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Introduction

1. Introduction

Derived Differential Geometry (DDG) is the study of derived
smooth manifolds and derived smooth orbifolds, where ‘derived’ is
in the sense of the Derived Algebraic Geometry (DAG) of Jacob
Lurie and Toén—Vezzosi. Derived manifolds include ordinary
smooth manifolds, but also many singular objects.

Derived manifolds and orbifolds form higher categories —
2-categories dMan, dOrb or mKur, Kur in my set-up, and
oo-categories in the set-ups of Spivak—Borisov—Noel.

Many interesting moduli spaces over R or C in both algebraic and
differntial geometry are naturally derived manifolds or derived
orbifolds, including those used to define Donaldson,
Donaldson—-Thomas, Gromov—Witten and Seiberg—Witten
invariants, Floer theories, and Fukaya categories.

A compact, oriented derived manifold or orbifold X has a virtual
class in homology (or a virtual chain if 0X # ()), which can be
used to define these enumerative invariants, Floer theories, .. ..
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Different definitions of derived manifolds and orbifolds

There are several versions of ‘derived manifolds’ and ‘derived
orbifolds’ in the literature, in order of increasing simplicity:

@ Spivak's oco-category DerMangy; of derived manifolds (2008).

@ Borisov—Noél's co-category DerMangy (2011,2012).

e My d-manifolds and d-orbifolds (2010-2016), which form
strict 2-categories dMan, dOrb.

@ My p-Kuranishi spaces, m-Kuranishi spaces and Kuranishi
spaces (2014), which form a category mKur and weak
2-categories mKur, Kur.

Here 11-, m-Kuranishi spaces are types of derived manifold,
and Kuranishi spaces a type of derived orbifold.

In fact the Kuranishi space approach is motivated by earlier work
by Fukaya, Oh, Ohta and Ono in symplectic geometry
(1999,2009-) whose ‘Kuranishi spaces’ are really a prototype kind
of derived orbifold, from before the invention of DAG.
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Relation between these definitions

@ Borisov—Noel (2011) prove an equivalence of co-categories
DerMangg,; ~ DerMangy.

@ Borisov (2012) gives a 2-functor m(DerMangy) — dMan
which is nearly an equivalence of 2-categories (e.g. it is a 1-1
correspondence on equivalence classes of objects), where
mo(DerMangy) is the 2-category truncation of DerMangy.

@ | prove (2016) equivalences of 2-categories dMan ~ mKur,
dOrb ~ Kur and of categories Ho(dMan) ~ Ho(mKur)
~ puKur, where Ho(---) is the homotopy category.

Thus all these notions of derived manifold are more-or-less
equivalent. Kuranishi spaces are easiest. There is a philosophical
difference between DerMansgy;, DerMangy (locally modelled on
X x z Y for smooth maps of manifolds g : X - Z, h: Y — Z) and
dMan, pKur, mKur (locally modelled on s71(0) for E a vector
bundle over a manifold V with s: V — E a smooth section).
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Two ways to define ordinary manifolds

Definition 1.1

A manifold of dimension n is a Hausdorff, second countable
topological space X with a sheaf Ox of R-algebras (or C*°-rings)
locally isomorphic to (R"”, Ogn), where Ogn is the sheaf of smooth
functions f : R" — R.

Definition 1.2

A manifold of dimension n is a Hausdorff, second countable
topological space X equipped with an atlas of charts

{(V;, ;) : i € 1}, where V; CR" is open, and ¢; : V; = X is a
homeomorphism with an open subset Im ; of X for all i € I, and
zpj_l oY : zpi_l(lm Vi) — wj_l(lm ;) is a diffeomorphism of open
subsets of R" for all /,j € /.

|

o

If you define derived manifolds by generalizing Definition 1.1, you
get something like d-manifolds; if you generalize Definition 1.2, you
get something like (m-)Kuranishi spaces.
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D-manifolds
1. C°°-rings

Let X be a manifold, and write C°*°(X) for the smooth functions
c: X—R. Then C*°(X) is an R-algebra: we can add smooth
functions (¢, d) — ¢ + d, and multiply them (¢, d) — cd, and
multiply by A € R.

But there are many more operations on C*°(X) than this, e.g. if

c : X — R is smooth then exp(c) : X — R is smooth, giving

exp : C®°(X) — C*°(X), which is algebraically independent of
addition and multiplication.

Let f : R” — R be smooth. Define & : C°(X)" — C>°(X) by
®r(cr,. .., cn)(x) = fa(x),...,ca(x)) forall x € X. Then
addition comes from f : R? = R, f : (x,y) — x + y, multiplication
from (x,y) — xy, etc. This huge collection of algebraic operations
®r make C°°(X) into an algebraic object called a C*°-ring.
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Definition
A C®°-ring is a set € together with n-fold operations & : €" — €
for all smooth maps f : R” — R, n > 0, satisfying:
Let m,n>0,and f; :R" - Rfori=1,....mand g : R™" - R
be smooth functions. Define h: R” — R by

h(x1,....xn) = g(A(x1,- -3 Xn), oy (X1 -+ ., Xn)),

for (x1,...,xn) € R". Then for all ¢1,...,c, in € we have

q)h(Cl,...,Cn) = q)g(q)fl(C]_,...,Cn),...,(Dfm(C]_,...,Cn)).
Also defining 7 : (x1,...,Xxn) — xj for j =1,...,n we have
(e, 6n) = G

A morphism of C*°-rings is ¢ : € — D with

Grop" =¢po®ds: €" — D for all smooth f : R" — R. Write
C>°Rings for the category of C°°-rings.

Any C*-ring € is automatically an R-algebra. A module over a
C*°-ring € is a module over € as an R-algebra.
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Examples of C*>-rings

Then C>*(X) is a C*>-ring for any manifold X, and from C*°(X)
we can recover X up to canonical isomorphism.

If f: X — Y is smooth then f*: C*°(Y) — C°(X) is a morphism
of C*°-rings; conversely, if ¢ : C>°(Y) — C*(X) is a morphism of
C°°-rings then ¢ = f* for some unique smooth f : X — Y. This
gives a full and faithful functor F : Man — C°°Rings°®P by
F:X— C®X), F:fw—f*

Thus, we can think of manifolds as examples of C*°-rings, and
C®°-rings as generalizations of manifolds. But there are many
more C®-rings than manifolds. For example, C°(X) is a C*-ring
for any topological space X.
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2.2. C*®-schemes

We can now develop the whole machinery of scheme theory in
algebraic geometry, replacing rings by C*°-rings throughout.

A C*-ringed space X = (X,Ox) is a topological space X with a
sheaf of C>°-rings Ox. It is local if the stalks Ox , for x € X are
local R-algebras with residue field R. Write LC®°RS for the
category of local C°°-ringed spaces.

The global sections functor T : LC*°RS — C*°Rings®® maps

[ (X,0x) +— Ox(X). It has a right adjoint, the spectrum
functor Spec : C*°Rings®® — LC°°RS. That is, for each C*-ring
¢ we construct a local C*-ringed space Spec €. Points x € Spec €
are R-algebra morphisms x : € — R. We don't use prime ideals.
On the subcategory of complete C*°-rings, Spec is full and faithful.
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A local C*°-ringed space X is called an affine C*°-scheme if

X = Spec € for some C*-ring €. It is a C>°-scheme if X can be
covered by open U C X with (U,Ox|y) an affine C>°-scheme.
Write C°Sch for the full subcategory of C°°-schemes in LC*°RS.
If X is a manifold, define a C*°-scheme X = (X, Ox) by

Ox(U) = C*>(U) for all open U C X. Then X = Spec C*°(X).
This defines a full and faithful embedding Man < C°°Sch. So we
can regard manifolds as examples of C°°-schemes.

All fibre products exist in C°°Sch. In manifolds Man, fibre
products X Xz 7 Y need existonlyif g: X = Zand h: Y = 7
are transverse. When g, h are not transverse, the fibre product

X Xg.zp Y exists in C>°Sch, but is not a manifold.

We also define quasicoherent sheaves on a C°°-scheme X, and
write qcoh(X) for the abelian category of quasicoherent sheaves.
A C°-scheme X has a well-behaved cotangent sheaf T*X.
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2.3. Differential graded C°-rings

We can define derived C-schemes by replacing C-algebras A by dg
C-algebras A® in the definition of C-scheme — commutative
differential graded C-algebras in degrees < 0, of the form

o A2 i>A0, where A® is an ordinary C-algebra.
The corresponding ‘classical’ C-algebra is HO(A®) = A%/d[A~Y].
There is a parallel notion of dg C*°-ring €°, of the form

BN N i>e:°, where €2 is an ordinary C*®-ring, and
¢l ¢72, ... are modules over ¢°. The corresponding ‘classical’
C>®-ring is H(¢*) = ¢%/d[¢~ Y.

One could use dg C*°-rings to define ‘derived C°°-schemes’; an
alternative is to use simplicial C*°-rings, see Spivak
arXiv:0810.5175, Borisov—Noel arXiv:1112.0033, and Borisov
arXiv:1212.1153.
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Square zero dg C*°-rings

My d-spaces are a 2-category truncation of derived C*°-schemes.
To define them, | use a special class of dg C*°-rings called square
zero dg C°°-rings, which form a 2-category SZC°°Rings.

A dg C-ring €* is square zero if € =0 for i < —1 and

¢ l.d[e¢7]=0. ThenCis ¢! 4, ¢0, and d[¢ 1] is a square
zero ideal in the (ordinary) C>-ring €°, and ¢! is a module over
the ‘classical’ C®-ring H°(¢*) = ¢%/d[¢ 1.

A 1-morphism o : €* — ©°® in SZC°°Rings is maps

a®:¢% 5 D% a1 ¢t - D! preserving all the structure.
Then H(a®) : HO(€) — H%(D) is a morphism of C*-rings.

For 1-morphisms «*®, 8® : €* — ©°® a 2-morphism n : a®* = [B® is a
C>®-derivation 77 : €0 - © L with B0 =al +don, fl=a1+nod
There is an embedding of (2-)categories C*°Rings C SZC*°Rings
as the (2-)subcategory of €* with ¢~ = 0.
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Examples of square zero dg C°°-rings

Let V be a manifold, E — V a vector bundle, and s: V — E a
smooth section. Then we call (V, E,s) a Kuranishi neighbourhood
(compare Kuranishi spaces); for d-orbifolds, we take V' an orbifold.

Associate a square zero dg C®-ring €71 4y @0t (V,E,s) by
¢ =Cx(V)/I1Z, ¢ 1= C>(E*")/Is- C(E"),
d(e + Is - CX(E")) = e(s) + Iz,
where Iy = C®°(E*) s C C*°(V) is the ideal generated by s.

)
The d-manifold X associated to (V, E,s) is Spec €®. It only knows
about functions on V up to O(s?), and sections of E up to O(s).
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2.4. D-spaces and d-manifolds

A d-space X is a topological space X with a sheaf of square zero
dg-C>-rings O} = O3> -5 0%, such that X = (X, H°(Og)) and
(X,0%) are C*-schemes, and (9;1 is quasicoherent over X. We
call X the underlying classical C°°-scheme.

D-spaces form a strict 2-category dSpa, with 1-morphisms and
2-morphisms defined using sheaves of 1-morphisms and
2-morphisms in SZC°°Rings in the obvious way.

All (2-category) fibre products exist in dSpa.

C°-schemes include into d-spaces as those X with O3} = 0.
Thus we have inclusions of (2-)categories Man C C*°Sch C dSpa,
so manifolds are examples of d-spaces.

A d-space X has a cotangent complex Ly, a 2-term complex

Ly* %Lg’( of quasicoherent sheaves on X. Such complexes form
a 2-category geohl™19(X).
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D-manifolds and generalizations

A d-manifold X of virtual dimension n € 7Z is a d-space X whose
topological space X is Hausdorff and second countable, and such
that X is covered by open d-subspaces Y C X with equivalences
Y ~ U Xgw,nV, where U, V, W are manifolds with
dimU+dimV —dimW =n,andg: U— W, h:V — W are
smooth maps, and U Xz w  V is the fibre product in the
2-category dSpa. (The 2-category structure is essential here.)
Write dMan for the full 2-subcategory of d-manifolds in dSpa.
Alternatively, we can write the local models as Y ~ V' xg g s V,
where V' is a manifold, E — V a vector bundle, s: V — E a
smooth section, and n = dim V — rank E. We call such

V' xoes V affine d-manifolds.

| also define 2-categories dMan®, dMan€ of d-manifolds with
boundary and corners, and orbifold versions dOrb, dOrb?, dOrb®,
d-orbifolds, using Deligne-Mumford C°°-stacks.
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Differential geometry of d-manifolds

3. Differential geometry of d-manifolds
Tangent and obstruction spaces of d-manifolds

If X is a d-manifold, its cotangent complex Ly is perfect, that is,

IL¥ is equivalent locally on X in the 2-category qcoh[_l’o](g) of
2-term complexes of quasicoherent sheaves on X to a complex of
vector bundles €71 — &% and rank €9 — rank £7! = vdim X.

For x € X, define the tangent space T, X=H°(LLx|<)* and the
obstruction space OxX = H‘l(ILx\X)*, with dim 7, X — dim O, X
=vdim X. A 1-morphism of d-manifolds f : X — Y induces functorial
linear maps Tf : TxX — T¢)Y and Oxf : OxX — Of()Y.

A 1-morphism f : X — Y in dMan is étale (a local equivalence) if
and only if Txf: T,X = T¢)Y and Oxf : OxX — Of()Y are
isomorphisms for all x € X.
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3.1. D-transversality and fibre products

let g : X — Z, h: Y — Z be smooth maps of manifolds. Then

g, h are transverse if for all x € X, y € Y with g(x) = h(y) = z in
Z,themap T,g® T,yh: T,X® T,Y — T,Z Is surjective.
Similarly, we call 1-morphisms g : X =+ Z, h: Y — Z in dMan
d-transverse if for all x € X, y € Y with g(x) =h(y) =z in Z, the
map Oxg ® O h: O, X ® O, Y — O,Z is surjective.

Let g: X — Z and h: Y — Z be d-transverse 1-morphisms in
dMan. Then a fibre product W = X xg 7, Y exists in the
2-category dMan, with vdimW = vdim X 4+ vdimY — vdim Z.

If Z is a manifold, O,Z = 0 and d-transversality is trivial, giving:

All fibre products of the form X xz Y with X, Y d-manifolds and
Z a manifold exist in dMan.
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3.2. Gluing by equivalences

A 1-morphism f : X — Y in dMan is an equivalence if there exist
g:Y — X and 2-morphisms 1 : gof = idx and ( : fog = idy.

Let X,Y be d-manifolds, ) #U C X, ) #V C Y open
d-submanifolds, and f : U — V an equivalence. Suppose the
topological space Z = X Uy—y Y made by gluing X, Y using f is
Hausdorff. Then there exists a d-manifold Z, unique up to
equivalence, open X, Y

CZ withZ = )A(U?, equivalences g : X — X andh:Y — ?, and
a 2-morphism n : gly = hof.

v

The theorem generalizes to gluing families of d-manifolds X; : / € /
by equivalences on double overlaps X; N X;, with (weak) conditions
on triple overlaps X; N X; N Xy.
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3.3. D-manifold bordism, and virtual classes

Let Y be a manifold. Define the bordism group Bi(Y) to have
elements ~-equivalence classes [X, f] of pairs (X, ), where X is a
compact oriented k-manifold and f : X — Y is smooth, and

(X, f) ~ (X', ') if there exists a (k + 1)-manifold with boundary
W and a smooth e : W — Y with OW = X IT —X’ and

elow = f I f'. It is an abelian group, with

(X, fl+[X,f]=[XTX,fIIf].

Similarly, define the derived bordism group dBy(Y') with elements
~-equivalence classes [X, f] of pairs (X, f), where X is a compact
oriented d-manifold with vdim X = k and f : X — Y = FgMan(y)
is a 1-morphism in dMan, and (X, f) ~ (X', f’) if there exists a
d-manifold with boundary W with vdimW = k + 1 and a
1-morphism e : W — Y in dMan® with OW ~ X IT —X’ and
elow = fIIf'. It is an abelian group, with

[X,f] + X', f] = [XII X, fITf].
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There is a morphism N&bo: B, (Y) — dBx(Y) mapping
X, f] = [Fgan(X), an'lf'.f"(f)]-

Theorem (first proved by Spivak for his derived manifolds)

ndbe . B (Y) — dB(Y) is an isomorphism for all k € Z.

This holds because every d-manifold can be perturbed to a
manifold. Composing (M%)~ with the projection

Bk(Y) — Hk(Y,Z) gives a morphism

nhom - gB, (Y) — Hk(Y,Z). We can interpret this as a virtual
class map for compact oriented d-manifolds. Virtual classes (in
homology over QQ) also exist for compact oriented d-orbifolds.

In arXiv:1509.0672 | define new (co)homology theories of
manifolds, called M-(co)homology. | will give direct constructions
of virtual classes (or virtual chains) for compact d-manifolds and
d-orbifolds (with corners) in M-(co)homology.
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D-manifold and d-orbifold structures on moduli spaces

Theorem 4.1

Let V be a Banach manifold, & — Y a Banach vector bundle, and
s: VY — & a smooth Fredholm section, with constant Fredholm
index n € 7. Then there is a canonical d-manifold X with
topological space X = s~1(0) and vdim X = n.

v

Nonlinear elliptic equations, when written as maps between suitable
Holder or Sobolev spaces, are the zeroes of Fredholm sections of a
Banach vector bundle over a Banach manifold. Thus we have:

Corollary 4.2

Let M be a moduli space of solutions of a nonlinear elliptic
equation on a compact manifold, with fixed topological invariants.
Then M extends to a d-manifold M.

The virtual dimension of M at x € M is the index of the
linearization of the elliptic p.d.e. at x, given by the A-S Index Theorem.
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Truncation functors from other structures

Theorem 4.3

Suppose X is a Hausdorff, second countable topological space
equipped with any of the following geometric structures, each of
constant virtual dimension n € 7, :

(a) A C-scheme or Deligne—Mumford C-stack with perfect
obstruction theory in the sense of Behrend and Fantechi
(where X is the underlying complex analytic space).

(b) A quasi-smooth derived C-scheme or D-M C-stack.

(c) An M-polyfold or polyfold Fredholm structure in the sense of
Hofer, Wysocki and Zehnder.

(d) A Kuranishi structure in the sense of Fukaya—Oh—Ohta—Ono.

(e) A Kuranishi atlas in the sense of McDuff and Wehrheim.

Then X may be given the structure of a d-manifold or d-orbifold,

natural up to equivalence in dMan, dOrb, with vdim X = n. We

can also allow corners in (c)—(e), with X € dMan®, dOrb¢.
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The ‘representable 2-functor’ approach

D-manifold and d-orbifold structures on moduli spaces

Combining Theorem 4.3 with results from the literature shows that
many interesting moduli spaces over R or C, in both differential

and algebraic geometry, have the structure of d-manifolds or
d-orbifolds, natural up to equivalence. This includes almost every
moduli space used in any enumerative invariant problem over R or C.
| hope in future to develop a new approach to defining d-orbifold
structures on moduli spaces, based on Grothendieck's method of
representable functors in algebraic geometry. Given a moduli
problem, the idea is to define a weak ‘moduli 2-functor’

F : (dMan®T)°P — Groupoids

such that F(S) is the groupoid of families of objects in the moduli
problem over a base affine d-manifold S, and then prove by
verifying some representability criteria that F is ‘representable’,
that is, F is 2-naturally equivalent to Hom(—, M) for a d-orbifold
M., which is then unique up to equivalence in dOrb.
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