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We consider the problem of minimizing integral functionals of the form
H(u) = | o F(x, V¥u(x)) dx, where 2 < R”, u: 2 - R? and V%W denotes the set of
all partial derivatives of u with orders <k. The method is based on a charac-
terization of null Lagrangians L(V*u) depending only on derivatives of order k.
Applications to elasticity and other theories of mechanics are given.

1. INTRODUCTION

In this paper we study minimization problems for integral functionals of
the form

I(u) = f F(x, Vi¥y(x)) dx, (1.1)

where 2 < R? is a bounded open set, u: 2 - R% and V'*ly denotes the set of
all partial derivatives u} of u of all orders || < k. The admissible functions u
are required to satisfy suitable boundary conditions or other constraints. It is
well known that if 7 is sequentially weakly lower semicontinuous in the
Sobolev space W**(Q), 1 <a < oo, and if F satisfies certain growth
conditions, then the direct method of the calculus of variations can be used
to prove the existence of a minimizer for I. The lower semicontinuity of
integrals of the form (1.1) has been studied by Morrey [28, 29] in the case
k =1, and by Meyers [27] for arbitrary k. These authors showed that if F is
continuous then a necessary and sufficient condition for I to be sequentially
135
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ls.c. with respect to weak* convergence in W**(Q) is that F be
quasiconvex, that is,

j F(x,, c*= 1, ¢ + V*g(x)) dx > m(D) F(x,, c*~ ', ¢) (1.2)

for every fixed x, € 2, c'*~'), ¢, all bounded open subsets D = R? and all
¢ € C(2). (In (1.2) we have used the notation F(x, V¥lu) = F(x, V¥~ 1y,
V¥u), where V*u denotes the set of all partial derivatives of u of order k. See
Section 3 for an alternative definition of quasiconvexity.) Under additional
growth conditions on F they proved that quasiconvexity is sufficient for
sequential weak lower semicontinuity of I in W*?(Q), where 1 < p < oo.
Quasiconvexity of F does not imply that F(x, c'*~'1,.) is convex, except in
the special cases p =1, k arbitrary and k = g = 1. Despite the importance of
these results, they cannot be said to solve the general problem of lower
semicontinuity, since the quasiconvexity condition (1.2) is only marginally
more transparent than lower semicontinuity itself. Furthermore, the growth
conditions imposed in order to prove weak semicontinuity in W*?(Q)
compare unfavourably with those known to be sufficient in the case when
F(x, ¢ =" .) is convex. In this paper we make some contributions to the
general problem, though we do not solve it.

Following work of one of the authors |3] on nonlinear elasticity, we base
our attack on the simpler problem of characterizing those functions L(V*u)
that are sequentially weakly continuous from W*?(2) to 2'(2). In
Theorem 3.4 we give several necessary and sufficient conditions for L to
have this property. In particular, L is sequentially weakly continuous (for
large enough p) if and only if L is a null Lagrangian, i.e., the
Euler—Lagrange equations

. oL
N (=DY = (Vuy=0, i=1l,.q
T ouy

=k

are satisfied identically for all u. In the case k=1 this result was proved in
[4]. Also, in the case k = 1, L(Vu) is a null Lagrangian if and only if L is an
affine combination of the minors of Vu of all orders p, 1 < r < min(p, q).
This follows from the results of Landers [25], Ericksen [19], Edelen
[14,15], Rund [38,39] and de Franchis [13], who consider more general
Lagrangians L(x, u, Vu). (The trivial example L = uu, shows that there are
null Lagrangians which are not of the form L(Vu).) The characterization of
the null Lagrangians L(V*u) for k > 1 is substantially more difficult than for
k=1; we show (Theorem 4.1) that L(V*¥) is null if and only if L is an
affine combination of Jacobians of the form

o(uy} ..., upr) (13)

(k... Xr)°
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where 1 <k; < p, 1 <v;<4q, |I;]=k— 1, and r > 1. Thus, surprisingly, there
are no new sequentially weakly continuous functions L(V*u) over and above
those obtained by applying the result for k = 1 to the map x — V¥~ 'u(x). The
main tool in the proof of Theorem 4.l is a transform similar to one
introduced by Gel'fand and Dikii [21] in their study of the algebraic
properties of differential equations. This enables us, using ideas of compen-
sated compactness due to Murat [31-33] and Tartar [41, 42], to reduce the
above theorem to a question about the properties of (ordinary) polynomials.
This can be answered using some powerful techniques of algebraic geometry.

Following [3] we say that an integrand G(V*u) is polyconvex if there
exists a convex function @ such that

G(V¥u) = @(J(V*¥u))  for all Vku,

where J(V*u) denotes the set of all the Jacobians (1.3). We give
(Theorem 5.2) necessary and sufficient conditions for G to be polyconvex,
and prove (Theorem 5.3) that if G is polyconvex then G is quasiconvex.
Polyconvexity is equivalent in the case k=1 to a sufficient condition for
quasiconvexity introduced by Morrey [28,29]. Our main existence theorem
(Theorem 5.5) establishes the existence of minimizers for I(u) in various
classes of admissible functions, the principal hypotheses being that
F(x, c'*=1 .} is polyconvex and that F satisfies a coercivity condition. The
proof of this theorem is a simple consequence of our sequential weak
continuity results and of a lower semicontinuity result for convex integrands
due essentially to Eisen [16]. This lower semicontinuity result does not
assume coercivity, and thus enables us to make our coercivity hypothesis on
F rather than on the associated convex function of the Jacobians, as was
done in [3-5]. Although quasiconvexity does not imply polyconvexity, at the
present time the polyconvex functions form the only general class of
quasiconvex functions known, so that the restriction to polyconvex
integrands may not be serious. For these integrands our results substantially
improve those of Morrey and Meyers.

It is known (cf. Theorem 3.3) that if G(V*4) is quasiconvex then G
satisfies the Legendre—Hadamard condition, which, if G is C?, takes the form

7, . OGH)
N\ N\ I b AN | q P

= 6H}'3H§'aa]b’b’>0’ a€RY, bERA (1.4)
(For the notation see Section 2.) In the case k=1 it is a still unsolved
problem of Morrey [29] to decide whether the converse is true. We give a
simple example (Example 3.5) to show that this is not the case for & > 1.
That (1.4) is a necessary condition for lower semicontinuity is a special case
of a result from the theory of compensated compactness (Murat [31-33],



138 BALL, CURRIE, AND OLVER

Tartar- [41,42]). Some of the connections between that theory and the
problems considered in this paper are discussed at the end of Section 3.
(Compensated compactness has beautiful applications to other aspects of the
theory of nonlinear partial differential equations.)

In Section 6 we apply our results to establish the existence of energy
minimizing deformations in conservative problems of nonlinear elasticity.
The cases of classical hyperelasticity, Cosserat continua, and materials of
grade N are considered. The assumption of polyconvexity can in each case
be interpreted as a constitutive hypothesis on the stored-energy function of
the material.

2. NOTATION

Let 2 be a bounded open subset of R”. If u: 2> R7 we write u(x)=
@' (x)yerry u9(x)), x=(x'se, x?). I I=(i\5err i)y, J=(j)sr j,) are multi-
indices we write I +J = (i) £ jiyr iy £ fp)s [I|= 01 + -+ + i, I'=14\1 - 1),
(OH=n/na-ny, I1<J if i,<j, for r=1.,p, uj=2a"--3u’),
o;=0/ox, x;=x'"=(x")1-- (x*), and (=D) =(-8,)" - (—0,)".
Occasionally we will write ¢ ; for d;¢.

Let X=X(p,q,k) denote the g X (°*}~')-dimensional space of real
matrices V= (V}), 1<i<q, |I|=k, and let Y= Y(p,q,k) denote the
g X (*}*)-dimensional space of real matrices V' = (VF}), 1 <i<gq, |I| < k. Let
Vi =), 1<i<q, |I|=k, and V¥ = (u)), 1 <i<q, [I| <k, so that for
each x € 2 we have Viu(x) € X, VI¥y(x) € Y.

The space of r-times continuously differentiable functions u: 2 — RY (resp.
u: 2 - R9) is denoted C"(R2) (resp. C'(2)). The subspace of C"(£2) consisting
of infinitely differentiable functions with compact support in 2 is denoted
Cr(2). If g=1 we write CJ(2)=2D(2). Lebesgue measure in R” is
denoted by m or dx. If 1 {s< oo then L°(2) is the Banach space of
{equivalence classes of) Lebesgue measurable real-valued functions v on 2
with norm

ls
lol, = (j |v(x)|sdx> . 1<s< o,
Q
= ess sup | v(x)], 5= 0.
xeqd

W5(22) denotes the Banach space consisting of functions u: 2 — R all of
whose distributional derivatives u! with |I| < r belong to L°(£2). The norm in
W™(£2) is given by
q P
Tl s= > N fuill;.
i 1<r
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If 1<s< oo then Wis(Q) is the closure of C3°(R2) in W™¥(R2). Weak and
weak* convergence are written — and 2, respectively. Weak* convergence
in W®°(R) is defined by u™ 5y in W"(Q2) if and only if 4"y} in
L) for 1<igq, [I|<r. WyP(R) is the closure of C°(R) in W*(R2)
with respect to weak* convergence. 2’ (£2) denotes the space of real-valued
distributions on . A sequence of functions v € L'(£2) converges to
v € L'(Q) in 2'(Q) if and only if [, v™¢ dx - [, vé dx for all ¢ € Z(Q).

3. NULL LAGRANGIANS, QUASICONVEXITY,
AND SEQUENTIAL WEAK CONTINUITY

Let p, g and k be fixed positive integers, and let Y = Y{(p, g, k) be defined
as in Section 2. A continuous function L: Y- R is a null Lagrangian if

j LOV™(u + ¢)(x)) dx = j L(V™¥yu(x)) dx (3.1)

for every bounded open set 2 — R? and for all u € CK(), ¢ € CT(2). By
making a suitable change of variables it is easily shown that if (3.1) holds
for 2= Q, and for all u, ¢ then it holds for all 2, u, ¢. Since

5{ j L(V™M(u + t9)(x)) dx

_y ¥ Q%(V’“(u+t¢)(x))¢;'<x)dx,

i=1 1<k

it follows that if L € C'(Y) then L is a null Lagrangian if and only if

q
YN[ 2 (VM) dx=0 (3.2)
=1 <k o 04

for all u€ CQ), ¢ € CP(N); ie., if and only if the Euler-Lagrange
equations

L
N (=D)Y—=0, i=1l,.,4q,
ek ou,

are identically satisfied in the sense of distributions for all u € C*(2).

We now show that any C' null Lagrangian is a divergence. Other results
to this effect have appeared in the literature (e.g., Lawruk and Tulczyjew
[26], Gel'fand and Dikii [21]) but they are not so precise.
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THEOREM 3.1. Let L € C!(Y) be a null Lagrangian. Then

L) =L =Y N ¥ (1) DY KT )

i=1 I <k 0<JI

in the sense of distributions for all u € CX(2), where

oL
KY(VHu) € [0 2= ey dr.
jﬂ ou;

Proof. If u is smooth and ¢ € &/ (£2), then by (3.2)

s L .
VoV 8_1 (tV™¥u)(u'g), dx = 0.

i=1 <k’ Q 7

[

By approximation, (3.4) holds if u € C*(2). By Leibniz’s formula,
; AR
(u'¢), = ,\_ (J) ur_y9s-
J<I
Also
q

. OL
L(VMy) = L(0) + Z ZJ l—&’—i(tV”‘]u)dt.
i<k ou;y

i=1

Combining (3.4), (3.5) and (3.6) we obtain (3.3). 1

(3.3)

34)

(3.5)

(3.6)

Recall that a function f: R? —» R’ is called almost periodic (a.p.) if it is the
uniform limit of finite trigonometrical polynomials Y7, a,e’v". It follows
from the definition that if /' is a.p. and if A < R” is a bounded open set, then

the mean value

def

M{f)= ( iy ) S dx

exists and is independent of A. A continuous real-valued function of an a.p.
function is a.p. The range #(f) of values of an a.p. function f is compact.

DEFINITION. Let U < X be open. A function G: U— R is quasiconvex if

M[G(V'0)] > GM[Vv])

for any v € C¥(R®) such that V*v is a.p. and #Z(V*v) < U.
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THEOREM 3.2. Let F:2X Y- R be continuous. A necessary and
sufficient condition for

I(w) ¥ [, F(x, Vi¥y(x)) dx

to be sequentially weak* lower semicontinuous on W**(2) (i.e., u'™ 2 y in
Wk ®(Q) implies I(u) < lim, ., I(u"™)) is that F(x,, c* =", -) be quasiconvex
on X for each fixed x, € 2, c'* "Y1 € Y(p,q, k- 1).

Remarks. Let Q=1]%_, (a;,b;) be an open cell in R". If G: X-> R is
quasiconvex, then clearly

1 1 )
o) fg G(V*o(x) dx> G (W JQ VE(x) dx) 3.7

whenever v € C*(Q) and V*v is periodic with respect to Q, i.e., there exists a
continuous function f(x), periodic with respect to Q, such that Vv = fin Q.
(Indeed (3.7) holds for certain other open simplices; e.g., regular hexagons in
%) In particular, let D = R? be a bounded open set and choose Q > D. Let
c=(c))E X and ¢ € CP(D). Define

. L
vixy= N Fc}x’+¢(x).
di=k L3

Since Vv is periodic, it follows from (3.7) that
J’ G(c + V*(x)) dx > j G(c) dx = m(D) G(c). (3.8)
D D

That (3.8) holds for fixed ¢ and any ¢ € C3°(D) is the definition of quasicon-
vexity used by Meyers [27], generalizing that of Morrey [28] for the case
k= 1. Meyers showed that a necessary and sufficient condition for I to be
sequentially weak* lower semicontinuous on W*®(R2) is that F(x,, ¥, .)
be quasiconvex in the sense of (3.8) for each fixed x, and ¢'*~'I, It follows
from Theorem 3.2 that the two definitions are equivalent.

Proof of Theorem 3.2. By Meyers’ result and the above remarks, we have
only to show that quasiconvexity of F(x,,c!*~!l,.) is necessary for lower
semicontinuity, and this only for the case of an integrand G depending only
on V*u. (Here we use the sufficiency result of Meyers [27, Theorem 2], but a
direct argument can be given, in the spirit of [27, Theorem 1, Lemma 1], to
show that lower semicontinuity of / implies lower semicontinuity of
o F(xg, c*= 1, Vky(x)) dx for each fixed x,, 1)
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Let v€ C*R?) be such that V% is almost periodic. Define
v™(x)=n"*v(nx). By Taylor’s theorem |v'™||, ., is uniformly bounded.
Hence a subsequence v* - g in W**(Q), and clearly V¢g = M[V*y] ae.
Similarly, G(V¥o™) - M[G(V*v)| in L*(). By the lower semicontinuity
we deduce that

MIG(V*)] > G(M[V*v])

as required. |

Remark. There is an obvious modification of Theorem 3.2 for the case
when F is defined on a suitable subset of 2 X Y.
We next define a (nonconvex) cone A = A(p, q, k) = X by

A={a®"b:a €RYbERFY,
where a ®* b denotes the element of X with components (a ®* b)! = a'b,.

DEFINITIONS. A function G: U— R is A-convex if
G(tH + (1 — )H) <tG(H) + (1 — t) G(H), (3.9)
whenever 1€ [0,1], H—HE A and the line segment /(H, H) L sH +
(1—s)H:s€[0,1]} < U. G is strictly A-convex if strict inequality holds in
(3.9) when r€(0,1), 0 H— HE A and I(H, H) c U. Note that if G is C?
then G is A-convex if and only if the Legendre-Hadamard condition

q *GH) , .
——=a'a’b,b, >0, acRYy beR’
Lj=1 Wl=J|=k 8H;3HJJ m

holds for all H € X.

Theorem 3.3. Let G: U— R be continuous and quasiconvex. Then G is
A-convex.

Proof. The result is true if G is smooth (Meyers {27, Theorem 7].) If G
is continuous and p a mollifier on X, the mollified functions p, x G are
smooth and quasiconvex on a slightly smaller domain than U, and hence are
A-convex here. Letting ¢ » 0 we deduce that G is A-convex. [

We now come to the main result of this section, which gives a number of
necessary and sufficient conditions for a function L(V*u), depending only on
kth order derivatives of u, to be a null Lagrangian.
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THEOREM 3.4. Let L: X — R be continuous. The following conditions are
equivalent:

(i) L is a null Lagrangian
(i) [q L(c+ V*(x))dx=]q L(c)dx=m(Q) L(c) for all ¢ € CT(2),
Sor all constant ¢ € X, and for every bounded open subset 2 — R”.
(iii) M[L(V*v)] = L(M|V*v]) for any v € CK(RP) such that V*v is a.p.
(iv) L is a polynomial, and for any integer r > 2, the rth order total
differential D'L satisfies

D'L(H)|a' ®*b'....a” ®*b"| =0, d'€ERY P ER’, HE X,

whenever the vectors b',...,b" are linearly dependent in R”.
(v) LisC"'and

\ (D)’ (V") 0, i=1l,.q

|I| k

in the sense of distributions for all u € C*(Q).

(vi) The map u— L(V*u(.)) is sequentially weak* continuous from
Wo2(@Q) to L*R). (That is, u™%u in W-°(Q) implies
L(V¥u'™) 2 L(V*u) in L*(Q).)

(vii) L is a polynomial (of degree s, say) and the map u+— L(V*u(.))
is sequentially weakly continuous from W**(2)— 2'(Q). (That is u'™ —u
in W*5(Q) implies L(V*u'")— L(V*u) in 2'(R).)

Proof. Setting u'=3", _, (1/I') cix’ in (3.1) shows that (i) implies (ii).
It is easily proved that (vi) holds if and only if the functionals
+[ o 60(x) L(V*u(x)) dx, @ continuous, are sequentially weak* lower semicon-
tinuous on W**(2). Hence, by Theorem 3.2 and the subsequent remark,
conditions (ii), (iii) and (vi) are equivalent. Furthermore, (ii) implies that L
is A-affine (i.e., equality holds in (3.9)). It is easily shown that the
orthogonal complement in X of SpanA is zero, so that SpanA4 =X and
hence L is a polynomial of degree s { dim X. Let ¢, w € C5(2), € > 0. Then

by (ii),

d a .

— | eV + Vi) dr| o= Y >_ 2L (vty) gl dx=0.

delg i1 1=k Ja Oy

Choosing w = '™ with y™ —»u in C*(supp ¢), we obtain (v). We have

already shown that (v) implies (i). That (vii) implies (vi) is obvious.
Suppose (v) holds. We establish (vii). We have already proved that L is a
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polynomial of degree s, say. Let u™ — u in W*5(R2). We prove by induction
on s that L(Vku™)— L(V*u) in 2'(R). If s =1 then L is affine and so the
result is trivial. Suppose the result is true for s—1 and that L is
homogeneous of degrees. It follows from (ii) that OL/du} is a null
Lagrangian of degree s — | for any i, I. Since (6L/0u’)(V*u'™) is bounded on
L*'(Q), where 1/s + 1/s’ = 1, it follows by the induction hypothesis that

( Vi) — (V"u) in L*'(92). (3.10)

We now apply Theorem 3.1. Note first that by approximation (3.3) holds for
any u € W*5(Q). Also

KI(Vk (n)) ( k (n))

Without loss of generality we may assume that 02 is smooth. Thus, by the
compactness of the imbedding W*(Q) - W*~15(Q),

u™isul o in LY(R) (3.11)

for any 0 < J< I. Combining (3.10) and (3.11) we obtain
uPIKVR ™) = uf KU(VRu) in L'(Q).
Thus
(=DYuiKi(V*u'™) > (=DYu;_,Ki(V¥u)  in 9"(Q),

and so by (3.3)
LV L(V})  in 2'(2)
as required. Hence (vii) holds.
Let (iii) hold. We prove (iv) using an argument of Tartar [42]. If » =2 the
result follows simply from Theorem 3.3. Suppose the result is true for r — 1;

we prove it holds for r. If rank{b',..,d"} <r—1 then {b',..,b""'} are
linearly dependent, so that

D' T'L(H)[a' ®*b,....,a" ' @b '] =0. (3.12)
Differentiating (3.12) in the direction a” ®* b we obtain

D'L(H)| a' @ b',...,a" ®* b’] = 0. (3.13)
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Suppose that rank{d',...,b"} =r— 1. Without loss of generality we may
suppose that

br=b1 + e +br_l‘

Let
w(x)= > 1, sin(¥ - x),

J=1

where the ¢; are real parameters. Then

- _ N " kbl.sin 3
wx)=+> Lad® cos(bl x),

and so M[V*w|=0. By (iii)
M|L(H + V*w)| = L(M[H + V*w]) = L(H). (3.14)

The left-hand side of (3.14) is a polynomial in the ¢;. Equating the coefficient

of ¢, --- t, to zero, we obtain
MIDL(H)a @ B @ b 26 - x) - 20 x)] =0,
DL @ by @ @) (6 ) e (B X))

Since

sin sin
M bl.x)--- b 0,
[cos( *) cos( x)] *
this gives (3.13).

To complete the proof of Theorem 3.4 we prove that (iv) implies (ii). It
suffices to show that if L satisfies (iv) and r > 2 then

j D'L(c)[V¥9,..., V| dx =0 (3.15)
Q

for all constant ¢ € X, ¢ € C(R2); for if (3.15) holds then (ii) follows by
integration. Let
0"L(c) _ghe
dcy, - ey T
Following Murat {33}, we use Plancherel’s identity to compute the left-hand
side of (3.15). Defining the Fourier transform ¢ of ¢ by

6(5) — ¢(x) e—Zni(l'x) dx’

P
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we thus have
I SRRV Y i
J A,;,:¢li ,;dx
Ppljll

=[ Nabignen o)

RP

=jWZA$::::::¢?;';(¢’)(j TEE) @ o) @ — & de)

=[] SR FE) -
"Ww@' e dE,

vyhere the integratiqns are to be performed in the order shown. Since
GN(E) = (—2mi)*E §1(¢") etc, and &L..&7Y, & —3I01E are linearly
dependent, it follows from (iv) that the integrand is zero. Hence (ii)
holds. 1

Remarks 1. Because the characterization of null Lagrangians as affine
combinations of kth order Jacobians (see Section 4) is not straightforward,
we have chosen to give proofs of the various equivalences in Theorem 3.4
that are independent of it. Some of these proofs are new even for the case
k=1 (cf. (4, Theorem 3.1]).

2. In the case k=1 it is shown in [4, Theorem 3.1] that conditions (i),
(ii), (v)—(vii) are equivalent also to the condition that L be A-affine, that is,

a . OLH)

\ N a'a’b, b, =0, acRy, beR, (3.16)

lj 1 U= IJI kaHlaHj Y

holds for all H € X. For general k this is false, as is shown by the following

example. Of course, by (iv), (3.16) is a necessary condition for L to be a null
Lagrangian, for all k, and it is sufficient if L is quadratic.

EXAMPLE 3.5. Let p=k =2, g=3, let (x, y) correspond to (x', x?), and
let

3
L(Viu)= > eyl ul,ul

xy “yy?
Jok I=1

where ¢, denotes the alternating symbol. It is easily verified that L is A-
affine but not a null Lagrangian. Since L is an odd function it follows also
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that L is not quasiconvex. Hence the converse of Theorem 3.3 is false for
general k. It is an unsolved problem of Morrey [29, p. 122] to decide if A-
convexity implies quasiconvexity when k = 1.

To complete this section we exhibit the connection between the work of
Murat {31-33] and Tartar [41,42] and Theorem 3.4. These authors have
considered in particular the following question. Let £ — R” be open, let a,;
be real constants, and let s> 1, v> 1 be given. For what continuous
functions F:RY = R do the conditions

o\ 0 =0y in L5(Q),
A o'
N aijka_)Jc" bounded in L*(2)  for i = 1,..., M,

p—

Tk
imply that
Ful,s v™) = F(0) youny Uy)

in the sense of distributions?

Let 77 = {(A, &: AER", EERA, Y, ayu A& =0 for i=1,..,M}, 7%=
(AL EEZ :E+0}, and A= {AERN: (4, &) € 77 for some &} = Projv 77"
Then (Tartar [42, Theorem 18]) a necessary condition for F to be weakly
continuous in the above sense is that for any r > 2

D'F(v)[A',..., 4"} =0 for all v € R,

if A,&)e?7® with rank (¢',...,&) <r. This condition is sufficient
(Murat [33]) for suitable s, v provided F: (L*(22))" - L|,.(2) and

dim{A € R¥: (1, &) € 77%) is independent of & (3.17)

In our case, the functions v; are the u}, 1 <i< p, |I| = k. We know that

i i
ouy, _ ouy,;

o ox'

0 (3.18)

for all i, j, I and |J| =k — 1, where u} ,=,u};, or equivalently, J, / denotes
the multi-index (J,,..., j; + 1,y j,). The cone 7~ corresponding to the
differential relations (3.18) is

7= {H € X: there exists b € R” such that H} ,b,— H’, ;b,=0
if1<igqg 1<j,I<pand |J|=k—1}

If HE 7" then the vector with /th component H' , is parallel to b, and so
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H;,=H}'b, for suitable constants H)". Clearly Hylb,=Hyb; if
|K|=k—2, so that Hy',= Hy'b,. It follows by induction that

7" = {(a®* b, b): a € R9, b € RP).

Hence A is as previously defined, and condition (iv) of Theorem 3.4
corresponds exactly to those mentioned above. Note also that

dim{A€ RY: (L, b)€E 7™} =¢

is independent of b. _

Now suppose that u'™! € L5(R) satisfy (3.18), but that we do not know
that '™} = 8% ... gu' for functions u', where I = (i},..., i,). Suppose further
that

u™i—ulin L5(Q), |I| = k.

We claim that for any open ball B with B c 2 there exist functions v,
v € W*5(B) such that

v —p  in WS(B),
and

u'™p =", uj=vj, whenever |I| = k.

To prove this, let p be a mollifier, and consider the moilified functions
u™i% )« u™i These satisfy (3.18) in B and are smooth. Since B is
simply connected, it follows by induction that there exist smooth functions
w{: B - R7 such that wi=u™i for all i, |I| < k. Given n, ¢ there exists a

polynomial ¢! of degree less than k such that

j Vel gy :j V- tgm gy,
B B

Let v = w!” — ¢™. The inequality

j |Vik-1z s gx < C (
B

f Vik=Hz gy
f

S+j |vkz|de) (3.19)

holds for all z € W**(B); this can be proved using the argument in Morrey
[29, p. 82} and the fact that if the right-hand side of (3.19) is zero then so is
z. Applying (3.19) to v we see that |||, ; is bounded for each n,

€
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independently of ¢. Standard arguments imply that a subsequence v — '
in W**(B) as ¢;- 0, that V5o = (u™!), and that

J |VI= 1y s g L © f | VA ™ |* dx. (3.20)
B B

The right-hand side of (3.20) is bounded independently of n. Since
Js V¥ ™ dx =0, it follows easily that v™ — v in W**(B) and v} =u!
whenever |I| =k, as claimed.

It follows from the above that L(V*x) is sequentially weakly continuous
from W*$(Q) - 2’(R) if and only if L(u}) is weakly continuous in the sense
of Murat and Tartar (for functions satisfying (3.18)). The sufficiency result
of Murat, which does not assume (3.18) and of course applies to many other
situations of interest, does not give as sharp a result as Theorem 3.4 (vii)
since, for example, when L is a polynomial of degree 3 it implies only that
L(V*u) is sequentially weakly continuous from W**(Q) - 2'(R2).

4. A CHARACTERIZATION OF NULL LAGRANGIANS

This section continues the investigation of null Lagrangians begun in
Section 3, with the goal being an explicit characterization of all null
Lagrangians L: X —» R depending exclusively on kth order derivatives. By
Theorem 3.4 these Lagrangians are precisely those which define sequentially
weakly continuous maps from W**(Q) to 27(2). It will be shown that L is
null if and only if it is an affine combination of null Lagrangians of a
particularly simple form, the Jacobian determinants, which we now define.
Let K = (k,, » k), 1 <k;<p, and let @ = (v, 1;5..;v,,1,), where 1 <v,<q
and |I;|=4k— 1. Then the corresponding kth order Jacobian determmant
Jg: X— R is given by the formula

o(uyt ..., uy” ouy!
J&(VEy) = 3Ex;‘ll,... x’f:) = det <3le/ ) . 4.1)

The main theorem to be proved in this section is then as follows:

THEOREM 4.1. Let L € C(X). Then L is a null Lagrangian if and only if
L is an affine combination of kth order Jacobian determinants, i.e.,

L=C+ Y CiJg

a,K

Jor suitable constants Cg.

580/41/2-2



150 BALL, CURRIE, AND OLVER

We first dispose of the easy result that each Jacobian determinant is a null
Lagrangian. The formula

g ™) st
ax',..., x™ ;;] =0

a—i? (¢l a(xa‘f¢2:f;’¢r2m)>

(4.2)

is well known (cf. Morrey [29, Lemma4.4.6]). In (4.2) the notation X*
indicates that the term x° is omitted. Substitution of the appropriate
derivatives of the u' for the ¢ and possible relabelling of the x’ shows that
each Jacobian determinant is a divergence and, hence, by Theorem 3.4
(condition (ii)), a null Lagrangian.

To prove the converse we first fix some notation. Let & " =<"(p, q,k)
denote the space of all Lagrangians L: X — R which are homogeneous
polynomials of degree . By Theorem 3.4 every null Lagrangian is a
polynomial, and clearly we can look at each homogeneous piece of a null
Lagrangian separately, so that it suffices to prove the theorem for L € &#".
Let W™ denote the space of all r-linear functions

Q:XXXX--XX-R.
S~

rfactors

Each L € & gives rise to a function in W via polarization, or, equivalently,
as the rth order total differential D"L(H), where H is an arbitrary point in X.
Equality of mixed partial derivatives implies that D'L(H) is actually in the
subspace W[ of symmetric r-linear functions. Conversely, given a
symmetric function Q € W{, Euler’s identity for homogeneous polynomials
shows that there is a unique LE %" with Q=D'L(H), namely
L(H)=(1/r!) Q(H,..., H) for HE X.
Next let Z™* denote the space of all functions

P: (RIX R?) X -« X (R X R?) > R,

rfactors

which are linear on each of the factors R? and are homogeneous polynomials
of degree k on each of the factors R”. Given Q € W, there is an induced
function P = y(Q) € Z"* defined by

P@',b';...;a",b") = Q(a' ®*b',...,a" @ b").

Since Q is r-linear and Span A = X it follows that y: W”— Z"* is a linear
isomorphism. Similarly if Z* denotes the space of symmetric P’s in Z™,
then y: Wi — Zy* restricts to a linear isomorphism.

We are now in a position to describe the transform of a homogeneous
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Lagrangian. If L € &”, then its transform is the polynomial function
F (L) € Zy* defined by

FW =y (5 oTa).

where H € X is arbitrary. This transform was introduced in the case g =1
by Gel'fand and Dikii [21], and for g>1 is closely related to a
generalization of Gel’fand and Dikii’s transform used by Shakiban in her
thesis [40,35] to study the Euler operator and conservation laws using
algebraic techniques. In direct analogy with the Fourier transform of
classical analysis, this transform converts differential operations into
algebraic operations, which can be studied by known techniques. The
preceding constructions immediately imply the following fundamental
theorem:

THEOREM 4.2. The transform F gives a linear isomorphism between &'
and Zy*.

It will be of use to give an explicit formula for the transform of a
Lagrangian. If 7 is a permutation of the integers {1,..., 7} there is an induced
map 7: Z"* - Z"* given by

#P(a', b';...;a", b") = P(a™™, b™V;...; a™ ", ™).

The “symmetrizing” map is o= (1/r!) ). # the sum being over all
permutations 7 of {l,...,r}. Note that Z7* = im o. Note also that g c 6 =0;
i.e., o is a projection.

LEMMA 4.3. The action of the transform on a monomial is given by

F(upt - up)y=o(ay by --- a, by). 4.3)

The proof .is an easy computation. Using this formula, we can readily
compute some transforms.

ExAMPLE 4.4. Consider the second order Jacobian

_ o(u,,u,) _

o(x,z) et

yz — Uxy Uy
Here p=3, g=1, so a' €ER, b'= (b}, b}, b)) E R i=1,2, where (x, y, )
corresponds to (x', x?, x*). Then
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F () =0(a' (b} a’b3b} — a'bl bia’blb?)
= H(a'(b}’a®b3b} + a'bl b} a*(b})} — a'b} biab? bl — a'blblablbl)
1
2

(The last factorization, as we will shortly see, is not accidental.)

The next step is to describe the transform of an arbitrary Jacobian deter-
minant. Let a',...,a” € RY, b'..., b" € R®. Given a multi-index K = (k, ..., k,),
1 <k; < p, let By denote the r X r matrix with (i, j)th entry bf(j. Similarly,
given a collection of indices and multi-indices as in (4.1), let (4 ® B),
denote the r X r matrix with (i, j/)th entry af,jb}'j.

LEmMA 4.5. If Jg is the Jacobian determinant defined by (4.1), then its
transform is

FU) = % det(B,) det((4 ® B),). (4.4)

Proof. We use the notation u} ;= &,(u}). Then
r

JZ’ = Z Sgn(p) [1_[1 u;II,kD(/)’
- _

the sum being over all permutations p of {1...., 7}. Using formula (4.3) for the
transform yields

r

S 1 n n n
FUR) = Ysen(e) 7 X [ T o070
r!

p n =1
1 . r
=22 sen(@)sen(m) [ a7, b,
LI I=1

Separating the sums over 5 and n completes the proof. [

The next step in the proof is to use condition (iv) of Theorem 3.4, namely,
that a continuous null Lagrangian satisfies for any r > 2 the identity

D'L(H)[a' ®*b',....,a" @ b’ =0

wherever the vectors b',..., b” are linearly dependent. In particular, when L is
also a homogeneous polynomial of degree , then

F (L)@, b's..;a" b)) =0 *)

wherever b',...,b" are linearly dependent. If r > p then clearly #(L)=0.
Suppose r< p. Then b'..,b" are linearly dependent if and only if
det(By) = 0 for all multi-indices K. Since we are working with polynomials,
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we can invoke Hilbert’s Nullstellensatz on the vanishing of polynomials. See
Jacobsen |24, p. 254] for a proof of this celebrated theorem.

THEOREM 4.6. Suppose p(x'...,x™)=p(x) is a polynomial such that
p(x) =0 for all complex x satisfying q,(x) =0, ..., q,(x) = O for certain other
polynomials q;. Then there is a positive integer v such that |p(x)]" =
rix) q,(x) + -+ + ri(x) g.(x) for suitable polynomials r ..., r,.

(To utilize this theorem, we must of course check that (*) actually holds
for all complex linearly dependent vectors b',..., b", but this is easily inferred
from the real case by inspection of the coefficients of the resulting
polynomial.) .

This is almost what we want, except for the appearance of the integer v.
Clearly, if the ideal generated by the polynomials g,,..., g, is prime, meaning
that if p.-p=~+gq,+---+#.q, then either p=r g +---+r.qg, or
D="F.q,+ -+ + F,q,, then v can be taken as 1 in the theorem. For the case
of determinantal polynomials it is known that this ideal is prime.

THEOREM 4.7. The ideal generated by all polynomials det(By)
corresponding to all multi-indices K is prime (over C).

(The appearance of extra variables o’ does not affect the statement of this
theorem.).

Proofs of Theorem 4.7 can be found in Northcott [34, Proposition 2,
p. 197] for the case in question and Mount [30] for the more general case of
arbitrary sized minors of a rectangular matrix.! Theorems 4.6 and 4.7 then

imply

LEMMA 4.8. If L is a homogeneous polynomial null Lagrangian, then
there exist polynomials P, € Z™*~! corresponding to multi-indices K such
that

F(L) =" Py det(By). (4.5)
K

We now utilize the symmetry properties of the transform # (L) to
determine the general form of the Py in (4.5). If 7 is any permutation of
{l,...,r} then A(det(B,))=sgn(n)det(B;). Therefore, applying the
symmetrizing map o to (4.5) yields

F(L)=o (Z Py det(BK)>

K

=" Py det(B),
K

' We would like to thank M. F. Atiyah for leading us to these references.



154 BALL, CURRIE, AND OLVER

where

I )
P, = = N sgn(n) £(Py).

kg

Note that for any permutation 7,
7(Py) = sgn(rn) Py.

Theorem 4.1 now follows from Theorem 4.2, Lemma 4.5, Lemma 4.8 and the
following easy lemma.

LEmMMA 4.9. Suppose P€Z™*~' and #AP)=sgn(n)P for all
permutations n of {1,...,r}. Then

P=YC, det((4 @ B),)

Jor some constants C,.
Proof. Suppose
P(@',b';...;a", b )= c,(@a®b),,

where, for a = (v,, I,5..;v,,1,),
(@®b),=a,b; - a,b.
Applying 7 to P shows that
Cq = SEN(T) Cp(a)s
where (@) = (Vx(1y> Lr1y 3+ 3 Vo s Lin)- Therefore
P=1N e, Y sen(m)@® bl

r =

=N, det(A @ B),).

a

EXAMPLES 4.10. Using Theorem 4.1, we now write down the null
Lagrangians L(V*u) for various values of p, g and k.

(@) p=1
q
L(Vu)=co+ > c¢;8",

i=1

i.e., L is affine.
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(b) k=1
L(Vu) = affine combination of minors of Vu.

This is the case treated in [3-5], Reshetnyak |36, 37].
(C) k=2aP:2’q=1,
L(uxx’ uxy’ uyy) =Cy + Crllyy + ¢, uxy + C3 uyy + c4(uxxuyy - ugzry)‘
(d) k=2, p=2, g=2; then (cf. [5])

6

L(Vu)y=co+ Y chgulas + : d;f;,

=1
where

11 1 32 _ 2 2 ARy
Gy =u5 U, — (U;,) Gy = U — (U1,)
1,2 1,2 1 2 1,2
Gy=U U,y — U U, Gy =U U — U U,
I B 1,2 a1 2 1,2
¢s—u,1lu,12"u.1zu,11 P =1 1 U — U U,

Note that the ¢, are linearly independent.

In general, there are nontrivial linear relations between the Jacobians J§ of
a given degree r. In the case k=2, g = 1, these relations can be deduced
from the basis theorem for quadratic p-relations (Hodge and Pedoe [45,
p. 315]) and Lemma 4.5. Writing u, for u ;, let (j,,..., j, | ky i k,) = (J | K)
denote the Jacobian of degree r

(U, s ;)

Ak, xkr

There are 3(2)[(2) + 1] different such Jacobians, since interchanging two j;’s
just changes the sign, and also (/|K)= (K|J). The result in Hodge and
Pedoe says that all the relations between these Jacobians can be obtained
from those of the form
Grror drors KoLy Ky )
+ (./1 yeoos Jro1s kl I ko’ k29“'! kr)
t (Jrseos 15 Km I kos Ky seers kr—l) =0

(with appropriate + signs). For example,

o(u,, uy) . Oy, u3)  0uy,uy) _
ax, x*) ot xY)  a(xh x)

0. (4.6)
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The problem of determining the number n,=n,(k, p,q) of linearly
independent Jacobians Jg(V*u) of degree r for general &, p, g seems to be dif-
ficult.

The maximum degree of a nonzero Jacobian JZ(V*u) is R =R(k, p, q),
where R =min{(p,q) if k=1, and R=pif k> 1. If 1 {r R, choose

Jr(Vku) — (Jr.l(vku),m’ Jr.N,(Vku))

to be a fixed N,-tuple of Jacobians of degree r with the property that any
Jacobian J¢ of degree r is a linear combination of the J™/(V¥y). The J™/(V¥u)
can, of course, be chosen to be linearly independent, so that N, = n,, but we
do not insist that this has been done. (But see Lemma 5.1 below.) Note that
J'(V¥u) just consists of the elements u! of V*u,

We now refine slightly the statements in Theorem 3.4 concerning the
sequential weak continuity of the Jj.

THEOREM 4.11. Let 2<r<R, and let a;>1 satisfy
a,>r—Dp/(p+ 1), (a)+ (/a)< 1 for 1<i<r—1. Let u™ —u in
wke(Q), and let J(V¥u'™) be bounded in (L*(Q))" for 2 <i<r— 1. Then
JI(VRU'™Y - J(VRU) in (2" (@)Y for 1 <i<r.

Proof. We use the method of |3, Theorem 6.2; 4, Theorem 3.4] to prove
by induction that the following statement (P,) holds for 1< m<r. Let
S = {v € Wha(Q): J(VRv) € (L), 2<igr—1}.

Statement (P,). If vE€ S and a=(v,,I,s.5v,,1,), K=(k,., k,) are
multi-indices with 1 < k; < p, 1 <v;< g, |I;|=k — 1, then the identities

" ow’
N (=) ===, 4.7
IO (4.7)
™ 17}
TeVi)= X (=)™ - (o7 w), (4.8)
s=1 X

where

)

ws =
A(xk,..., £5s,..., xkm)

hold in the sense of distributions, and
J™(VEu ™Y - J™(Viu) in (Z'(Q))"~. 4.9)

Note first that (4.7), (4.8) hold if v is smooth (cf. (4.2)). In the case
m =1, the (m — 1)th order Jacobians in (4.7), (4.8) are taken equal to | by
definition; thus (P,) clearly holds. Suppose (P,,_,) holds. Let v € §, and let
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v be a sequence of smooth functions on 2 with v’ > v in W**1(Q).
Without loss of generality we may suppose that the boundary of Q2 is
smooth. Thus vY}2— ]2 strongly in L*(R2), where 1/y=1/a,—1/p if
a, < p, y > 1 arbitrary if a, > p. Since 1/y + (m — 2)/a, < 1, it follows from
(P,_,) and (4.8) that

o5, 0m)

. el
o(xk,..., £s,..., xkm)

in 2'(2). Thus (4.7) holds. To prove (4.8), let p be a mollifier and let
w=p - w* be the mollified functions. Let ¢ € Z(£2). For large enough j,

m s
T b

1 oxks
if x € supp(¢). Therefore

\ +13v(1)v %)
1) —L Nsg d
jﬂ (1t wg dx

5= l

=| N (=)o w , dx. (4.10)

Qs=1

Since w’S > w* in L®»-1(2) and 1/a, + 1/a,,_, < 1, passing to the limit in
(4.10) gives (4.8). Finally, by (P,,_,) we have that

oW e i) 8(u,2, o 4i7)
Ak, R xkmy A0k, £l X

in (Lom1(0Q))¥n-,

Since u'™}'—u;' in L*'(Q), it follows from (4. 8) that (4.9) holds. This
completes the induction. |

5. POLYCONVEXITY, LOWER SEMICONTINUITY, AND EXISTENCE THEOREMS

Let J'...,J® be defined as in Section4, and let 1< r<R. Then
JI = (J',..,J") can be regarded as a map from X to R™ X --- X RV =R,
where 0, =37_| N,. As before, let U< X be open.

LemMma 5.1.  JU) consists of linearly independent Jacobians if and only if
the convex hull Co JU'N(U) of J''NU) is open.

Proof. Obviously if the Jacobians in J"! are linearly dependent then
JUNU) is contained in a proper subspace of RY, and so CoJ"(U) is not
open.
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Let J1"! consist of linearly independent Jacobians J¢. We claim that for
any H€ U and any € > 0 such that the open ball B _(H) with centre H and
radius ¢ lies in U, there exists > O such that Co J'(B (H)) > B,(J'"\(H)).
If not, there exists a nonzero # € R such that (J'"\(H) — JU"\(H), 8) > 0 for
all H€ B,(H). Set H=H + ¢, where { € X and ¢ is a real parameter. For
small enough ¢ we have

;R:l TI"— (DTN H)(,.., £), 8) > 0.
Hence
(D'J'H)(), 0)=0 for ali { € X.
Therefore
(DU, 0),0)>0 for all {€ X.
Let {=a' ®*b' + a* 0% b’. By Theorems 3.4(iv), 4.1 we obtain
(D*J(H)a' ®*b', a> ®* b?),0) =0,
and hence, using the fact that Span 4 = X,
(D'V(H)L, 0, 0)=0 forall (€ X.
Proceeding inductively, we deduce that for i = 1,..., R,
(DNHYG,.., ), 0)=0  for all {E€ X.
It follows that
W), 0 =0 for all y € X,

contradicting the linear independence of the Ji. This proves the claim.

Let ¢ =3"" A JVV(H)€E CoJ"W(U), where 1,>0, Y™ A,=1, H,€ U.
Then there exist J;>0 such that the open set Y1, 4,B,(JV'(H)) is
contained in Co JI"((U). Hence Co J'W(U) is open. N

Remark. Lemma 5.1 complements |3, Theorem 4.3] in the case k= 1.
(In [3, p. 358] it is erroneously stated that JI"((U) is open, but this does not
affect the subsequent analysis.)

DEFINITIONS. Let 1< r<R. A function G: U—- R is r-polyconvex if
there exists a convex function @:CoJU"(U)- R such that
G(H) = ¢(JI(H)) for all H € U. G is polyconvex if it is R-polyconvex.

Note that if G is r-polyconvex then it is polyconvex.
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THEOREM 5.2. Let G: U- R. The following conditions are equivalent:

(i) G is r-polyconvex.
(ii) For each H € U there exists A(H) € R°r such that

G(H) > G(H) + (J"/(H) = J"\(H), A(H)) (.1
forall HE U.
(iii) (a) There exist constants a € R, b € R°" such that
GH)>a+ (JUYH), b)Y forall HEU, (5.2)
and
®b) fH, Y AHEU L2030 A=1,and
7 (8 ) = sy
iz iz
then

G (Z l,H,-) <Y 4,G(H)). (5.3)
i=1 i=1
Proof. Let (i) hold. If J'"! consists of linearly independent Jacobians,
then by Lemma 5.1 CoJ'"/(U) is open. Since @ is convex, for each HE U
there exists A(H) € R° such that

G(H) = @U"(H)) > PU(H)) + JVIH) — JUYH), A(H))
= G(H) + (JVI(H) — J"YH), A(H)),

so that (ii) holds. If J''} = (f, LJ), where J consists of linearly independent
Jacobians, L is linear, and where we have rearranged the Jacobians in J! if
necessary, define &(n) = ®(n, Ln). Then & is convex on Co J(U) and we
obtain (ii) as before.

Let (ii) hold. Fixing H in (5.1) gives (iii)(a). If H,, A, satisfy the
hypotheses of (iii)(b) then

G(H) > G(H) + (J"(H,) — JV\H), A(H)).

Multiplying by 4, summing, and setting H: > AH, gives (5.3).
Let (iii) hold. Following Busemann, Ewald and Shephard [9], define @ on
Co J(U) by

o) =inf 3 1,G(H),

i=1
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where the infimum is taken over all H,€ U, 4;>0, >’ | 1, =1, satisfying
n=>",AJ"(H,). By (iii)(a), ®(n) > a + (1, b), so that ®: CoJI"'(U)- R.
It is not hard to show that @ is convex. By choosing m =1 it follows that

GH) > ®(J'"(H)) forall HE U.

On the other hand, J'(H)=3" A,J")(H, implies in particular that
H=31" A;H,, so that by (iii)(b)

G(H) < ®(J"Y(H))  for all HE U.
Hence (iii) implies (i). 1

Remarks. 1. One can define the notion of polyconvexity with respect to
an arbitrary set of Jacobians in the obvious way, and a modified version of
Theorem 5.2 holds.

2. Note that (iii)(a) is always satisfied if G is bounded below. When
checking r-polyconvexity, only values of m<>[_,n;+1 need be
considered; this is a consequence of Carathéodory’s theorem (cf. [9]).

THEOREM 5.3. Let G: U- R be polyconvex. Then G is quasiconvex.

Proof. Write J=J"\, Let v € C*(R") be such that V¥ is a.p. and
#(V*v) c U. By Theorems 3.4, 4.1,

M[J(V*)] = J(M[V*)).

By Jensen’s inequality, and the fact that any real-valued convex function is
continuous,

M[G(V'v)] = M[®(J(V'v))]
1
= lim D L S(J(V*o(nx))) dx
< lim @ (ﬁ j J(V*u(nx)) dx)

n—0o0

= @MI(V*V)]) = PUM[V*v])) = GM(V'D]). 1

Remark. The converse of Theorem 5.3 is false if k=1 (cf. Morrey |28,
p. 26; 3, p. 361]).

Our main existence result, Theorem 5.5 below, is based on our weak
continuity results and the following lower semicontinuity theorem. We use
the notation R =R U {+}.
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THEOREM 54. Let @:2 X (R*XR°) >R satisfy the following
properties:
(i) @(.,z0v): 2> R is measurable for every (z,v) € R* X R",
(i) @(x, -, -): R* X R°> R is continuous for almost all x € 2,
(ili) P(x,z,-):R°> R is convex for almost all x € 2 and all z € R*.
Let z™,z:RS>R be measurable functions such that z”—z almost
everywhere (a.e.) and let v — v in (L'(R))° as n— co. Suppose further
that there exists ¢ & L'(R2) such that

D(x, 2(x), V(X)) 2 4(x),  P(x, z(x), v(x)) > $(x)

Jor all n and almost all x € Q. Then

f ®(x, z(x), v(x)) dx < lim j ®(x, 2 (x), v (x)) dx. (5.4)

This theorem is essentially the same as that proved by Eisen [16], with the
difference that we allow @ to take the value +o00. Related results have been
given by Berkovitz [8], Cesari [10,11] and Ekeland and Témam [17,
p. 226]. Although the proof is just a simple modification of Eisen’s, we
include it for the convenience of the reader.

Proof of Theorem 5.4. By considering @ —¢ we can suppose that
D(x, 2™ (x), v'(x)) > 0 and P(x, z(x), v(x)) > 0 almost everywhere. Clearly
it suffices also to prove (5.4) for the case when

lim | ®(x, 2 (x), v™(x)) dx = a < . (5.5)
Q

We first claim that
R (x) € @ (x, 27 (x), v (x)) — B(x, 2(x), v (x))

converges to zero in measure. Choose fixed representatives for z®, z, v
and v. If our claim were false then there would exist ¢ > 0, é > 0, and subse-
quences z*, v such that m(M,) > for all u, where

M, & {x € 2:[D(x, 2% (x), v (x)) — B(x, 2(x), v (x))] > &,
z®(x) - z(x) and P(x,.,.) is continuous}.

Since v —» v in (L'(R))°, and by (5.5), there exists K > 0 such that

J’ |U(")(X)| dx <K, J D(x, 2% (x), ™' (x)) dx < K
Q Q
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for all u, and thus m(N,) < 6/2, where

N, E x e Q: [y x) > % or D(x, 2 (x), v (x)) > %K

[N

Let M}, = M \N,. Thus m(M,) > 6/2 for all u. mls 1mpues, by the selection
lemma of Elsen that for a further subsequence ME ﬂ M, is nonempty. If
X € M then

P 0< 00 2, 1 () <

|@(x, 29 (x), 0 (X)) = D(x, 2(x), v (X)) 28 2% (%) > 2(x),

and ®(x, -, -) is continuous. Choosing a convergent subsequence v gives
the contradiction.

Extracting a subsequence from 4"’, we may suppose that A — 0 a.e. in
0. By Mazur’s theorem, there exist convex combinations 6’ =32 /v,
where only finitely many A/, are nonzero for each j, such that ¢"”(x) - v(x)
a.e. in £ as j— 0. Since P(x, z(x), -) is convex,

oG

P52, 0(5)) 4 X HAV() < X Ak, 200), 07(x)  (5.6)

j

for almost all x €2 and large enough j. Taking the lim; ., of (5.6),
integrating over £, and applying Fatou’s lemma, we obtain (5.4).

We now consider the problem of minimizing the functional
Hu) = j F(x, VMy(x)) dx (5.7)
Q

over a suitable class of admissible functions u. Roughly speaking, our
hypotheses will be that F(x, c* "1, .) is r-polyconvex for fixed x, "~ "1, and
satisfies suitable growth conditions.

We suppose, then, that F: 2 X Y- R satisfies for some r, 1 <r <R,

(H1) there exists a function @: 2 X Y*~'T'x R°r—» R, where ylk—1 —
Y(p, g, k — 1), such that

F(x, %1 H) = @(x, ¢tk 1, JU(H)) (5.8)

for almost all x € Q2 and all ¥ "Me Y% Hex

(H2) &(,c* ' J):02-R is measurable for every (c“"',J)€
Y[k‘” X Par’
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(H3) &(x, -, ): Y"*""I x R° > R is continuous for almost all x € £2,

(H4) @(x,ct*~1 .): R~ R is convex for almost all x € Q and for
all -1 gyt

(HS) F(x, "', H) > ¢(x) + C(CI21 T (H)™ + P( T (H))
for almost all x € 2 and for all (c!*~!), H)€ Y, where ¢ € L'(2), C, > 0 is
constant, the exponents a,>1 satisfy a, >(—1)p/(p+1) and
l/a, + 1/a; <1 for 1 <i<r—1, and where ¥: R* - R is a convex function
satisfying W(¢)/t - oo as = oo.

(Note that (H1)—(H4) imply that F(x,c* =", .): U™ 'E(x,c*"H-> R is
r-polyconvex for almost all x € 2 and all ¢'*~"'€ Y*~ '] where E(x, c'*~ ')
is the (possibly empty) convex open set on which @(x, ¢'*~'1, .} is finite, and
that F(x,c* 1 Hy=+ oo if H& (J')™! E(x, c* "))

We suppose that £ is connected and that the boundary 02 of 2 is
strongly Lipschitz; this implies that 02 forms a measure space with respect
to (p — 1)-dimensional Hausdorff measure u. We require the admissible
functions u to satisfy nonlinear boundary conditions on 6. Let M be a
positive integer, and let H: 90 X Y* "1 5 R satisfy

(C1) H(-, c*~'1): 8Q - RM is y-measurable for every c*~'1 e y!*~ !,
(C2) H(x,-): Y"1 RM is continuous for u-almost all x € 602,

(C3) There exist measurable subsets 902, of o2 with u(é2;) >0,
1<i<gq, and a constant K >0, such that if H(x,c* '")=0 for some
x €00, and c* "= (c))€ Y*~ 1, then |c}| < K.

We define the set & of admissible functions by
& = {u € W'(R): I(u) < o and
H(x, V*~"y(x)) = 0 u-almost everywhere in 602 }.

In the definition the derivatives V¥~ 'y are understood in the sense of trace.
We assume that & is nonempty.

THEOREM 5.5. Under the above hypotheses I attains its minimum on 57 .

Proof. Let u™ be a minimizing sequence for [ in &. By (H5)

[ [ v

i=1

IO |ax<C 69)
for all n, where here and below C denotes a generic constant. In particular,

V4™, < C. (5.10)
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The Poincaré inequality (compare (3.19))
q
J |V g L C (}:j |u<""'|“'dy+J |vku<"’|“'dx),(5.11)
Q i=178Q, Q

and (C3) thus imply that
[ e, < C. (5.12)

By (5.9), (5.12) and standard results on Sobolev spaces, there exists a subse-
quence u’ such that as y — oo,

N in W**(Q),

J(VR 9y — g in (LY@)™, 2<igr—1,
J (VY = Jr_ in (L'(@2))"™,

Vik=1l, 6, ylk=1ly almost everywhere in £2 and 012.

By Theorem 4.11,
Joo=J(Vhug),  2<igr,
and so
JI (VY = JO(VR ) in (LY(R))

Since
I(u™) = j D (x, VI Ny W (x), JUYVA ) (x))) dx,
Q2

we may apply Theorem 5.4 to deduce that

1(1,,) < lim T@*) = inf I(u).

M0
By (C2), H(x,V"* 'u_(x))=0 p-almost everywhere in 0f2, and thus

u, € o and I(u ) = inf, ., I(u) as required. i
We illustrate some features of Theorem 5.5 by means of a simple example.

EXAMPLE 5.6. Let k=2, p=2, g=1. Let 2cR? have strongly
Lipschitz boundary 612, and define

1) = | 11+ )du)" + (ueetty, = u3,)™" | de dy,
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where m>2 is an integer. Let & ={u€ W>'(Q):I(u)< o and
ul,qo =f a.e. in 92}, where f is a sufficiently smooth function. Then I attains
its minimum at some & € 7. This follows from Theorem 5.5 if we set

D(a; v, w, z;0) = (1 +a*)(v + 2)* + 6™,

and let r =2, a, = 4, ¥(¢) = t*™. The coercivity condition (H5) follows from
the estimate

Flu, uyy, Uxys uyy) = QU3 Uy, Ugys Uyy s UgxUlyy — uyzcy)
> (Ul +up, + 2ul, +20) + 6"
> 3(uj, + u, + dul,) + 87" — 467,

where 0 =u,u,, —u;,. This example clearly shows the advantage of
making the coercivity assumption on F rather than on @, as was done in
[3-5]. The results of Meyers [27] imply that I(ux) is sequentially weakly
lower semicontinuous on W**™(2), but are insufficient to establish the
existence of # since it is not clear that a minimizing sequence for I exists
which is bounded in W>*™(Q). Note also that in the case m =2 one can
compute (d/dt) I(ii + t¢) |,_, for ¢ € Z(2) using Holder’s inequality and the
dominated convergence theorem, but that for m > 2 this method fails, so that
it is not obvious that # satisfies the Euler-Lagrange equation in the sense of
distributions.

We now briefly mention some ways in which Theorem 5.5 may be
extended.

1. Addition of Surface Integrals
Let 002 be sufficiently smooth, let [ > &, and define

fw) = f,, F(x, V¥u(x)) dx + LQ G(x, VU= u(x), (V! u(x))) du,

where J"™(V!u(x)) denotes a complete set of Jacobians of Ith-order
tangential (surface) derivatives of u, up to and including those of order m. If
G(x,cl'=1,.) is convex, and if G satisfies suitable continuity and growth
conditions, then I attains its minimum subject to appropriate boundary
conditions on 9. Further integrals over lower-dimensional manifolds can
also be added and the existence of minimizers established using our methods.
The details of these results are left to the reader.

2. Weakened Growth Conditions

For certain integrands F satisfying coercivity conditions which are not of
polynomial type, a version of Theorem 5.5 can be proved in which the role

58074172 3
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of the spaces L) is played by Orlicz spaces L ,(£2), where 4 denotes a
suitable convex function. For the case of nonlinear elasticity, this was carried
out in [3]. The main step is to extend the sequential weak continuity results
for the J§ to Orlicz~Sobblev spaces, using the imbedding theorems for these
spaces.

Another way to weaken the growth conditions on F is to define JE(V*u)
using its expression as a divergence (cf. (4.8)). We denote this distribution by
J8(V¥u); it is defined inductively as follows. Let a= (v,,I,;.;v,,1,),
K = (ks k,). If 7= 1, then J&(VAu) £ w21, . If the Jacobians J of order
r — 1 have been defined, then

Vi
Oxks

AR VA
s=1

where a' = (v, 1,5.3v,,1,), K(s)= (ks kgyry k,), provided that each
product uj'Je(VAu) EL}(R2). It is easily proved that Je(Vku) if
u € W*'(Q). Since W*™Q)c W*=1"(Q), where 1/mi=1/m—1/p, it is
clear that J§(V*u) is well defined if u € W*™() and each J2.,(V*u) €
L%2), where 1/6+1/m—1/p<1. Since u€ W*™(Q) implies
T2 (VEu) € L™ =D(Q), it follows that J&(V*u) is defined if m > rp/(p + 1).
However, if r>m > rp/(p + 1) and u € W*™(Q) it can happen J2(V¥u) %
J%(V*¥u); an example is given in [3]. The arguments used to prove
Theorems 4.11, 5.5 show that

@7 T (Vu)),

Iw) = j D (x, VI Vy(x), IN(VEu(x))) dx

attains its minimum on .7, where J'", &/ are defined in the obvious way,
provided @ satisfies (H2)-(H4), and provided the estimate

D(x, 1 N > g(x) + CO( 2: | T )% 4 Y’(]f’])))

holds, where ¢, C,, ¥ are as in (HS), but where the a; need satisfy only

1 1 1 .
—_——4—<1, 1i<r.
a p a;

Unfortunately, it is known whether J%(V*u) = J2(V*u) a.e. if the former is a
function, so that the meaning of the result is not clear.
Certain Jg possess “better” identities than (4.8) which enable them to be

defined as distributions under correspondingly weaker conditions on u. For
example, if p=2,g=1,

Uy Uyy — uiy = (ux uy)xy - (%u;)xx - (%ui)yy (513)
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has meaning as a distribution if u € W'*(Q)! This distribution is sequen-
tially weakly continuous from W**(Q)— 2’(2) for any s > 1. Each such
identity can be used to weaken the growth conditions further, in the way
described above. A complete solution to the problem of determining all those
null Lagrangians possessing better identities can be found in [46].

3. Constraints

A wide variety of constrained minimization problems can be handled by
our methods. Of particular interest are pointwise constraints on the
derivatives V*u. Suppose, for example, that L is a given null Lagrangian of
order <r. Let @ be a given measurable function, and let the hypotheses of
Theorem 5.5 hold, with the exception that the inequality in (HS5) is required
to be satisfied only for x, c'*~'1, H such that L(H) = 6(x). Then I attains its
minimum on

& = {u € W (R): I(u) < 0, H(x, V¥~ y(x)) =0 p-ace.,
L(V*(u(x))) = 8(x) a.e.},

provided that = is nonempty. This follows using the sequential weak
continuity of L. Arbitrary continuous constraints on lower order derivatives
of u can be treated using compactness.

By Theorems 3.3 and 5.3, the hypotheses of Theorem 5.5 imply that
F(x,c*=" .y is A-convex on the set (JU)™'E(x,c*~"). The stronger
condition that F(x,c!*~'),.) be strictly A-convex has a connection with
regularity of weak solutions to the Euler-Lagrange equations for [ that we
now describe. We first give a geometrical interpretation of elements of 4.

LemMA 5.7. Let u € R? be nonzero, let a € R, and let n denote the
hyperplane {x: (x,u) = a)}. A function u € C*~'(RP) exists satisfying
Viux) =G if (xu)>a,
=H if {(x,u)<a,
where G, HE X, if and only if
G—-—H=1@"u (5.14)
Sor some A € RY,

Proof. Without loss of generality we take # to be a unit vector in the x'-
direction and a = 0. If u exists with the properties stated then
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u= N ——G’x"+P'(x) if x'>0,
=k K

=Y L Haf 4P if X <o,
mZk i ()

where P’ is a polynomial of degree k — 1. Therefore Gi = H’ unless
K = (k, 0,..., 0), so that

i ok
G-H=1®"e,
as required. The converse is obvious. [

Remark. The jump condition (5.14) still holds if = is replaced by a
smooth surface with normal z at some point x,, and if ¥ is C*"! in a
neighborhood of x, with V¥4 continuous on either side of the surface and
tending to limits G, H at x,,.

For simplicity we consider a C' integrand F: X - R, so that

I(u) = j F(V*u(x)) dx.
Q
The corresponding Euler—Lagrange equations are

j Frs —— (Vu(x)) 4, (x)dx=0  forall ¢€2().  (5.15)

It is easily shown that if £ intersects z then a function u as in Lemma 5.7
satisfies (5.15) if and only if

D (aH’ H+1®u aH’ (H)) (5.16)

Hl=q

By multiplying (5.16) by A’ it follows that if F is strictly A-convex then
there are no nontrivial weak solutions u of the above type. Conversely, if
every such weak solution is trivial and if, for example, F attains a local
minimum at some H; € X, then the method of [6] shows that F is strictly A-
convex.

6. APPLICATIONS TO THEORIES OF ELASTIC MATERIALS

Consider a material body which in a reference configuration occupies the
bounded connected open set 2 —R'. We assume that Q2 is strongly



NULL LAGRANGIANS 169

Lipschitz. In a deformed configuration the particle with position vector
x € 2 moves to the point with position vector u(x) € R*. We are interested
in those orientation-preserving deformations u that are invertible, so that
interpenetration of matter does not occur. To ensure invertibility of u it
would in general be necessary to consider self-contact effects, so that we
content ourselves with the less stringent local invertibility condition

det Vu(x) >0 a.e. in £. 6.1)

The connection between (6.1) and global invertibility has been studied in the
case of pure displacement boundary conditions in [7].

We begin by considering the classical case when the material is
hyperelastic, so that there exists a stored-energy function W(x, Vu). We
consider a mixed displacement pure traction equilibrium boundary-value
problem in which the external body force possesses a potential y(x, u). We
are required to minimize the total energy functional

1) € [ [Wx, V(@) + w(x u(x)] dx

subject to the boundary condition
u(x) = g(x) for almost all x €00,

where g is a given measurable function and where 002, 62 with
w(@2,)> 0. Let M>*3 denote the space of real 3 X 3 matrices, and let
M3 = {H € M***:det H > 0}. We assume that W: 2 X M’ > R and that

(A1) there exists a function @: 2 X R - R such that for almost all

x€
O(x, H, adj H, det H) = W(x, H)  ifdetH >0,
=40 otherwise.

(A2) @(-,J): 2 R is measurable for every J € R, &(x,.): R > R
is convex and continuous for almost all x € £,

(A3) Wi(x,H) > ¢(x) + Co(|H|*" + |adj H|** + ¥(det H))
for almost all x € 2 and all H € M**3, where ¢ € L'(22), C, > 0 is constant,

a, 22, a,>a,/(e,+1), and where ¥:(0,0)—= R is a convex function
satisfying W(¢)/t— o0 as 1— o0,

(Ad) P:2xR*-»>R* is measurable in x for all u€ R’ and
continuous in « for almost all x € £2.

Note that by (Al), (A2), for almost all x € 2
Wi(x, H)—» o as det H—- 0+.
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Let & ={u€ W"'(2):det Vu(x) >0 ae., I(u) <o, u(x)=g(x) for
almost all x € 62,}. Applying Theorem 5.5 we immediately obtain

THEOREM 6.1. Let & be nonempty. Then I attains its minimum on 7.

This theorem is a slight variant of results in [3, 4]; the reader is referred to
these papers for existence theorems under different boundary conditions and
for other refinements, including the case of incompressible elasticity.

We next give a version of Theorem 6.1 whose hypotheses are slightly
easier to verify. Let £ = M**3 x M**3 x (0, o). We introduce hypotheses

(A1) there exists a function @:2 X F— R such that for almost all
xen

D(x, H, adj H, det H) = W(x, H) if detH >0.

(AZ2Y @(.,J): 2 - R is measurable for every JEE, @(x,-): E- R is
convex for almost all x € Q2.

THEOREM 6.2. Let (Al), (A2), (A3) and (A4) hold, and suppose
Jurther that the function ¥ in (A3) satisfies ¥(t)~ o0 as t - 0+. Let &7 be
nonempty. Then I attains its minimum on 7.

Proof. Let u be the minimizing subsequence constructed in the proof
of Theorem 5.5. In particular we have det Vu'*’ — det Vu in L'(2). We
claim that det Vu(x) > 0 a.e. If not then det Vu(x) > 0 for x € U, m(U) > 0.
Since detVu™ >0 ae. it follows that for a further subsequence
det Vu’(x)»0 ae. on U By (A3) and Fatou’s lemma,
{o W(x, Vu(x))dx - oo, a contradiction. The result now follows by
observing that in the proofs of Theorems 5.4, 5.5 the continuity of
&(x, H, A, 6) is needed only for & > 0, and this follows by convexity. [

We now consider more general models of elastic behaviour in which
couple-stresses occur; as a general reference see Toupin [43]. These models
are relevant for certain materials with microstructure (e.g., liquid crystals),
and have been discussed in connection with crack problems (e.g., Atkinson
and Leppington [2]) and with surface effects in crystals (cf. Toupin and
Gazis [44]). We begin by discussing the case of a Cosserat continuum, for
which the stored-energy function W(x, d; Vu, Vd) depends additionally on a
vector d = (d, ..., dy) € R*" and its gradient. The directors d; € R* model the
microstructure of the material. Frame-indifference imposes restrictions on the
dependence of W on Vu, d and Vd, but these restrictions will not concern us
here. The total energy function is '

Hu, d) =J [ W(x, d(x), Vu(x), Vd(x)) + w(x, u(x), d(x))] dx,
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where the body force potential can now depend on d. We seek a minimum
for I subject to the boundary conditions

u(x) = g(x) for almost all x € 602,
d(x) = h(x) for almost all x € 602,,

where g, h are given and u(02;) > 0, i = 1, 2. Obviously, more complicated
boundary conditions can be treated. Theorem 5.5 applies with k=1, p=3,
g=3(N+ 1), and r = 3. We leave it to the reader to write down the detailed
hypotheses for this example: note that the polyconvexity hypothesis (H4)
says that W(x, d, -, -} can be written as a convex function of the minors of
the 3(N + 1) X 3 matrix V(4). The existence of a minimizer for I subject to
pointwise constraints on these minors can also be established (cf. the
remarks after Theorem 5.5).

The equilibrium equations for liquid crystals (cf. Ericksen [18]) are a
special case of those for a Cosserat continuum, but the hypotheses above
cannot hold due to the special form of W. We can still apply Theorem 5.5,
however, if we formulate the minimization problem in spatial coordinates as
is customary in liquid crystal theory. The functional to be minimized is then

@)= [W(d(x), Vd(x)) + (s d(x))] d.

where 0 is a spatial region ocupied by the fluid, d € R* is a vector
describing the shape and orientation of the liquid crystal molecules, W is the
free energy, and y is the body force potential. We have assumed that the
fluid has constant density. It is usually assumed also that d is a unit vector,
so that

ld(x) =1 a.e. in 0. (6.2)

With or without this constraint, Theorem 5.5 and its subsequent remarks
apply (with similar hypotheses to the case of classical hyperelasticity) and
establish the existence of minimizers for / under various boundary
conditions. For remarks on equilibrium solutions of ‘infinite energy’ in liquid
crystal theory see Dafermos [12].

We now turn to the case of “elastic materials of grade N.” Here the
functional to be minimized is

Iw) = j [W(x, V(... V¥u(x)) + w(x, u(x), Vu(x),..., V¥~ u(x))] dx,

where W is the stored energy function and y the potential of the body forces,
couples etc. In this case the full strength of Theorem 5.5 is used (with k = N,
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p=g=23, 1 <r<3), the conclusion being the existence of minimizers for /
under a wide variety of nonlinear boundary condition on V"~ (For an
idea of the kinds of boundary condition that might be interesting see Toupin
[43] and Antman [1, p. 675].) Note that there is no convexity assumption on
the behaviour of W with respect to the derivatives Vu with 1 <j <N — 1.
Thus materials of grade N > 1 provide a useful regularization for classical
hyperelastic materials which do not satisfy the Legendre~Hadamard
condition (e.g., elastic crystals, see Ericksen [20]); by adding to W(x, Vu(x))
a suitable polyconvex term ¢E(VVu(x)), ¢ > 0 small, and choosing N as large
as we wish, we obtain the existence of minimizers of .the desired smoothness
for a nearby material of grade N. Note also that if N =2 the hypotheses of
Theorem 5.5 are consistent with W blowing up both as det Vu(x) and as
various curvatures tend to limiting values, since, for example, the Gaussian
curvature of a surface parallel to the (x',x?)-plane in the reference
configuration depends on V?u only through the second order Jacobians
o(u'y, w,)/8(x", x*) and these Jacobians appear linearly.

Surface energy terms can be added to I(u) in all the cases discused above,
and the existence of minimizers proved as explained in the remarks after
Theorem 5.5. For the relevant continuum mechanics and other remarks see
Gurtin and Murdoch [22, 23|. With an appropriate identification of variables
Theorem 5.5 can also be applied to various nonlinear rod and shell theories.
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