EQUIVARIANT LINE BUNDLES WITH CONNECTION ON THE
p-ADIC UPPER HALF PLANE

KONSTANTIN ARDAKOV AND SIMON WADSLEY

ABSTRACT. Let F be a finite extension of Qp, let Q be Drinfeld’s upper half-
plane over F and let G° the subgroup of GLx(F) consisting of elements whose
determinant has norm 1. By working locally on Qf, we construct and classify
the torsion GY-equivariant line bundles with integrable connection on the base
change of Qp to any complete field extension of F' containing the quadratic
unramified extension of F' in terms of the smooth linear characters of the units
of the maximal order of the quaternion algebra over F'.
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1. INTRODUCTION

1.1. Background. Let p be a prime number, Q, the field of p-adic numbers and F
a finite extension of @, with ring of integers Op and uniformiser 7. Let {2 denote
the the Drinfeld upper half-plane: it is a rigid F-analytic space whose underlying
set is the set of Gal(F'/F)-orbits in P*(F)\P'(F). In [I4], Drinfeld defined a tower
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2 KONSTANTIN ARDAKOV AND SIMON WADSLEY
of G := GLy(F)-equivariant étale rigid F-analytic coverings of Q = Qp xp F,
where F' is the completion of the maximal unramified extension of F'.

We consider a slight modification of Drinfeld’s construction, due to Rapoport-
Zink [30]. They constructed a tower of coverings

o My = Mg = = My — Mg

of rigid F -analytic spaces. Their base space M can be viewed as being the disjoint
union of countably many copies of  (cf [30, Theorem 3.72]): there is a non-
canonical isomorphism Mg & 2 x Z. The tower comes equipped with an action of
G, so that the maps M,, — M, _; are all G-equivariant. The G-action on the base
space is given by
g- (Za n) = (g cz,n+ ’Uﬂ'F(detg))'

Here the G-action on (2 is the usual one by Mo6bius transformations. Thus each
copy of Q is stabilised by the subgroup G of G consisting of matrices g in G such
that v, (det g) = 0.

Let D be the quaternion division algebra over F' with valuation ring Op and let
IT denote a generator of the unique maximal ideal in Op. The maps M,, — M, _
in the tower are all finite étale and Galois with

Cal(M,,/Mo) = 0 /(1 + II"Op).

Moreover, the actions of G and Gal(M,,/ M) on M,, commute.

Scholze—Weinstein have proved in [34) Theorem 7.3.1] that if C denotes a com-
plete and algebraically closed extension of F and Q is a finite étale G-equivariant
cover of the base-change (2 X C, then there is an integer m > 0 such that
M, X C = Q x ;» C factors through Q.

One way to better understand these finite étale equivariant covers is through
the study of equivariant vector bundles with flat connections on the base space:
the two theories are essentially equivalent. Here we briefly sketch how to obtain
equivariant vector bundles with flat connection from the Drinfeld tower. Suppose
that p is a smooth geometrically irreducible representation of Of whose character
is defined over some finite extension K of F. There is some m > 0 such that p
factors through OF/(1 +II"Op) and, for all n > m, Oum, , has a p-isotypical
component V* independent of the choice of n. Then the pushforward of V* down
to Mo,k is a G-equivariant vector bundle over My i of rank (dim p)?, equipped
with an integrable connection.

In this paper we only consider the smooth K-linear representations of OF of
degree 1, that is, the torsion characters 6 : O, — K*. Then the pushforward of Yo
is a G-equivariant line bundle on M i with an integrable connection. For exam-
ple, when 1 is the trivial representation, the corresponding line bundle is just the
structure sheaf Opq, with its natural G-action and natural integrable connection.
The set Hom(OJ, K* )iors of torsion characters O, — K* forms a group under
pointwise multiplication of characters; given a continuous actiorﬂ of a topological
group H on a smooth rigid K-analytic space X, we denote by PicCon® (X) the
group of isomorphism classes of H-equivariant line bundles with an integrable con-
nection on X, where the group structure comes from the tensor product of these

Lsee for the precise definitions
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line bundles. In this way, the Drinfeld tower gives us a group homomorphism
(1) Hom(OF, K™ )iors —  PicCon® (Mo x)tors-

1.2. The main result. Let K be a complete valued field extension of F' and write
Ok := QF xXp K for the base-extension of Qr to K. In this paper we will consider
the subgroup PicCon®’ (Qx )tors of PicConGO(Q k) consisting of the isomorphism
classes of the G%-equivariant line bundles with integrable connection on Q that
have finite order under ®. Whenever K contains F , this group is non-canonically
isomorphic to PicConG(MQ K )tors- Our main result is then

Theorem A. Suppose that K contains the quadratic unramified extension L of
F. Then there is an isomorphism of abelian groups

PicCon® (Ui iors —> Hom(OF, K™ )sors.

We note that Theorem [A] cannot be true without the condition that K contains
L in the statement, because the prime-to-p-torsion subgroup of PicCon®’ (Qk) is
cyclic of order ¢? — 1 for any choice of field extension K, but K contains no such
subgroup unless K contains L and so Hom(O}, K*) cannot either. We also note
here in passing that in fact all line bundles on Qg are known to be trivial — see,
e.g. [I9, Théoreme A].

Our isomorphism depends on a choice of a point z € Qp(L) and an F-algebra
embedding ¢ : L — D. However, there is a natural G-action on PicCon®" (K )sors
and a natural conjugation D*-action on Hom (O, K )¢ors: the first action factors
through G/GPF> and the second action factors through D*/OSF*, both cyclic
groups of order 2. The isomorphisms in Theorem [A] are compatible with respect to
these actions, provided we identify G/G°F* with D* /O F* in the only possible
way. Quotienting out by these actions on both sides, we obtain a bijection

PicCon® (i )iors/G  —>  Hom(OF, K*)iors/D*
which no longer depends on any choices. We expect, but do not check it in this
paper, that when K = F', the isomorphism in Theorem |A|is in fact inverse to
for some choice of identification of M with 2 x Z, depending on our other choices.

1.3. Motivation. We do not use the result of Scholze~Weinstein [34], nor even
the existence of the Drinfeld tower, to prove Theorem [A] Instead, we give an ex-
plicit construction of the elements PicConG0 (¢ )tors as finite order GP-equivariant
line bundles with connection on Qg and prove directly that there are no others.
More precisely: in this paper we give an elementary construction E| of finite order
G L2 (Op)-equivariant line bundles with connection on the K-affinoid subdomain Qg
of Qg that is the inverse image of the vertex fixed by GL2(O) in the Bruhat-Tits
tree under the reduction map, and show that each of these line bundles extends
uniquely to a G%-equivariant line bundle with connection on all of Q. We have
provided full arguments for some results that already appear in the literature in
order to stress the elementary nature of our work.

In our companion work [I], we use this elementary construction to better under-
stand the structure of the global sections .#%(f2) of these equivariant line bundles
as modules over the locally F-analytic distribution algebra of G°. The results of

2elementary in the sense of not depending on the duality of Rapoport-Zink spaces, nor on the
theory of perfectoid spaces
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this paper are used to show that if j : Qx — P} denotes the open inclusion, then
§«Z? is a coadmissible G-equivariant D-module on P} in the sense of [2]. We
then use this to prove that for each § € Hom(OJ, K™ )tors, Z9(Q) is irreducible
as a coadmissible D(G?, K)-module when the underlying connection is non-trivial,
and that it has length two otherwise. The condition that the underlying connection
is non-trivial can be shown to be equivalent to 6 not being fixed by the D*-action

on Hom(OF, K*)iors discussed above.

1.4. An overview of some related works. Because of the central position of
the theory of Drinfeld coverings and Rapoport-Zink spaces in the local Langlands
program [I7], it is difficult to make a comprehensive literature review. In his work
[38], Teitelbaum found explicit local equations for the first Drinfeld covering of €2
this yields explicit torsion line bundles with connection on g E| together with a
(non-explicit) GL2(Op)-equivariant structure. However neither Teitelbaum, nor
Lue Pan in his closely-related work [27], consider the flat connections on these
line bundles, nor do they make an attempt to classify the appropriate equivariant
structures in an elementary manner.

We acknowledge our intellectual debt to the Introduction of [I3], where Dospinescu
and Le Bras explain the importance of the equivariant vector bundles on €2 in the
context of locally analytic representations of GLy(F'), and in particular in the p-adic
local Langlands program. We mention here in passing that the constructions in our
paper enable us to define the first Drinfeld covering of Q directly over F' rather than
over I without appealing to the theory of Weil descent. We also take the opportu-
nity to mention here the monumental works of Colmez, Dospinescu and Niziot [10],
[I1] that use Scholze’s pro-étale methods and build upon [13] to show, amongst
other things, that the p-adic étale cohomology of the Drinfeld tower realises the
p-adic local Langlands correspondence, at least in the case when F' = Q,,.

Finally, we mention that Junger in his recent preprint [20] has classified equi-
variant line bundles on Deligne’s formal model Q of r. There are some formal
similarities in our methods (for example his Proposition 2.10 plays a similar role to
our Proposition , however we cannot deduce his results from ours, nor vice
versa. We expect that our results here can be naturally extended to analogues of
Q in higher dimensions.

1.5. Acknowledgements. We thank Aurel Page for pointing the paper of Riehm
[31] on MathOverflow. We are very grateful to Georg Linden for his questions
about the main result of this paper which led to a significant improvement in the
exposition. We also thank James Taylor for his comments. The second author
thanks Brasenose College, Oxford for its hospitality.

1.6. Conventions and Notation. F' will denote a finite extension of Q, with
ring of integers Op, uniformiser 7r and residue field kp of order q. K will denote
a field containing F' that is complete with respect to a non-archimedean norm | - |
such that |p| = 1/p. We will write:

e K°:={a€ K :|a| <1} for the valuation ring of K,

e K°°:={a€ K :l|a|] < 1} for the maximal ideal of K°,

e K for a fixed algebraic closure of K, and

e C for the completion of K.

3see Definition [4.2.12|(b)
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Let X be a rigid K-analytic variety. When Y is a subset X, we will say that Y is
an affinoid subdomain of X to mean that Y is an admissible open subspace of X,
itself isomorphic to an affinoid K-variety. When X itself happens to be a K-affinoid
variety, this agrees by [6, Corollary 8.2.1/4] with the standard definition found at
[0, Definition 7.2.2/2]. We will write
| - |x to denote the (power-multiplicative) supremum seminorm on X,
O(X)° = {f € O(X) : |flx < 1},
O(X)** == {f € O(X) : | flx < 1},
O(X)** :=14 O(X)°°, the subgroup of small units in O(X)*, and
OX) > ={1+f:|flx <r} <O(X)** for each real number r € (0,1).
Pic(X) will denote the Picard group of X consisting of the isomorphism classes of
line bundles on X with the group operation given by tensor product.

When K’ is a complete field extension of K, we will write X+ := X Xy K’ for
the base change of X to K’, and

X(K')={¢: SpK' — X : ¢ is a morphism of rigid K-analytic varieties}
will denote the set of K'-valued points of X.
Let A be an abelian group and let d be a non-zero integer. We will write
o Ald] = {a € A| da =0} to denote the d-torsion subgroup of A,
o A[p'] :=U(a,p)=1 Ald] to denote the prime-to-p torsion subgroup of A,
o A[p™]:=|Jn2, Alp"™] to denote the p-power torsion subgroup of A.
o Aiors := Jg>1 Ald] to denote the full torsion subgroup of A.

Let a group G act on a set X. We will write
e G, :={g € G:gx=x} for the stabiliser of a point x € X, and
e X% :={rc X:gx=uxforall g€ G} for the set of elements fixed by G.
When we discuss cochains, cocycles and coboundaries we will work with the
continuous cochain cohomology of Tate, [37]. That is if G is a topological group
and A is a topological abelian group equipped with a continuous action of G then:
e C"(G,A) :={f: G — A : f is continuous} is the set of continuous A-
valued n-cochains,
Z™(G, A) is the set of continuous A-valued n-cocycles,
B"(G, A) is the set of continuous A-valued n-coboundaries,
H™(G, A) is the nth continuous cohomology group Z"(G, A)/B"(G, A),
dg: CY(G,A) = A — CY(G, A) is the map given by ég(a)(g) =g-a—a.
Note that whenever §: A — B is a G-equivariant map of topological abelian groups
with continuous G-action, we have dg0 = 60¢.
In the particular case where G acts trivially on A, we will usually write Hom(G, A)
instead of Z1(G, A) or H*(G, A) to denote the group of continuous homomorphisms
from G to A. For any continuous group homomorphism ¢: G — H, we denote by

©* : Hom(H, A) — Hom(G, A)
the map given by pre-composition by ¢.

2. BACKGROUND FROM ALGEBRA

2.1. Measures on profinite sets. We begin by adapting some definitions from
[16, Definitions 2.7.10].

Definition 2.1.1. Let Z be a profinite set and let a be an abelian group.
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(a) An a-valued measure on Z is a function v from the set of clopen (= closed
and open) subsets of Z to a, satisfying v(U) = v(V) + v(U\V) whenever
V C U are clopen subsets of Z.

(b) M(Z,a) denotes the abelian group of all a-valued measures on Z under
pointwise operations.

(¢) Mo(Z,a):={v e M(Z,a):v(Z) =0} is the subgroup of a-valued measures
on Z with total value zero.

Examples 2.1.2.

(1) If Z is any profinite set and a is a unital ring then for each z € Z we can
define a measure §, by

6Z(U):{1 ifzeU

0  otherwise.
(2) If Z happens to be finite we can define a ‘counting measure’ in M (Z,Z) via
YXz(U)=|U|forall U C Z.
Indeed ¥z =5 ,c 6.

Let C(Z,Z) be the set of continuous Z-valued functions on Z, where we give Z
the discrete topology. Of course every such function is locally constant.

Proposition 2.1.3. Let Z be a profinite set and let a be an abelian group.

(a) There is a natural additive isomorphism M (Z, a) — Homz(C(Z,Z), a).
(b) Let (Z;)icr be a filtered inverse system of finite sets. Then every isomor-
phism Z = h£ Z; of profinite sets induces isomorphisms of abelian groups

M(Z, Cl) = (hﬂ M(Zl, Cl) and Mo(Z, Cl) = <h£ ]\40(21‘7 Cl).
(¢) The functor a — M(Z,a) is exact.

Proof. (a) Let v € M(Z,a) and let f : Z — Z be locally constant. Because Z is
profinite and hence compact, we can choose an open partition {Uy, -, Uy} of Z
such that fiy, is constant for each i. Choose z; € U; for each i = 1,--- ,m and

define (v, f) := in: f(zi)v(U;) € a. Then (v, f) does not depend on the choice of
=1

open partition or the choice of the z;’s, and v — (f — (v, f)) defines an additive
map M(Z,a) — Homy(C(Z,7Z), a).

Let 1y denote the characteristic function of the clopen subset U of Z. Given
an additive map g : C(Z,Z) — a, setting v(U) := ¢g(ly) € a for each clopen U
defines an element v € M(Z, a) such that (v, f) = g(f) for all f € C(Z,Z) because
the characteristic functions 1y generate C'(Z,Z) as an abelian group. The function
g — v is then an inverse to M(Z,a) — Homy(C(Z,Z), a).

(b) The isomorphism Z = (h_mZi induces an isomorphism of abelian groups

C(Z,Z) = 1im C(Z;,Z). The functor Homg(—, a) converts colimits into limits; now
—
apply part (a) to get M(Z,a) = (hﬂ M(Z;,a). Since taking limits commutes with

taking kernels the other part follows immediately.
(c) By a theorem of N6beling — see [33, Theorem 5.4] — C(Z,Z) is a free abelian
group. Hence Homy(C(Z,Z),—) is exact; now apply part (a). a
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Definition 2.1.4. For every abelian group a the map Z — M (Z, a) from profinite
sets to abelian groups extends to a functor from the category of profinite sets and
continuous functions to the category of abelian groups sending a continuous function
f: Z1 — Z5 to the group homomorphism

fur M(Zy,0) = M(Zs,0); fo(v)(U) = v(f71(U)).

In particular an action of group G on a profinite set Z by homeomorphisms
induces an action on M (Z, a) by automorphisms of abelian groups via g-v = g.(v).

Remark 2.1.5. If v € My(Z1,a) in the setting of Definition then f.(v) €
My (Z2,a) since f.(v)(Z2) = v(f~1(Z)) = v(Z1) =0so Z — My(Z,a) also defines
a functor.

The following result will be useful in what follows.

Lemma 2.1.6. Let Z be a profinite set and let d be a non-zero integer. Then the
sequence 0 — My(Z,Z) % Mo(Z,7) — My(Z,7,/dZ) — 0 is exact.

Proof. Consider the multiplication-by-d map on the short exact sequence of abelian
groups 0 = My(Z,Z) — M(Z,Z) — Z — 0. This gives a 3 x 3 diagram of abelian
groups, whose rows are exact, whose second column is exact by Proposition (c)
and whose third column is exact for trivial reasons. Hence the first column is also
exact by the Nine Lemma. (Il

Recall our conventions concerning continuous group cohomology from

Lemma 2.1.7. Let G be a profinite group with a continuous transitive action on a
finite set X. Recall the induced G-action on M (X,Z) from Definition above.
(a) M(X,2)C =7 Sx:
(b) MO(Xv Z)G =0;
(c) HY(G,M(X,Z)) = 0.
Proof. (a) It is easy to compute that M (X,Z)% = Z- X x where Yy is the counting
measure from Example 2).

(b) Use Mo(X,Z)% =ker (M(X,Z) = Z;v — v(X)) and nXx (X) = n|X]|.

(c) Choose an arbitrary point z € X. Since X is finite, M (X, Z) is isomorphic to
the (co)induced module Indg“EZ in the sense of [26], Chapter I, §6], where Z denotes
the trivial G;-module. Then by Shapiro’s Lemma, [26, Proposition 1.6.4], we have

HYG,M(X,7)) = H (G,,Z).

Since the action of G, on Z is trivial, G, is profinite and Z is a discrete torsion-
free group we deduce that H(G,,Z) = Hom(G,,Z) = 0. O

Proposition 2.1.8. Let G be a profinite group acting continuously and transitively
on two non-empty finite sets X,Y, and let 7: X — Y be a G-equivariant function.
Let d > 1 be an integer and let h := ged(d, | X|). Then

(a) M(X,7/dZ)€ is cyclic of order d, generated by the image of Yy,
(b) My(X,7Z/dZ)€ is cyclic of order h, generated by the image of %EX, and

X
() ™ (Bx) = 0y
Proof. (a) The short exact sequence

0— M(X,Z) % M(X,Z) = M(X,Z/dZ) — 0
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induces a long exact sequence of cohomology
0— M(X,2)¢ % M(X,2)% —» M(X,2/dZ)¢ —-H"(G, M(X,Z))

whose final term is 0 by Lemma (c) Since M (X,Z)¢ = Z - ¥ x by Lemma
2.1.7(a) the result follows.

(b) Note that My(X,Z/dZ)¢ = {v € M(X,Z/dZ)¢ : v(X) = dZ}. By part (a),
every such v is the image of n¥x for some n. But nXx(X) = n|X| so

My(X,Z/dZ)¢ = {nXx € M(X,Z/dZ) : d divides n|X|}

giving the result.
(¢) Whenever U C Y, we have m,(Sx)(U) = Sx (7~ 1(U)) = |7~ *(U)|. Since G

acts transitively on X and Y, all the fibres have order % and so
1 RY
m(U)| = 51U
| =7
as required. [

2.2. Some stabilisers in G° and their linear characters.

Notation 2.2.1.
(a) G :=GLy(F) and G° := {g € G : v, (det g) = 0}.

(b Wewritew::(o 1)€G.
i 0

)
(c) We write A := GL2(OF) and B :=*A = wAw™".
(d) The Iwahori subgroup I is

b
I := {<i d) cA:c= OmodwFOF}.

We recall from [36], §§I1.1.2-3] that if BT is the Bruhat-Tits tree associated with
PGL3(F), then A, B and I arise as stabilisers in G° under the natural G%-action

on BT as follows: there is a vertex s of BT such that (s ws) is an edge of BT, and
A=G° B=@&° and I =GP

ws? (s ws)*

In particular, we have I = AN B. The following classical result will be crucial to
our arguments later on in §4.4]

Theorem 2.2.2. GY is the amalgamated product of its open subgroups A and B
over their intersection I:
G'=4A * B.

Proof. This is [36, Theorem II.3]. O
Recall that F* is the direct product of its subgroups i,y (F), O™ and (mp):
r* Hpr (F) X O;X X (T p).

We write a — @ to denote the homomorphism that is the projection F'* — p, (F)
with kernel O;* x (rp). We will use the same notation * to denote the analogous
projection L* — p,y (L) for other finite extensions L/Q,.

Lemma 2.2.3.
(a) Hom(A, K*)[p'] = {cTe\tk ck€Z/(q— 1)2},
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(b) Every element of Hom(I, K*)[p'] is of the form
a b iy T
<7rpc d> —a'td
for some ny,n2 € Z/(qg — 1)Z.
—k
@)(HDHJLI(XMﬂD“”::{dm;:kezZ/wg—UZ}.

Proof. (a) For any 8 € Hom(A, K*)[p'], every pro-p subgroup of A is contained
in kerf. Since SLy(Op) is generated by its pro-p subgroups it follows that 6
factors through det: A — OF. Since O3 is also pro-p we see that any element of
Hom(Oj, K*)[p] factors through —. It remains to observe that Hom(s, (F), K*)
consists of maps of the form a +— a* for some k € Z/(q — 1)Z, because p, (F) is
cyclic of order ¢ — 1.

(b) Once again, if § € Hom(I, K *)[p’] then any pro-p subgroup of I is contained

in ker 6. The kernel of the map I — pp (F') X pp (F') sending (wac Z) to (@,c) is
F

pro-p. Now the result follows as in (a).
(c) By part (b), every x € Hom(I, K*)[p'] is of the form

a b iy T
(ch d) —a"d

for some nq,n9 € Z/(q¢ — 1)Z. Now

w0 (e a)) =2 (g 0) =

Thusifxzw-xthenm:ngandxzae\tm. O

Remark 2.2.4. It follows from the proof of Lemma that any p’-quotient of
A, B or I has exponent dividing ¢ — 1.

We will now recall the structure of the stabilisers in G' of points in P!(L) for
quadratic extensions L of F', under the G-action by Mobius transformations.

Lemma 2.2.5. Suppose that F'(z) is a quadratic extension of F. Let
N = Np@yp:F(z) = F and tri=trpg)pr: F(z) = F

be the norm and trace maps respectively.
(a) The stabiliser G, of z in G is

Gs = {(CCL a_—dc\{c(r?)z))

. < . (({a —cN(z2) ))7 o
(b) The map j, : G, — F(z)* given by j, ((C a—cte(z))) = a —cz is an

isomorphism of topological abelian groups such that N o j, = det.
(c) We have j,(GY) = (’);i(z) and j,(SLa(F),) =ker N < (’);(z).

(m@eF%«Qm%.

Proof. (a) We can compute that %2 = z if and only if cz® + (d — a)z — b = 0.
Moreover, the minimal polynomial of z is t2 — tr(2)t + N(z). So (i g) € G fixes

z if and only if (d — a) = —ctr(z) and b = —cN(z) as claimed.
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(b) Since det (Ccl o— ct(r()z)) = a® — actr(z) + 2N(z) = N(a — cz), we have

N o j, = det. For any (a1, c1), (az,c2) € F2\{(0,0)}, we have

(al —c1N(2) > (az —caN(2) ) aaz — c1c2N(2) *

= eqG
1 ap —ctr(z)) \ca ag — catr(z) Cras + ey — creatr(z) * P

and (ay — c12)(az — c22) = (a1as — (a1co + c1a2)z + c1c22%) = (a1as — c1caN(2)) —
(c1a2 + a1ca — creatr(z))z € F(z)*. This implies that j, is a group isomorphism.
(c) Since GY = ker (v,,. o det: G, — Z), part (b) implies that

§2(G9) = ker (’Uﬂ-F oN: F(2)* — ) O;(Z)

Similarly, because SLy(F), = ker (det: G, — F*), using N o j, = det, we see that
J2(SLa(F),) = ker N, which is contained in O;(Z). O

Corollary 2.2.6. Let L = F(z) be a quadratic unramified extension of F. Then
GY-SLy(F) = G°.
Proof. Let g € GY so that det(g) € Of. Since the residue field kg is finite, the
norm map N : kf — kj on residue fields is surjective by [35, p. 82, Remark(1)].
Since L/F is unramified, the norm map N : O — O is surjective by [35, p. 82,
Corollary], so we can find z € O such that N(x) = det(g). Using Lemma[2.2.5(c)
we can choose h € G such that j.(h) = z. Then Lemma b) implies that
det(h) = N(j.(h)) = N(z) = det(g),s0 g = h-h~'g € GY-SLy(F) as required. O
When F(z) a quadratic extension of F', we define a continuous homomorphism
Jo: GY — F(2)* by setting

—

j;(g) = j.(g) forall ge GY.
Lemma 2.2.7. Suppose that F(z) is a quadratic extension of F'. Then

Hom (G2, K (2))[] = Hom(GY, sy (F(2))) = (72)
is a cyclic group. Its order is ¢? — 1 if F(z)/F is unramified, and ¢ — 1 otherwise.
Proof. Since j,: G% — O;( ) is an isomorphism of topological groups by Lemma
-(b ¢), it suffices to show that every element of Hom(O>< F(2) K(z)*)[p'] is of the
form a — a" for some k € Z. Since the kernel of *: O} Rz My (F(2)) is pro-p,
any 0 € Hom((’);(z), K(z)*)[p] factors through *. Since p, (F(2)) is cyclic of order
¢*> —1if F(z)/F is unramified and cyclic of order ¢ — 1 if F'(z) is ramified the result
is now straightforward. O

2.3. Quaternions. We use [29] §1.4] and [28] as basic references for this material.
By [28, Proposition 12.5b, Theorem 17.10] there is a central division algebra D
over F' of dimension 4 which is unique up to isomorphism. The norm on F' extends
uniquely to a norm | - |p on the division algebra by [28, Proposition 17.6].

Notation 2.3.1. Let Op := {d € Op : |d|p < 1} be the maximal order in D,
Pp :={d € Op : |d|p < 1} its unique maximal ideal and let kp := Op/Pp. We
will write wp : OF — kJ; to denote the reduction map modulo Pp on multiplicative
groups. Let L denote the unramified quadratic field extension of F'; the reduction
map wy, : OF — k' on multiplicative groups is defined similarly.
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We recall the Noether—Skolem Theorem.

Theorem 2.3.2 (Noether—Skolem). Suppose that B is a central simple algebra over
F and that A is a simple subalgebra of B. If x: A — B is an algebra homomorphism
then there is b € B* such that y(z) = bzb~! for all z € A.

Proof. See |28, Noether—Skolem Theorem 12.6]. O

Corollary 2.3.3. D* acts transitively on the set of F-algebra homomorphisms
t: L — D via conjugation:

(d-1)(z) =du(x)d™* forall de D* ze€lL.
Recall the reduced norm map Nrd: D* — F* from [28, Chapter 16].
Proposition 2.3.4. The derived subgroup of OF is the intersection of
ker (Nrd |y : OF = Off) and ker (wp : OF = k}y) -
Proof. Since O and k[ are both abelian groups, the derived subgroup must be

contained in the intersection given in the statement. By a result of Riehm [31], the
two subgroups are in fact equal — see the remark following [29] Theorem 1.9]. O

Definition 2.3.5. Let P} denote the following subgroup of O} :
Pl :=kerNp;p N ker(wy:Of — k}).
Lemma 2.3.6. P} is the Sylow pro-p subgroup of ker Np/p.

Proof. Since kerwy, (and hence P}) is pro-p, certainly P} is contained in the Sylow
pro-p subgroup S of ker Ny ,p. On the other hand, since ker Nz, /p < O} and since
k} has no elements of order p, wy, must kill S and hence S is contained in P}. O

Let 0: OF — (O})* denote the canonical projection.

Proposition 2.3.7. The F-algebra homomorphism ¢ : F' < L induces an isomor-
phism of profinite abelian groups

0ot OF /PL — (0p)™.

Proof. The projection p appears in the following diagram:

X L X @ X \ab
OL OD (OD)
NL/FXUJLi J{Nrd X/
OX x k¥ 0% x k¥
F L id Xz F D

We have Nrdow = Np,p by [28, Proposition 16.2(b)]. The inclusion ¢ : L < D
induces ring homomorphisms ¢ : O — Op and 7 : kp — kp EL and we have
wp ot =rtowyr . We can now see that the square on the left is commutative. Since
OF x kf is abelian, Nrd xwp factors through p, giving the diagonal arrow ¢ and
making the entire diagram commutative.

Proposition tells us that ker o = ker(Nrd xwp), so the map ¢ is injective.
Since 7 is injective, chasing the diagram shows that

ker(o o) = ker(qo g o) = ker((Nrd xwp) o 1) = ker(Ny,p X wr) = P.

41 fact, 7 is an isomorphism
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Hence got: OF — (OF)*" descends to give an injective group homomorphism

001: O /P} — (OF)™.

Since both OF /P} and (Og)ab are abelian groups that are virtually pro-p, to show
that g o7 is surjective, it suffices to check this on the Sylow pro-p subgroups of both
groups, and on the subgroups of elements of order coprime to p.

The Sylow pro-p subgroup S of (Of)?" appears in the commutative triangle

oL

1+ 7rO0p S

q
m J«

(1+7pOF) x 1

where the diagonal arrow is surjective by [35], Chapter V, Proposition 3(a)]. Since
q is injective, we see that pot: 14+ 7pOp — S is surjective as well.

Finally, kerwp = 1 + Pp is a pro-p subgroup of OF, so ¢ : OF — (0F)*
induces a surjective homomorphism k5 — (OF)2P[p]. Since 7 : k;, — kp is an
isomorphism, this implies that g oi: OF[p'] — (OF)?P[p'] is surjective as well. O

Corollary 2.3.8. Let ¢ : L — D be an F-algebra homomorphism.
(a) There is an isomorphism of abelian groups

o~

060" : Hom(0}, K*) — Hom(OF / P}, K*).

(b) This induces a bijection
700 : Hom(O}, K*)/D* — Hom(O} /P}, K*)/ Gal(L/F).
(¢) The bijection go¢* does not depend on the choice of «.

Proof. (a) This follows immediately from Proposition m
(b) Let Gal(L/F) = (o); then, by [28] Theorem 17.10, Proposition 15.1a], we
can find an element II € D such that II? = 7p and

M u(a) T =i(o(a)) forall acL.

Since O is normal in D*, there is a natural conjugation action of D* on (O})*P

which evidently factors through D*/F* O}, a group of order 2 generated by the
image of IT. Then the above formula shows that this action of D* /F*Of on (O};)*"
corresponds under the isomorphism g ¢ to the natural Gal(L/F)-action on OF /P}.
Hence, the isomorphism in part (a) is equivariant with respect to the D> /F*O}-
action on Hom (O}, K*) and the Gal(L/F)-action on Hom(Oj /P}, K*), when we
identify Gal(L/F) with D*/F*O} via o — IL

(c) Let «/ : L — D be another F-algebra homomorphism. Then by Corollary
We can find d € D* such that /(z) = d «(z) d~! for all z € L.

Let cq : OF — OF and ¢q : (05)*® — (OF)?" denote the conjugations by d, so
that ¢/ = cqor and ¢gop = pocy. Then ¢gopor = pocgor = pot/, socgooot=po .

*

— _ —
Hence oot =p0or* o¢g* and we can now see that pot =poc".

O
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2.4. Equivariant sheaves and amalgamated products. We begin by recalling
some material from [2] §2.3]; note that the notion of G-equivariant sheaf found in
this reference agrees with that found in [I5] IV.8.2], up to a sign. Let X be a set
equipped with a Grothendieck topology in the sense of [6, Definition 9.1.1/1]. Note
that we do not assume at the outset that there is a final object in the category of
admissible open subsets of X, as X is not itself required to be admissible open in
the G-topology.

Let Homeo(X) be the group of continuous bijections from X to itself. We say
that a group G acts on X if there is given a group homomorphism p : G —
Homeo(X). If this action is understood, we write gU to denote the image of an
admissible open subset U of X under the action of ¢ € G. For every g € G,
there is an auto-equivalence p(g). of the category of sheaves on X, with inverse
p(g)* = p(g~1)«. To simplify the notation, we will simply denote these auto-
equivalences by g, and g*, respectively. Thus

(9:F)U) = F(g~'U) and (¢9"F)(U) = F(gU)
for all admissible open subsets U of X and all g € G.

Definition 2.4.1. Let G act on X, and let F be a presheaf of R-modules on X,
where R is a commutative base ring.

(a) An R-linear equivariant structure on F is a set {g” : g € G}, where
g F-g'F
is a morphism of presheaves of R-modules for each g € G, such that
(2) (gh)F =h*(g7)oh” forall g,he @G, and 17 =1x.

(b) An R-linear G-equivariant presheaf is a pair (F,{g” }sec), where F is
a presheaf of R-modules on X, and {g” },c¢ is an R-linear equivariant
structure on F.

(¢) A morphism of R-linear G-equivariant presheaves

e (FAd™H = (F ™D
is a morphism of presheaves of R-modules ¢ : F — F' such that
g*(p)og” = g7 op forall geG.

We will frequently use this abuse of notation, and simply write ¢(z) to mean
©(U)(z) if = is a section of F over the admissible open subset U of X. Note that
with this abuse of notation, the cocycle condition becomes simply

(3) g7 (W7 (x)) = (gh)T (x) forall =€ F,g,he€q.

When the base ring R and the R-linear equivariant structure on a sheaf F of R-
modules is understood, we will simply say that F is a G-equivariant sheaf, and omit
the equivariant structure from the notation.

Definition 2.4.2. Let F be a presheaf of R-modules on X.

(a) An automorphism of F over X is a pair («, 8), where o« € Homeo(X) and
B : F — o F is an R-linear isomorphism of presheaves on X.
(b) Define Aut(F/X) to be the set of all automorphisms of F over X.
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(¢) Given (a1, 1), (a2, B2) € Aut(F/X), define
(a1, f1)D(azg, B2) = (aaz, a3 (f1) o fa).-
This is again an element of Aut(F/X).

Lemma 2.4.3. Let F be a presheaf of R-modules on X. Then the binary operation
O turns Aut(F/X) into a group.

Proof. The identity element is (1x,1x). Let (ay, 8;), i = 1,2, 3 be three elements of
Aut(F/X). Checking that the operation [ is associative boils down to the formula

az(a3(B1) o B2) o B3 = (az2a3)"(B1) o a3(B2) o Bs,
which is readily verified. The inverse of (o, 8) € Aut(F/X) is (™1, au(B)71). O

By Definition c), the first projection map pr; : Aut(F/X) — Homeo(X) is
a group homomorphism.

Definition 2.4.4. Let G be a group acting on X via p : G — Homeo(X), and let
F be a presheaf of R-modules on X. Form the fibre product

Aut(F/X/G) =G X Aut(F/X)

Homeo(X)
with respect to the group homomorphisms
p:G — Homeo(X) and pr;: Aut(F/X) — Homeo(X).
By definition, the elements of Aut(F/X/G) have the form (g, (p(g), 3)) for some

g € G and some R-linear isomorphism g : F = g*F; evidently, such an element
is completely determined by the pair (g, 3). In order to simplify the notation, we
will abuse notation and write

Aut(F/X/G) = {(gaﬁ) rgeG, B:F = gF R—linear},
where the product is given by the formula

(4) (91, 81)0(g2, B2) = (9192, 95(B1) © B2).

Definition 2.4.5. Let G be a group acting on X via p : G — Homeo(X), and let
F be a presheaf of R-modules on X. Define

S(G,F) :={o € Hom(G, Aut(F/X/Q)) : pr, oo = 14}
to be the set of sections of the first projection pry : Aut(F/X/G) — G.
We make these definitions in order to formulate the following

Lemma 2.4.6. Let G be a group acting on X via p : G — Homeo(X), and let F
be a presheaf of R-modules on X. Then the rule

{97}ec = [97 (9:97) € Aut(F/X/G)]
defines a bijection between the set all R-linear G-equivariant structures on F and

S(G, F).

Proof. Let {g” }4cc be an R-linear G-equivariant structure on X. Define the map
o G — Aut(F/X/G) by setting a(g) = (g,g9”) for all g € G. Using the cocycle
condition , we compute that for all g, h € G we have

o(gh) = (gh,h*(¢97) o b)) = (9,97 )O(h, b)) = o (g)0o (h).
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Since o(1) = (1,17) = (1,1%), we see that ¢ is a group homomorphism such that
pr; oo = lg, that is, 0 € S(G, F).

Conversely, for each 0 € S(G,F), the set {pry(c(g))}gec forms an R-linear
G-equivariant structure on F by reversing the above argument. (]

Next, we recall the following definitions from [2]:

Definition 2.4.7. Let G act on X, and let A be a sheaf of R-algebras on X.

(a) We say that A is a G-equivariant sheaf of R-algebras if there is given an R-
linear G-equivariant structure {g** : g € G} such that each g* : A — ¢g* A
is a morphism of sheaves of R-algebras.

(b) Let A be a G-equivariant sheaf of R-algebras on X. A G-A-module is
an R-linear G-equivariant sheaf M on X, such that M is a sheaf of left
A-modules and gM(a - m) = g(a) - g™(m) forall g € G, a € A,m € M.

We want to study all possible G-A-module structures on a given A-module M.

Definition 2.4.8. Let G act on X, let A be a G-equivariant sheaf of R-algebras
on X and let M be an A-module. We define

,_ (9,8) € Aut(M/X/G):
Auta(M/x/G)i= | 00 & A e A )

Lemma 2.4.9. With the hypotheses of Definition Aut 4(M/X/G) is a sub-
group of Aut(M/X/G).

Proof. Tt is clear that (1,1x) lies in Aut 4(M/X/G). Let (g1,51) and (g2, 82) be
two elements of Aut 4(M/X/G), so that

(5) Bila-m)=(g;-a)- Bi(m) forall ae€ A meM,i=1,2.

Let (g3, 83) == (91, 8)0(g2, B2) so that g3 = g1g2 and B3 = ¢5(B1) o B2. On local
sections, 3 is simply the composition (182. For any a € A and m € M, we use

the fact that A is a G-equivariant sheaf together with to compute

Bsla-m) = Pi(Ba(a-m)) =Pi((g2-a)- fa(m)) = (g1 (92 - a)) - B1(B2(m))

= ((9192) - a) - (B1B2(m)) = (g3 - a) - Bz(m).

So, (g3, 83) € Aut 4(M/X/G) and Aut 4(M/X/G) is closed under composition.

To show that Aut4(M/X/G) is stable under inversion in Aut(M/X/G), let
(g,8) € Aut 4(M/X/G). Then for b:=g 1-a € Aand w:= 71 (v) € M we have
Bb-w) = (g-b)-B(w) = a-v. Applying B~! to this equation gives 71 (a - v) =
bow= (9" a) BH(v),s0 (g,8)"" = (971, 9.(B7")) € Autu(M/X/G). 0
Definition 2.4.10. With the hypotheses of Definition define

S4(G,M) :={o € Hom(G, Aut 4(M/X/G)) : pry oo = 1g}

to be the set of sections of the first projection pry : Aut 4(M/X/G) — G.

We can now give the generalisation of Lemma to the case of A-modules:
the proof is completely straightforward and is therefore omitted.

Proposition 2.4.11. Assume the hypotheses of Definition 2:4.8f Then
{¢Mgea — 9 (9,9™) € Auta(M/X/@))]

defines a bijection between the set all G-.A-module structures on M extending the
given A-module structure on M, and S4(G, M).
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Next, we briefly study the functorialities of Aut 4(M/X/G) and S4(G, M).

Lemma 2.4.12. Assume the hypotheses of Definition [2.4.8] and let H be a sub-
group of G.
(a) Auty(M/X/H) is a subgroup of Aut4(M/X/G).
(b) Restriction of functions induces a map Res$ : S4(G, M) — Sa(H, M).
(¢) For any subgroup J of H, we have Res? = Reslf o Resg.

Proof. (a) An element of Aut 4(M/X/H) is a pair (h, 3) where h € H and 8 : M —
h*M is an R-linear isomorphism of sheaves such that 8(a-m) = (h-a) - 8(m) for
all a € A and m € M. Evidently such a pair is also an element of Aut4(M/X/G).

(b) Given a group homomorphism o : G — Aut 4(M/X/G) such that pry oo =
1g, the restriction o|g : H — Aut 4(M/X/G) takes values in Aut 4(M/X/H). It
is still a group homomorphism, and pry oo|g = (pry oo)|g = (1¢)g = 1y. Hence
o+ 0|y defines the required function Res$ : S4(G, M) — Sa(H, M).

(c) This is clear from the definitions. O

We now come to the application of the above formalism. Suppose that the group
G is equal to an amalgamated product

G=AxB
c

of its subgroups A and B, along their common subgroup C. Using Lemma [2.4.12]
we see that sending o € S4(G, M) to the pair (ResG (¢), Res(0)) defines a function
(6) SA(G,M) —)SA(A,M) X SA(B,M).

SaA(CM)
Theorem 2.4.13. Let G be a group acting on X, let A be a G-equivariant sheaf
of R-algebras on X and let M be an A-module. Suppose further that G is equal to
the amalgamated product G = A x B of its subgroups A and B along their common

subgroup C. Then the map @ is a bijection.

Proof. Using Lemma [2.4.12|(a), we have the commutative diagram of groups and
group homomorphisms

Aut4(M/X/A)

Aut4(M/X/B)

Let 01,00 € S4(G, M) be such that ResG(01) = ResG(02) and ResG(oy) =
Res$(03). Using the above diagram, we may regard o; and oy having the same
target Aut 4(M/X/G). Then (01)|a = (02)|a and (01)| = (02)|p. Since A and
B generate G as a group, it follows that o1 = os.

Suppose now that (7, ) is an element of the fibre product on the right hand side
of (6). Then 7: A — Aut4(M/X/G) and ¥ : B — Aut4(M/X/G) have the same
restriction to C. By the universal property of amalgamated products — see [36,
equation (x),§ 1.1] — 7 and v extend to a unique group homomorphism o : G —
Aut 4(M/X/G) such that |4 = 7 and o|p = 9. Then (pr; oo)|a = pr; o(cla) =
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pryor = 14 and (pry o0)|p = pr; o(0|p) = pry oY = 15 because 7 € Sx(M/X/A)
and ¥ € Sy(M/X/B). Since A and B generate G as a group, and the group
homomorphism pr; oo : G — G fixes both A and B pointwise, we conclude that
pry oo = 1. So, 0 € SA(M/X/G), ResG (o) = 7 and Res$ (o) = 1. O

To spell out the meaning of Theorem together with Proposition [2.4.11
the data of a G-A-module structure on M is equivalent to the data of an A-A-
module structure and a B-A-module structures whose restrictions to a C-.A-module
structure agree.

3. TOPICS IN RIGID ANALYTIC GEOMETRY

3.1. Line bundles with flat connection on smooth rigid spaces. Let X be
a non-empty, smooth rigid K-analytic space and let D denote the sheaf of finite
order K-linear differential operators on X; see, for example, [25, §4.3]. By a line
bundle with flat connection we mean a D-module .Z on X which is invertible as an
O-module.

If £ and .# are two line bundles with flat connection on X, then so are Z®¢ .#
and L% = Homp (L, 0): the tangent sheaf Tx acts via the Leibniz rule on
¥ ®0 A, and on L2~ via the rule

(v-fHl)=v-fll)— flv-£) forall veTx,fe€ Lo ve 2.
Definition 3.1.1.

(a) PicCon(X) denotes the abelian group of isomorphism classes of line bundles
with flat connection on X under the operation —®e-.

(b) Con(X) := ker(PicCon(X) — Pic(X)) denotes the group of isomorphism
classes of line bundles with flat connection on X that are trivial after for-
getting the connection.

We now show that when X is connected, .Z is a simple Dx-module for any
[-Z] € PicCon(X). We start with the case where X is K-affinoid.

Lemma 3.1.2. Suppose that X is a connected K-affinoid variety such that 7x is a
free Ox-module. Then for every [.Z] € Con(X), .Z(X) is a simple D(X)-module.

Proof. Suppose that n = dim X. Following the formalism of [25] §1] we see that
O(X) satisfies the conditions found in §1.1.2 of loc. cit. Let 01,...,0, denote a
free generating set for 7(X) as a O(X)-module so we may consider
D(X) =0O(X)[01,...,0n]
as a filtered K-algebra with associated graded ring
grD(X) =2 O(X)[Th,...,Tx)

with O(X) in degree 0 and T4, ..., T, in degree 1, the principal symbols of 91, ..., 0,
respectively.

The filtration of .Z(X) whose Oth filtered part is .Z(X) and whose —1st filtered
part is 0 is a good filtration, so that

gr Z(X)2O0X)[T,...,T,]/(T1,...,T,).
Since X is also connected, O(X) is an integral domain by the proof of [3, Propo-
sition 4.2]. Thus any non-zero proper D(X)-module quotient of .Z(X) must have

dimension < n. However, by [25, Théoreme 1.1.4, Corollaire 1.2.3], no such D(X)-
module can exist and so .Z(X) is a simple D(X)-module as claimed. O
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Proposition 3.1.3. Suppose X is connected and that [£] € PicCon(X). Then
£ is simple as a D-module.

Proof. Since .Z is a line bundle, there is an admissible cover U of X consisting of
K-affinioid subdomains such that the line bundle .Z|y is trivial for all U € U. By
passing to a refinement, we may also assume that for each U € U, U is connected
and that Ty is a free Oy-module.

Suppose that .# is a subobject of .Z as a D-module and consider

Vi={UecU: #(U)=LU)} and Vo = {U €U : #(U) = 0}.
Then U is the disjoint union of V; and V, by Lemma [3.1.2} Now if U € V; and
V €V, with UNV # (), then
LUNV)=20UNV)@ow) AU)=Z4UNV)=20UNV)R@ow) #(V) =0,

a contradiction. Since X is connected, it follows from the definition of connectedness
of a rigid analytic spaceﬁ found on [6l, p. 337] that i/ = V; orU = Vy. Hence # = ¥
or ./ = 0 as required. O

Whenever .# is a D-module on X, we have at our disposal the K-vector space
of global horizontal sections

MX)TEO= = Ime #(X):0-m=0 forall dcT(X)}.
Similarly, when z € X, we have the vector space of local horizontal sections
///)?;’“ZO ={me€ Mx,:0-m=0 forall 9€ Tx.}
These vector spaces are related as follows.

Lemma 3.1.4. Let .# be a D-module on X.

(a) There is an injective K-linear map
Homp (O, #) < 4 (X)T =0

given by ¢ +— ¢(X)(1). This map is functorial in .# and commutes with
restriction to admissible open subspaces U of X.

(b) Suppose that T is generated as an O-module by its global sections. Then
the map in part (a) is an isomorphism, and for every x € X, restriction

sends . (X)7T)=0 into ///;f;’mzo.

Proof. (a) Recall that for any O-module § on any ringed space (X,0), the rule

¢ = ©(X)(1) gives a functorial bijection Homp (O, F) = F(X), whose inverse
sends the global section f € §F(X) to the O-linear map ry : O — § sending a € O(Y)
to a - f|y. In our setting, this bijection sends the D-linear homomorphisms to the
global horizontal sections, because 1 € O(X) is killed by T(X). The first statement
follows, and the second is clear.

(b) Suppose that f € .#(X) is such that 7(X) - f =0. Then T(U) - fly =0
for all admissible open U C X because T is generated by global sections. It follows
that the map r;(U) : O(U) — #(U) is D(U)-linear, and hence ry € Homp (O, ).

The second statement holds because global horizontal sections of .Z restrict to
local horizontal sections of .# whenever T is generated by global sections. O

5See also [5} p. 108] for a discussion of connectedness in rigid analytic geometry
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Before we can proceed, we recall some well-known facts about the local structure
of smooth rigid spaces.

Lemma 3.1.5. Let K(z) := Ox ,/mx, denote the residue field of z € X.
(a) Ox 4 is a regular local ring.
(b) There exist local parameters t1,--- ,tq € Ox,, and derivations vy, -+ ,v4 €
Tx,» such that v;(t;) =6, ; forall ¢,j =1,--- ,d.
(¢) The mx z-adic completion Ox , of Ox , is isomorphic to the formal power
series ring K (z)[[t1, - - , td]]-

— Tx,2=0

(d) The natural map Ox , — K(z) is an isomorphism.

(e) The restriction map O(X) — Ox , is injective whenever X is connected.

Proof. (a) This follows from the smoothness of X.

(b) This follows from the proof of [I8 Theorem A.5.1].

(¢) Since K is a field of characteristic zero, the local ring Ox , is equi-characteristic.
Hence it admits a coefficient field by [24, Theorem 28.3]. The result now follows by
using part (a) together with [4, Theorem 11.22].

(d) This follows immediately from (b) and (c).

(e) Suppose that f € O(X) maps to zero in 5; Since Ox , is a regular
local ring by (a), it embeds into 5; by [, Corollary 10.19], and hence the germ
fo € Ox 4 of f at x is zero. Hence there exists an affinoid subdomain U of X
containing x such that f|y = 0. Let Z = V(fOx) denote the closed K-analytic
subspace of X cut out by f; then U C Z. Since X is smooth, it is normal in the

sense of [I2]. Since it is also connected, [I2, Lemma 2.1.4] ensures that Z = X.
Since X is reduced, it follows that f = 0. O

Following [12, p. 508], we say that the rigid K-analytic space X is geometrically
connected if X, := X x g L is connected for all finite extensions L of K.

Proposition 3.1.6. Suppose that X is geometrically connected and that T is
generated as an O-module by its global sections. Then

Ox)T0=0 = k.

Proof. Pick a point € X and consider the completion 5; of the local ring Ox

at . Since X is connected, the restriction map O(X) — Ox 5 is injective by Lemma
3.1.5(e). This restriction map sends the K-subalgebra L := O(X)7(X)=0 of O(X)

/\TX,EZO

into Ox by Lemma (b), which is isomorphic to the residue field K(x)
by Lemma[3.1.5(d). Since K (z) is finite dimensional over K, we see that L is a finite
field extension of K. If L was a proper field extension of K, then base changing X
to L would yield non-trivial idempotents in L& L C O(X)® L = O(Xr) and show
that X, is not connected. Since X was assumed to be geometrically connected, we
conclude that L = O(X)7()=0 is in fact equal to K. O

As a consequence, we can characterise the trivial line bundle with trivial con-
nection in terms of its horizontal sections under certain assumptions on X.

Corollary 3.1.7. Suppose that X is geometrically connected and that T is gener-
ated as an O-module by its global sections. Then for every [£] € PicCon(X), the
following are equivalent:
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(i) & is the trivial line bundle with trivial flat connection,
(ii) dimg 2(X)7TX)=0 =1,
(iii) -Z has a non-zero global horizontal section.

Proof. (i) = (ii). This follows from Proposition

(ii) = (iii). This is clear.

(iii) = (i). By Lemma b)7 there is a non-zero D-linear map O — Z. Since
X is connected and since O and .Z are both simple D-modules by Proposition[3.1.3]
this map must be an isomorphism. O

Proposition also implies that an isomorphism between two line bundles
with flat connection is unique up to scalars.

Corollary 3.1.8. Suppose that X is geometrically connected and that 7 is gen-
erated as an O-module by its global sections. Let 1,02 : 24 — % be two
isomorphisms between two line bundles with flat connection on X. Then there is a
scalar A € K* such that @2 = Apy.

Proof. By tensoring ¢; and @o by £ ! we may assume that %% = O. But then
pr1095 "t : O — O is a D-linear isomorphism, so by Lemma a) and Proposition
it is given by multiplication by a non-zero scalar in K. O

Proposition 3.1.9. Suppose that (X,,),>0 is an increasing admissible covering of
X by geometrically connected affinoid subdomains.

(a) X is also geometrically connected.
(b) If T is generated as an O-module by its global sections, then the restriction
maps PicCon(X) — PicCon(X,,) induce a natural isomorphism

PicCon(X) —» lim PicCon(X,,).

Proof. (a) By base-changing to C, it is enough to show that X is connected. If
it isn’t, then we can find two non-empty families of non-empty admissible open
subsets U and V of X, such that &/ UV is an admissible covering of X and

UuvnlJv=0.

Ueu vey

Since the admissible covering (X,,) was assumed to be increasing, we can find n > 0,
UeclU and V € V such that X,, NU and X,, NV are both non-empty. But then
{UNX, :UelU} and {VNX,:V €V} together form an admissible cover of X,
that disconnects it, giving the required contradiction.

(b) Suppose that [.Z] € PicCon(X) is such that [Z|x,] = 0 in PicCon(X,,)
for all n. Since T is generated as an O-module by its global sections, .Z7=0 is a
subsheaf of .Z with Z(X,,)7=" = K for all n by Proposition It follows that
all restriction maps .Z(X,41)7 =% — £(X,,)7=0 are isomorphisms. Hence by the
sheaf condition on .Z7=% Z(X)7=° = K. Using part (a) together with Corollary
[3-1.7, we now see that [£] = 0 € PicCon(X).

To see that the homomorphism is also surjective we consider a family of line
bundles with connection [.Z,],,>0 € [],>0 PicCon(X,) such that

[Znlx,. ] = [-%n] in PicCon(X,,) whenever n > m.
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Choose isomorphisms of D-modules ¢, : Ln+1lx,, =, %, for all m > 0. Then

whenever n > m we can define an isomorphism of sheaves ¢y, 1 2 |x,, — -Zm by

Pn,m = (pn—1|Xm ©---0 Qolem'
Then the construction in [16], §4.4] gives a sheaf .% of D-modules on X together with

isomorphisms of D-modules .Z|x, =5 %,. Because each .Z (Xp) is free of rank 1
over O(X,,), we see that % must be a line bundle on X. Hence [.Z] € PicCon(X)
is the required preimage of [.£,] € <h_m PicCon(X,,). O

The following result will also be useful.

Corollary 3.1.10. Suppose that X is geometrically connected and that 7 is gen-
erated as an O-module by its global sections. Then for every positive integer d, the
abelian group O(X)*/K* has no d-torsion.

Proof. Suppose that f € O(X)* with f¢ € K*. Then for every 0 € T(X) we see
that 0 = 9(f%) = df*19(f). Since df¢~1 € O(X)* it follows that O(f) = 0. Thus
f € K* by Proposition O

Lemma 3.1.11. Suppose that a group G acts on X in the sense of Then G
acts naturally on PicCon(X) by abelian group automorphisms via

9- 2] =921

where ¢,.Z is a D-module via the ring isomorphsim (¢=1)?: D = g+D.
Moreover Con(X) is a G-stable subgroup of PicCon(X).

Proof. We can check that g - ([Z][#]) = (9 - [L])(g - [#]) for any [Z],[#] €
PicCon(X), because g.(-Z ®o ) is naturally isomorphic to (¢..Z) ®g.0 (g« )
as a g, D-module.

Since ¢,.Z is trivial as a line bundle whenever .# is trivial as a line bundle the
last part is immediate. (Il

Remark 3.1.12. We note more generally, in the context of Lemma [3.1.11] that if
U is an admissible open subspace of X, each g € GG induces a group isomorphism
PicCon(U) — PicCon(g - U); [Z] — [9+Z] where again g,.Z is a Dgyy-module via
the ring isomorphism (g=1)P: Dy — g«Dy. Moreover these restrict to isomor-
phisms Con(U) — Con(g - U).

We will now construct some connections on the trivial line bundle by using units.

Lemma 3.1.13. Suppose that d is a positive integer and v € O(X)*. Then there
is a unique element [.Z, 4] of Con(X) such that .Z, 4 has a free generator v as a

O-module with 9(v) = é@v forall 0 € T.

Proof. Suppose that .Z = Ow is a line bundle with a flat connection satisfying

for all 0 € T. For all f € O and 0 € T, necessarily

o) = (00 + 2% )
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so as D is generated by O and T there is at most one element of Con(X) with the
property given in the statement. To prove the existence of such a line bundle with
flat connection it suffices to show that for all 01,9, € T

(0102 — 0201)(v) = [0102](v)

where [——] denotes the Lie bracket on 7. But
10
h) = o (d 215 %)
_ 6 (32( ))U_’_}@z(u)lal(u)v
U d v d u
o 1u8182(u) — 82(’&)81(101] + l@g(u) 181 U)U
d u? d v d u
and so
1[010
(8162 _ 8281)(1}) — E[ 1 Z](U)
as required. O

Proposition 3.1.14. Suppose that X is geometrically connected and that 7 is
generated as an O-module by its global sections. For every non-zero integer d, there
is a homomorphism of abelian groups O(X)* — Con(X) given by u — [.Z, q4]. The
kernel of this homomorphism is K*O(X)*? and its image is Con(X)[d].

Proof. Suppose that uy,us € O(X)*. Then if, for i = 1,2, v; generates %, 4 with
o(v;) = é%, v] ® v is a generator of £, 4 ® £, 4 and

6(1}1 ®U2) = 8(1}1) ®’U2 +’U1 ®8(U2)
1 8(u1) 8(U2)
(T + 52 ) e
1 G(ulug)

= g iy (1}1@1)2)

for all @ € T. Thus u — [.Z, 4] does define a homomorphism.

Note that v € O(X)* is in the kernel of the homomorphism if and only if
[Zu,d) = [O.v] = [0] in Con(X). That is, u is in the kernel if and only if there is
w € O(X)* such that d(wv) =0 for all 9 € T(X). But

O(wv) = (M—F 1 o(u ))wv

w d u

Now
a(uu;d) _ A(u) . da(w)
uw u w

so O(wv) = 0 if and only if d(uw?) = 0. Thus by Proposition [3.1.6] the kernel is
precisely K*O(X)*? as claimed. Moreover [Efg} = [ZLya.q] = [O] so each [Z, 4]
is indeed d-torsion.

Given [.Z] € Con(X)[d], we use the hypothesis that .Z is trivial as a line bundle
to pick a generator v € Z(X) as an O(X)-module, and we choose a D-linear
isomorphism ¢: £®? =5 O using the fact that d - [#] = 0 in Con(X). We claim

that if ¢¥(v®?) = u then d(v) = % a(u for all & € T and so [£] = [Lu.4). For
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this we compute that d(v®?) = @v‘g’d for all 9 € T. But if (v) = av then
O(v®) = dav®? so a = %8T“) as claimed. O

Definition 3.1.15. Suppose that X is geometrically connected and that T is gen-
erated as an O-module by its global sections. We define
0q4: Con(X)[d] — O(X)*/K*O(X)*?

to be the inverse of the isomorphism induced by the homomorphism u — [.Z), 4] in
Proposition

The proof of surjectivity in Proposition shows that 84 ([Ov]) is determined
by the image of v®¢ under any D-linear isomorphism 1: (Ov)®? = 0, via
(7) 0a([Ov]) = (V=) KX O(X)*.
Proposition 3.1.16. Suppose that X is geometrically connected and that 7 is

generated as an O-module by its global sections. Let G be a group acting on X.
Then for every non-zero integer d, 84 is a G-equivariant isomorphism

f4: Con(X)[d] — O(X)*/K*0O(X)*".

Proof. Let g € G, [£] € Con(X)[d] and fix a D-linear isomorphism ¢ : £®4 =5 ©.
The map ¢g© : O — g*O is a D-linear isomorphism, so g© o1) : L% — ¢*O is also a
D-linear isomorphism. After identifying g.(Z®?) with (¢..2)®? and g.(g*O) with
O, we obtain a g,D-linear isomorphism
V= g.(g% o) 1 (9.2)P = O,

Recall Lemma that g - [Z] = [9+-Z], where D acts on ¢, via the ring
isomorphism (¢~1)? : D = g9+D. So 1’ becomes an D-linear isomorphism in this
way, and we can use it to compute 04([¢9.-Z]) as follows: let v € £ (X) be such that
Z(X) = O(X)v; then by definition of ¢’ we have 1’(v®%) = g - 1 (v®%), so
0a(9-12)) = 0a([9:2)) = ¢/ (v*)KXO(X)*? = g-p(v¥) KX O(X)** = g-04([£])
as required. O
Remark 3.1.17. Proposition [3.1.16] can be viewed as saying that

[9+Z01.d] = [Z4u,a] € Con(X)][d].
More generally if U is an admissible open subset of X and u € O(U)* then

[g*gu,d] = [Diﬂyu,d] € Con(g - U).

3.2. Equivariant line bundles with flat connections. We now turn to a discus-
sion of equivariant line bundles with flat connection. In this section we will assume
that G is a topological group acting continuously on a smooth rigid K-analytic
space X in the sense of [2] Definition 3.1.8]. We first consider G-equivariant line
bundles. Our next definition, Definition [3:2:3] below, will require some preparation.

Lemma 3.2.1. Let .# be a coherent O-module on X. Suppose that {g/”}geg is
a G-equivariant structure on .#. Then for every affinoid subdomain U of X and
g € G, the structure map

g M(U) — A (gU)
is continuous with respect to canonical K-Banach topologies on the source and
target.
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Proof. Let U be an affinoid subdomain of X. By Kiehl’s Theorem — see, e.g. [10,
Theorem 4.5.2] — .#(U) is a finitely generated module over the affinoid algebra
O(U) because .#|y is a coherent Opy-module. Recalling from [32, Proposition
2.1] that every finitely generated module M over an affinoid algebra A carries
a canonical K-Banach-space topology, we see that .#(U) carries a canonical K-
Banach space topology. Fixing g € G, we can regard .# (gU) as an O(U)-module
via a twisted action, by defining a x v := (¢ - a)v for all a € O(U) and v € 4 (gU).
Then #(gU) is still a finitely generated O(U)-module, and the structure map
g?U) : M (U) — #(gU) is now a O(U)-linear homomorphism between two
finitely generated O(U)-modules. It is therefore automatically continuous by [L6,
Corollary 1.2.4]. O

Lemma 3.2.2. Let .# be a coherent Ox-module. Suppose that {g/”}geg is a
G-equivariant structure on .# and that L is a finite field extension of K. Then for
every z € X (L) there is a natural group homomorphism

(bz,//l: G, — AutL(%(z))
where .#(z) := L ®o,, 4. denotes the fibre of .# at z.

Proof. Let g € G,. The G-equivariant structure on O gives us a local K-algebra
automorphism g9 : Ox ., — Ox ., whereas the G-equivariant structure on .# gives
a K-linear automorphism g% : .#, — M, satisfying g/ (a.m) = ¢°(a) - g% (a)

for all a € Ox , and m € .#,. It is now straightforward to check that setting
g-M@m):=Ax®g%a) forall geG.,A\e€L,me ..
gives a well-defined L-linear action of G, on L ®o , .. O

Suppose that M is any K-Banach space. Then the K-algebra of bounded K-
linear endomorphisms B(M) is also a K-Banach algebra through the operator norm

[|T)| ;== sup %‘)‘ , S0 its unit group B(M)* becomes a topological group — using
veV\{0}
the geometric series, one can check that the inversion map on B(M)* is continuous.
If M C M is the unit ball in M, then the congruence subgroups of B(M)*
Ln(M) :={y € B(M)* : (y = 1)(M) C mpM}

form a fundamental system of open neighbourhoods of the identity in B(M)*.

X

Since any isomorphism of K-Banach spaces M =5 N induces an isomorphism of
topological groups B(M)* = B(N)* via ‘conjugation’, we see that the topology
on B(M)* only depends on the topology on M and not on any particular choice of
K-Banach norm on M.

Let .# be a coherent Ox-module and let {g"? } e be a G-equivariant structure
on .. For each affinoid subdomain U of X and each g € Gy, the maps g4 (U) :
AM(U) — #(U) induce, by Lemma a homomorphism

Gy — B(#(U))*.
Definition 3.2.3. A G-equivariant line bundle on X is a G-equivariant O x-module

% on X such that

(a) & is invertible as an Ox-module, and
(b) the action map Gy — B(Z(U))* is continuous for every affinoid subdo-
main U of X.
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Lemma 3.2.4. Ox with its usual equivariant structure is a G-equivariant line
bundle on X.

Proof. Let U be an affinoid subdomain of X. Consider the sup norm |- |y on
O(U) whose unit ball in A := O(U)°. For each n > 0, the congruence sub-
group I',, (O(U)°) of B(O(U))* contains the group G,» (A) appearing on [2, p. 19].
Through the Raynaud generic fibre functor rig, G,»(A) can be identified with a
subgroup of the group of K-linear automorphisms Autg (U, Op) of the G-ringed
topological space (U, Oy ). These subgroups of Autg (U, Oy ) form a filter base for a
certain topology on Aut g (U, Oy) — see [2, Theorem 3.1.5] — and the action map
Gy — Autg(U,Op) is continuous with respect to this topology by [2], Definition
3.1.8], because G is assumed to act continuously on X. It follows that the action
map Gy — B(O(U))* is continuous as required. O

A morphism between two G-equivariant line bundles . and .# is a morphism
of G-equivariant O-modules in the sense of [2, Definition 2.3.1(c)]. Given any such
morphism ¢ : £ — .# and an affinoid subdomain U of X, the map ¢p(U) : £ (U) —
A (U) is then an O(U)-linear homomorphism between two finitely generated O(U)-
modules, and is therefore automatically continuous.

Definition 3.2.5. We let Pic(X) denote the set of isomorphism classes of G-
equivariant line bundles on X.

Lemma 3.2.6. Let . and .# be G-equivariant line bundles on X. Then so are
L @0 M and L7 = Homo (L, O).

Proof. We can easily verify that the usual formula for tensor product and contra-
gredient representations satisfies Definition |3.2.3 (]

With respect to these operations Pic”(X) is an abelian group with unit given
by the structure {g°} on . = Ox.

Proposition 3.2.7. Suppose that L is a finite extension of K and z € X(L). There
is a natural group homomorphism ¢, : Pic®(X) — Hom(G., L*) given by

Proof. We note that if .Z is a line bundle on X with a G-equivariant structure then
Z(z) is a one-dimensional vector space over the residue field of the local ring Ox .,
and so, by Lemma ¢, can be viewed as a homomorphism G, — L*.

Next we show that ¢, ¢ is continuous. To this end we choose an affinoid sub-
domain U of X such that z: Sp(L) — X factors through U. Since G, N Gy is an
open subgroup of G, it suffices to show that ¢, ¢|g,nc. is continuous. Since the
natural map B(Z(U))* — L* is continuous this follows from Definition ).

It remains to show that ¢, is a group homomorphism. This is immediate, because
whenever .} and .%, are elements of Pic(X), there is a canonical isomorphism

(L ®o L) (2) = L1(2) @1 La(2)
which is compatible with the G-actions. g

This discussion leads us on to the following definition; for the notion of G-
equivariant D-module on X we refer the reader to [2, Definition 2.3.4].
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Definition 3.2.8. A G-equivariant line bundle with flat connection on X is a G-
equivariant D-module . on X, such that when .Z is viewed as a G-equivariant
Ox-module by restriction, it is a G-equivariant line bundle on X.

It follows easily from Lemma [3.2.4] that Ox equipped with the trivial connection
and its usual equivariant structure is a G-equivariant line bundle with connection.

We can also typically put other G-equivariant structures on the trivial line bundle
with trivial connection by considering Hom (G, K *), the abelian group of continuous
group homomorphisms from G to K*.

Definition 3.2.9. Given xy € Hom(G, K*) we define a new G-equivariant structure
on O equipped with the trivial connection: for each affinoid subdomain U of X and
for each g € G we define K-linear continuous maps

g°x(U): O(U) — O(gU)
by f = x(9)9°(f).

This family {g©x} then defines a G-equivariant line bundle with connection on
X in the sense of Definition [3.2.8| that we will denote by O,,. Note that condition
(b) in Definition |3.2.3|follows from the assumption that x : G — K* is continuous.

Lemma 3.2.10. Let £ and .# be G-equivariant line bundles with flat connection.
Then so are ¥ ®o 4 and L1 = Homp (L, O).

Proof. We saw at the start of that ¥ ®o A4 and £®~! are D-modules on
X. The usual formula for the tensor product and contragredient representations
allow us to see that they also carry standard G-equivariant D-module structures
and Lemma [3.2.6] shows that this makes them G-equivariant line bundles. O

Definition 3.2.11. We denote the set of isomorphism classes of G-equivariant line
bundles with flat connection on X by PicCon®(X).

In view of Lemma the operations —®p — and (—)®~! endow PicCon®(X)
with the structure of an abelian group. The unit element in this group is given by
the isomorphism class of Ox equipped with the trivial connection together with its
usual G-equivariant structure.

Definition 3.2.12. We define Con®(X) by
Con®(X) := ker(PicCon®(X) — Pic(X)),

the group of isomorphism classes of G-equivariant line bundles with flat connection
on X that are trivial after forgetting the connection and the G-action.

We record that Con is functorial in a natural way. For g € G we writecy: G — G

to denote conjugation by g; cy(z) = gzg~!.

Proposition 3.2.13. Let U be a geometrically connected admissible open subset
of X, and suppose that H is a closed subgroup of Gyy. Then for each g € G,

(a) the map [.Z] — [g.-Z] induces a natural isomorphism

g: PicCon™ (U) = PicCon’ (gU);
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(b) for L a finite extension of K and z € U(L), the following diagram commutes:

PicCon® (U') —%* > Hom(H., L*)

PicCon’ (gU) e Hom(YH,, L*).

Proof. (a) We've already seen in Remark that .Z — ¢.-% induces an isomor-
phism PicCon(U) — PicCon(gU).

It remains to see how the H-equivariant structure on . € PicCon’ (U) induces
an 9 H-equivariant structure on ¢,.%: for each h € H we have an isomorphism
h?: % — h*.%. This induces an isomorphism

(ghg™")#7: 9. L = (ghg™') 9. L = g.h* &L
given by (ghg=1)9*% = g.(h%). Tt is easy to verify that this induces the desired
isomorphism PicCon® (/) — PicCon’ (gU).

(b) Fix [.£] € PicCon™ (U) and consider the stalk (g..Z),.. of g..Z at g-z € gU.
There is a natural bijection between the affinoid subdomains of gU containing g - z,
and the affinoid subdomains of U containing z, given by V + ¢g~!'V. This gives a
K-linear isomorphism 7, : .2, — (9+.%)g.. which is appropriately equivariant with
respect to the H.-action on .Z, and the H,.., = 9H -action on (g..%),..:

Tg(h-m) =cq4(h)-14(m) forall heH,meZ..
Now let h € H,. Using Lemma we see that the scalar ¢,([Z])(h) € L™ is
completely determined by the following equation inside Z(z):
1®@h-m=0¢,(Z])(h)®m forall me.Z,.
Since ¢4(h) = ghg™! lies in H,.., we have a similar equation inside (g.-Z)(g - 2):
1®cg(h)-m = ¢g..([9+L])(cg(h)) ®m for all m € (g..L)g..

Note that the map 7, satisfies 7,(a - m) = g% (a) - 7,(m) for all a € Ox_,,m € Z,.
Therefore 1 ® 74 : L Qx £, = L @ (9+-L)g4.» descends to a well-defined L-linear
map Z(z) = (9+Z)(g- z). Applying this map to the first equation and comparing
the result with the second shows that

6. (L)) = 652 (92N (cg()) = (¢} 0 65z 0 (LLN(R) for all h € H..

This implies the commutativity of the diagram in the statement. O

Forgetting the G-equivariant structure gives us a functor w from the category of
G-equivariant line bundles with flat connection on X and isomorphisms between
them to the category of line bundles with flat connection on X and isomorphisms
between them. Moreover w induces a group homomorphism

w: PicCon®(X) — PicCon(X).

Recal]ﬂ that X is said to be quasi-Stein if there is an admissible affinoid covering
(Xn)52y of X with Xg C X7 C X5 C -+ such that for each n > 0, the restriction
map O(X,41) — O(X,) has dense image. If X is quasi-Stein, then the global
sections functor T'(X, —) gives a fully faithful embedding from the category of co-
herent O-modules on X into the category O(X)-modules; the essential image is the

6see [21, Definition 2.3]
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category of coadmissible O(X)-modules in the sense of [32]. In particular, every
coherent @-module (such as the tangent sheaf T') is generated by its global sections.

Proposition 3.2.14. Suppose that X is geometrically connected and quasi-Stein.
There is an exact sequence of abelian groups

0 — Hom(G, K*) — PicCon®(X) < PicCon(X)“
with the first non-trivial map given by x — O,.

Proof. We refer the reader to Definition [3.2.9]for the definition of the G-equivariant
line bundle with flat connection O,,. Note that O, = Ox as a line bundle with flat
connection, but the G-equivariant structure on O, differs from the one on Ox.

It is easy to verify that x — O, defines a group homomorphism from Hom(G, K*)
to PicCon®(X). Using Lemma (b), we see that for any G-equivariant line
bundle with flat connection ., Homp(0,.%) = Z(X)7(X)=0 is a K-linear G-
representation: if ¢ € G and T(X) -v = 0 for some v € Z(X), then 9-(g-v) =
g-((g7'-9)-v)=0forall d € T(X) sothat g-v e L(X)TX)=0 again.

Suppose that x € Hom(G,K*) is such that O, is isomorphic to O as a G-
equivariant line bundle with flat connection. Considering the global horizontal
sections, we obtain an isomorphism of continuous G-representations

O(X)T(X):O o~ OX(X)T(X):O.

By Proposition [3:1.6] both of these K-vector spaces are 1-dimensional and spanned
by 1 € O(X). However the G-action on the first is trivial, whereas the G-action
on the second is through the character x. Hence y is the trivial character, and the
map Hom(G, K*) — PicCon“(X) is injective.

If .Z is G-equivariant, then (¢7!)% : £ — ¢..Z is a D-linear isomorphism for all
g € G which means that the class [.Z] in PicCon(X) is fixed by this G-action i.e. the
image of the map PicCon®(X) — PicCon(X) is indeed contained in PicCon(X)€.

Finally suppose that .Z is a G-equivariant line bundle with flat connection on X
which becomes trivial after forgetting the G-structure. Then we can find a D-linear

isomorphism ¢ : O = 2. Applying the functor of global horizontal sections, we
deduce from Propositionthat the K-linear G-representation .2 (X )7 (X)=0is in
fact one-dimensional. Let v := p(X)(1) € Z(X)7T¥)=0; since 1 € O(X) generates
O as an O-module, we see that v € Z(X) generates . as an O-module: .£ = O-v.
Let x € Hom(G, K*) describe the G-action on v, so that g-v = x(g)v for all g € G.
This gives us a character x : G — K*; we will first show that y is continuous.
To see this, choose a non-empty affinoid subdomain U of X and let A be an affine
formal model in O(U), so that A - vy is the unit ball in £ (U) = O(U) - vy with
respect to some K-Banach norm defining the canonical topology on Z(U). By
Definition b), for any n > 0 we can find an open subgroup H,, of Gy such
that h - vjy = vy mod A - vy for all h € Hy,. Hence x(h) = 1mod 7 K* for all
h € H,, and x : G — K* is therefore continuous as claimed.

With x € Hom(G, K*) in hand, consider the G-equivariant line bundle with
connection .Z ®o O,-1, and the D-linear isomorphism ¢, : O = £ ®p O, -1 given
by oy (f) == ¢(f) ® 1. We claim that ¢, is G-equivariant; given this claim, it
follows immediately that £ = O, as a G-equivariant D-module, and then [.Z] €
PicCon®(X) lies in the image of Hom(G, K*) as required.
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To establish the claim, we first check that ¢, (X) : O(X) = (£ ® O,-1)(X) is
G-equivariant: for g € G and f € O(X) we have

g-oxX) ) =g -(frol)=(g-Nlg-v)ox (9 =(g- Hrvel=p(X)(g-f)

By replacing . by £ ® O,-1, it now remains to show that if ¢ : O — £ is
a D-linear isomorphism such that p(X) : O(X) — Z(X) is G-equivariant, then
@ is also G-equivariant. To this end, fix ¢ € G, and consider the morphisms
g (9)0g® : 0 = ¢g*Z and g% o p : O — ¢g*Z. By precomposing the g*O-module
structure on g*.Z with the ring isomorphism ¢© : @ — ¢*O we may regard ¢*.Z to
be an O-module. Then it is coherent, and the two maps are O-linear. Since they
have the same global sections by our computation above and since X is quasi-Stein,
we conclude using [32, Corollary 3.3] that the two maps are equal. This means that
@ is G-equivariant. O

In order to understand PicCon®’ (€2) the following result will prove to be useful.

Proposition 3.2.15. Suppose that X is quasi-Stein and geometrically connected
and G is equal to an amalgamated product A *¢ B of its open subgroups A and B
along their common subgroup C. Then the homomorphism

(pa,pp): PicCon®(X) — PicCon?(X) X PicCon” (X)
PicCon® (X)

induced by restriction of equivariant structures is an isomorphism.

Proof. Suppose that [£] € PicCon®(X) lies in the kernel of (p4, pp). Then
w([-Z]) = [0] € PicCon(X).

By Proposit [Z] = [OX] for some x € Hom(G,K*). However, also by

Proposition 4 x|a and x|p are both trivial and so, as G is generated by A and
B, x is trivial. Thus [.£] = [0] € PicCon®(X) and (pa,pp) is injective.

Suppose now that [Z4] € PicCon®(X), [£s] € PicCon®(X) and that there is an
isomorphism 0: Z4|c =, Zp|c of C-equivariant line bundles with flat connection
obtained by restriction of equivariant structures from A and B to C'. We transport
the B-equivariant structure on Zg along 6 to Z4. In this way, the D-module
¥ = w(Za) can be equipped with A-equivariant and B-equivariant structures
whose restrictions to C' agree.

By Proposition[2:4.T1], for every subgroup H of G there is a bijection between the
set of all H — D-module structures on .Z extending the given D-module structure
on %, and the set Sp(H,.Z). This bijection is given by

{97 Ygen = [9— (9.97) € Autp(ZL/X/H)].
On the other hand, by Theorem restriction induces a bijection
Sp(G,L) =5 Sp(A, Z) Xspic.2) Sp(B, Z).

It follows that there exists a G — D-module % = (£, {g% }4ec) Whose restriction
to A is Z4, and whose restriction to B is the transport of Zg to Z4 along 6. Since
A and B are open in G, the action map Gy — B(Z(U))* is continuous for every
affinoid subdomain U of X, because the restrictions of this map to both Ay and
By are continuous. This shows that [%5] € PicCon®(X). By construction, we
have pa([-Za]) = [Za] and pp([Ze]) = [“B]. Hence (pa, pp) is surjective. O
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Lemma 3.2.16. If X is a geometrically connected quasi-Stein space with an in-
creasing admissible covering (X,,) by G-stable affinoid subdomains, then the re-
striction maps PicCon®(X) — PicCon®(X,,) induce an isomorphism of groups

PicCon®(X) 2 lim PicCon®(X,,).
%

Proof. Certainly the restriction maps induce a group homomorphism

a: PicCon®(X) — lim PicCon%(X,,).
H

By Proposition if [Z] € kera then w([.Z]) = [Ox] € PicCon(X). Thus
[#] = [O%] for some continuous character x: G — K* by Proposition But
then [£|x,] = [Ox ] for any n > 0 and so x is the trivial character since a([.Z])
is trivial. Thus « is injective.

Let ([.%,]) € [] PicCon“(X,,) be a compatible family of isomorphism classes of
equivariant line bundles with connection under restriction so that for each n we can
find an isomorphism

9n+1,n: $n+1|Xn — fn
of G-equivariant line bundles with connection on X,,.

Thus each [ > m, we can define 6,,;: 4|x, — Z» to be the composite of the
restrictions of 6, ;_1,0;_11—2,...,0m+1,m to X,,. Now (.2}, 0,,,) forms gluing data
for the cover (X, )m>n of X. The resulting sheaf .Z is an G-equivariant line bundle
with connection on X with «([-Z]) = ([%,.]) and so « is surjective. O

3.3. Cocycles and equivariant line bundles on affinoids. In this technical
subsection, we will explain how isomorphism classes of G-equivariant structures on
the trivial line bundle over a K-affinoid variety X can be classified through the
language of continuous 1-cocycles of G acting on O(X)*. This material will be
crucial to the proof of one of the main results in namely Theorem [4.4.1

We assume throughout that X is a smooth and geometrically connected
K-affinoid space, with a topological group G acting continuously on it.
Lemma 3.3.1.

(a) The set of G-equivariant structures on a trivial line bundle . = O - v
is in natural bijection with Z'(G,O(X)*) under a function that sends
{g% : g € G} to the function o : G — O(X)* determined by the rule

g% () =alg)v forall gegq.
(b) The bijection in (a) induces an isomorphism
0% : ker (Pic(X) — Pic(X)) — H'(G,0(X)*).
Proof. (a) Suppose that for each g € G, we have a morphism of sheaves of K-vector
spaces g% : . — ¢g*.% such that
g7 (fv) =g°(flg?(v) forall geG,feO.

This data is completely determined by the function a: G — O(X) given by

gZ (W) =a(gv foral geG.

We first claim that {g7 : g € G} is a G-equivariant structure on .# if and only
only « is a 1-cocycle with values in the group O(X)*.
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We see that for all g, h € G
(8) R (g7 (v) = h*(¢7)(a(h)v) = (g-a(h))a(g)v and
9) (gh)* () = alghy.

Now if {gZ : g € G} defines a G-equivariant structure on .Z then a(1) = 1

and h*(g%)hZ (v) = (gh)Z (v). Thus by and @b a(gh) = (g - a(h))a(g) for all
g,h € G and in particular

1=a(gg™") = (9-alg™")alg)
for all ¢ € G. Thus « is a 1-cocycle with values in O(X)*. Conversely, if « is a
1-cocycle then by and @D again, for all g, h € G,

(gh)” (v) = h* (g7 )h7 (v) and so
(gh)? = h*(g?)h?.
Moreover a(12) = a(1)? and so, since X is connected, a(1) = 1 and 1% = idg.

It remains to observe that « is continuous if and only if for every affinoid subdo-
main U of X, the action map Gy — B(Z(U))* is continuous. This holds because

g9-(fo) =¢%(falglv  forall geGy,feOU)

and because G acts continuously on X.

(b) Suppose now that £ = O - vy and % = O - v9 are two G-equivariant line
bundles corresponding to 1-cocycles a; and ag respectively.

Let ¢: 4 — % be an isomorphism of the underlying line bundles. Then
p(v1) = fug for some f € O(X)*, so for all g € G we have

e(g (1)) = p(a1(g)vr) = ar(g) fvo

whereas
g7 (p(01)) = g7 (fva) = g°(F)az(g)va.
Hence ¢ defines an isomorphism of G-equivariant line bundles if and only if

as(g) = gof(f)oq(g) forall g¢geG.

Thus the map in (a) induces a bijection
0% : ker (Pic?(X) = Pic(X)) — H'(G, O(X)*)

which is a group homomorphism because g - (v1 ® v2) = a1(g)v; ® az(g)va =
(a1a2)(g)(v1 ® v2) for all g € G. O

Recall the map ¢, from Proposition [3.2.7 by abuse of notation, we will also
denote its pre-composition with the forgetful map ConG(X ) = Pic%(X ) by ¢..

Proposition 3.3.2. Suppose that L is a finite field extension of K.
(a) The isomorphism from Lemma b) induces a homomorphism

% : Con®(X) —» HYG,O(X)*)
by pre-composition with the forgetful map
Con®(X) — ker(Pic(X) — Pic(X)).
(b) For every z € X(L) and every [Z] € Con®(X), we have
2o (resS. 65(12])) = - (2.
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(¢) For every z € X(L) and every x € Hom(G, K*), we have

¢=([0x]) = Xlo.-

(d) Let Y € X be a G-stable affinoid subdomain, with z € Y(L) C X(L).
Then the following diagram is commutative:

Con%(X)

i

Con®(Y) — Hom(G,, L™).
Proof. (a) Since the forgetful map Con®(X) — ker(Pic”(X) — Pic(X)) is a group
homomorphism, the function qﬁg’; that is the composite of this forgetful map with
0§ is also a homomorphism.
(b) Suppose that ¢$ ([.Z]) = [a] € HY(G, O(X)*) so that we can write & = O-v
with g -v = a(g)v for all g € G. Then working inside L ®¢x) £(X) we have

P.(9)1®v)=g-1@v)=10a(glv=(z0a)(g)@v forall geG,.
¢) This follows from Lemma |3.3.1(a) and Definition

( :
(d) If [Z] = [Ox -v] € Con®(X), then [L]y] = [Oy -v] € Con®(Y) and
gZI¥ (v) = g% (v) for all g € G. Now use Lemma together with part (a). O

Definition 3.3.3. Recall from the map dg: O(X)* = ZHG,0(X)*), given
by da(u)(g) = g - u/u. For each u € O(X)* and d,e > 1, we define

ZOX .~ {a € ZY(G,0(X)*) : a = 6q(u®)} .

u,d,e

This special set of 1-cocycles will be useful for our explicit construction of torsion
equivariant line bundles with flat connection.

Recall from Lemma the line bundle with connection .%, 4: it is the free
Ox-module on the 1-element set {v}, and the action of 7(X) is determined by

10(u)
1 ==
(10) ow) = 1 X
Lemma 3.3.4. Let u € O(X)* and let d,e > 1.

(a) For each « € Zf ;X there is a (de)-torsion G-equivariant line bundle with

connection ff 4 on X such that
w( L)) = Zua and  ¢5 (L)) =[] € HY(G,0(X)").
(b) Ifu,w € OX)*, a e 25° and B € Z5F | then af € 29% and

u,d,e w,d,e’ uw,d,e

v forall 0eT(X).

Lo 0Ly =L

uw,d"
(¢) For each o € ZS': ’d);, the following are equivalent:
(i) [£2,) =[0] in Con®(X)]de],
(ii) there is f € O(X)* such that u/f¢ € K* and a = dg(f).
(d) The map o [Z,] defines a bijection
288 = {[2) € Con(X)[de] : w([L)) = [Lual} -

u,d,e ;
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Proof. (a) We equip %, 4 with the G — Ox-module structure associated to a by
Lemma m In particular the action map Gy — B(Z(U))* is continuous for
every affinoid subdomain U of X. We check that this is in fact a G — Dx-module.
Using a® = §g(u®), we compute

da(g) 1 (3(9-16) O(u)

——) for each 0€ Tx,g € G.
g-u u

alg) d
Using this together with we compute

(9-9)(g-v) = (g9-9)(alg))v+alg)(g-0)(v)

_ % ((g : (Z)~(Z u) (g .ua)u> a(g)v + a(g)éwv
~ 1g-(0(w))
~d gu 7

g (0(v)).
Thus we obtain a G-equivariant line bundle with connection on X that we denote
£y Tt is evident that w ([fuad]) = [ZLud-

Using , we see that v®9¢ — u¢ defines an isomorphism 1 : gf’je = Ox of
line bundles with flat connection. To establish that .£%, is (de)-torsion, it suffices

to show this isomorphism is G-linear. Since for all g € G we have
g- (0%%) = a®(g)o®¥ and g (u°) = o (u)(g)u;

we have a®® = §g(u)® and the G-linearity follows.
(b) Since a® = §g(u°) and B = §g(w®) and dg: O(X)* = ZHG,0(X)*) is
a group homomorphism, we see that (af)¢ = d¢((uw)®). Hence af € valifi,e'
Using Proposition we see that [, 4 ® %, 4] = [Luv.a] in Con(X)[d].
Using the definition of the G-equivariant structure on f;‘)d in part (a) and the
definition of the product in ConG(X ) given in the proof of Lemma we also

see that [£2, ® £ | =[£o) ] in Con®(X).

uw,d
(c) For any f € O(X)*, there is an isomorphism O —» .i”}ff ((1f ) of G-equivariant
line bundles with connection on X, sending 1 to f~'v. This gives the equality

[Xfféf)] = [0] in Con“(X). Using part (b), we then also have

(11) (o) = (224 [0) = (22 - 12080171 = 12278,

Suppose now that u = Af? for some A € K* and some f € O(X)* such that
a = 0g(f). Using (11), we then have [.£2,] = [ ] = [0] in Con®(X).

Conversely, suppose that [£%,] = [O] in Con®(X). Then w([Z2)) = [Zudl =
(O] in Con(X)€, so using Proposition B.1.14] we can find f € O(X)* and A € K*
such that u = Af?. Then (1) implies that (0] = [£2,] = [£3*¢Y)] in Con(X).
Hence G must fix the basis vector v of Z/\Ojééc(f) (X)TX)=0"50 a = 6a(f).

(d) Suppose that [.#] € Con®(X)[de] is such that w([.Z]) = [ZLu.a]. Consider
the function a: G — O(X)* defined by g-v = a(g)v. Then a € Z1(G,O(X)*) by
Lemma [3.371

Since (de) - [.Z] = 0 in Con®(X), there is an isomorphism of G-equivariant line
bundles with flat connection ¢ : £®d¢ =, Ox. On the other hand we also have
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the isomorphism ) : ffje =5 Ox of line bundles with flat connection constructed

in the proof of part (a) above. Since w([.Z]) = Z,.4, Corollary implies that

© = M\ for some A € K*, and then ¢(v®9) = \u®. Since ¢ is G-linear, we have
g- Mt =g- o) =p(g-v®%°) = a(g)® e forall gecG,

so a%® = §g(u®). Hence a € Zife and [£] =[] in Con®(X).

Finally, suppose that o, 8 € Z7X are such that (L5 4l = [/.35 a]- Then [/j?/f o) =

u,d,e

[O] by part (b), so a/B = da(f) for some f € O(X)* such that 1/f? € K*.
Corollary [3.1.10| implies that f € K*. Then é¢(f) =1 so a = 8 as required. O

We interrupt the flow of to state and prove a useful elementary Lemma
which is valid with far less restrictive assumption on the affinoid variety X than
those imposed at the start of it holds if X is only assumed to be reduced.

Lemma 3.3.5. Let w := piﬁ € Ryp.
(a) If d is an integer such that p{ d, then the dth power map
(=) O(X) = O(X)**

is an isomorphism of topological groups.
(b) If r € (0,z0/p) then every element of O(X)>* has a pth root in O(X)**.

Proof. (a) If a € O(X)°° then the binomial expansion
= (1/d
1 1/d — n
arap =3 (M),

converges to an element of O(X)** because |a| < 1 and because (léd) €Z,C K°
for all n > 0 as a consequence of the assumption that p t d. That the map

o0
a— Y (17/1 d) a™ is continuous is evident.
n=0
(b) Similary if |a| < r < w/p, the binomial expansion

(1 —|—a)1/P = i (17{Lp>a"

n=0

converges to an element of O** since

vp <pn<1T/LP>> = —v,(n!) > _Z%
’(1/19) 4

and pr/w < 1. Thus Y (%p)a" is the required pth root of 1 + a. O
n=0

so that forn > 1

< (pr/=)"

X

Notation 3.3.6. We will write T'(X) to denote the abelian group
T(X) = 0(X)*/O(X)*"

and we equip T'(X) with the discrete topology. We will also write 7p(x) to denote
the natural projection map mp(xy: O(X)* — T(X).
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Since O(X)** is open in O(X)*, mp(x) is continuous. We also observe that
T(—) defines a functor from affinoid varieties to abelian groups. Our next result
gives conditions on the data u,d, e, o that determine when [qufd,e] € ConG(X) is
in fact the trivial element, in the case where d, e are both coprime to p.

Proposition 3.3.7. Let d,e > 1 be integers coprime to p. Then for every u €
O(X)* and a € 29X the following are equivalent:

u,d,e’
(i) there exists v € O(X)* such that u/v? € K* and a = §g(v),
(i) there exists v € O(X)* and A € K* such that

WT(X)()\’Ud) =7mpx)(u) and 7wpx) oo =mpx)odg(v).

(iii) [£2y.] = [0] € Con®(X).
Proof. The equivalence of (i) and (iii) is a special case of Lemma c).

The implication (i)=-(ii) is immediate since we can take A\ = u/v®.

Suppose that v € O(X)* and A € K* such that m7, (Av?) = 7p(x)(u) and
Tr(x) 0 = Tp(x) ©0c(v). Since ker mp(x) = O(X)**, using Lemma [3.3.5, we can

find e € O(X)** such that ¢ = \v?/u. Setting v’ :=v/e’, we have
u/v'd € K*  and Tr(x) © 0c(v') = Tr(x) 0 da(v) = Tr(x) © .

To deduce that (i) holds it remains to prove that a = dg(v'). Since u/v'? € K*,
we have dg(u) = dg(v')?. Because a € Zﬁfe, a® = §g(u°) = dg(v'¥) shows that
a/dq(v') takes values in piqe(K). However a/dg(v') also takes values in ker 7wy x) =

O(X)**. We’re now done because O(X)** N pge(K) is trivial.

Proposition 3.3.8. Assume the hypotheses of Proposition hold. Suppose
also that G is compact and that the exponent of every finite abelian p’-quotient of
G divides e.

For every 8 € Z*(G,0(X)*) and u € O(X)* such that mr(x) o (87%¢(u))
G.X such that

takes values in K> /K** there is a unique a € Z"7/_

Tr(x) 0 a = Tr(x) 0 B € Z' (G, T(X)).

Proof. Let 1 be the 1-cocycle 1 := dg(u)B~%. The assumption on 7 implies that
Tr(x)on € ZH(G, K* /K**). Since G is compact and K* /K** is a discrete group
with trivial G-action, mp(x)on € Hom(G, K* /K**) has finite image and so takes
values in the torsion subgroup of K*/K**.

Since K*/K** has no p-torsion, mp(x) o1 factors through a finite abelian p’'-
quotient of G' and thus (7p(x) 0 n)® = 1 by our assumption on G. That is 1° takes
values in O(X)**. By Lemma a), n® has a det! root v in Z1(G,O(X)**):
,yde — 776'

Now dg(u)¢ = (np1)¢ = (v5)%, so a := 3 satisfies a® = §g(u)°. Moreover
Tr(x) © @ = Tp(x) © B as required.

Suppose now that o’ € Zﬁfe satisfies mp(x) 0’ = mp(xy 0 B = mp(x) 0. Then
a/a’ takes values in O(X)** but also (a/a’)% = 1. Then o/ = a since p{de. O

Finally, we record how our explicit equivariant line bundle with connection £ ,
transforms under group actions.
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Lemma 3.3.9. Suppose that H is a subgroup of G and w € G normalises H. Let
uwe OX)* and let d,e > 1. Then for all a« € Z7* | we have

u,d,e’

we (L) = Ly

where (w - )(h) == w - a(w™ hw) for all h € H.

Proof. Recall from Lemma that w,.%, 4 is again a D-module on X. We will
use the following notation to denote this action:

P*wm:(w_l-P)~m forall PeD,me %, .

Here w=! - P = (w™1)P(P), where (w™1)? : D — (w™1)*D = w,D is part of the
equivariant structure of D. Let us now give another proof of Remark let
0 €T C D and let v be the canonical O-module generator of ., 4; then
S lw - ow) 1wt (Owew) 10(w-u)
- d U 0T d U 0T d w-u
This verifies that the O-module generator v for w,.Z, 4 verifies the defining condi-
tion in %, ., ¢ under its w-twisted D-action.

Next, chasing the definition found in the proof of Proposition [3.2.13] we see that
the H-equivariant structure on w,.Z is given by the rule

g% = w,(w tgw)? forall ge H,

3*1,,v:(w71~8)'11

X U,

which on local sections translates to the formula
grem=(wlgw)-m, forall g¢g& Hméecw.Z.

Finally, recall that the 1-cocycle a : H — O(X)* is defined by the rule g-v = a(g)v
for all g € H. Putting everything together, we compute

g*0v = (wlgw) v =a(w lgw) = (w-a(w  gw)) *, v

and the result follows. O

4. APPLICATIONS TO DRINFELD’S UPPER HALF PLANE

4.1. Subdomains of the rigid analytic affine line. We will write A := A :=
A}(’an to denote the rigid K-analytic affine line, equipped with a fixed choice of local
coordinate x € O(A). We write P! to denote the rigid K-analytic projective line.

Definition 4.1.1. A K-cheese is an affinoid subdomain of A of the form

r—a« s s
CK(a,s):=SpK< R >
S0 r — Q7 T — Qg
for some a := (ap,...,ay) € K971 and s := (sq,...,s,) € (K*)9T1 which satisfy
o |s;| <sol foralli=1,...,g¢,
o |a; —ag| <|sp|l foralli=1,...,g, and

o | — ;| > max{|s;],|s;|} whenever 1 <i< j<g.
When there is no risk of confusion, we will simplify the notation to C(q;,s).
We call the open discs

Do = {2€PYC):|z—ag| > |so|} and
D; == {2ePYC):|z—ay| <|si|]} fori=1,...,g
the holes of C(«,s) and we write
h(C(e,s)) :={D1,...,Dg, Do}
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to denote the set of holes of C(q, s).

Of course the C-points of C(«,s) are obtained by removing the g 4+ 1 holes from
P(C). The conditions on the parameters o and s are there to ensure that the holes
are pairwise disjoint. We also require that o and s are defined over K.

Remark 4.1.2.
(a) Given two open discs D1, Dy in P1(C) with DN Dy # 0, it must necessarily
be the case that either D1 C Doy, or Dy C Dy.
(b) The union and the intersection of two cheeses C1, Cy are also cheeses, unless

CiNCy =10

Lemma 4.1.3. Suppose that X and Y are K-cheeses and ¢ : P! — P! is a K-
analytic automorphism such that ¢(Y) C X. Then there is a unique function

3 - (X)) = h(Y)
such that for every D € h(X), @5 (D) is the largest hole of Y containing ¢ ~1(D).

Proof. By [22] p. 33], the automorphism ¢ is necessarily a Mébius transformation.
Hence ¢, as well as ¢!, maps open discs in P!(C) to open discs in P!(C).

Let D € h(X). Then ¢~ }(D)NY(C) C ¢~ (DN X(C)) = 0. Thus the open disc
¢~ (D) is contained in the union of the holes of Y. Remark a) then implies
that ¢ ~1(D) is contained in a unique hole @3 (D) of Y. O

Notation 4.1.4. Suppose that X,Y are K-cheeses with Y C X. We will denote
the function id;y : 2(X) — h(Y) associated with the identity map id : P* — P! by
i h(X) — h(Y).

The following lemma will be useful later.

Lemma 4.1.5. Suppose that X and Y are K-cheeses with non-empty intersection.
Then there is a natural bijection

Y g (X UY)  — WX) x  h(Y)
h(XNY)

given by D — (1£YY(D), VY (D)).

Proof. Note that the map in the statement of the Lemma is well-defined because

Row 08 = B0 = iy 08
De Morgan’s laws [7, p. 350, eq. (8)] imply that h(X UY) is precisely the set of
non-empty intersections AN B with A € h(X) and B € h(Y). Let D € h(X UY);
hence there exist A € h(X) and B € h(Y) with D = AN B. But then .Y (D) = A
and (5+YY (D) = B, so D = A or D = B by Remark (a). Hence (59 x (55VY
is injective.

We now show that (Y x ¥V is surjective. Suppose that A € h(X) and
B € h(Y) are such that t5y (A) = 1%~y (B) =: E. This means that A and B are
contained in the same hole E of X NY. Since F is a hole of X NY, by de Morgan’s
laws again we see that E is the union of the holes of X contained in E together
with the holes of Y contained in E. But no open disc in P!(C) is a finite union
of proper open subdiscs; hence E € h(X) U h(Y). It follows that either E = A or
E = B. Since E contains both A and B, it follows that either A C B or B C A.
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Hence D := AN B is non-empty and is therefore a hole of X UY as we saw above.
It is now clear that
(4, B) = (ex” (D), ¥ (D))

lies in the image of (Y x (VY. O

We are interested in these cheeses because every connected affinoid subdomain of
the affine line A is a K-cheese whenever K is algebraically closed by [23 Corollary
2.4.7). We will prove Theorem below which carries out a Galois descent of
this statement down to our base field K which may fail to be algebraically closed.

Lemma 4.1.6. Let G := Gal(K/K) and let A be a K-affinoid algebra. Then the
natural map A — (A®C)9% is an isomorphism of K-Banach algebras.

Proof. Since A is a quotient of a Tate algebra, A is of countable type as a K-
Banach space: it has a dense K-linear subspace of countable dimension. Assume
first that dimg A = co. By [16] Proposition 1.2.1(3)], we can find a K-Banach
space isomorphism ¢ : A — ¢o(K); this means that ¢ is a bounded K-linear map
which has a bounded K-linear inverse. Now consider the commutative diagram

A (A®C)9%
® iw@
co(K) (co(K)®C)9%.

The arrow in the bottom row is an isomorphism because
(co(K)RC) = ¢o(C)7" = ¢o(CI¥) = co(K)

by the Ax-Sen-Tate theorem — see, for example, [9, Proposition 2.1.2]; the proof
given there works for any complete non-Archimedean field of characteristic zero.
The case dimg A < oo is handled in a similar manner. O

Definition 4.1.7. When X is an affinoid subdomain of A and K’ is a finite exten-
sion of K we say that X is split over K’ if X/ is a finite union of pairwise disjoint
cheeses.

We will write 1/|K|* to denote the divisible subgroup of R* generated by |K*|;
this is the same as [K .

Theorem 4.1.8. Let X be an affinoid subdomain of the affine line A. Then there
is a finite extension K’ of K such that X splits over K'.

Proof. Recall that X is geometrically connected provided that the base change X¢
is connected. Suppose first that X is geometrically connected. Then X¢, being
connected, is a cheese Cc(a,s) by [23, Corollary 2.4.7]. Since K is dense in C, we
can choose the centres ag, a1, ..., a4 to be first in K, and then find a large enough

finite extension K’ of K such that o; € K’ for all i. Since [K | = |C*| = /][K*],
we may enlarge K’ if necessary and arrange that s; € K’ for all 7 as well. Let Z :=
Ck(a,s) be the same cheese but defined over K’. Choose a large enough closed
disc D defined over K’ which contains both X’ := X and Z, and fix a coordinate
y on D. Then there is an isomorphism of C-affinoid varieties X’ x g/ C = Z x s C
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compatible with the inclusions X’ < D and Z < D. Now consider the induced
C-algebra isomorphism

1/) : O(X/)@K/C = O(X/ XK’ C) i) O(Z XK’ C) = O(Z)@K/C.

Because X’ is an affinoid subdomain of D, the C-algebra O(X')®x-C contains a
dense C-subalgebra generated by rational functions in y with coefficients in K’, and
1) must send these rational functions to Gx/-invariants in the target. Hence 1) re-
spects the natural Gx+ := Gal(K/K')-actions on both sides. Taking G -invariants
and applying Lemma[{.1.6| we deduce a O(D)-algebra isomorphism O(X') = O(Z),
so that X' = Z is a cheese.

Returning to the general case, it will now be enough to show that there is some
finite extension K" of K such that every connected component of X~ is geo-
metrically connected. To see this, consider again X, and let {ey,...,e,} be the
primitive idempotents of O(X¢). Since Gi acts continuously on O(X¢) the sta-
biliser H; in G of each e; is closed. On the other hand, Gk preserves {e1,...,e,}
so each H; has finite index in Gi. Hence each H; is also open in Gi. We can there-
fore find a finite extension K” of K such that Gg fixes each e; pointwise. Then
e; € O(Xg)9x" = (O(X)®C)9x" = O(X)RK" = O(Xgn) again by Lemmam
It follows that every connected component of Xk is geometrically connected as
required. ([l

Proposition 4.1.9. Let C = Ck(a;s) be a K-rational cheese and & = & a coor-
dinate on A! such that Do, = {z € P}(C) : |£(2)| > 1}.
Forvt=1,...,glet & = #(a) with ¢; € K* such that |§;| = 1. Then the set

{1, §f 17 21,0 <4< g} is an orthonormal Schauder basis for the K-Banach space
O(C), in the sense of [0, §2.7.2].

Proof. This is a straightforward rephrasing of [23] Proposition 2.4.8(a)]. O

Proposition 4.1.10. Let X = C(q,s) be a cheese. Then the map

x
70— Kxogg()xx
defined by

(n1,...,ng) = (z—o)" - (z—ay)" K* OX)™
is an isomorphism of abelian groups.
Proof. This is [23] Proposition 2.4.8(b)]. O
Proposition 4.1.11. For every cheese X, Pic(X)

=0.
Proof. This follows from [I6, Proposition 8.2.3(1)] and [39, Corollary 3.8]. O

Proposition 4.1.12. Suppose that X is an admissible subdomain of A and {X,,}5°,
is an admissible cover of X by cheeses such that X, C X,,41 for all n and each
map L§z+1t hXn+1) = h(X,) is surjective. Then X is geometrically connected,
smooth and quasi-Stein.

Proof. Since X¢ has an admissible cover by the cheeses X,, ¢, X is geometrically
connected and smooth.
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By [I6l Exercise 2.6.2] all the maps O(X,+1) — O(X,,) have dense image and
so X is quasi-Stein. One argument to complete the exercise is as follows. For any
cheese C := C(a,s) the sub-K-algebra of rational functions

Orat(C) := K[z, (x —a1) ™, ..., (x — ag) 1]

is dense in O(C), by Proposition Moreover, the condition h(X,+1) = h(X,)
is surjective guarantees that the centres of the holes in X, can all be chosen to not
lie in Xn+1 so that Orat(Xn) C O(Xn+1) O

4.2. Drinfeld’s upper half-plane. In this section we study 2z the Drinfeld upper
half plane, which is a rigid F-analytic space whose underlying set consists of the
Gal(F/F)-orbits in Qp(F) = PY(F)\PY(F).

It is straightforward to see that for any finite extension L of F, Qp(L) can
be identified with L\F and we will often silently make this identification. The
rigid space Qp comes naturally equipped with an action of GLy(F) by Mobius

transformations:
(a b) az+b
Lz =
c d cz+d

and the same formula induces an action on each set Qp(L).

We recall from [ §1.2.2] the GLo(F')-equivariant reduction map A: Qp(C) —
|BT| from Qr(C) = P}(C)\P!(F) to the geometric realisation |BT| of the Bruhat-
Tits tree BT associated with PGLy(F). Since Ao o = X for any o € Gal(F/F),
this map factors through the rigid F-analytic space Qg, giving us a map

Any point in Qp is the Gal(F/F)-orbit [2] of some z € Qg (F); then we have
A([2]) = A(z). We abuse notation and also call A : Qp — |BT| the reduction map.

Lemma 4.2.1. Let z € Qp(F). Then GLy(F). < GL2(F)p.) < GL2(F)x([2))-

Proof. This is a consequence of the GLo(F')-equivariance of z — [z] and A. O

Proposition 4.2.2. Suppose that 7T is a finite subtree of BT. Then A~L(|T]) is
an I'-cheese contained in Qp.

Proof. Since the union of two non-disjoint F-cheeses is an F-cheese and 7T is con-
nected, by an induction on the number of edges of T, it suffices to prove the result
when 7 is a single vertex or has two vertices connected by an edge. Both of these
cases can be deduced from the discussion in [8], §1.2.3]. O

Definition 4.2.3. For every finite subtree 7 of BT, we define
Cr:=2"(|T|) xr K.
Note that Cr is a K-cheese contained in Q := Qp xr K, by Proposition

Definition 4.2.4. Suppose 7T is a finite subtree of BT.

(a) The neighbourhood of T is the subset N(T) of the set of edges of BT with
precisely one vertex in T

N(T):={(ss') € E(BT):s€T,s ¢T}.

(b) For e € N(T) we write s7(e) to denote the vertex of e in T and t7(e) to
denote the vertex of e not in T;

s7((s8")) ;== s and t7((ss')) :=8 fors € T,s' ¢ T
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Lemma 4.2.5. Let 7' C T be finite subtrees of BT and let e € N(7). Then
there is a unique f € N(7T”’) such that the unique path in BT from t1(e) to t7+(f)
contains no vertices of 7.

Proof. Let w be any vertex of 77. Since BT is a tree it contains a unique path from
tr(e) to w. Since w is a vertex of T’ and t7(e) is not, there is precisely one edge
f in this path contained in N(7’). We can then truncate the path to a path from
tr(e) to t(f) that contains no vertices of 7.

If f' is an element of N(T)\{f} then the unique path from t7(f) to t7 (f’)
must pass through a vertex of 7’ so there is no path from ¢7(e) to t7(f’) that
contains no vertices of 7. [

Definition 4.2.6. If 7/ C T are finite subtrees of BT, then
WL N(T) — N(T)
is the map that sends e € N(T) to f € N(T’) given by Lemma

Example 4.2.7. Suppose that S is a subtree of BT consisting of two vertices s and
s and the single edge (ss'), and {s} is the subtree of S with s as its only vertex.
Then there exist 2q edges e1,...,eq, fi,..., fq € E(BT) such that:

(a) N(S) = {61,...,€q,f1,...,fq},

(b) ss(e;) = s and ss(f;) =& foreachi=1,...,q,

() N({s}) ={e1,...,eq,(s5")}, and
(d) L‘{SS}(&) =e; and qu}(fi) = (ss') foreachi=1,...,q.

Lemma 4.2.8. Suppose that 7; C 75 C T3 are finite subtrees of BT.

(a) L% = L;——f OL;_—;.

(b) If e€ N(72) and s,(e) € V(T1), then L% (e) =e.
(c) If e € N(T2) and st;(e) € V(T1), then L%(e) € E(T2)\E(Th).

Proof. (a) If e € N(T3) then the path P in BT from tr,(e) to tn (L%(@)) that
contains no vertices of 7; can be decomposed as a union of two subpaths with a
single vertex in common (and possibly no edges): one of these subpaths goes from
t1,(e) to the last vertex s in P that does not lie in 73 and the other goes from s to
tr (L%(e)). Then these paths show that L% (e) is the unique element f of N(73)
such that t7,(f) = s and L;r-f(f) is L;——? (e) as required.

(b) Since T; C Ts, the condition s, (e) € Ty gives that e € N(77) and the path
from t7,(e) to t7, (e) = t7,(e) has no edges and so contains no vertices of 7j.

(c) First N(T1) N E(T1) = 0 so L%(e) ¢ E(T1). Since s1 := sp,(e) € T2 and
S9 1= ST, (L%(@)) € T1 C Ta, the unique path in B7 from s; to sg lies in 73. The
condition s; & 77 ensures this path contains at least one edge f := (tfrl <L7T—f (e)) 52).
Moreover f € N(71). Adding the edge (t7;(e)s1) to the start of the path and

removing f from its end gives the path that shows that L%(e) =f. a

Lemma 4.2.9. Suppose that S and T are finite subtrees of BT such that
E(S) ={(ss")} and V(S)NV(T) = {s}.
There is a natural bijection

BT < SPT N(SUT) —» N(S)  x  N(T)
N(SNT)
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given by e — (137 (e),:577 (e)).
Proof. The map & := 1§°7 x (§V7 in the statement is well-defined, because

s SUT _ SUT _ T SuT
LsnT Ots™ T lsnT T lsnT O LT

by Lemma [4.2.8{a).

Next we show that £ is injective. To this end, suppose that e, e5 are two elements
of N(SUT) such that &(e1) = &(ez2). Let v; = ssur(e;) for ¢ = 1,2. Suppose first
that both of v1,vs lie in S. In this case, 1397 (e1) = e; and (397 (e2) = ea, by
Lemma [£.2.8(b), and we deduce by looking at the first component of £(e1) = &(e2)
that e; = e3. The case where both vy, vs lie in 7 is entirely similar. Suppose for
a contradiction that e; # es. Then without loss of generality, we can now assume
that vy lies in V(T)\V(S) and vs lies in V(S)\V(T). Since S is a single leaf with
V(S) N V(T) = {s}, this forces vy = s’. Therefore since 13”7 (e3) = e5 by Lemma
b)7 the only vertex of (37 (ep) in S is s’. On the other hand, because v; ¢
V(S), 1897 (e1) € E(T) by Lemma c). This contradicts (3”7 (e2) = 137 (e1)
because s’ ¢ V(T).

Finally we show that £ is surjective. Suppose that (e, f) € N(S) x N(T).
N(SNT)

We first consider the case where s7(f) # s, so that tr(f) € SUT. It follows
that f € N(SUT) and we claim &(f) = (e, f). That 597 (f) = f follows from
Lemma b) because st(f) € T. Consider the following element g of N(SNT):

g:= Lng(e) = Lz:nT(f)-

Since sT(f) € SNT, g € E(T) by Lemma ¢). In particular g # (ss’). Since
g = S~y (e), this implies that g = e by Example (d) Now ssur(f) € S so
h = 12" (f) € E(T)\E(S) by Lemma ¢) again. Hence (3~,(h) = h by
Example 4.2.7(d). Using Lemma a) several times, we now see that

W) = h = 8nr(h) = S8V (f) = 87 (f) = b 57T (f) = 9.

Hence (3°7 (f) = g = e as required.

Next we consider the case where s7(f) = s so that, by LemmaM(b), Lo (f) =
f, and hence f =L +(f) =:8~7(e). This splits into two subcases.

Suppose first that f = (ss’). Then Lng(e) = f = (ss') implies by Example
[42.7(d) that ss(e) = s’. Therefore ts(e) ¢ V(T ) which means that e € N(SUT).
Then (3”7 (e) = e by Lemma b) and (5V7 (e) = (ss’) = f by Lemma4.2.8(c),
so &(e) = (e, f) as required.

Finally, suppose that f # (ss’). Then tr(f) ¢ V(S), so f € N(SUT). Then
13n7(e) = f # (ss') implies that e = 1-,(e) = f by Example (d) Hence
GYT(f) = f and (Y7 (f) = 1897 (e) = e, and so £(f) = (e, f) as required. O

Proposition 4.2.10. Let 7 be a finite subtree of B7. Then there is a G9-
equivariant bijection

hr: N(T) = h(C7)
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such that following diagram is commutative for every substree 7' of T

(12) N(T) —— T N(T)
th lhw
WCr) ———Cr).

Proof. Suppose S and T are disjoint finite subtrees of BT . It follows from Propo-
sition [:2.2) that Cs and C7 are disjoint K-cheeses, so Cs is contained in a unique
hole of C. In particular, if e € N(T), then Cy,(¢)y and C7 are disjoint K -cheeses,
0 Cfyr(e)y Is contained in a unique hole hr(e) of Cr.

Since A is GY-equivariant, if g € G then t7(g - €) = gt7(e) and so

A H(tr(ge)) = g\ (tr(e)) and  hr(ge) = ghr(e).
Thus e — hy(e) defines a G9-equivariant function.

Suppose that 77 C T is a subtree and that L;,(e) = f. Then the path from
tr(e) to tr(f) in BT is a tree, § say, that is disjoint from 7'. Then C{;, ()} and
Cit,.(5)) and Cs are all contained in the same hole, D say, of C'7+. It follows that
hr ol (e) =D = ngl: o hy(e) and that the diagram is commutative.

To show that hy is always a bijection, we induct on the number of edges of 7. If
T consists of a single vertex (no edges), or a single edge, then the result is a simple
consequence of [8, 1.2.3]. In the general case, we decompose T as S U T’ where S
is a single leaf of T and 7' is T with S removed. Using the diagram twice, we
obtain the following commutative diagram:

LT LT/
NT) —=57 O NS) = N(T)
N(SNT")
h’r \thXhT/
h(Cr) h(Cs) ~x  h(Cp).
ngmgz, h(Csnr7)

Now, the horizontal arrows in this diagram are bijections by Lemma [£.2.9] and
Lemmal4.1.5| respectively. Since hs X h is a bijection by the induction hypothesis,
it follows that hy is a bijection as well. O

Remark 4.2.11. We note that the bijectivity of h7 in Proposition is more
conceptually clear than our proof suggests. If D is in A(C7) then A(D N Qp) is
a connected component Xp of [BT|\|7T|. There is precisely one edge ep in N(T)
such that the interior of |ep| is contained in Xp. Then the inverse of hy sends
D to ep. However it is not straightforward to make this argument rigorous in the
context of this paper.

Definition 4.2.12. Let s¢ be the vertex of BT fixed by GLy(OF) and let n > 0.
(a) T, C BT is the subtree whose vertices have distance at most n from sg.
(b) €, is the cheese Q,, := C7,,.

Remark 4.2.13. Since G- = G = GLy(Op) for alln > 0, Q,, is GLy(OF )-stable
for all n > 0.
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Remark 4.2.14. For any family {7;} e of finite subtrees of BT such that | J;c; [T;] =
|BT], the family of cheeses {C'r; }jcs forms an admissible cover of Q.

Lemma 4.2.15. Let n > 0.
(a) GL2(Op) acts transitively on h(€,).
(b) The fibres of the maps Lg:“ : h(Qpy1) = h(Qy) all have size q.

Proof. (a) By Proposition}4.2.10[and Remark|[4.2.13] it suffices to prove that GL2(OF)
acts transitively on N(7,,) for each n > 0. But N(7,,) consists of all edges between

vertices of distance n from sg and vertices of distance n + 1 from sg. This holds
because GL2(OFp) acts transitively on the set of vertices of distance n + 1 from sq.

(b) Note that |h(2,)] = |N(Tn)| = (¢ + 1)g™ since BT is a (g + 1)-regular tree.
The fibres of Lg:“ s h(Qpt1) — h(Q,) all have the same size, by part (a). O

We introduce some other admissible covers of Q2 by K-cheeses, for later use.

0 1

Recall that w = (7T 0) € GLy(F) and w - s¢ is a vertex of BT adjacent to sg.
F

Definition 4.2.16. Let n > 0.

(a) Let eg be the unique edge of BT with vertices sp and w - s.

(b) Let S, be the subtree of BT consisting of vertices a distance at most n
from either sg or wsg.

(c¢) Let W, be the cheese ¥, := Csg, .

Lemma 4.2.17. For each n > 1,
(a) ¥, =Q, UwQ,, and
(b) U1 = Q, Nw,.

Proof. Let n > 1. It is clear that S,, = T, UwT,. We claim that S,,_1 = T, NwT,.
For the forward inclusion, because w? acts trivially on BT, it is enough to show that
Tn—1 € wT,. Let d be the distance function on V(BT) and let x € V(T,_1). Then
d(x,s0) <n—1,s0 d(z,wsy) < d(z,s0) + d(so,wsg) < (n— 1)+ 1 =n and hence
x € V(wT,). For the reverse inclusion, it is enough to show that 7, NwT, C T,—1.
Suppose that = € V (7, N wT,) so that d(x,sg) < n and d(z,wsg) < n. By
considering the unique path in BT passing through z, so and wsg, we see that we
must have either d(x,sg) <n —1 or d(z,wsy) < n—1, and hence z € V(T,_1).
Both parts now follow easily. O

Remark 4.2.18. Since, for each n > 0, G%n = GSO = [ is the Iwahori subgroup
from Notation b), each cheese ¥,, = Cg, is I-stable.

Lemma 4.2.19. Suppose that n > 0.
(a) h(¥,) has precisely two I-orbits, each of size ¢"*!.
(b) The map LEI:“ s h(P,11) = h(T,) is surjective, with all fibres of size q.

Proof. (a) By Proposition it suffices to show that N(S,,) has precisely two
I-orbits each of size ¢+ 1. But N(S,,) consists of those edges of S,,+1 that are not
edges of S,,. These fall into those that connect vertices of distance n and n + 1
from sp (and distance n+ 1 and n + 2 from w - s9) and those that connect vertices
of distance n and n + 1 from w - s (and distance n 4+ 1 and n + 2 from sg). These
two sets of edges in N(S,,) are its I-orbits.
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(b) Using Proposition |4.2.10| again, it suffices to prove the same thing about the
fibres of the I-equivariant function N(S,41) — N(S,). This is straightforward to
verify since BT is q 4+ 1-regular. O

Lemma 4.2.20. The following collections of affinoid subdomains form admissible
covers of :

(a) {Qn}n>0;
(b) {wQn}nzo;
(©) {¥n}n>o.

Proof. Each part is an easy consequence of Remark [4.2.14] a

Proposition 4.2.21. ) is a smooth, geometrically connected, quasi-Stein rigid
K-analytic space.

Proof. We’ve seen that the chain Q9 C 2; C --- is an admissible cover of 2 by an
increasing union of cheeses. Moreover the maps h(€,41) — h(2,,) are all surjective
by Lemma [4.2.15] Thus €2 is a smooth, geometrically connected, quasi-Stein rigid

K-analytic space by Proposition O

4.3. Units, measures and flat connections on (2. Recall, for ¢ € Aut(P!) and
cheeses X and Y with ¢(Y) C X, the map ¢ : h(X) — h(Y) from Lemma
together with the notation Do, to denote the element of A(X) containing the point
0 € P(C).

Proposition 4.3.1. Let X = C(a,s) and Y be cheeses and ¢ € Aut(P!) with
©(Y) C X. Then there is commutative diagram

1— = KX O(X)X —= O(X)* — My(h(X),Z) —=0

R

1 —— K- O(Y)*X —— O(Y)* —> Mo(h(Y),Z) —=0

whose rows are short exact sequences of abelian groups and whose non-labelled
vertical arrows are induced by the composite of the restriction O(X) — O(¢(Y))
and f: O(p(Y)) = O(Y).

The map px is characterised by px(z — @) = 6p — 0p_, for D € h(X) and
a € D(K).

Proof. For each i =1,...,¢g := gx, let D; € h(X) be the open disc containing «;.
Given u € O(X)*, use Proposition [4.1.10| to find integers nq,...,ny such that

u=(x—o)" - (r—ay)"™ mod KX O(X)**
and define the measure px(u) € Mo(h(X),Z) by

px(w) =Y niBn, = 3p..).

The top row is then exact by Proposition We note that ux does not depend
on the choice of the centres o, ..., a4 of the holes of the cheese X.

Since Y is also a cheese the bottom row is also exact. The commutativity of the
left-hand square is clear.
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To see the right-hand square commutes it suffices by the argument just given to
show that for alli=1,--- , g, we have

Py ehix (z — i) = py (P (@ — ).
Now, ng*uX( ;) =04, —0,%(D..) and o' (x — a;) is a rational function

X( (x
Y
with divisor (¢~1(e;)) — (¢~ 1(00)) So, since 3 (D;) € h(Y) contains ¢~ (ay) €
0~ 1(D;) and ¢3¥ (Dy) € h(Y') contains ¢~ 1(00) € ¢1(Dy), we see that

MY(wﬁ(x — i) = 5 -9, ¥ (D) = wﬁ*ux(m — ). U

X 1
Because of Proposition [3.1.16 we are interested in the groups Og(x) ® 4~ for
Z

positive integers d.

Corollary 4.3.2. Let X be a cheese and let d be an integer.
(a) The map px induces a surjective homomorphism
oX)*
KX O(X) xd
(b) If G — Aut(P')x is a group homomorphism, then px 4 is G-equivariant.

(c) If ptdthen px g is an isomorphism.

,ux,d : — MO (h(X),Z/dZ)

Proof. (a) Proposition gives us an exact sequence of abelian groups
1= OX)X /K> = O(X)* /K> 25 My(h(X),Z) — 0.
Tensoring this sequence with Z/dZ gives an exact sequence
O(X) X X
KX X
The second term is O(X)*/K*O(X )Xd and the third term is My(h(X),Z/dZ) by
Lemma [2.1.6]

(b) This part follows easily from Proposition
(c) Since p 1 d, the first term in vanishes by Lemma [3.3.5] O

(13)

® Z/dZ — Og) ® Z/dZ "% X8 Mo(h(X),Z) ® Z,/dZ — 0.
Z Z

Corollary 4.3.3. Let X be a cheese, d is an integer such that p 1 d and suppose
that G — Aut(P!)x is a group homomorphism. Then

pix.q00q: Con(X)¢[d] — Moy (h(X),Z/dZ)°
is an isomorphism.
Proof. This follows immediately from Proposition [3.1.16[ and Corollary d

We will now use Corollary to investigate how the group Con®(X)[d] changes
when we vary X and G. More precisely, we have the following

Proposition 4.3.4. Let Y C X be cheeses such that ¢35 : h(X) — h(Y) is surjec-
tive and let d > 1 be an integer such that p 1 d.

(a) Suppose that
(i) each fibre of ¢35 : h(X) — h(Y) has size coprime to d, and
(ii) the G-orbits in h(X) are unions of these fibres.
Then the following restriction map is injective:
Con(X)[d]¢ — Con(Y)[d].

(b) Suppose that additionally to the assumptions in (a),
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(iii) H is a closed subgroup of Gy, and
(iv) the restriction map Hom(G, uq(K)) — Hom(H, uq(K)) is injective.
Then the following restriction map is injective:
Con®(X)[d] < Con™ (Y)[d].
(¢) Suppose that additionally to the assumptions in (b),
(v) 351 h(X) — h(Y) induces a bijection between the G-orbits in h(X)
and the H-orbits in A(Y),
(vi) the map Hom(G, pg(K)) — Hom(H, pg(K)) is surjective, and
(vil) w: Con®(X)[d] — Con(X)[d]¢ is surjective.
Then the following restriction map is an isomorphism:

Con®(X)[d] — Con' (Y)[d].
Proof. (a) By Corollary there is a commutative diagram

px,d004

(14) Con(X)[d]¥ ———— My (h(X), Z/dZ)®

T

Con(Y)[d] My (W(Y), Z/dZ)

y,d004
whose left-vertical arrow is restriction and whose horizontal arrows are isomor-
phisms. Thus it suffices to prove that i5, : My (h(X), Z/dZ)G — My (h(Y),Z/dZ)
is injective. Suppose that v is in the kernel. Then for D € h(Y),

0 =5, v({D}) = v((:3)"{D}).

Since 1y is surjective by assumption, we may choose some D’ € h(X) such that
135 (D") = D. Because v is G-invariant, assumption (ii) implies that

v () "H{D}) = 1(:5)~HD)| - v({D'}).
Then assumption (i) gives v({D'}) = 0, so v = 0 as required.
(b) Using Lemma [3.2.14] together with Proposition 4.1.11| and (iii), we have the

commutative diagram

(15) 0 — Hom(G, pg(K)) — Con®(X)[d] — Con(X)[d]¢

| | |

0 — Hom(H, j14(K)) — Con™ (Y')[d] —— Con(Y)[d]?

with exact rows, whose vertical arrows are given by restriction. Using (iv), part (a)
and the Four Lemma, we see that the middle arrow is injective.

(c¢) Assumption (v) implies that the right vertical map in has image equal to
Mo (h(Y),Z/dZ)™, so the right vertical arrow in is an isomorphism. Using this
together with (vii) gives that both of the rightmost horizontal arrows in diagram
are surjective. We can now use (vi) and the Five Lemma to finish the proof. O

The following technical Lemma is needed for the important Corollary [£.3.8]below.
Recall the K-cheeses Cr from Definition [£.2.3]

Lemma 4.3.5. Suppose that 7/ C T are finite subtrees of BT with N(7') C 7.
Then for every n > 1 and f € K*O(Cr) % ., we have f|c, € KXO(CT/)E;VLH.

‘ﬂ'Fln7
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Proof. We claim first that for each @ € F' and n € {£1},

(16) [z —a)"|c,, <l|mpll(z—a)"|c, .
By a change of coordinate induced by an element of GLo(F') we may reduce the
proof of this claim to proving |7p|~! < |z|c, in the particular case |z|c., = 1.

Now if [z|c, = 1, then s € 7' and so, by hypothesis,
T CT' UN(T)CT.
Then because Q; = Cr;, we have |z|c, > |z|q, = |7r|~! which proves the claim.
Now suppose that f € KX(’)(CT)‘f;‘n so that f = A(1+h) for some A € K* and
h € mpO(C7)°. We have to show that 1+ h € K*O(C77)[; 7 41 By Proposition
[419] we can write
g
Lth=(14X)+D Y A€
=0 j>1
with X, Aij € 7Ok and &, ..., &, each of the form ¢(x —a) or = with a,c € F

and ¢ # 0 and |§;|c, = 1. Since (1+Xg) € K**, by considering (14+Xo) "} (1+h) we

may further assume that Ao = 0 and then it suffices to prove that |h|c ., < |t

Now by , for all suitable 7, 7 we have
ey, = Il < |mal < |ral
so the result follows by the ultrametric inequality. ([
Recall the K-cheeses ,, from Definition [£.2.12}

Corollary 4.3.6. Suppose that n,m > 0. Then for all f € K*O(Qy4m)*",
fla, € KXO(Qn)

|wp|m

Proof. Since N(Tn+k) C Tntk+1 for all n,k > 0, this follows from Lemma by
a straightforward induction on m. O

Proposition 4.3.7. Write A := GL2(Op).
(a) For all n > 0, the restriction map
Con(Q,11)4[p'] = Con(Q,)[p]

is an isomorphism. These groups are cyclic of order ¢ + 1.
(b) There is m > 1 such that the restriction maps

Con(Qern)A[p} — Con(Qn)A[p]
are zero for all n > 0.

Proof. (a) Suppose d is an integer coprime to p and that d is a multiple of (¢+1) =
|h(€20)|. Then by Corollary and Proposition for each n > 1, there is a
commutative diagram

Con(Qn)A[d] — Mo(h(S2), Z/dZ)A
Con(Q,_1)A[d] —= My(h(Q_1), Z/dZ)*

whose horizontal maps are isomorphisms. Since A acts transitively on each h(£,),
by Lemma [4.2.15(a), we see by Proposition b) that My(h(Q,),Z/dZ)* is
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cyclic of order ged(d, |h(2,)]) = ¢ + 1 and generated by the image of qf‘llEh(Qn).

Moreover by Lemma [4.2.15(b) together with Proposition ¢), the right-hand
vertical map sends the image of q%lzh(ﬂn) in Mo(h(Q,),Z/dZ)* to the image of
qudth(anl) in My(h(2,_1),7/dZ)?. Since ¢ is coprime to d, it follows that the
map is an isomorphism. Part (a) now follows easily.

(b) We take m > 1 such that |7 '] < @ and let N = n + m. Suppose that

1] € Con(Qy)" o]

We will show that [Z|q,] = [O] € Con(Q2,). By Proposition [3.1.16| there is u €
O(Qn)* such that

« A

It suffices to show that u|g, € KXO(Q,)*P. Now uq, »(u) € Mo(h(Qn),Z/pZ)A
by Corollary b), and by Proposition b,c) and Lemma [4.2.15|(b), the

natural map induced by the inclusion Qn C Qn_1
Mo(h(QN), Z/pZ)"* = Mo(h(Qn 1), Z/pZ)
is zero. It follows, using Proposition that there is v € O(Q2}_;) such that
iy, (ulay_,vP) = 0. Writing
w = ulg,_, VP,
to prove u|q, € K*O(Q,)*? it suffices to show that wlq, € K*O(Q,)*P. Since

Loy, (w) = 0, Proposition now implies that w € K*O(Qpim—_1)""*.
Now by Corollary

wla, € KXO(Q,)*

|ﬂ-F|m71 .

Our assumption that |7 !| < @ now allows us to deduce from Lemma b)
that w|q, € K*O(Q,)*? as required.

GLz(OF)'

We can now compute PicCon(£2) o

GL2 (OF)
tors

Proof. By Proposition [1.2:21] Proposition [3.1.9] and Proposition [£.1.11] we have
PicCon(f2) 2 lim Con({2y,).
F

Corollary 4.3.8. The group PicCon(2) is cyclic of order g + 1.

Since each ), is A := GLy(OFp)-stable by Remark [4.2.13] and the functors taking
A-invariants and taking the d-torsion subgroup each commute with limits it follows
that for each d > 1 we have

PicCon(Q)4[d] = lim Con(2,)"[d].

By Proposition [4.3.7(b), <h‘m Con(,)"[p] = 0. So PicCon(22)* has no p-torsion.

By Proposition 4.3.Z|¢a), we can see that for each d that is a multiple of ¢ + 1,
(h_m Con(,,)?[d] is cyclic of order g + 1. The result follows. O
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4.4. Proof of Theorem A. We now return to the setting of §3.3] and start working
towards our proof of Theorem A. Recall the cheeses (2,, from Definition (b)
and the map ¢, from Proposition [3.2.

QF , will denote the version of ),, obtained when K = F'.

Theorem 4.4.1. Let L be an unramified quadratic extension of F'. Then for every
z € Qpo(L) and every n > 0, the map

¢:: Con®2(90(Q,)[p'] — Hom(GLa(Op)-. K(2)*) V']
is an isomorphism.
Proof. Note that because z € Qp (L), we may view it as a point of Qpo(K(2)) =
Qo(K(z)) C Q,(K(2)). Hence the map ¢, from Proposition makes sense in

this setting. Write A := GLy(Op). By Proposition [3.2.14] together with the left
exactness of the endofunctor (—)[p’] on abelian groups, there is an exact sequence

0 — Hom(A, K*)[p'] = Con?(2,)[p'] = Con ()" [p'].

The group Con(f2,)4[p'] is cyclic of order ¢ + 1 by Proposition m(a)7 whereas
Hom(A, K*)[p'] is cyclic of order ¢ — 1 by Lemma a). Thus,

‘ConA(Qn)[p'] <¢? -1

Since z € Opo(L) C Qp(F) by assumption, we can apply Lemma to see that

. =GY% Also, z € Qpo(L) C Qp(L) = L\F implies that F(z) = L is a quadratic
extension of F, so Lemma can be applied to deduce that Hom(A,, K(z)*)[p’]
is cyclic of order ¢ — 1. Now it suffices to show that the image of ¢, contains
a generator of this cyclic group. To this end we will construct an element [.Z]

n

of Con”(€,,)[p] such that, in the notation of Lemma , 0.([Z]) = i To
do this, we will first construct a suitable unit v € O(Q,,)*, then an appropriate
1-cocycle a € Z{:‘, ﬁfﬁ, 4—1 and then the required equivariant line bundle . is given

by an application of Lemma a).
Consider the function

(17) j: A= O(Q,)" given by j ((Z 2)) = a— cx.
We compute that
. aq bl aq b1> s ((ag bg)) . . < . d11‘ — bl)
J ((01 dl)) (61 di) 7 \\ey dy = (m—ar)la-c a1 — 1T
((Ll(IQ + blcg) — (Clag + CQdQ)iL’
- ) o2)
- J C1 dl C2 d2

and see that j € Z1(A4,0(Q,)*). The reason for considering this 1-cocycle j is that

peo, (7(9)) =6gp., —0p.. forall ge A, and ZOj|AzEj; mod L**.

Now we define v := |h(2,)|0p,, — Xa, € Mo(h(Q2,),Z). Applying Proposition
we find u € O(Q,)* such that pg, (u) = v. Then we calculate that

0A()(g) =9 -v—v=|h()|(04p., —6p,) forall geA.
Therefore inside Z*(A, My(h(£2,),Z)) we have the equality

1O, Oj‘h(QnN = 5A(1/) = uQ,, © 5A(U)
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Since |h(2,)| = ¢™(q + 1), this means that j=¢ (97154 (u) takes values in ker g, .
Now Proposition tells us that ker ug, = K* - O(9Q,)**. So we may rephrase
this as saying that
mr(,) © (i~ 66 ()

takes values in K*/K**. Since ), is geometrically connected, A is compact and
every finite abelian p’-quotient of A has exponent dividing ¢ — 1, by Remark [2.2.4}
we may apply Proposition [3.3.8 with (d,e,u, ) = (¢ + 1,¢ — 1,u,j9") to deduce
that there exists an o € Z,° "y _; such that

n

(18) Tr(Q,) © Q= Tr@,) °Jj7 .
By Lemma M(a), there is a (¢? — 1)-torsion A-equivariant line bundle with con-
nection £ .4 on ,, such that ¢én([$ﬁq+1]) = [a] inside H(A, O(,)%).

To see what ¢, does to this [Z 1], we apply Proposition W(b) to find that

u

0=([Zig1a]) = 20 (vess, 6, ([L0g 1)) = z0ala..
Applying the functor T'(—) from Notation to the morphism of affinoid varieties
z: Sp L — Q,, and using equation , we see that

zoaly, = 2077 |4, mod K(z)**.
But z0j ((a —eN(z) )) =a—cz, 80 as zoa|a, takes values in pgz_q (K (2)*)
¢ a—ctr(z) ’ = -1 ’
we conclude that inside Hom(A,, K(z)*)[p’] we have

/\qn

¢:([Ligr1]) = z0ala. = j2

as claimed earlier. This is a generator because ¢" is coprime to ¢ — 1. (]

Using our next Lemma, we will be able to use Theorem [£.4.1] to _shed light on
0
our main group of interest, namely PicCon® (Q)tors. See Corollary below for
a description of the p/-torsion part of PicCon® ().

Lemma 4.4.2. Recall that A = GL2(OFp) and B =" GL2(OF).
(a) PicCon*(Q) = lim Con(Q,,).

(b) PicCon® (Q) = PicCon?(Q)  x  PicCon®(Q).
PicCon! (£2)

Proof. We note by Proposition [4.2.21|and Lemma|4.2.20(a), € is a smooth, geomet-
rically connected, quasi-Stein space with admissible cover {€2,}. Thus (a) follows

from Lemma [3.2.16] together with Remark [£.2.13] and Proposition
(b) This follows from Proposition [3.2.15] and Theorem [2.2.2] d

Recall the K-cheeses ¥,, from Definition 4.2.16] Since Pic(¥,,) = 0 by Proposi-
tion 4.1.11} there are restriction maps PicCon’ (Q) — ConI(\I/n) for all n > 0.

Corollary 4.4.3. The restriction map PicCon’ (Q)[p'] — Con’(¥)[p] is injective.

Proof. By Lemma and Lemma c), it suffices to show that the re-
striction map Con’ (¥, 41)[p'] — Con’ (¥,,)[p] is injective for all n > 1. Fixing
n > 1, this is equivalent to Con’(¥,,;)[d] — Con’ (¥, )[d] being injective for each
d coprime to p. We will prove this using Proposition b).
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Condition (i) of Proposition follows from Lemma [4.2.19(c). Condition (ii)
holds since the induced map on I-orbits A(¥,,+1)/I — h(¥,)/I is surjective and
hence injective by Lemma [£.2.19(c),(a). Conditions (iii) and (iv) are trivial since
in this case G = H = I. Thus Con’ (¥,,)[d] — Con’ (¥,,_1)[d] is injective. O

Proposition 4.4.4. For every [.#] € PicCon®L2(©%)(Q)[p/] there is an integer k
such that the restriction .Z|; satisfies
[Lr] - w[Z])] = [O+] in PicCon’ ().
Proof. We restrict Z|; further to ¥y, forming [.Z]|; v,] € Con! (¥)[p']. By Corol-
lary it suffices to show that inside in Con’(¥,) we have
Z
[Z|1wo] - w[Z1w,] = [Op;+] for some k€ e

We consider the exact sequence coming from Lemma

(19) 1 — Hom(I, K*)[p'] = Con’ (W)[p'] £ Con(¥o) [p'].

Note that w([.Z]) € PicCon®"(©O)(Q),. is killed by ¢ + 1 by Corollary m
Therefore the image w([-Z|r,v,]) of this class in Con(¥g)! is also killed by ¢ + 1.

Since w normalises I and ¥, is (w, I)-stable, Corollary and Proposition
3.1.16| gives us an isomorphism of groups with (w)-action

o 7Z I
Opi1: o)t 1_M(h\117>.
[1wg,q+1 © 01 Con(Wo)' [g + 1] — Mo | h(¥o), PR
Next, h(¥) has two I-orbits O; and Os of size ¢ by Lemma [4.2.19(a). Hence
I
My (h(\l’o), (chrLl)Z) is generated by the image of Yo, —Xp,. Since w swaps the two
orbits, it acts on My <h(\110)
by inversion, so that
w ([Zrw,] - w[Z]1w,]) = w ([Z]1,5,])  ww ([Z]1,9,]) = [O]

is the trivial element of Con(W¥g)![g+1]. The exact sequence above now implies
that [Z|1,w,] - w[ZL|1,w,] = [Oy] for some x € Hom(I, y1,y (K)).
Finally, since w? € Z(GLy(F)) acts trivially on ¥ and Hom(I, i, (K)),

w - ([ZLlrw,] - wZl1w,]) = [Z]rw] - w[L]rw]
Hence [Oyy] = w - [Oy] = [O,], which implies that
X € Hom(T, piy (K)) ).
Now Lemma [2.2.3{c) completes the proof. O

I
) ﬁ) by negation. Hence w acts on Con(W¥g)![g+1]

Corollary 4.4.5. The following restriction map is an isomorphism of groups:
PicCon®’ (Q)[p'] — PicCon®"2(Or) (Q)[p/].
Proof. Let A := GL2(Op) and B =" A. The commutative diagram

PicCon®” (Q) — PicCon? ()

| |

PicCon” (2) ——= PicCon’ (Q)
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maps given by restriction is a pullback square by Lemma b). Since taking
p’-torsion preserves limits in the category of abelian groups it follows that

PicCon®’ (D)p'] s PicCon? ()]

PicCon® (Q)[p'] —— PicCon’ (Q)[p]

q1

is also a pullback square. We will show that im ¢ C im ¢; and that ¢; is injective.
By symmetry we then have im ¢go = im ¢; and g5 is injective, and the result follows.
We consider the commutative diagram

1 —— Hom(A, K*)[p'] — PicCon”(Q)[p'] — PicCon(Q)4[p']

T
1 —— Hom(I, K*)[p'] — PicCon’ ()[p'] —— PicCon(Q)![p']

whose rows are exact by Proposition [3.2.14 The left vertical map is injective
by Lemma a,b) and the right vertical map is an inclusion map. Now the
injectivity of go follows from the Snake Lemma. Therefore ¢ is also injective,
because g2 (w[-ZL]) = w1 ([£]) for every [£] € PicCon® ().

Finally, by Proposition M (L) =qgwZL] e O+) for some integer k.
Hence the image of g is contained in the image of ¢;. O

Remark 4.4.6. One may wonder if it might be possible to strengthen the state-
ment of Corollary to give a similar description of all torsion elements in
PicCon%® (©). However when ¢ = 2, the restriction map

PicCon®’ (DVtors — PicCon® (DVtors

is not an isomorphism in general, because the homomorphism from the abelianiza-
tion of A to the abelianization of G induced by inclusion has a kernel of order 2
and so particular the restriction map

Hom (G, K™ )iors — Hom (A, K )iors
then may not be surjective.

Next we pass to the limit as n — oo to deduce the consequences of Theorem
0
for the p/-torsion part of our main group of interest, namely PicCon® (£2).

Lemma 4.4.7. Suppose that K contains the quadratic unramified extension L of
F and let z € Qpo(L). Then the homomorphism

6.[p]: PicCon® (Q)[p] — Hom(GY, K*)[p]

is an isomorphism. Moreover, every p’-torsion character x : G — K* kills the
Sylow pro-p subgroup P, of SLa(F).,.

Proof. By Lemma [4.4.2a) and Corollary [4.4.5] we have an isomorphism
PicCon® (Q)[p'] —> lim Con (2,)[p].

Using Proposition d) together with Theorem [4.4.1} we deduce ¢,[p'] is an
isomorphism. Also, x kills P, because P, is a (normal) pro-p subgroup of G%. [
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With the last result in hand, it is natural to wonder about the p-torsion part
0
of PicCon® (). The following description of this group does not require the full
force the methods employed in the proof of Theorem [£.4.1]

Lemma 4.4.8. Suppose that K contains the quadratic unramified extension L of
F and let z € Qp(L). The homomorphism

6:[p™]: PicCon® (Q)p™] —  Hom(G2, K*)[p™]
is injective with image Hom(GY/P,, K*)[p*].

Proof. Since K D L and 2z € Qg (L) by assumption, we see that z € Q(K). Hence
0
the map ¢, : Pic® (Q) — Hom(GY, K*) exists by Proposition
Now consider the following triangle:

x—[Ox]

Hom(G°, K*)[p™] PicCon®" () [p>]

\ ¢z [poo]

Hom( GO KX

The triangle is commutative by Lemma c), and the horizontal arrow is an
isomorphism by Proposition and Corollary Hence it suffices to show
that res is injective, and that its image is Hom(G%/P,, K*)[p™].

Note that SLo(F) is a perfect subgroup of GY and K* is abelian. Hence
Xlsr,(ry = 1 for any character x : G° — K*. In particular, res(x) vanishes
on the subgroup P, of SLy(F). Now if x : G° — K* is a character such that
res(x) = x|go = 1, then Corollarylmmedlately implies that xy = 1. Therefore
res is injective as required. 0

Recall that G = GLa(F).

Proposition 4.4.9. Suppose that K contains the quadratic unramified extension
L of F. Then for all g € G and z € Qg (L), there is a commutative diagram

PicConGO(Q)tors Hom(GY/P,, K* )tors<;Hom(’) /Pi, Vtors

:
Q\L Cg

PicConGO (DVtors T) Hom(G0 2/ Pgzy K )tors ;j Hom(O} /PL, Vtors

all of whose arrows are isomorphisms of abelian groups.

Proof. The first square commutes by Proposition b), and its vertical arrows
are isomorphisms with inverses ¢g—! and Cz—l respectively. By Lemma and
Lemma ¢ is an isomorphism in the case when z € Qpo(L). But since L is
quadratic over F', G acts transitively on Qg (L) = L\F, so we may choose g € G
such that g - z € Qpo(L) and then ¢g., is an isomorphism. The commutativity of
the first square now ensures that ¢, is always an isomorphism.

Recall from Lemma ”b c) the group isomorphism j, : GY = O} which
maps SLo(F). onto ker N, /p. Since P, is the Sylow pro-p subgroup of SLy(F).,
Lemma implies that j,(P,) = P}. Passing to the quotients, we obtain a group

isomorphism 7, : G%/P, = o5/ P}, and the horizontal arrows in the second square
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are then obtained from j, and j,.. by applying the functor Hom(—, K™ )ors. To
show that the second square commutes, it will therefore be enough to show that

Jjgz0cqg=17j, foral geG
as group homomorphisms GY — L*. Note that j.(h) = j(h)(z) where j is the
1-cocycle appearing in the proof of Theorem [£.4.1] Since j is a 1-cocycle, we have

ilghg™) =j(9) g-i(hg™") =j(g) g-i(h) (gh)-j(g™") forall heGY.
Evaluate this at ¢ - z. The middle factor on the right is (g - j(h))(g - z) = j(h)(
and the rightmost factor is j(¢g~)(h~tg™! - (g9-2)) = j(g71)(2) because h~! €
fixes z. Hence (. o c;)(h) = j(ghg (g -2) = (99 =) J(W)(=) s(g~)(2)
J(h)(2) = jz(h) because j(g~") (97" -i(g)) = j(g~"g) = j(1) = 1.

We can now give our proof of Theorem A.

I

)

2

Ol

Theorem 4.4.10. Suppose that K contains the quadratic unramified extension L
of F'. Then there is an isomorphism of abelian groups

PiCCOHG0 (Q)tors i Hom(og; KX )tors~

Proof. Choose z € Qp(L) as well as an F-algebra homomorphism ¢ : L < D. The
required isomorphism is the composition of the isomorphism

(20) 7= (7.") " o0 ¢. : PicCon®’ (Q)sors — Hom(OF /P, K )ions

given by the commutative diagram in Proposition [4.4.9] with the inverse of the
isomorphism go¢* from Corollary [2.3.8{a). O

To determine to which extent this composed isomorphism depends on the choices
0
that have been made, we must first compute the action of w on PicCon® (D) tors-

Theorem 4.4.11. Let [Z] € PicCon®" (D sors-
(a) If [&] is prime-to-p torsion, then w,.¥ = £®1.
(b) If [Z] is p-power torsion, then w,.¥Z = Z.

Proof. (a) We already know from Corollary Theorem and Lemma
that PicConGO(Q) [p] is a cyclic group of order ¢ — 1. We will therefore not lose

any generality by assuming that [.Z] is a generator of this group.

The restriction map PicConGo(Q)[p’ ] = PicCon®(Q)[p/] is an isomorphism by
Corollary where A := GLy(Op). In the proof of Corollary we saw
that the restriction map g : PicCon®(Q)[p'] — PicCon’ (Q)[p/] is injective. Since
PicCon’ (Q)[p'] — Con’(Wy)[p'] is injective by Corollary it remains to show
that w,(Lw,) = (Lw,)®? as I-equivariant line bundles with connection on Wy.

Consider first the restriction Zjg, to an A-equivariant line bundle with con-
nection on Q; 2 W,. Since [Zo,] generates PicCon (Q)[p'], using the proof of
Theorem we can find a unit v € O(Q4)* and a l-cocycle a : A — O(241)*
such that Lo, = £ 1,1, where

(21) po, (u) = q(q+1)0p,, —Xq, and 7)o a = Tr@,) o ji.

o ~ o ® . . .
We must show that w.(Lg 11 4-1190) = (Ligt1.9-11%,)%7 as I-equivariant line

bundles with connection on Wo. Write oy := a7 : I — O(¥o)* and uy := ujg, €
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O(¥)™; using Lemma b) and Lemma (3.3.9) we see that we must show

all _ I
(22) {,% it 1} = [0] € Con’ (Ty).

We will do this using Proposition ii):>(iii), which first requires us to under-
stand the unit wu—flz“ € O(%y)*. To this end, consider the restriction r(uq, (u)) of
pa, (u) € My(h(€21),Z) to a measure on h(¥g). Write h(¥g) = {Do}ULUSU{D},
where D, denotes the unique hole of ¥, containing the point a € P(F), S :=
{Dajrp : a € pg—1(F)} and L := {Dy : a € pg_1(F)}. With this notation, the
sizes of the fibres of the restriction map r : h(Q1) — h(¥o) are given as follows:
rY(D)| =qif D= Dy or D € L, and |[r~'(D)| = 1 otherwise. Using (21)),

r(ue, (W) = (¢* +q¢—1)6p. —adp, — Y dp—q Y op.
Des Dec
The action of w on h(¥g) swaps Dy with Do, and & with £. Hence
w (g, () = (¢ + ¢~ 1)0p, —ap.. — Y 0p—q Y 9p.
DeLl Des

Subtracting ¢ times the first equation from the second, we see that the contributions
over the holes in S cancel, and we obtain

w-r(pa, (W) = r(pe, (W) = (2¢°+q—1)0p, — (¢* +¢*)op. + (= 1) > op
Dec
= (¢+1) ((2q ~1)ép, +(a—1) Y op - q25Doc>
DeL

= (g+1) pwy(v)
where v := 2297 (2971 — 1)971. Tt follows that

Hwg (“2;;1) =w - r(po, (1) — r(po, (w?) = pe, (Uq+1)

and we deduce from Proposition that there exists A € K* such that

w - Up
o = Wi mod O(¥y)**.

In other words, mp(w,)(Av?Hh) = Tp(g,) (*57)- In view of Proposition i) =(iii),

it remains to show that

w- o
WT(\PO) o < aq 1> = 7TT(\I/0) O(S[(U).
1

Since T,y o = Tr(q,)°j? by and since T'= O* /O** is a functor, we have
TT(Wy) © 01 = Tr(w,) © J¥. Hence it remains to verify the following equation:

( )(g) g-v X X L < a b>
(23) ST = o mod O(¥y) for all g:= o d) € I
Observe that v = 29(2? — )91, and that the factor (z¢ — 2)9~ ! is fixed by the
action of I on O(€)°/O(0)°°. Recall that g -z = 7ii;ia' Using the fact that

a,b,d € Op are fixed by t — t? modulo 7O, we compute

. . 4 _ q _ q
grv_gat _1de=b)t_d=bat g o0.)%
a




EQUIVARIANT LINE BUNDLES WITH CONNECTION 57

On the other hand, w™lgw = (_db _;Tc>, so using the definition of j from ,

w-jwtgw)?  (de—b)?/x? _ d—b/x?
i9r  (a—m)”® T
Since O(g)** C O(V()**, this shows that holds and completes the proof.
(b) Using Proposition and Corollary [4.3.8] we see that since & is p-
power torsion, it must be of the form . = O, for some p-power torsion character
x: G° — K*. Since y factors through det : G° — Of and since det(w™'gw) =
det(g) for all g € GO, we see that w0, = O,. O

mod O(Qp) ™.

Next, we record how Gal(L/F) acts on Hom(Oj / P}, K™ )tors.

Lemma 4.4.12. Let x € Hom(O;} /P}, K*)tors and let Gal(L/F) = (o).

(a) If x is prime-to-p torsion, then o -y = x.

(b) If x is p-power torsion, then o - x = x.
Proof. Recall the map Ny p x wr, : Of — Of x k. appearing in the first diagram
of the proof of Proposition whose kernel is P} by Definition m This map
becomes Gal(L/F)-equivariant when we equip its target with the o-action which
fixes the first factor and which acts by ¢ — t? on the second factor. It follows that

o fixes the Sylow p-subgroup of OF /P} and it acts by raising all elements of order
coprime to p to the power of q. The result now follows easily. ([

Recall the map 7, : PicConGU(Q)torS = Hom (O} /P}, K*)tors from .

Corollary 4.4.13. We have 0-7,([.Z]) = 7, (w-[Z]) for all [Z] € PicConGo(Q)tors.

Proof. This follows immediately from Proposition [4.4.11} and Lemma [4.4.12 O

We can finally justify the last claim made in

Corollary 4.4.14. The isomorphism constructed in Theorem [4.4.10| descends to a
natural bijection

PicCon® (Q)iors/G — Hom (O}, KX )iors/ D*
which does not depend on the choice of z € Qp(L) or ¢ : L < D.

Proof. Choose any z € Qp(L) and recall the isomorphism 7, from . The natural
G-action on PicCon®’ (Q)tors factors through G/G°F*. Identifying G/G°F* =
(wGYF*) with Gal(L/F) = (o) in the only possible way, it follows from Corollary
that 7, respects the action of this cyclic group of order two on both source
and target. Therefore we obtain a well-defined bijection

7 1 PicCon® (Q)sors /G —> Hom(OF / P}, K> )yors/ Gal(L/F).

Since G acts transitively on Qp(L) = L\F, it is now clear from Proposition
that 7, does not depend on the choice of z. Postcomposing 7, with the bijection
(oor*)~! from Corollary b) gives the required bijection in the statement of
the Corollary, which does not depend on the choice of ¢ by Corollary C). (]



58

(1]

[2
3

(4]
(5]
(6]
(7]
(8]
0
[11]
[12]
(13]
(14]

(15]

[16]

(17)

(18]

(19]
[20]
21]
(22]
23]

24]

[25]

KONSTANTIN ARDAKOV AND SIMON WADSLEY

REFERENCES

K. Ardakov and S. J. Wadsley. Global sections of equivariant line bundles on the p-adic upper
half plane. arXiv preprint arXiw:2312.12395, 2023.

Konstantin Ardakov. Equivariant D-modules on rigid analytic spaces. Astérisque, (423), 2021.
Konstantin Ardakov and Oren Ben-Bassat. Bounded linear endomorphisms of rigid analytic
functions. Proc. Lond. Math. Soc. (3), 117(5):881-900, 2018.

M. F. Atiyah and I. G. Macdonald. Introduction to commutative algebra. Addison-Wesley
Publishing Co., Reading, Mass.-London-Don Mills, Ont., 1969.

S. Bosch. Lectures on formal and rigid geometry, volume 2105 of Lecture Notes in Mathe-
matics. Springer, 2014.

S. Bosch, U. Giintzer, and R. Remmert. Non-Archimedean analysis. Springer-Verlag, Berlin,
1984.

Nicolas Bourbaki. Theory of sets. Elements of Mathematics (Berlin). Springer-Verlag, Berlin,
2004. Reprint of the 1968 English translation [Hermann, Paris; MR0237342].

J.-F. Boutot and H. Carayol. Uniformisation p-adique des courbes de Shimura: les théoréemes
de Cerednik et de Drinfel’d. Number 196-197, pages 7, 45-158 (1992). 1991. Courbes modu-
laires et courbes de Shimura (Orsay, 1987/1988).

Olivier Brinon and Brian Conrad. CMI summer school notes on p-adic Hodge theory, 2009.

Pierre Colmez, Gabriel Dospinescu, and Wiest awa Niziol. Cohomologie p-adique de la tour
de Drinfeld: le cas de la dimension 1. J. Amer. Math. Soc., 33(2):311-362, 2020.

Pierre Colmez, Gabriel Dospinescu, and Wiest awa Niziol. Cohomology of p-adic Stein spaces.
Invent. Math., 219(3):873-985, 2020.

Brian Conrad. Irreducible components of rigid spaces. Ann. Inst. Fourier (Grenoble),
49(2):473-541, 1999.

G. Dospinescu and A.C. Le Bras. Revétements du demi-plan de Drinfeld et correspondance
de Langlands p-adique. Ann. of Math. (2), 186(2):321-411, 2017.

V. G. Drinfeld. Coverings of p-adic symmetric domains. Funkcional. Anal. © PriloZen.,
10(2):29-40, 1976.

Laurent Fargues. L’isomorphisme entre les tours de Lubin-Tate et de Drinfeld et applications
cohomologiques. In L’isomorphisme entre les tours de Lubin-Tate et de Drinfeld, volume 262
of Progr. Math., pages 1-325. Birkh&user, Basel, 2008.

Jean Fresnel and Marius van der Put. Rigid analytic geometry and its applications, volume
218 of Progress in Mathematics. Birkhduser Boston Inc., Boston, MA, 2004.

Michael Harris and Richard Taylor. The geometry and cohomology of some simple Shimura
varieties, volume 151 of Annals of Mathematics Studies. Princeton University Press, Prince-
ton, NJ, 2001. With an appendix by Vladimir G. Berkovich.

Ryoshi Hotta, Kiyoshi Takeuchi, and Toshiyuki Tanisaki. D-modules, perverse sheaves, and
representation theory, volume 236 of Progress in Mathematics. Birkhauser Boston Inc.,
Boston, MA, 2008. Translated from the 1995 Japanese edition by Takeuchi.

Damien Junger. Cohomologie analytique des arrangements d’hyperplans. Algebra Number
Theory, 17(1):1-43, 2023.

Damien Junger. Cohomologie mod p des fibrés en droites équivariants sur le demi-plan de
Drinfeld. preprint, 2023.

Reinhardt Kiehl. Theorem A und Theorem B in der nichtarchimedischen Funktionentheorie.
Invent. Math., 2:256-273, 1967.

Werner Liitkebohmert. Formal-algebraic and rigid-analytic geometry. Math. Ann., 286(1-
3):341-371, 1990.

Werner Liitkebohmert. Rigid geometry of curves and their Jacobians, volume 61 of A Series
of Modern Surveys in Mathematics. Springer, 2016.

Hideyuki Matsumura. Commutative ring theory, volume 8 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, second edition, 1989. Translated from
the Japanese by M. Reid.

Z. Mebkhout and L. Narvdez-Macarro. La théorie du polynéme de Bernstein-Sato pour
les algebres de Tate et de Dwork-Monsky-Washnitzer. Ann. Sci. Ecole Norm. Sup. (4),
24(2):227-256, 1991.



EQUIVARIANT LINE BUNDLES WITH CONNECTION 59

[26] Jiirgen Neukirch, Alexander Schmidt, and Kay Wingberg. Cohomology of number fields,
volume 323 of Grundlehren der mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, 2000.

[27] Lue Pan. First covering of the Drinfel’d upper half-plane and Banach representations of
GL2(Qp). Algebra Number Theory, 11(2):405-503, 2017.

[28] Richard S. Pierce. Associative algebras, volume 9 of Studies in the History of Modern Science.
Springer-Verlag, New York-Berlin, 1982. Graduate Texts in Mathematics, 88.

[29] Vladimir Platonov and Andrei Rapinchuk. Algebraic groups and number theory, volume 139
of Pure and Applied Mathematics. Academic Press, Inc., Boston, MA, 1994. Translated from
the 1991 Russian original by Rachel Rowen.

[30] M. Rapoport and Th. Zink. Period spaces for p-divisible groups, volume 141 of Annals of
Mathematics Studies. Princeton University Press, Princeton, NJ, 1996.

[31] Carl Riehm. The norm 1 group of a P-adic division algebra. Amer. J. Math., 92:499-523,
1970.

[32] P. Schneider and J. Teitelbaum. Algebras of p-adic distributions and admissible representa-
tions. Invent. Math., 153(1):145-196, 2003.

[33] P. Scholze. Lectures on Condensed Mathematics. https://www.math.uni-bonn.de/people/
scholze/Condensed.pdf, 2019.

[34] Peter Scholze and Jared Weinstein. Moduli of p-divisible groups. Camb. J. Math., 1(2):145—
237, 2013.

[35] Jean-Pierre Serre. Local fields, volume 67 of Graduate Texts in Mathematics. Springer-Verlag,
New York-Berlin, 1979. Translated from the French by Marvin Jay Greenberg.

[36] Jean-Pierre Serre. Trees. Springer-Verlag, Berlin-New York, 1980. Translated from the French
by John Stillwell.

[37] John Tate. Relations between K and Galois cohomology. Invent. Math., 36:257-274, 1976.

[38] Jeremy Teitelbaum. Geometry of an étale covering of the p-adic upper half plane. Ann. Inst.
Fourier (Grenoble), 40(1):68-78, 1990.

[39] M. van der Put. Cohomology on affinoid spaces. Compositio Math., 45(2):165-198, 1982.

MATHEMATICAL INSTITUTE, UNIVERSITY OF OXFORD, OXFORD OX2 6GG
Email address: ardakov@maths.ox.ac.uk

HoMERTON COLLEGE, CAMBRIDGE CB2 8PH
Email address: S.J.Wadsley@dpmms.cam.ac.uk


https://www.math.uni-bonn.de/people/scholze/Condensed.pdf
https://www.math.uni-bonn.de/people/scholze/Condensed.pdf

	1. Introduction
	1.1. Background
	1.2. The main result
	1.3. Motivation
	1.4. An overview of some related works
	1.5. Acknowledgements
	1.6. Conventions and Notation

	2. Background from algebra
	2.1. Measures on profinite sets
	2.2. Some stabilisers in  and their linear characters
	2.3. Quaternions
	2.4. Equivariant sheaves and amalgamated products

	3. Topics in rigid analytic geometry
	3.1. Line bundles with flat connection on smooth rigid spaces
	3.2. Equivariant line bundles with flat connections
	3.3. Cocycles and equivariant line bundles on affinoids

	4. Applications to Drinfeld's upper half plane
	4.1. Subdomains of the rigid analytic affine line
	4.2. Drinfeld's upper half-plane
	4.3. Units, measures and flat connections on 
	4.4. Proof of Theorem A

	References

