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Abstract

In this paper we consider Hamilton’s Ricci flow on a 3-manifold having a
metric of positive scalar curvature. We establish several a priori estimates for the
Ricci flow which we believe are important in understanding possible singularities
of the Ricci flow. For Ricci flow with initial metric of positive scalar curvature,
we obtain a sharp estimate on the norm of the Ricci curvature in terms of the
scalar curvature (which is not trivial even if the initial metric has non-negative
Ricci curvature, a fact which is essential in Hamilton’s estimates [8]), some L2-
estimates for the gradients of the Ricci curvature, and finally the Harnack type
estimates for the Ricci curvature. These results are established through careful
(and rather complicated and lengthy) computations, integration by parts and
the maximum principles for parabolic equations. (Revised version).
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1 Introduction

In the seminal paper [8], R. S. Hamilton has introduced an evolution equation for
metrics on a manifold, the Ricci flow equation, in order to obtain a “better metric” by
deforming a Riemannian metric in a way of improving positivity of the Ricci curvature.
Hamilton devised his heat flow type equation (originally motivated by Eells-Sampson’s
work [6] on the heat flow method for harmonic mappings) by considering the gradient

vector field of the total scalar curvature functional on the space M (M) of metrics on
a manifold M

E(g) = /MRgd,ug : g€ M(M)

where R, and du, are the scalar curvature and the volume measure with respect to
the metric g, respectively. While Hamilton’s Ricci flow is not the gradient flow of the
energy functional E which is ill-posed, rather Hamilton has normalized the gradient
flow equation of E to the following heat flow type equation

0 2
5% = ~2Ri + - 0egi (1.1)

where o, denotes the average of the scalar curvature V™' [, Rdp,. The variation
characteristic of the Ricc flow (1.1) has been revealed by G. Perelman in recent works
[15], [16]. In these papers Perelman presented powerful and substantial new ideas in
order to understand the singularities of solutions to (1.1), for further information, see
the recent book [5].

It is clear that the Ricci flow (1.1) preserves the total mass. After change of the
space variable scale and re-parametrization of ¢ (1.1) is equivalent to

0

which however is not volume-preserving. We will refer this equation as the Ricci flow.
The parameter ¢ (which has no geometric significance) is suppressed from notations if
no confusion may arise.



If we express the Ricci tensor R;; in terms of the metric tensor g;;, we may see
that the Ricci flow equation (1.2) is a highly non-linear system of second-order partial
differential equations, which is not strictly parabolic, for which there is no general
theory in hand to solve this kind of PDE. Even worse, there are known topological
obstructions to the existence of a solution to (1.2).

The system (1.2) has a great interest by its own from a point-view of PDE theory,
it however has significance in the resolution of the Poincaré conjecture. The Poincaré
conjecture claims that a simply-connected 3-manifold is a sphere. If we run the Ricci
flow (1.2) on a 3-manifold, and if we could show a limit metric exists with controlled
bounds of the curvature tensor, then we could hope the limit metric must have constant
Ricci curvature (see (1.1)), therefore the manifold must be a sphere. Thus Ricci flow
is a very attractive approach to a possible positive answer to the Poincaré conjecture.
This approach was worked out in the classical paper [8] for 3-manifolds with positive
Ricci curvature by proving a series of striking a priori estimates for solutions of the
Ricci flow.

Theorem 1.1 (Hamilton [8], Main Theorem 1.1, page 255) On any 3-manifold with
a metric of positive Ricci curvature, there is an Finstein metric with positive scalar
curvature.

1.1 Description of main results

Hamilton proved his theorem 1.1 through three a priori estimates for the Ricci flow
with initial metric of positive curvature. The essential feature in this particular case
is that the scalar curvature dominates the whole curvature tensor. Indeed if the Ricci
tensor R;; is positive then we have the following elementary fact

%RQ <|Ryl* < R*. (1.3)

While in general case we still have the lower bound for |R;;|, but there is no way to
control |R;;| by its trace R. The first estimate Hamilton proved is the expected one:
the Ricci flow improves the positivity of the Ricci tensor, thus if the initial metric has
positive Ricci curvature then it remains so as long as the Ricci flow alive. This conclu-
sion is proved by using a maximum principle for solutions to the tensor type parabolic
equations (which indeed follows from the use of the classical maximum principle in
parabolic theory).

One of our results shows that under the Ricci flow on a 3-manifold with positive
scalar curvature, the squared norm of the Ricci tensor can be controlled in terms of
its scalar curvature and the initial date. Indeed we prove a comparison theorem for
the quantity |R;;|*>/R?. We then deduce precise bounds on the scalar curvature for the
Ricci flow with positive scalar curvature.



By removing the positivity assumption of the Ricci curvature, three eigenvalues of
the Ricci curvature under the Ricci flow may develop into a state of dispersion: one
of eigenvalues may go to —oo while another to +o00 but still keep the scalar curvature
R bounded. Our above result just excludes this case if the initial metric has positive
scalar curvature.

The second key estimate in [8], also the most striking result in [8], is an estimate
which shows (after re-parametrization) the eigenvalues of the Ricci flow at each point
approach each other. Hamilton achieved this claim by showing the variance of the
three eigenvalues of the Ricci tensor decay like R* where k € (1,2) depending on the
positive lower bound of the Ricci curvature of the initial metric. It is not easy to see
the curvature explodes in time for normalized Ricci flow (the volumes of the manifold
are scaled to tend to zero), the variance of three eigenvalues of the Ricci curvature
are easily seen as |R;;|* — R?/3, by (1.3) one might guess the variance |R;;|* — R?/3
possesses the same order of R?. The striking fact is that indeed

|Ri;|> — R*/3
Rn

is bounded for some x < 2! That is to say, |R;;|* — R?/3 explodes much slower then R?,
so that, after re-scaling back to the un-normalized Ricci flow, it shows the variance of
the eigenvalues of the Ricci tensor goes to zero, hence proves the claim. The positive
Ricci curvature assumption is washed down to an elementary fact recorded in Lemma
5.2. This core estimate (see [8], Theorem 10.1, page 283 ) is definitely false if the
positivity assumption on the Ricci tensor is removed, and it seems no replacement
could be easily recognized without an assumption on the Ricci curvature.

Finally in order to show a smooth metric does exist, and has constant Ricci cur-
vature, Hamilton [8] established an important gradient estimate for |VR| in terms of
R and |R;;| ([8], Theorem 11.1, page 287), which in turn implies that, for the un-
normalized Ricci flow, |VR| goes to zero. This estimate was proved by using the
previous crucial estimate on the variance |R;;|* — R?/3 and a clever use of the Bianchi
identity: |VRic|? > 7|V R|?/20, instead of the trivial one |VRic|? > |[VR|?/3. The key
question we would ask is what kind of gradient estimates for the scalar curvature and
for the Ricci curvature can we expect without the essential estimates on the variance
of three eigenvalues of the Ricci tensor?

This paper gives some partial answers to this question: we establish a weighted
integral estimate for |[VR|? and a Harnack type estimate for the Ricci curvature. We
hope these estimates would help us to understand the singularities in the Ricci flow on
a 3-manifold with positive scalar curvature, and complete the Hamilton’s program [11]
for these 3-manifolds. For recent exciting development, see the papers by G. Perelman
and Chow and Knopf’s excellent recent book [5], and also [18] and Ecker’s book for
the mean curvature flow.



The main simplification for 3-manifolds comes from the fact that the full curvature
tensor R;; may be read out from the Ricci tensor (R;;):

Rijii = Rikgji — Rugjr + Rugi — Rjkga
1
_QR (9519 — ginga) - (1.4)

In all computations the Bianchi identity will play an essential role. The following
are the several forms we will need. The first one is

Vi Riji + ViRijim + ViRijme = 0. (1.5)
Taking trace over indices m and j we obtain
9""VaRiw = ViRi, — ViR (1.6)
and taking trace again over ¢ and k we thus have
ViR =2¢"V,Ry . (1.7)

That is V*Ry, = %VkR. The equation (1.7) may be write as V*G(Ric),, = 0 for all
k, where

1
G(V)iy=Vij— 5%(‘/)%

for a symmetric tensor (V;;).

1.2 Example

In order to appreciate the difficulty induced by the topology for the Ricci flow, let us
examine a typical example not covered by the theorem of Hamilton [8].

Let M = S? x S1 endowed with the standard product metric. Choose a coordinate
system, and write (h;;) to be the standard metric on the sphere S? with sectional
curvature 1. The standard product metric on M may be written as

[ (hy) O
and the Ricci curvature tensor

o) = (0

so that the scalar curvature R(0) = 2, a constant. Consider the Ricci flow with the
initial metric (g(0);;):

57 (0(1)ij) = —2R();; + ga(t)g(t)ij :



Let us assume that the solution flow has the following form

) = (50 (19

o) = (4 0)

2
a(t)

Therefore o(t) = (il Thus the Ricci flow equation is equivalent to the following

a(t)
system of ordinary differential equations

Since

so that
R(t) = g(t)in(t)ij =

0 2

aa(t) = 73 ; a(0) =1;
0 _Af) _
En t) = 3all) f(0)=1
which have solutions
2 1

The condition that a > 0 then yields that ¢ < 2. Notice that as ¢ T 2, then o(t)
explodes to +o00o, though the volumes still keep as a constant. On the other hand the
Ricci tensor for all ¢ has constant eigenvalues, and therefore V,R;; = 0. Let us write

down the solution flow as the following explicit form
(1 — ) (hyj) 0
t);i) = 3 _
(9()ij) < 0 (1—%15) 2

or in terms of the mean value of the scalar curvature o(t) = 2/ (1 — 2t) we have the

solution metric
L(hl) 0
(9(1)ij) = ( o0 o (t)? ) :

0 i

The Ricci flow (g(t);;) on S? x S* explains the difficulty about Ricci flow on a general
3-manifold: a limit metric (even after a scaling) to the Ricci flow may not exist.
However we may also consider the following form of Ricci flow

9 (9(t)s) = ~2R(1)y + 2 (ao () + 8) (1), (19)
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where o and 3 are two constants to be chosen according to the type of 3-manifolds.
We still search for a solution flow with the form (1.8), which leads to again o(t) = %
and

9, 2
aa(t) = —2+4 3 (2a+ Ba(t)) ; a(0) =1
510 = 3 (s 40)f0s -1

Obviously o = 3 is a good choice for the manifold S? x S*. With this choice v = 3

alt) = exp (%ﬁt)

and any # > 0 we have
F(t) = exp {% - %exp (—gﬁt) T gﬁt] .

Thus the solution flow to (1.9) exists for all time ¢, the eigenvalues of the Ricci tensor
are constant (in space variables), and

and

2
o(t) = 2exp (—gﬁt)
goes to zero as t — oo if # > 0. In particular if o = g and # = 0, then

alt)=1:  F(t)=exp(2t) .

The solution flow exists, but no limit exist as t — oo.

2 Deformation of metrics

Let (g(t);;) be a family of metrics on M satisfying the following equation

0
ot
where h;; is a family of symmetric tensors depending on ¢ maybe on (g(t);;) as well. If

no confusion may arise, the parameter ¢ will be suppressed. The inverse of (g;;) then
evolves according to the equation

= —th]’

o .. L
59" =29"9" ha (2.1)

which may be written as %gij = 2h% (the indices in h(t)¥ are lifted with respect to
the metric g(t);;, this remark applies to other similar notations).

7



Although for each ¢ the Christoffel symbol ng is not a tensor, is however 82%’“ its
derivative in . Recall that

F]k _ 1gjp <8gzp + aglcp B agzk)

2 Oz 0x; Oz,
so that :
ors, i
S = g (Vi) + (Vi) — (Vha)} (2:2)
From which it follows immediately the variation for the Ricci curvature tensor, 8?{"“.
Indeed under a normal coordinate system
OR; or’ or’
k aj ik az Jk
ot ot ot
= V’E)ng _ Varz"f
7ot "ot
which together (2.2) implies the following
a a a
&sz = Ah” + Viv]'trg<hab) — (V vjhia + \Y% Vihja) . (23)

After taking trace

%R = QAtI'g(hab) -+ QhabRab - ZV“Vbhab .

We may exchange the order of taking co-variant derivatives in the last term of (2.3)
via the following

Lemma 2.1 Let (h;;) be a symmetric tensor on a 3-manifold. Then

(vavjhia + V“Vihja)
= (ViVhjq + V;V°hia) — 2R haygij — 2t1,(hay) Rij
—Rhij + Rirg(hay)gi; + 39" (hiaRjy + hjaRa) - (2.4)

Proof. Indeed, by the Ricci identity for symmetric tensors,
V;Vihi = ViVhi + hag™ Rijri + hiag™ Riju

and
ViVihij = ViVihgi + hajg™ Rk + Prag® Riw;



we thus have

7' (V;Viha + ViVihij)
= ¢"(ViVihy; + ViV hy)
+gjlhaj9ab (Rawk + Rivr) + hkagjlgabRijbl + hiagjlgabRkjbl
= (¢"'ViVihgj + Vi V;hi)
—2h4;g"' 9" Rivia + Piad”' 9" Rijer + hiag” 9** Ricj - (2.5)

However in 3-manifolds, the full Ricci curvature R;;,; may be expressed in terms of the
Ricci tensor, equation (1.4), we may easily verify the followings

; 1
hai g’ 9" Riiw = ( g% haj Ry — 2Rtr9<hab>) gix + §Rhik

—9"hai Ror — ¢ i Ria + t1,(hap) Rir,

hrad” 9" Rijoi = 9" hya Rt
and '
Riag” ¢°° Ryt = hiag™ Ry

substituting these equations into (2.5) to get the conclusion. m

Therefore
Lemma 2.2 On 3-manifolds, if %gij = —2hy;, then
a a a
ERU = Ahy + ViVitry(haw) —{ViV®h;, + V;V®h}
+ {2haR*™ — Riry(ha) } gij + Rhyj
+2trg<hab)Rij — 3gab (hiaij + hjaRib) . (26)
Corollary 2.3 On 3-manifolds, if %gij = —2h;j, then
a ab byra
at = 2Atry(hap) + 2hap R — 2 (V'Vha) (2.7)

3 Hamilton’s Ricci flow

Although most of our results will be stated only for the normalized Ricci flow

0

7% = —2R;;



it may be useful to consider a general evolution equation for metrics. Let M (M) denote
the space of all metrics on the manifold M of dimension 3, and let

1
hij = Rij — 3 (o + ) g4 (3.1)

where o and 3 are two constant, R;; is the Ricci tensor of g;;, and o is the mean value

of the scalar curvature )
g = vg/]\/[Rgd,ug

which is a functional on M(M). Therefore (h;;) is a symmetric tensor which may be
seen as a functional on M(M). It is obvious by definition

trg(hij) =R - (OéO' + ﬁ)

The Ricci flow (with parameters o and (3) is the following equation on the metrics (g;;):

0
5% —2h,;
1
= -2 (Rij —3 (ao + ) gij) : (3.2)
The Ricci flow (3.2) may be written in different forms:

9 D 3

Yhi—oRi_Z ij _

p (R 3 (ac+P0)g ) (3.3)

and

9, 1
(A - E) Gij = —2 (sz —3 (ao + ) gij)

where A denotes the trace Laplacian ¢”V;V; associated with the metric (g(¢);;).

In what follows we assume that (g(t);;) (but ¢ will be suppressed from notations,
unless specified) is the maximum solution to the Ricci flow (3.2). For simplicity we use
A(t) to denote ao(t) + 3, and V, denote the volume of (M, g).

Let Ay > A2 > A3 denote the three eigenvalues of the Ricci tensor (R;;). Then

R=XM+X+X3; S=XN+N+)]
where S = |R;;|*>. We also define
T=MN+XN+XN, U=\+X\+A.
Then .
MAg + Aods + A Ag = §(R2 -9),

10



1 1 1
Mg = 6R3 — §RS + gT

and

4 1 1
= _RT — R*’S+ -5+ _-R*.
U 3R +5 +6

The variance of A, Xy and A3 is S — %RQ which will be denoted by Y.
Let Si; = g®RipR,; and T;; = g™ RyS,;. Then S = tr,(S;;) and T = tr,(T};).
By equation (2.6) we easily see that

0

which has a form independent of o or 3. From here we may compute the evolution for

the scalar curvature 5 .
A — — =-2(S—-=-AR ) . 3.5
(8- 5) n=2(s-g4n) 5

We next compute the evolution equations for the tensors (S;;) and (7};).

a o ab a a ab
(A — 5) SZ = g Raj (A — (915) sz R’lea] atg

+9* Ry <A — %) Raj + 29" (V R, VRyj)

= 69" Ry;Sip + 69" Rip,Saj — 2RipRoj R™
—6RS;; + 2 (R* —25) Ry + %ASU
+29"°(V Rip, V Ryj)

that is

2
+§Asij + 29 (V1. Ri) (VFRy;) (3.6)

Taking trace we obtain

<A—%)S = 2(R*>—5RS+47T)

4
+§AS + 2|V Ri|* (3.7)

These are the evolution equations computed in Hamilton [8] (in the case o = § = 0)
via his evolution equation for the full curvature tensor.

11



Similarly we have

(A — %) T’I = 14gabRibTaj — QRE] + 3 (R2 — 23) Sij
4
+§ATU + 2R®(VFRy) (V1. Raj)
+2(VFR) {Rip (V1 Raj) + Raj(ViRin)} (3.8)

It follows that

)
(A—E)T = 12U — 9RT + 3 (R* — 25) S + 2AT
+69”° Rio (V" RY) (Vi Ry,)
together with the fact that

4

U:
3

1 1
RT — R%S + 552 + 634

we thus establish the following evolution equation

(A— %) T = 7RT —9R%S + 2R* + 2AT

+69°" Ria (V¥ RY) (V1 Ry;) (3.9)

In what follows, we only consider 3-manifolds with a metric of positive scalar cur-
vature. Let (g(t);;) be the maximum solution to the Ricci flow

0 1
(A - &) 9ij = —2 <Rij - gAgz'j)

on a 3-manifold M with initial metric g(0);; of positive constant scalar curvature R(0),
unless otherwise specified.
Let p; denote the volume measure associated with the solution metric (g(t);;) (at

time t), and let
t = = :
dpo det(g(0)i;)

Then an elementary computation shows that

0
EIOth = —trg(hij)
= —R+A.

12



Therefore
d d
a‘/g(t) = E/MMthO
d

= —logM)d,u
[ (5roean)

= / (—R+ A)dm
M
= (B+(@=1)0) Vyy
so that the following

Lemma 3.1 The volume function t — V) is constant if 3 = 0 and o = 1. For
general o and 3 we have

d
—logVyy =B+ (a—1)0(t)

dt
where .
o(t) = R, duy .
W= /M ot
Since
0 1
En log M(t) = —tr, <Rij - gAgij)
= —R(t,)) + A(t)
and therefore .
log M(#) = —/ (R(s,-) — A(s))ds . (3.10)
0
Taking Laplacian of logM(¢) in the last equation we obtain
t
AlogM(t) — —/ (AR)(s, )ds
0 t 1
— R(0) —R+2/ (s— —AR)
0 3
so that 5 . .
<A - a) logM(t) = R(0) — A(t) + 2/ (S — gAR) : (3.11)
0

The scalar curvature R remains positive if the initial metric possesses positive scalar
curvature. To see this let us consider the function

K = et JoAdsp (3.12)

13



and we can easily see the evolution equation for K is given as

(A - %) K = —2¢i o Adsg (3.13)

so the claim follows easily from the maximum principle.

4 Control the curvature tensor

Consider the maximum solution (g(¢);;) to the Ricci flow

0 1
5% = 2 (Rz’j - gAgz‘j) (4.1)

where A(t) = ao(t) + [ as before.
Recall that the scalar curvature R satisfies the following parabolic equation

0 2
A—=)R=-25+-4
( m)R S+ 2aR

so that
(A — 2) (e—gfg A(s)dsR> — _9e 3 JoAl)ds g 7

therefore by the maximum principle, it follows that R remains positive if for the initial
metric R(0) is positive.
Our first result shows that if the initial metric possesses positive scalar curvature,
then the full curvature tensor of (g(t);;) may be controlled by its scalar curvature.
Let V;; = R;; — €Rg;; where ¢ is a constant. Then by the evolution equations for
(Rij), R and the Ricci flow (4.1) we deduce that

0
(A - &) Vi; = 6¢*V,;Vig+ (10e — 3) RV;

+(2(e—1)S+ (4> =3+ 1) R?) gy - (4.2)

The very nice feature of this identity is that it involves «, # and o only through the
symmetric tensor V;;, which takes the same form for all o, (3.

Theorem 4.1 Let M be a closed 3-manifold. If ¢ < 1/3 is a constant such that

Rij —eRg;; > 0 att =0, so does it remain. If ¢ > 1 and att =0, R;j — eRg;; <0,
then the inequality remains to hold for all t > 0.

14



Proof. We prove these conclusions by using the maximum principle to the tensor
type parabolic equation (4.2) and (V;;) (see [8], Theorem 9.1, page 279). Let us prove
the first conclusion. Suppose A > i > v are eigenvalues of the Ricci tensor R;;. Then
S=XN+4+p?>+v?and R = A+ p+v. If £ # 0 such that V;;&/ = 0 for all i. Then one of
the eigenvalues of Vj; is zero. Since the eigenvalues of Vj; are A —eR, uy —eR, v — R,
so we may assume that v — R = 0. Hence

Ap=1—-e)R, S=N+p2+R.

Since
2(6—1)S+ (4* = 3s + 1) R?
= 2(e—1) (N +p*+R*) + (4 —=3e + 1) R?
= 2(e—-1)(N+p})+2(e—1)R*+ (4 =3+ 1) R®
< (e—1)(A+p)P+2(E-1)e*R*+ (4 — 3+ 1) R?
= (e-1)(1-e)P’R*+2(—1)R*+ (4> -3+ 1) R’
= (3¢ —-1)e&*R*<0,

where the first inequality follows from the Cauchy inequality and the last one follows
our assumption ¢ < 1/3. Now the conclusion follows from equation (4.2) and the
maximum principle.

To show the second conclusion, we apply the maximum principle to —V;; and use
the fact that € > 1. The only thing then one should notice is the following inequality

2(6—1)S+ (4> = 3=+ 1) R* > TR*/16 > 0 .
|

Corollary 4.2 On a closed 3-manifold M and suppose R(0) > 0 (so R(t) > 0 for all
t).
1. If R(0);; > 0, then R?/3 < S < R?. Ife > 0 such that
R(0)ij = —R(0)g(0);

then
R?/3< S < (1+4e+6e*)R*. (4.3)

2. If R(0);; > bR(0)g(0);; for some constant 0 < b < 1/3, then

R?/3< S < (1—4b+6b*)R? .

15



Proof. By Theorem 4.1, R;; > —eRg;; as long as the solution exists. Let A > u > v
be the eigenvalues of the Ricci tensor R;;. Then A\, pu,v > —eR. Suppose p, v < 0,
then

N’ 07 < (Rl + o) + [ + o
= (R+2eR)* + 2¢2R?
= (1+4e+62%) R?,

and similarly when A > p > 0 and v < 0 we have

N4+t < (A+p)?+0°
= (R+v])* + o]
< (R+ceR)? +&°R?

and while v > 0 we then clearly have \*> + p? + v? < R?. Therefore the conclusion
follows. m

The estimate (4.3) shows that the scalar curvature dominates the full curvature if
the initial metric has positive scalar curvature, which however is a rough estimate. We
will give a sharp estimate in next section (Theorem 5.6 below).

5 Control the norm of the Ricci tensor

In this section we work with the Ricci flow on a 3-manifold

8 ..
ot
with initial metric such that R(0) > 0. Thus R > R(0) > 0 and the variance of three
cigenvalues of the Ricci tensor (R;;), Y = S — £ R? is non-negative as well. The third

variable in our mind is not 7" whose sign is difficulty to determined. Motivated by the
fundamental work [8], we consider the polynomial of the eigenvalues of (R;;):

= —2Rij

1 5
P=S*+ §R4 — 5R2S +2RT (5.1)
as the third independent variable, which is non-negative, as showed in [8].
Let us begin with a geometric explanation about the polynomial P. In terms of the
three eigenvalues A\; > Ay > A3 of the Ricci tensor (R;;) ([8], Lemma 10.6, page 285)
P=(\ =) A+ O+ X)) (Ao — Aa)] + A2(A — As)(da — Ag) - (5.2)

Hence we establish the following

16



Lemma 5.1 We have

HP>0;

2) P =0 if and only if 2a) \y = Ay = A3; or 2b) one of eigenvalues \; is zero, the
other two are equal number.

Together with this lemma, the following lemma explains why the assumption of
positive Ricci curvature is special.

Lemma 5.2 Suppose that A\ + Ay + A3 > 0 and
)\1 Z /\2 Z )\3 Z e ()\1 + )\2 + )\3) (53)

for some € € [0,1/3], then
P >S5 (S—R*/3) . (5.4)

Therefore all evolution equations must be written in terms of these variables.

(A - %) R=-25 , (5.5)

(A _ %) S =2R% — 10RS + 8T + 2|V, Ry;|* . (5.6)

To take care the homogeneity, we may use R? instead of R

(A - %) R? = —4RS + 2|VR|? ,

and for S we prefer touse Y =5 — %R2 then S:

92 2
(A _ %) Y = 2R3 — ;RS—F 8T + 2‘VkRij‘2 - §|VR|2 :

Therefore, for any constant x,

o\ Y 1 B, o\ .

+2(VY, VR ")
13 S 12
= |R¥- = AT + K2V | =
[R 5 RS +AT + 5oy ]RK
1 k(k+1)|VR?] 2
2 2
2 = Y =
+{|Vka| SI VR + == 7| T

+2(VY,VR™") |
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Lemma 5.3 We have the following elementary facts

2 1 1 1
Y. e 2 k= — ,
(VY,VR™) 3/<:|VR| T nR(VS, VR) i (5.7)
an IVR[? 1 Y
—K\ _ 2 -
(VY,VR™™) = —k Y—R2 T x(V log R,V—RH> (5.8)

Therefore we may write the evolution equation for Y/R" into different forms. For
the one we need, we decompose 2(VY, VR™") into

20(VY,VR™") + 2(1 — 0)(VY, VR™")

2 1 2
—(1—-16 2 _k(1-0)= —
+ (3( VR|VR|* — K( )R<VS, VR}) e
so that
o0\ Y 13 S 2
A-— ) = S AT 4+ k=Y ) —
( at)RH (R RS 44T +n )RH
2 K(1-90) 21-0)k—1 2| 2
+ {]VkRZ]] I (VS,VR) + —3 |IVR| G
VR Y

+r{(1—-20)k+ 1}

Y

To eliminate the term (V.S, VR) we use the following elementary fact

Lemma 5.4 For any constant a we have

|ViRi; — aRijViLR|* = |ViRi;|* + a*S|VR|> — a(VR, VS) .

In order to apply it to (5.9) we choose a = @ so that
k(1 —0) S
|VieRi|* — G (VR,VS) = |ViRij — aRy; ViR — k*(1 — 9)2ﬁ|wz|2
hence equation (5.9) may be written as
0\ Y 13 S 2
A—-—=|=— = (R*— RS +4T =Y | —
( 815)]%“ ( 3 +“R>RH
Y 2
+ [F((1—20) k + 1) — 2:%(1 — 6)?] 2 WR]z'
2 |VR)?
—(k(1—0) -1 ——
(w(1-0) — 17 S
2 Y
+|ViR;; — aRiijRFﬁ —20r(VlogR, Vﬁ> . (5.10)

18



Choose 6 so that

K(l—60)=1
which will eliminate the non-positive term
2 |VR|?
1-6)—1)°>—L
(5 (1= 0) = 1?20
that is
1
0=1——.
K

With this value of 6,

(A a)i = <R3—?ﬁ’b@ﬂm%}f)i

~ Ot) Rr R
2 Y [VRJ?
+|ViRij — aRijkaFﬁ + (2 k) (k- 1)@ I
Y
—2(k—1)(VlogR, Vﬁ> : (5.11)

Finally we replace T" by via P, R and S

P S?
AT =2— —2— — R*+5RS 5.12
72 + (5.12)
and thus establish
o\ Y 2 —K 4 1 Y |[VR|?
A—— | — = P — SY | =—— 2 — —1)—
< at> R ( 2 )RRHH w8 =) g

Y 2

—2<l€ - 1)(V log R, Vﬁ> + ’Vksz - aRiijR\QE . (513)

Lemma 5.5 For any constant k, set L, = A+ 2(k —1)Viog R.V. Then

. oY 2—K 4 Y|VR|?
Ry 2
+2 ‘kaZ-j - ﬁka (5.14)
In particular for any k € [1,2], the following differential inequality holds
0\ Y 2—k 4
"\L,— =) —>(P — Y)—. 1
O
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Indeed this lemma was proved in Hamilton [8] in order to prove his most striking
estimate ([8], Theorem 10.1, page 283). We give a detailed computation to exhibit the
reason why the differential inequality (5.15) takes this form, which we need to prove
our estimate on S.

In particular if xk = 2 then

o0\ Y 4 Rije .|
R? <L2 - —) i }—%P—{— 2 ‘VkRij - #VkR

which is always non-negative, which allows us to derive a sharp estimate on the scalar
function |R;;|?. Indeed the above equation yields the following differential inequality

o\ Y
RQ(L2—5>§20

so that the maximum principle for parabolic equations yields the following

Theorem 5.6 Under the Ricci flow, and suppose R(0) > 0. Then as long as the Ricci
flow exists we always have

S S(0)
Z <
77 S mmax RO (5.16)
The estimate in this theorem is sharp.
Another observation is the following.
Corollary 5.7 We have for any constants k and n
0 Y 0\ Y S
N Ly — = = R(L.— = | = +2n=Y
. ( +n 875) e~ B < at> R
Y|VR|?
+(3—2k—n) ng . (5.17)
R
In particular
d o\ Y S IVR|?
—R'|\L,— = )| =—=4¢2=-2k—3)——— Y . 5.18
d/f( 8t)R“{R(R)R} (5.18)

5.1 Gradient estimate for scalar curvature

Next we want to treat the gradient of the Ricci tensor, begin with the scalar curvature
R. 1In general if a scalar function F satisfies the following parabolic equation (under
the Ricci flow %gij = —2R;))

(A - %) F = By, (5.19)
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then by the Bochner identity and the Ricci flow equation
0
(A — —) |VF|? =2|VVF|* +2(VBg,VF) . (5.20)

It is better to look at the evolution equation for |[VF|?/R which can be found by
using the chain rule. It is given indeed as the following

VF|? 2 25 2
<A 8t)| R' = E(VBF,VF)Jr{ﬁ+—|VR|2}|VF!2 (5.21)

—|VVF]2 <VR VIVF?) .
In order to use the hessian term which is non-negative, we observe
Vi VE? = 2¢% (Vo F) (Vi Vo F)

so that
(VR,V|VE]?) =2(V*R) (V'F) (V,V,F) .

It follows that

‘VVFlQ = |VleF — a(ka) (VZF) ’2
—a*|VR*|VF* + a(VR,V|VF?) .

Therefore

R R< R?
2
+—|VleF — a(ka) (VlF) |2

F? 2 2
(A 8t) VR _ —VBF,VF)+{—S+—]VR]2}|VF]2

——|VR| IVE? +aR<VR VIVF|?)

7 2 VR, VIVF]) . (5.22)

In particular, to eliminate the term (VR, V|V F|?) we choose a = 1/ R which then gives

us the following

VF|? 2
(A 82&)’ R‘ = R(VBF,VF>+—|VF|2

+}% [ViViF — R™\(ViR) (ViF)|* . (5.23)
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In particular, if we apply the formula to the scalar curvature R, we establish

1 o\ I[VR]> )
§(A E) T §<VSVR>+—|VR|

—i—% |Vkle — R71<VkR> (VlR)|2 : (5'24>

Together with the equations

1 0 2
- A—— 2:_2 3 2
2( 3t)R RY — SR*+|VR

and

1 0 P _S 1
“(a-Z)y=2- 22y A2 — Z|VR)?
2( 8t> 5~ 25Y +[ViRyl* — S|VRI

for function

VR
H pum—
R
where ¢ and n are two constants, we have
0 2
3 (A — a) H = R(VS VR) + }VleR R YViR) (VZR)‘

P 2y 2
2 -/t 2 _ = 3
+{§R R(§S+77R) 3771%}
2 1 2 2 S 2
+ S €IV LRy —§§|VR| +1|VR)| +§|VR| .

In this formula, the only term we have to deal is (V.S, VR), which we handle as the
following.

bV Rij — aRy; Vi R|> = V|V Ri|* + a®*S|VR|* — ab(VS, VR)

in which we set ab = %, ie. a= bR, and thus
2 2 2
_E<VS’ VR) = |bViR;; — bRR”ka
4 S
—b?| VL R|* — b—2ﬁ|VR|2 :
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Therefore

% (A - 2) H = % [ViViR — R (V,R) (ViR)|”

ot
9 2
+ ‘bkazj =Ry ViR
P 2y 2
26 _ 2= AN 3
+oep - 2 (654 ume) - 2o

1
+ (&= 8°) [ViByl* = S VR + 0|V R[?
4\ S
+ (1 - ﬁ) §|VR|2 : (5.25)
We next need to decide the signs of three constants £, n and b. It is suggested that
£ > b* (otherwise we can not control |V R;;|?). Under this choice, and we are expected
with the good choices of these three constants, we will lose nothing from the first two

terms on the right-hand side of equation (5.25), we thus simply drop these two, and
use the inequality ([8], Lemma 11.6, page 288)

7
ViRi[* > %|VR|2

so that
1 0 P 2y 2
“(A-Z)H > 262 - 2) — ZpR?
2( ) > 2t 2 (es 4 r?) - 2

1 7, 9
+(60€ 2Ob +77> |\VR|
4\ S
+ (1 — b—2) E\VR\? : (5.26)

Obviously a simple choice for b is b = 2 so that the last term in (5.26) is dropped.
Thus

1 0 P 2 S n
Z _ =~ > . _ZoRp3 _ =z 47
5 (A 3t) H > 2£R 377R 2R (R2 + £> &Y
1 7
+ (—g — s+ n) VR . (5.27)

This inequality is enough to prove Hamilton’s estimate ([8], Theorem 11.1, page 287).
Replace Y by
IVR*

Y = H — nR?
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to obtain

1 0 P n 1 n
—(A-—=|H > 26—=+2 £ —= 52 | H
s(a-gi)m = g2 (o o g)om—ar(047)

1 n 7 9
—E4204+2- — = 2
+<60§+ 0+ ¢ 5+77)\VR\ (5.28)

in which we choose 7 = 0 and £ = 84 we have

1 0
—|A——= ) H2>-20RH . 2
(8- 5= -2m (5.29)

We may use the Kac formula to deduce an estimate for the scalar curvature.
Let (X;, P**) be the diffusion process associated with the time dependent elliptic
operator %A. Then we have

Theorem 5.8 Under the Ricci flow %gzj = —2R;; with initial metric of positive scalar
curvature R(0) > 0. Then

H(t,z) < P°= <H(O, X,)e? s R(S:XSWS) , (5.30)

where H = % + 84S. In particular if R(t,-) < 0(t) on M, then

H(t,x) < €20 Jo 0(s)ds max H(0,-) .

6 Estimates on the scalar curvature

Thanks to the resolution of the Yamabe problem (e.g. , for a 3-manifold with a metric
of positive scalar curvature, we may run the general Ricci flow with an initial metric
(9(0);;) such that R(0) is a positive constant. Under such an initial metric, and if we

run the Ricci flow 5 .
579 = —2 (Rij - gUgij)

(i.e. for the case @« = 1 and § = 0), then all volume measures p; associated with the
Ricci flow (g(t);;) have the same volume.

We may choose a non-negative constant ¢ such that R(0);; > —R(0)g(0);;, which
is possible since R(0) > 0. We will of course choose the least one ¢ > 0 for a given
initial data. Then R > 0 as long as the Ricci flow exists, and by Theorem 4.1

R(t);; > —eR(t)g(t);
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for all ¢. Furthermore there is a constant § > % such that
R(t)?/3 < S(t) < OR(t)* . (6.1)
For example, any & > 1 + 4¢ + 622 will do. However in the case of the Ricci flow

2 gij = —2R;;, the optimal choice for 4 is the maximum of 5(0)/R(0)2.
With the last estimate we may deduce several elementary estimates on the scalar

curvature R. Define
3 t
o(t) = exp <—§ / A(s)ds) a0 =1.
0

31
2r

Lemma 6.1 Let ¢(r) =e~

F o= w<K>exp{—/otp<s)ds}

~ e {~[Bmot0+ [ o]}

where K is given in (3.12). Then

(A V() VK — 2) F<O0. (6.2)

and set

P (K) ot

Proof. The differential inequality relies on the evolution (3.13) for K. By the
chain

(A - 2) W(EK) = ¢/(K) (A - 2) K+ L) VE.V{(K)

ot V'(K)
= —/(K)ei dSS+¢,((l[§))VKV¢( )
< —;W( )2 i Jo Ay ﬁ,((f(())VKW( )
2t Awa V' (K)
w(K)—i— D (K) VK.V (K)

which implies (6.2). m
By the maximum principle applying to (6.2) and the fact that R(0) is constant, we

have
3 p(t) ! 31
5% +/0 p(s)ds < 5% .

25



Since we always have £ (()) > ( so that

for all ¢ and
3R(0)p(t )

3 —2R(0) [ p(

for all ¢ provides the Ricci flow exists.
Similarly, if we use the fact that S < JR? we then have

R(t) >

SIS

and

F o= umen |- [ tp(s)ds}

= e {—gipott - [ plsran}

V'(K) 9
(A (K )VK—at)on. (6.3)

Again the maximum principle then implies that

(t) ' 1
gﬁz +/0 pls)ds 2 S5m0

Lemma 6.2 Let 1)(r) =¢ 2

Then

and therefore
R(0)p(t)
1-20 fot p(s)ds

R(t) <

Theorem 6.3 Under the general Ricci flow with initial metric having positive constant

scalar curvature R(0) and
3 t
p(t) = exp <——/ A(s)ds) .
2 Jo

! 31
/O‘p(S)dS<§W

3R(0)p() < Rt < 10)n(D)
3 —2R( )f _1—25f0tp(s)ds

as long as the Ricci flow (g(t);;) exists.

Then

and
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7 L’-estimates for scalar curvature

If (gi;) is a solution flow to an evolution equation: %gzj = —2h;;, and if f € C2(R, x
M), then
d
d_/ Jt ) = f Jdp +/ f(t, log M) dpue
t
= / af(t, )dp — / try(hij) f(t, - )due - (7.1)
M M

Since M is compact, so that [, Af(t,-)du, = 0 (where A is the Laplace-Beltrami
operator associated with g(t);;, if no confusion may arise we will suppress the parameter
t), and thus

G [ ede == [ (A= 2) redu- [ misea. (02)

In particular, under the Ricci flow (3.2), try(h;;) = R — A so that

%/Mf(t,-)dut = —/M(A—%) f(Es - )dp

- [ Rft A [ e (73)
M M
For the gradient of f we may use the Bochner identity

AIVF2 = 205(f) + 2(VAF, V)
= 2|VVf+2Ric(Vf, Vf) + 2(VAFL, V)

while by using the fact that % 9ij = —2h;; we have

%, B af af 5,
&'WF B (at )a i i <V(8tf> Vi)
_ oy 9L 91 +2<v<§f),w>,

o1t OxI ot
so that
’ af 0
(A——> VI = 2/VVf+2(R7 - hY) a;fz agff
+2(V (A - —> £V (7.4)
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Next we consider the solution flow to the Ricci flow (3.2). In this case
. . 1 .
RZ]_hl‘]:_A 1]
3 9
where A(t) = ao(t) + 3, and therefore
0
(8- ) 1VsP =29 9514 SA P 29 (8= ) 191

7.2) to |V f]* we obtain

(
/ VA = - /M (A—Q) IV fl2dpn

- / RIV 2y + A / 1V Pdus
M M

Applying

1
- / VP / RIV g + 3 A / VP
M M M

0

and integration by parts we establish the following interesting equality

d
G Vit = <2 [ VP [ RIVIPa
M M M
0

1 2 _9
+3A/M|Vf| dut+2/M(Af) (A )fdut.

Theorem 7.1 Under the Ricci flow (3.2)

d 1
4 / Vi d < — / RIV P duc + 24 / V£ d

ALl e

Proof. On 3-manifolds [VV f|? > £(Af)? so that by (7.6)

d 1
= / VP < — / RIV S+ 3 A / IV Pdus
M M M

2 [ arrances [ wn(a-5) s

1
< - / RIV P+ 3 A / V1 Pdp
M M

LB
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[
Since under the Ricci flow (3.2)

) 2
A—=)R=-25+-A
( at)R S+ AR

we therefore have the following

Corollary 7.2 Under the Ricci flow (3.2) for the scalar curvature R we have the
following energy estimate

d 1
- / VRPdy < — / RIVR du + 3 A / VR,
M M M

2
+6/ S2dILLt—|——A2/ RQdILLt
M 3 M

44 / RSdp, (7.8)
M

In particular if %gzj = —2R;; with initial metric g(0);; such that R(0) is a positive

constant, then
t
/ VR dp, <6 / {eR@)(”) / sws} . (7.9)
M 0 M

7.1 Some applications

Another application of equation (7.6) is to obtain information on spectral gaps. Let us
prove the following

Theorem 7.3 Let (g(t);;) be the solution to the Ricci flow 2g;; = —2R;; on the 3-
manifold M.
1) If A(t) denotes the first non-negative eigenvalue of (M, g(t):;), then

d
—)\:2>\2+)\/ Rf2dut—2/ |VVf\2dut—/ RIV fI*dyu (7.10)
dt M M M

where f is an eigenvector: Af = —Af such that [, f*du, = 1.
2) If \(t) denotes the first non-negative eigenvalue of A + %R, then

d. 19
TS gAQ. (7.11)
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Proof. Let us make computations under the Ricci flow (3.2). Indeed, consider an
eigenvector f with eigenvalue A (both depending smoothly on t):

(A+V)f=-Af /Mdeutzl

where V' is some potential (depending on t as well) to be chosen later. Then, by
equation (7.6)

G wsran = [ Ven a2 [ ot = [ RviFan

+2/ (V 4+ \)? f2dut+—A/ IV 2 (7.12)
M 3 M
On the other hand

d ) d

G e = 4 [ cansan

d
= \) F2d

_ f?
= /MfQE(VJrA)dutJr/M(VjLA)WdM

0
—l—/M (V+ ) f? (a log]\/[t) dp
f2

d
_ 2
= f —dt(V +)\)dut+/ (V +)\)_8t dyey

—/M(R—A)(V‘i‘/\)f2dﬂt7

combining with equation (7.12), the facts that |[ Y f?du, = 1 and
[ Wit = = [ @ san
M
= / (A + V) fAduy
M

we deduce the following

d
Sx = /M (R~ A)(V + ) fdu, —2 /M Vg / RV f[2dp
. .
w2 [ VN Pk ga [ rP - [ 2o

_ —2/ |VVf|2dut—/ RlVf|2d,ut+2/ (V 4+ \)? Py
M M

2
/Mf dﬂt"‘/}\/[(R—gA) (V 4+ A) fAdp, .
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We then choose V' = —p(t)R(t,-) where ¢ depends on ¢ only. Then

1% 0
9 _JR-0ZR
ot T Y

so that

fzad/ﬁt = —/ O'Rf*dp — / f? Rdut .
M M

To treat the term [ o f Rd,ut we use integration by parts again, thus
1
[ mvstan = [ (90905 [ (VR
M M M

- / RV 4+ 0 fdp + / PAR)
M M
0

1 1 [ OR
= R(V + ) f*d +—/ (A——)Rd +5 | =
/M ( )7 d e 9 Mf ot He 2 )., ot

1
= *dpe + = ¢
/MR(V+)\)f ,u+2/Mf —du

1
+/ f? (—S+ —AR) dps
M 3
In other words

1
/ P = 2 f (s——AR> 2 [ RIVI P
M M 3 M

1
/ Pl = [ GRPdur2e [ 2 (S——AR) dju
M M M 3

therefore

—2@/ R|Vf|2dut+2g0/ R(pR+ \) f2duy .
M

M
—\ = —2/ IVV f 2, — (1+2<p)/ R|V f*dp
M M
2
+/ (2@8— —@AR+<p’R) fAduy
u 3
2
w/ R (R+4ng— gA+2A) A
M

2
—i-/\/ (R+4¢R— §A+2)\> FAdu
M

31
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In particular, under the Ricci flow %gij = —2R;j, then A =0, and if choose ¢ to be a
constant as well, then

d

—\ = —2/ |VVf\2dut—(1+2so)/ R|V f*dpu
dt M M

+2<p/ S f2dp, + cp/ R(R+4pR+2)\) f2du,
M M

+A / (R + 4pR +2)) f2dpu, . (7.13)
M
For example, if we choose ¢ = 0, then
d
— A =2\ + )\/ Rf*du; — 2/ IVV F12du; — / RIVf2du, . (7.14)
dt M M M
However if we choose ¢ = —1/4 then
d 1
G = -2 9VsPan -5 [ B9 P
M M

1 1
M M

While S > %RQ so that

d

1
G = -2 wVstan -5 [ B P
M M

+20% — é / (R* = 3AR) f*du
M

< Q)P.
- 8

Let us come back to equation (7.13). By the Bochner identity
Lao(f) = [VVIIP + Rie(V £, V)

so that
/ Do f)dpus = / VP + / Ric(V £,V f)dp.
M M M

while by integration by parts

[ T = = [ (VALY
= [ @rram
~ [ (R arr
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hence

~ [ 199 sPan = [ (RN [ Rie(VEV )
M M M
Inserting this fact into (7.13) we obtain, after simplification,

d

dy <1+2¢)A/ Rdeut—(1+2g0)/ RIV f2du,
dt M M

+(2902+s0)/ RQdeut+290/ Sf2dum
M M

—|—2/ Ric(Vf, Vf)du, . (7.15)
M
While under the Ricci flow
Ric(Vf,Vf) > —eR|Vf|?
where € € [0,1/3] so that

d
—A > (1 +290))\/ Rf2*du, — (1 +2g0—|—25)/ R|V f2dp,

+(2g02+90)/ R2f2d,ut+2gp/ SFAduy
M M

In particular if ¢ = 0 then

d

—/\:)\/ Rde,ut—/ R|Vf|2dm+2/ Ric(V £,V f)dp .
dt M M M

7.2 L?*-estimates for the Ricci tensor

Our next goal is to improve these L*-estimates to weighted forms. By (7.5) and the
evolution equations (3.5, 3.7, 3.9) we may easily establish the following

Lemma 7.4 Under the Ricci flow (3.2)
1) For the scalar curvature

(A — %) |\VR|? = 2|VVR|? — 4(VS,VR) + 2A|VR}* . (7.16)
2)
a 2 2 10 2 2
A= VS| = 2|VVS|*+ §A|VS] — 20R|V S|

+4{3R* =55} (VR,VS)
+16(VT,VS) + 4(V|ViR;[*, VS) . (7.17)
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3)
1
(A — %) IVT|? = 2|VVT]* + 14 <§A + R> IVT|> — 18R*(VS,VT)

+ {147 — 36RS + 16R’} (VR,VT)
+12(V {9 Ria(V*R7) (Vi Ryj) } , VT) . (7.18)

By chain rule, (7.16) and the evolution equation for the scalar curvature we deduce
easily the following

0 S 27y
A— — g D = [-2y=+ (L +2)4 ’RY
( at)(R’VR‘) ( 7R+(3+> )\va

+v(y—1) R 3| VR|* + 2|VVR]*R"
—4(VS,VR)R" + 2(VR",V|VR|?) .

Then we apply (7.3) to function RY|V R|?, after simplification we obtain

d 2 1oy B S 2y 2 1y
dt/Myvadﬂt _ /M{QVR <3 +1)A R] YRR
—v(y=1) / RV R, — 2 / IVVRI*R"du,
M M
+4/ (VS,VR>R7dut—2/ (VRY, VIVR|*)du, .(7.19)
M M

Using integration by parts in the last two integrals we then deduce

4 / (VS,VR)R"dy, = —4 / (SAR) dy, — 4y / §|VR|2dyt
M M R

M

and
—2/ (VR VIVR)dy, = 27/ R™'(AR) |VR|*dy,
M M
+2’y(fy—1)/ R?|VR['dv,
M
so that, with dy; = R¥du,,
d 2 S 2y 2
— dy, = — [ [29=+ (=L +1)A d
dt/M|VR| " /M{7R+<3 +) +R]|VR| ”
+7(7—1)/ R‘2|VR|4dut—2/ IVV R|*dy,
M M

+27/ RYVR]*(AR) dyt—4/ S(AR)dy, .
M

M
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It follows that, since [VVR|? > 3(AR)?,

d 9 S 2y 9
— < — 27— —+1]A
dt/M\VR\ dy, < /J\4[7R+(3 + ) +R} |V R|*dy,

+y(y - 1)/ R™*|VR|'dw,
M

_g /M {(AR)Q —2 (%|VR12 - 35) (AR)} dv;

2
—/ {éwﬁ + (1 + 1) A+ R] IV R|2d,
wl 'RT\3

5 |IVR|* 9

IA

which allows us to establish an estimate for [, [V R[*dv;, and here again v = 2/5 seems
to be the best choice.

Theorem 7.5 Under the Ricci flow (3.2) with initial metric of positive scalar curva-
ture, and let v € [0,2/5], then

d S 2
E/ \VRI*R"dy, < —/ {87§+ (§7+1)A+R} \VRI*R" dy,
M M

+6 / S?RYdy; .
M

In particular if A =0 and R(0) is a positive constant, then

t
/ IVRI>Rdy, < 6 / {e—(?ﬂ)R(O)(t—S) / 5237@5} . (7.20)
M 0 M

8 Harnack estimate for Ricci flow

We in this section prove Harnack estimates for the Ricci curvature under the Ricci
flow.

8.1 Some formulae about Ricci tensors

On a 3-manifold with a family of metrics (g(t);;) evolving with the equation

agij

= —2h,;;
ot J
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and suppose that (V;;) is a symmetric tensor depending smoothly in ¢, then it is clear

that
OVap

=y (8.1)

0
atrg(v”) = 2RV + try(—=
Since in a local coordinate system

VioVij = 0pVij = Vo Ty = Vip Iy

o pe
= =9 {(Vihwe) + (Vohic) — (Vehii) }
and P ore
0 Vi Iy, ]
(VoVis) = Vg™ = Vi = Vg

ot
we have the following
Lemma 8.1 ]f %glj = _Qh’lj then

0 Vs
& (vaij) = V,—= ot g + gpq‘/},] (V hpb + Vbhpz — Vphib)

+V;quq (thpb + Vbhpj — Vphjb) . (82)
Lemma 8.2 ]f %glﬂ = —2h” then

0

oV
5 VeViVy = VaVig!

o0+ Veid™ (VaVil + VaVihgi = VaVohi)
+V;pgpq (vavbhqj + Vavthb — vavqhbj)

+g™ (V V;’j) (V'hqb + Vbhqi - vqhib)

+g" (V Vzp) (Vbhqj +V; hqb thbj)
—l—gpq (Vp‘/w) (Vbhqa + \Y% hqb \V4 hba)
+g" (vapj) (V hqa +V hqz a)
+gP? (VbV;p) (V. hgi + Vihge — V haj)
so that
0 oV,
o (AV;;) = A 825] + 2hay VOOV — Vi VOVl hiy — Vi VOV h,

+Vipg" (VN o hgj + YV iha)
+Vpig" (V' Vilga + V*Vohy;)

+(V'Viy) (2V°hay — Vtrg(hia))

+2¢" (V*Vs) (Vihga + Vahg) = 2(VVi;) (VPhia)
+2¢" (V*Vip) (Vahgj + Vihga) — 2 (V*Vi) (VPhay) -

36



8.2 Harnack inequality for Ricci curvature

In what follows we are working with the Ricci flow

0
agz‘j = —2R (8:3)
with initial metric (g(0);;) such that the scalar curvature R(0) is a positive constant.
Then R > R(0) and
1 < S < ma S(0)
- < — <max
37 R*~ M R(0)?
as long as the solution flow to (8.3) exists.
Next we compute the evolution equation for |V, R;;

We consider the Ricci flow (g(t);;): the maximum solution to the Ricci flow

0
5795 = —2R;;

%

In this section we deduce the evolution equation for |V R;;|?.
Let us make computation in a normal coordinate system at the point we evaluate
the geometric quantities.

0 ij 9
(A - g) ViRl = 2(VRY) (A - a) (Vi)
—2R* (Vi Ryj) (VaR7) = 2" R (Vi Rij) (V" Ryy)
_QQiPqu (kaU) (Vkqu) + 2<V (kaZJ) ,V (VleJ)> :

By the Ricci identity for symmetric tensor we have

Lemma 8.3 If (T};) is a symmetric tensor, then on 3-manifolds we have

Ve (AT;) — A(V.Ty)
= T4 (V'Rei) + Tia (V*Rej) — 9" Tia (V;Res) — 9" Taj (ViRes)
+ (vaTai) (2RCJ' - R90j> + (vaTaj> (2Rci - Rgci) - (vaTij) Rca
—29" Ry {(ViTyj) + (VTui)} + (VT + ViT.) R
+2¢P1 (V1) Rag9ej — 2 (VTei) Raj
+2¢" (VT,5) Ragei — 2 (V1) Rai - (8.4)

Proof. In fact a direct computation (though a little bit complicated) shows that

chavbirij - Vavbch‘ij
= (VpTy) R, + (VaTip) By

bej

F(ViTy) By 4 (ViTyy) R+ T (VaRE) + Ty (VaRL)  (85)

bej bei

+ (VaTp;) RY

bei
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and

Vbvavcjjij - chavbnj
= ijvaRp + TipvaRp + (vaij) Rgba

cbi cbj
+(VaTyi) Roy + (VaTiy) Ry + (VoThyy) RE,;

cbi cbj
+(VyTyp) R+ (V.T),;) RY,. + (V.Tip) R”

caj abi abj -

Taking trace over indices a and b we thus obtain

V. (AT;;) — A (V. Ty)
= - (vaTij) Req +2 (vaﬂp) Ry, +2 (Vanj) R

acj act

+Tia (V*Rej) + Toj(V*Rei) — 9% Tha (ViRa) — 9" T; (ViRy) - (8.6)

Now on a 3-manifold we may replace the full curvature tensor by the Ricci curvature
via equation (1.4), which then yields (8.4). =
Applying (8.4) to the Ricci symmetric tensor R;; together with the Bianchi identity
VeR,j = %VJR we obtain
A(ViRij) = Vi(ARi) — R (V' Ryi) — Rir (V" Ry;j)
+9"Riy (V;Ri) + 9" Ry (ViRip) + (V' Rij) Ry

1 1
—(ViR) {Rkj - §ngj} — (V;R) {Rki - 5391“}

+2¢" Ry {(ViR,;) + (V;R)} — (V;Rii + V,Rij) R
—2g" (V" Rpi) Rrqgrj + 2 (V' Rys) R
=297 (V" Ry;) Ryqgri +2 (V" Ryj) Ry

On the other hand, applying (8.2) to R;; we have

0 OR;; . .,
— (ViRi;) = Vi 815] +9g bRrj {(ViRw) + (ViRp)} — g bRrj(vaik)

ot
+0" Ry {(V,;Ri) + (ViR } — ¢ Rin(VyRiz)

Putting the previous two equations, after simplification, gives us the following

1 1
—(ViR) {Rk]’ — §ngj} — (V;R) {Rki - §ngi}
—|—29rbRkb {(VZRT]) + (VJRM)} — (V]Rkl + Vle]) R
_29ijTS (ersz) - 2gkiRrs (ersj) + er (VTRZ])
+9"" R, {3(VsRir) — (Vi Ryi)}
+9" Ry {3(VoRji) — (ViRyj)} -
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We are now in a position to show the following

Proposition 8.4 Under the Ricci flow %gij = —2R;; 1t holds that

0
(A - E) (ViRij) = g"Raj {5(ViRui) +2 (Vs Ru)}
+9" Rig {5(VRy;) + 2 (VyRij)}
+9"" Ria {2 (ViRy;) + 2 (V;Ry;) + (VuRyj)}
—3Ri;(ViR) + 2Rgij(ViR) — 29i;(ViS)

—R{(V;Ri:) + (ViRy;) + 3(ViRij) }

1 1
—(ViR) {Rkj - 539@} - (V;R) {Rki - §ngi}

=201 RY (VoRyi) — 291 R™ (Vo Ry;) - (8.7)
Proof. Differentiating the evolution equation (3.4) for the Ricci curvature gives
that
0
Vk (A - a) Rij - GQGbRa]’ (Vksz) + 6gabRib (kaaj)

together with the previous equation for (A — 2) (VR;;) yield the result. m
Taking trace in equation (8.7) we establish the following

Corollary 8.5 Under the Ricci flow (8.3)
0 y
(A - E) (VkR) = —2<Vk5> + gkaj (VlR) . (88)
The identity (8.8) yields the following

o)
(A — E) IVR|? = 2|VVR|? —4(VR,VS)

obtained via the Bochner identity.
We now proceed to deduce the evolution for |[V,R;;|?. By (8.7)
. 0
2(VFRY) (A - &) (ViRi;)
= —6R|ViR;|> — 4AR(V*RY)(V;Ry;)
—7(V*R)(VS) + 5R|VR|* — 8Ry,;(V*RY) (V,R)
+9% Roj(VFRY) {20(V 1. Ry) + 8 (Vs Ry}
+9" R (VP RI) {8 (Vi Ry;) + 2 (VyRij)} (8.9)

Therefore

39



Lemma 8.6 Under the Ricci flow %gij = —2R;; we have

0
A~ 2 ) ViR

= —6R|ViR;|> — 4R(V*RY)(V,Ry;)
—~7(V*R)(VS) + 5R|VR|* — 8Ry,;(V*RY) (V,R)
+169"° Roj(VERY) {(ViRi) + (Vi Ryi)}
+2(V (Vi Ry;),V (VFRY)) (8.10)

We next deduce the equation for |V;R;;|*/R. By chain rule

0 R |? 25 7
(A — a) M = (— — 6) |V]CRZ_]|2 + 5|VR|2 — —<VS, VR>

R R? R
(VR (Vi Re) — %Rkj(vkzaij) (V.R)
16 ’
+§g“bRai(VkR” JAVeR) + (Vi) }
9 ViR

+E<V (ViRi;),V (V*R7)) — 2(Vlog R, VT(B..H)

This identity allows us to deduce a gradient estimate for the Ricci curvature. To
simplify the notations set F' = |V;R;;|>/R, and use a normal coordinate which diago-
nalizes the Ricci curvature (R;;), and set Xj;; = Vi R;;, then equation (8.11) may be
written as the following

(A — 2) F = (§ — 6> RF +5|VR|* — Z<VS, VR)

ot R? R
16 16 8
+E)\iX]?ij + E)\iininkj — EAiXijinaa — 4X3i Xij
2 .
+§<v (VeRi;),V (VFRY)) —2(VIog R, VF) . (8.12)

We then use the following identity, for any constant £ # 0

1 1
—(VS,VR) = E|v,§RZ-j —¢R;; Vi R|? — E|V,€Rij|2 — ¢S|VRJ? (8.13)
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so that, for £ > 0 we have

7
——(VS, VR

By choosing 7§0R =5, i.e.

S

R

Since

v

v

§=

8

‘)\iininkj’

and

|\ X

©j%

aa|

7
——\VkRij
_75
___|VkR2J|2

—EEIWRZ-JV -

— (R Vi R]? — ——|VkRm\2

> \VRF?

S 2
7€E|VR|

T¢6R|VRI? .

== we deduce that

76R

25
E—G——é)RFJr

)\iXijinaa

IN

IN

IN

IN

IN

VS

&

V35|

2
Vs

&

\

N3
%

16
R
— AXyij Xikj —

16
R
2(VlegR,VF) .

)\ngij + =i X Xk

2
5 (z Xx)
i gk

ViR

/\i (Z Xijinaa) |
J,a

2
) (Z XiﬂXa‘aa)
j7a

S (3w

v 1,7,a

VS|ViR;[? .
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Therefore, as \; > —¢R,

0 25 16
J—— > - — 6 - — — _ P
<A at> F > ( 6 5) RE —16:RF — V35|V, Ry

—E\/glkaijF — 4|VR;;|? — 2(V1og R, VF)

(2 — 10— 16V36 — 8V5 — —5— 165) RF

v

3
—2(VlogR,VF) .

Theorem 8.7 Under the Ricci flow (8.3) on the 3-manifold with initial metric with
positive constant scalar curvature R(0), such that R(0);; > —eR(0)g(0);; for some
e €(0,1/3]. Then

0
- — >
(L 8t> F>—-C(e)RF
where L = A +2Vlog R, F = |V R;;|*/R and

C(e):§+16\/ﬁ+8\/5+%5+165.

In particular, suppose R(t,-) < 0(t) then

(L—g)F> — OO F

so that

2 2
\ngij\ < €@ fioas Vil 0)ig|” (8.14)

R(0)
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