer ¢ € N which can be arbitrarily

large but fixed, we still have:

sup Sup 5327(355,”)\&@5”)[@,u](t) — 0,

27£T'£€VSTS2[R§V te[_%’%}

which follows directly from the characterization (3.3.25)) in the proof of Lemma m

above.

3.3.3 Decay in the weak Besov norm for neck regions

Our aim now is to show energy collapsing for the necks N;,, that is a decay to zero
for the L2 norm of V,,¢, as v — +00 on the degenerating annuli (3.3.14). We shall
start by obtaining a decay in the weaker Besov B;f norm for N;,, as consequence of
the property , up to an error whose H; norm is controlled by the L2 norm of
X ¢, for some time-like vector field X that we will fix according to later. This

is the content of the following lemma.

Lemma 3.3.3. Consider a sequence of smooth wave maps of bounded energy:
v v n— 2
B, ¢ [-2VHOW) N0  R2 _y gL IViaulse i) < € (3.3.27)

obtained from Lemma [3.3.1] up to translating and rescaling, where we are given two
sequences of positive integers n,, N, — +00, n, < N,, such that the neck property
holds on Ban, \ Bany :

e Weatliz (ot 2 myenmn) — 0 (3.3.28)

Moreover, we assume the maps are asymptotically steady in the direction of a constant



CHAPTER 3. PROOF OF THE MAIN THEOREMS: BUBBLING ANALYSIS 78

time-like vector field X, standing for one of the X;’s from which we can take to

be given by :
X (0)]l 2 — 0, (3.3.29)

and the second order time-like derivatives satisfy:

Iy, :=sech’(¢)X%p, — Q0%¢,
+ Y P [V (g Pok1060) + Qg - PepproVady] |

keZ

D o |1 Pellx (0|7, — 0, (3.3.30)
keZ
setting ¥, = ¢, 060, — 0aty @), and QY 5 := (1— ) dxy +Q, dxy. Both assumptions
are justified by (3.5.11)).

Then on the neck region, we can write for the map ¢, :
Viapy =T, on [—=1,1] x (Baw \ Baw),

see in the proof, with Y,(t) € C§°(Bayny+1 \ Ban-1) for t € [—1,1] being of
bounded energy HTZ,||2L;>O(L2)[,171] < &, and satisfying the following weak decay estimate
ont=0:

sup || P, Y, (0)[| 2 — 0.
keZ

The strategy of our argument is roughly to replace, by using the decay in the
direction of the time-like vector field X, the sequence of wave maps on neck domains
under consideration with another one, differing by an error of vanishing energy and
converging locally to a constant on the neck domain with more regularity than H. Ixr?
for ¢,. However, because we need to obtain estimates that are uniform in time, working
on very short intervals, we should not rely on the small energy regularity theory from
Theorem [2.2.1] and the direct use of Fourier restriction spaces, as in the proof of the
compactness result by Sterbenz and Tataru [30] (Proposition 5.1 there), but proceed
directly via the wave maps equation proving a weak Bgow decay estimate for
its quadratic structure in the gradient at high frequency (without any null-structure
involved, hence having target S"~! is not specifically necessary for this part of the
argument), and then using Lemmato control the second order time-like derivatives
(the latter though does involve the conservation law for wave maps into spheres).

Proof. As usual, having the required control in a time-like direction, it is enough to
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consider the spatial gradient only. Now working on the domain [—1, 1] X (Ban, \ Ban ),
we note it being arbitrarily rough in time as n,, N, — 400 degenerates. This is
an additional difficulty, to be dealt with in the present proof, in comparison to the
analogous estimate for harmonic maps, where e-regularity is used on the domains
[—2671 2671 x (Byes1 \ Bye) instead, see for the example the paper of Lin and Riviere
[21] on page 188.

Before taking the main line of the argument, let us start with some preliminaries,
fixing the decay rates for the assumptions of Lemma [3.3.3] that is sequences ¢, | 0,
0,4 0 and ¢, | 0 for which:

327 | Bk, (0)]2, < 22, (3.3.31)
ke ’
X6, 0l < o0, (3332)
sup HVt’xgby||L?O(L%)([72e_172€_1}X(B2e+1\B2g)) < ey, (3.3.33)

n, <t+O0(1)<N,

corresponding to (3.3.30)), (3.3.29)) and (3.3.28]) respectively. Next, we consider, for an

arbitrary choice of integers ¢, between n, and N,, the sequence of wave maps:

Gue, (-) = 0, (27) 1 [=274,27%] X (Bys \ Bys) — S" 1. (3.3.34)

We build an extension 1,4, of ¢,4,, as in Remark , by smoothly interpolating on
(By-2 \ By-3) U (B2 \ Bg2_;) between ¢,,[0] and (cg,,0) € T(S"!), for some suitably
chosen sequence of constants ¢,, = ¢y, (¢4, ), solving the wave maps equation for 1,4,
with initial data of 1,4, [0], such that scaling back and setting ¥ (+) := 1,4, (27%+), we
have (denoting by 1,, the characteristic function of Bye,+1\ Boe, -1 over the time interval
(263 2631y,

| Veathy Loz S € and 1o ¢, = Lo, b, (3.3.35)

by (3.3.33) and the finite speed of propagation property respectively.
From there, we construct a partition of unity over [—1, 1] X (Byn, \ Ban ) paralleling

the Littlewood-Paley decomposition in frequency space. For the spatial directions, we
recall the non-negative radial bump functions m, and m<, used in the definition of
the LP-projections Fy and P<(, but which this time, we will use on the physical space
setting:

mo(t, z) == mo(|z|), me(t,x) :=me(27%, 2 ),
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m§0<t, 33) = mgg(]a:\), mgg(t, .’I) = mgo(Q_Et, 2_633).

We get then the following “physical LP-decomposition”:

N,
T, = (M<n, = Men,—1)NVaby = > 1M, Vit (3.3.36)

ly,=ny

where 7(t) stands for the rough cut-off to the time interval [—1, 1], and of course it is

immediate that ||T,,||itoo( 12)-1,1] ~ €. Moreover we note that, recalling the extensions

, we have iy, ¢, = 7, by

Writing ¢¢ := ¢, — ¢, for an arbitrary sequence of maps corresponding to (3.3.34)),
and similarly for ¢f , , together with the extensions YPo¢ and Yy, from (3.3.35) which
become compactly supported by construction, we consider the commutator (denoting

the cut-off functions by x,, := nmy, ):

Xe, Vady = Va(xe, 9)) — (Vaxe, )by, (3.3.37)
and start by treating the second term, for which we claim:
||Pk[(va€u)¢zcz]||Lg0(Lg) S 2_|k+£V|5m (3.3.38)

for any k € Z. To see this, we rescale by 2. For high frequency scales 2¥ > 1, we can
use the extra regularity, the spatial derivative falling on the cut-off instead of the map,

available from:

||Vm[(me0) o]

2 - _
Le(L2) Sx ||(me0) Ii,&, L°(L2) + "(vxmo)vx¢V7€u‘|L§°(L%) ’
introducing the extensions ¢y, , so that applying Poincaré’s inequality in L? for the

first term, given the spatial localization of ¢y, at any given time slice in the support
of mg, (+) := n(2%), we get by the finite band property (2.1.3) and the bound ({3.3.35)):

< 27ke,

Hneupk[(v$m0) IC/,Z,,] L(L2) ~

as desired. For low frequency scales 2% < 1, by Cauchy-Schwarz and Poincaré’s inequal-

ities, we have:

|76, (Varmo)t5 ,,

Lfo(Lglc) 5 ||nfyvm77bl/,fu||Lt°°(L%)7

dropping V,mg, and so using Bernstein’s inequality ([2.1.4)) we obtain here an exponen-
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tial gain as well:

176, Pl (F2m20)85 ) e 12) S 26w

by the energy bound (3.3.35)). Hence, claim (3.3.38)) follows.

We remark that, by the same argument, we get also control for the low frequencies

of the first term V,(xy, ¢¢) in the commutator:
1B (e, ey S 250 b < —L, 4 O(1), (3:3.39)

and so it remains to treat now the main terms, that is the LHS above when ¢, > —k,

for which we should rely on the wave maps equation, the time-like control assumption

(13.3.32)), as well as the favorable decay (3.3.31) we already have.

Recalling the expression for the operator (2.3.9), we compute then:

Aoc,,@(Xﬁu¢lc/) :(Ax,ﬂX&,)Cbi + 2(1 - 62)(81‘1 X&,)(am ¢V) + 2(8:02)(&/)(8062 ¢V) (3340)
— 2xg,sech?(¢)sinh(¢)d,, X ¢,
+ xe, (sech?(O) X2, — Q20%,).

Let us treat first the smooth terms on the first line of ([3.3.40)), of which there are two
types, (VZxe, )% ¢ and V,x, Vi1%, the cut-off differentiated in a spatial direction,

claiming for both the control:

<o Hb)e k>0, (3.3.41)
L (L2)

Pl(V2X0, )0 + Vaxe, Viabt]

Va
Ay

To show this, relying on Plancherel in L2, we discard the Fourier multiplier QkVCEA;Iﬂ]Sk
(where JSk = Py_1<.<k+1), having symbol bounded uniformly in & € Z. Rescaling by 20
we are brought to estimate for £ > O(1):

2% HWU[(Vimo)wg,eu + Vmevt,Id’V,h]

Le(L3)’

where the second term is directly seen to have the desired control by , whereas
for the first one, given the spatial support of the extension ¢y, , we apply Poincaré’s
inequality in L2 as before, which allows us to conclude by .

The second line of is an error term controlled thanks to the time-like decay
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(13.3.32)) we have. We first write:
Xe, Vo X by = Vo(xe, Xby) — (Vaxe, ) X0y,

and note that the second term here was already treated in (3.3.41)), and so we just need

to show:
V2 Al
AN Y e Xe)O)| Sa, (3.3.42)
’ £y,=max(—k,ny,) 2

but this follows at once by Plancherel in L2, as the Fourier multiplier V:?:A;%Pk has a
bounded symbol, dropping the cut-offs and relying on ({3.3.32]).

Finally, we shall consider the delicate second order time-like derivatives and the
non-linear terms on the third line of . As was already required for , we
restrict ourselves from now on to work exclusively over the time slice t = 0. And to
lighten the notation, we shall not mention this explicitly anymore.

Thanks to the assumption (3.3.31]), we have already partial control on them through
ITx,, which however we need to localize to the neck region Byny+1 \ Bomax(—kmn)-1. In
doing so, we first note that since m<( was initially fixed spatially Schwartz, we have:

Hvzmk,NuHL% S 1, where my N, = M<n, — M<max(—kny)—1s

Y

given that the above norm is scale invariant. Hence applying the Littlewood-Paley

trichotomy to my n,Ilx ., we get:

Pr(mi,n, ] Ix ) = Pe[(P<k—mmin, ) (Pr-s<.<k+3llx,)
+ (Pr—s<-<kt3min, ) (P<k—71lx,)

+ > (Pry kN, ) (Pry )]
/4:1,k22k—6:‘k1—k2|§0(1)

From there, using (3.3.31]), we estimate the low-high interactions by:
275 ||(Par—r1m,n, ) (Pe—s< <irsllxo) | 2 S I, || oo tos

the high-low ones by:

27| [(Pes<chramin,)( > Pullxy)

k1<k—7

Sl e Y, 2700,
12 kn <k
x
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whereas for the high-high cascade we have:

~ ~ 1
Z 27" ||77(Pk1mk,Nu)(Pk2HX,l/)”Lg S (Z 2%k ||Pk1mk,Nu||ig)2Lw
k1,k‘22k‘—6:|k‘1—k2‘§0(1) k1

where we have used Bernstein’s inequality (2.1.4) passing to L!, and then Cauchy-
Schwarz with the fact that k; = ko + O(1).

Putting those estimates together we get the required control for my n,Ilx ,:

N,
v, -
A Py Z Xe, Ix S b, (3:3.43)
z,B8 £y=max(—k,ny) L2

by discarding the multiplier QkaA;l P, and relying on the bounds for the cut-offs

my,n, discussed above.
We treat now the non-linear bulk left from Lemma [2.3.2] decomposing it into:

BY =Y PV, - (Q0,),

keZ
By = Y RO, V)
keZ
introducing the convenient notation qbl’f = Py¢, (also later Cbllf,e,, = Py, for the

rescaled maps), etc. We want to treat this term perturbatively, as in elliptic regularity

theory, and so we proceed claiming first the following B! estimate:

Ny

V,
P B! .3.44
A,k > xuB (3.3.44)

£y,=max(—k,ny) 12

<320 S e B e 0B

1>0 y4

where the sums are such that both ¢, and ¢, + j range between max(—k, n,) and N,,.

Discarding the Fourier multiplier 2kaA;1ﬁﬁk via Plancherel in L2, we note the
Littlewood-Paley projection Py in front of the sum in is crucial to handle the
remaining factor 27%. But frequency localization induces spreading for the physical
support by the uncertainty principle. And so, we are not allowed to use a square-

summing trick relying on the finitely overlapping supports of x,, BY. On the other



CHAPTER 3. PROOF OF THE MAIN THEOREMS: BUBBLING ANALYSIS 84

hand, this leakage is very much controllable given the fact that k£ > —¢, + O(1), which
corresponds to high frequency here.

More precisely, let us bound the LHS of (3.3.44]) via:

221:2

>0y

/ [P(xe, BY)] [P BY)] |

with both ¢, and p, ranging between max(—k, n,) and N,. By the self-adjointness of

Py, the summand above can be estimated by:

(P20 B X0 B,

< HPIS(XZUB;/)HL;O({‘xlfVQHV}) ”X#UB;/HL; :

Now, looking at the convolution kernel for P?, analogue to (2.1.1)), we can estimate the
first factor on the RHS above by:

|| ¢ (xe, BY) S 2% 1y, BY ||

| ety

for p, > ¢, > —k, a refined version of Bernstein’s inequality (2.1.4)). Hence, this leads
us to estimate the LHS of (3.3.44) by:

Z 2~ (k) ”XEVB;‘/HL; ”quBiVHLglc 5

>y

as required.

Given (3.3.44)), we remark that summing one of the factors we get a universal bound.
This follows from the global energy control since, by the finitely overlapping
supports of x, BY:

> Ixe Bl S 1Bl
4y

and in fact we have the stronger control:

D IPBY L +

kEZ

<€, (3.3.45)

Ly

O IRBy )

keZ
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where for the former we have:

1By S >, 2702 P | o (V22|
k17k22k+5:|k1—k2‘§0(1)

applying initially the finite band property (2.1.3]), and then once again for ¢*2, and this
can be summed over k € Z using discrete Cauchy-Schwarz in k; = ky + O(1). Whereas
for the latter, we note that by the Littlewood-Paley trichotomy:

Pr(¥ 5 - V,¢Sk+10) — Py[Per_2(Q5) ¥, phm3<<h+s
+ Peogcciis(Q 5) - Voo ¥ 7
+ D0 Pul(@y) Vadl?)

k1,ka~k

and so the first two terms correspond to paraproducts, already localized to || ~ 2F,
and therefore their sum in k € Z lies in the homogeneous Hardy space FQO 1 with bound
O(£), and for the last term the stronger estimate in B with bound O(E) as for BY
holds, since the sum under P is finite and we can apply the discrete Cauchy-Schwarz
inequality.

Hence, rescaling by 2% and setting B (-) = 22*B¥(2%.), to obtain decay for

(3.3.44]) it suffices to prove:

< o(€). (3.3.46)

sup HmOBiM”
n, <t,<N,
This is a direct manifestation of the perturbative nature of quadratic non-linearities
on neck regions, thanks to the local energy decay . In our case, the argument
is however slightly more involved because our product structure is non-local. This
represents however a minor technicality only, and we shall treat this analogously to the
previous instances of physical support leakage.

Let us introduce two auxiliary parameters. Setting QZ%() = 20 5(2%.), by the
local energy estimate , we can find sequences k,, — +00 and &, | 0 such that:

_ vl -
Hm—loggnuﬂxﬁ” <é,,
where we use the convention my, <.<g, := M<k, — M<k,—1, and similarly for msy, =
1 —m<g,—1. Let us first treat the annulus determined so, and then the outer and inner

regions separately.
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For the annulus we can discard the cut-off mgy. Regarding By ’K”, we have:

) HP’“Vf - (M-10<.<, 82, Z"¢>k+10)’

keZ

S Z Z 2~ (k1 =k) Hpkl (77—1,10§-SNVQ;:%)

kEZ kl,k22k+5:|k1—k2‘§o(l)

Ly

q
vt

L2>

where we have used the finite band property (2.1.3)) as usual, and we control this by
O(,€2) relying on the discrete Cauchy-Schwarz and ky = ky+O(1), which is acceptable
for (3.3.46|). For B;”z”, we use Littlewood-Paley trichotomy as previously to get:

Z Pk(m—log-ganZ:eV \Y% ¢<k+10)

keZ LL
S |lsup [Pek, 2 (Mroc<n, Ul - (| Va3, Sk
k1€Z z ko€Z 2
x
1
O 1Pry—s<chars(Moroc<n, 2 5)]7)2 sup |Voo5 52 |
k1€Z k2€Z L2
> D> [[Pulm I-HVM’EV e
kEZ k1,ka~k

and relying on the Littlewood-Paley square function estimate for the first two terms, and
simply the discrete Cauchy-Schwarz for the last, we can bound the above by O(£,€ %)
again. Therefore this is a permissible contribution to (3.3.46]).

Now we treat the error terms. First, let us consider the outer region defined by the

cut-oftf m~,,. Writing:

g

kEZ

S molly 3 1P Bll e -1 cpoisay - (3.3.47)
Il keZ

we proceed, first for:

B = Z ka m>/q,, O éu¢>k+10)
kEeZ

by considering the convolution kernel for the Fourier multiplier VP, Py, with & =
k' + O(1), which gives:

23k
QV%¢>M+N

18 Bll oz o1 <iai<on SN Tigrgmy Hmm "
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>k+10
v,ly, .

for any positive integer N € N, bearing in mind the physical support of m~,, QZ:ZW)
Using this estimate, for high frequency scales, we choose N = 3, getting the following

bound for the sum in k£ > 0 from (3.3.47)) :

27y ok, || DD 2 |,
k>0

* k1>k+10

2
L(l)

by the finite band property (2.1.3)) for ¢,,,. This is immediately seen to be o(€) as
Kk, — 400, hence this contribution is acceptable. For the low frequency scales, if we
set N =1 above, we have for the sum over k£ < 0 in ({3.3.47)):

2—/@22ka>“”91/£” ; Z 2= (k1—k) ||V ¢
k<0

T k1>k+10

12 S o),

v,

as desired, so the contribution of the outer region is controlled for B;"". Regarding

B2 we have to control (3.3.47) with:

B =Y P, Q5 - Voo, ).

k€EZ

Proceeding similarly to the above, we look at the convolution kernel of PPy, with

QV Ey ¢<l€+10

k =k + O(1), and given the spatial support of m~, we get the analogous

estimate for N € Z:

22k - vl <k'+10
HPICBHLgo({2*1§|z|§2}) SN W Hm>l€uQx:,B : vx(b;,@,,Jr

Y

Ly

so that choosing N = 3 when k£ > 0, and N = 1 if £ < 0 as previously, yields the

control for (3.3.47)):
27 (3 27 ||, 2

keZ

12 Hvx¢l/,€y”Lg 5 0(5)7

as desired, and this completes the treatment of the contribution to (3.3.46)) of the outer
region.

Finally, we need to study the contribution of the interior region defined by the
support of m._1p, that we note being at a definite amount of distance from the support

of my. First, we remark that we have:

Hm“oQZﬁHHﬂ —0, (3.3.48)



CHAPTER 3. PROOF OF THE MAIN THEOREMS: BUBBLING ANALYSIS 88

and to see this, we start by getting an extension ¢, of ¢, 4, |5,, equal to a suitably
chosen constant ¢ = ¢({¢., }ven), such that by the construction of the sequence of
wave maps and the covering in Lemma [3.3.1] we have ¢, := ¢, — ¢ vanishing strongly

in supercritical spaces:

ool s — 0, s < 1. (3.3.49)

To establish (3.3.48)) it is enough to consider ¢,V ,p,, where ¢, := m-_19p,. For low

frequencies:

”Pgo(@uvz@u)”Lg S H@VHLgO |P§0(1)901€HL§

+ Z ||V$Pk1§5VHL§ ||Pk290101||L%>
k1,k2>0(1):)k1—ka|<O(1)

where for the first term we have used (2.1.2)) to discard V., and for the second we
passed initially to L! applying (2.1.4)), and then transferred V,, from ¢ to @, via (2.1.3)).
Both items are acceptable by (3.3.49)). For high frequencies, we apply precisely the same

argument, but with a slightly more refined Littlewood-Paley trichotomy decomposition:

27| Pu(@0 Vo )l 12 SIPer—1@ull o 1 Pe-s< <hrawill 2
+ || Pems<<irs VBl oo | Pak—r03 |l 2

_k ~ ko
+272 > IV Pes Boll 2 27 1Pratl 12
k1 ko >k—6:ky —k2|<O(1)

where for the first term we applied and for the other two we passed first to L}
via , then used Cauchy-Schwarz, from where for the second term we used
for P<y_7¢f and for ¢, transferring V, from one to the other, whereas for the
third term this transfer of V, happened at once via since k1 = ky + O(1), and
then multiplied P, ¢ simply by 2k2/29k2/2 \which led to the exponential gain 27%/2 in
front of the sum since ks > k + O(1). Square-summing the above estimate over k > 0,
and applying discrete Cauchy-Schwarz for the third item, gives an acceptable bound by

(13.3.49)), therefore we have claim (|3.3.48)).
With this understood, we can control the contribution of the inner region to (3.3.46))
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for the low frequencies. Given any positive integer K > 0, we have regarding By b

Z HPka ) (m<_109v ¢>k+10>‘

k<K

YY)

k<K k17k22k+5:|k’1—k‘2|§0(1)

L

|, 1905

S Z Z (k2= HPk1 M 1OQV€V

k<O(1) \ k+5Zk1,ka<O(1):|k1—k2|<O(1)

+ 2K > 27k || Py, (e 100
k1,k2>0(1):k1—k2|<O(1)

) 19208

Iz

)|, 192

which is o(€) for the first term and ox(€) for the second by (3.3.48)). Analogously,
looking at BY™ we get:

Z Pk(m<7109:1% : Vm%gfjlo)

k<K

Ly

S PulPercroq)(Ma109 5) - Vil 2554

k<K s
ZP’“ Pry—s<.<iir3(Me_10 5) - Vagy? ]
k<K s
1
N ||P§K+O(1)(m<—1oQZ,ﬁ)HLg ' (Z Ve, 2= =k 2))2
ko <K L2
(Z |Pk1*3§-§k1+3<m<—109;5)!2)% sup [Vaorp® |||,
k1<K ko<K L%

and this is again controlled by ok (&) via (3.3.48]). Therefore, for both contributions, we
can choose a sequence of integers K, — 400, together with decaying constants ¢, | 0,
such that:

Z Hpkvw ‘ (m<_109u@¢>k+10 ’L1 n QZZ@ v ¢<k+10) <,

k<K,

L

and this yields the decay of slowly growing frequencies for the inner region, as desired.

Note that the cut-off my has not played any role in the above argument. However,
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for the high frequencies k& > K,, having mq will be crucial as we are going to pass by

(13.3.47)) as before, first with:

Z AR (. 1OQV% &),

k>K,

Considering the convolution kernel for VP, Py, with k = k' + O(1), as previously, we

estimate:
2% — vl | >k'+10
HPkBHLgo({z—lg|x|g2}) < —(1 + 2R3 Hm<*10 z,8 ‘buzy

y’

noting the fixed positive distance of the physical support of m<,1oQ;f”¢;§jm to the
annulus {27! < |z| < 2}. Using this, we can bound (3.3.47)) in this case by:

ZT’“HmeQZ’é B S 2R ||v,el,

k>K, k1>k+10

<o Rvg

LQN

which is certainly acceptable, given that K,, — +o0co. Finally, the last contribution to
treat is when:
=) Pu(me_10ly - Voo ),
k> K,
n (3.3.47)), and here we proceed in complete analogy to the above, getting the following
estimate:

2%k _ vl <K'+10
HPkB”LgO({Q_IS‘ﬂSQ}) S (1 i 2k>3 Hm<—109x”ﬁl’ . qus;,gy'f' ‘

Y

Ly

by looking at the convolution kernel of PPy, with k = k' + O(1), and the location of
spatial support of m._ 109 -V gb<k+10 with respect to the annulus {27! < |z| < 2}.
This in turn, yields the followmg control for (3.3.47)):

— _ vy
Z 27" Hm<—109z’,ﬁ

k>Ky

||va:¢1/,€u||L2 S 27 VS
L2

~

which, as noted above, is permissible. That concludes the treatment of the contribution
of the inner region, and therefore we have obtained claim .

In the end, going back to the physical Littlewood-Paley decomposition (3.3.36)) and
expressing the time derivative 0; via X and 0,, using expression , we have for
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any k € Z:

||Pk[(mSNy - mgny—l)vt,mgbu]((—))nlg f§ Z 2_‘k+e‘5u +o,+ L+ 0(5) — 07
LeZ

where the first sum arises from the low frequencies (3.3.39) and the regular part involv-

ing spatial derivatives falling on the cut-offs from (3.3.38) and (3.3.41)), the second term

comes from errors having good time-like control (3.3.42), the third arises from treating
the higher-order time like derivative in (3.3.43)), and finally the last term is due to the

perturbative BO_OL? estimate of the non-linearity for the wave maps equation at high

frequency ([3.3.44)), combined with (3.3.45)) and ((3.3.46)).
Lemma [3.3.3] is proved. ]

3.3.4 Completion of the proof

We are now at the concluding stage of the proof of Theorem [I.2.4] for which, going back
to the weak bubble tree decomposition ((3.3.13)), we must show that the energy of the
necks NV; , is asymptotically vanishing as v — +o00. Recall that those are provided with
corresponding neck domains, that is the conformally degeneration annuli from (3.3.14)),
so that setting:

¢y7x;“ ( ):_ ¢zu( mlIll/ ) 2y+/\m1nyx)

N2

we can apply Lemma [3.3.3] by (3.3.15]) and (3.3.11)), to write:

Via@yar =Ty ze on [=L1 X (By-1 e \ By-1 ),

min,v " 2,V mlnl/zl/

min,v " i,v mlnull/

where T, » is supported on [—1,1] X (Byy-1 pr \ By1y-1 & ) with

.

< 1’
Lo(L2)[-1,1] ™

and satisfying the decay:

sup HPkTV - O —0
keZ Ty L3
Recalling (3.3.11]), we also have:
H@Vm’? (0)’ — 0,
*ai,v L%
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where ©, .1 (t,7) = Aniny O (Amin,ut, xﬁy + Amin,» ), together with:
<1

> ||AE, O | <

keZ z

9

= P — = k
where =, ¢ (£, %) = AminyZip (Aminp b, 7)) + Aminy ).

sV

From there, we can estimate the energy at time ¢ = 0 on a neck region by:

2

|Viat s, (0)

S
Li(By-1 pe \By=1 k)

min,v " "i,v min,v’ i,v

which we bound by:

(sup || P, (0)]

keZ ©

2 [P, )], + [ $ir, ) , (1),

L2 L

and by the previous estimates this tends to 0 as v — +o0o. Theorem is proved.
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Chapter 4
Conclusion: Future directions

We close the thesis with some thoughts and reflections about some of the challenges
lying on the road towards the full Soliton Resolution Conjecture, that the author is
most interested in. For the sake of simplicity, we will restrict our discussion to the case
of finite time blow up.

The most immediate question that arises, of course, is regarding the phenomena of
null concentration. In fact, taking the comparison to the parabolic counterpart of the
theory, the harmonic map heat flow treated by Ding and Tian [6], the analogue of our
results would be weaker as we move away from the equivariant set up. Nevertheless, the
techniques to deal with this concentration and the whole strategy are actually already
there. Let us say a few words about this now.

In fact, the analogue of our results would also be weaker than those of Duyckaerts,
Jia, Kenig and Merle [7], who treated the critical focusing wave equation Du = u° on
R3*t1. In this work, null concentration was proved to vanish in the energy space. The
argument advanced by the authors there seems to give not only hope, but also the
ingredients.

They argued by contradiction. Assuming that some energy was escaping into the
null boundary, away from the solitons, they could construct a whole “channel of energy”,
going backward along the null boundary up to the initial data. The latter of course being
fixed, concentration of energy was excluded, and that led to the desired contradiction.
The channel of energy itself is in reality only proved to exist for free waves with initial
data well concentrated on a boundary of a disc, with the angular and the L null energy
sufficiently small. This is precisely the initial data we construct in Theorem [I.2.3] After
the authors obtain decay in a suitable dispersive norm for the part of the solution that

approaches the boundary of light cone, analogously to what we do in Section [3.2] they

93



CHAPTER 4. CONCLUSION: FUTURE DIRECTIONS 94

get the latter arbitrarily close to the free wave in the energy space, and this then leads
to the desired construction.

As one guesses now, this is precisely what we were trying to mimic with our de-
composition . However, the perturbation theory for the focusing wave equation
is considerably easier than for wave maps (partly because of the bi-linear structure in
the gradient in the non-linearity, and partly because of the gauge fixing issues). We
hit therefore two important obstacles. The first one is that we cannot work with a
free wave as our basis, but with a gauge co-variant one. So in particular, the channels
of energy (or at least some approximated version of them) must be extended to that
case. In that regard, having the frequency support degenerating for the anti-symmetric
matrices should help. And secondly, one needs to be able to extend the solution well
beyond the interval we are working on currently, all the way up to the initial data.
That is our challenge for now!

There are a couple of other problems related to SRC, that the author would love
to carry on thinking about. One concerns building examples of winding behavior and
non-uniqueness of bubbles, as was beautifully achieved by Peter Topping in [36] for the
harmonic map heat flow. This is an ongoing project which, however, requires a lot of
background, as developed in the ground breaking work of Raphaél and Rodnianski [22],
going well beyond techniques we have mastered so far.

Finally, there is the mysterious problem of obtaining compensation type estimates
for wave maps, and more basically for harmonic maps, into general closed Riemannian
manifolds. We have in fact spent the largest part of our DPhil thinking about that...

but maybe that’s a good point to stop the story there, as far as this thesis is concerned.
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