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Abstract

We study the interaction between the model theory, arithmetic and geometry
of complex algebraic varieties. Our main results state that certain basic model-
theoretic conditions do indeed hold. In general the proofs require some technical
finiteness and compactness conditions and assume some complex-analytic and
arithmetic conjectures, the Shafarevich conjecture on holomorphic convexity of
universal covers first of all. For some classes of varieties, for example semi-Abelian
varieties, the Shafarevich conjecture is known, so for these classes the results are
unconditional. In particular we prove that there exists an N;-categorical L, .-
axiomatisation of universal covering spaces in such classes.

Another important special case where we can say more is the class of elliptic
curves. In this class we are able to prove that the natural L,, . -axiomatisation
of the universal cover of an elliptic curve is Ny-categorical.
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Chapter 1

Introduction

I.1 Introduction
I.1.1 General Framework

Is the notion of homotopy on a complex algebraic variety an algebraic notion?
That is, can the notion of homotopy be characterised in a purely algebraic way,
without reference to the complex topology?

We can restrict to 1-dimensional homotopies only: a 1-dimensional homotopy is a
path, so the question is now whether the notion of a path on a complex algebraic
manifold, up to fixed point homotopy, can be characterised in a purely algebraic
way.

We provide a partial positive answer to the following more precise question. As-
sume that one has an abstract notion of a path up to homotopy, so that one
is able to speak about homotopy classes of paths, their endpoints, liftings along
topological coverings, paths lying in a subvariety. Can this notion be described
without recourse to the complex topology?

Is it true that one can axiomatise this notion in such a way that any of its
realisations comes from a choice of an embedding of the underlying field into C,
or equivalently, a choice of a locally compact Archimedean Hausdorff topology
on the underlying field (if its cardinality is 2%0)?

Is the resulting formal theory “good” from a model-theoretic point of view?

Model theory allows a rigorous formulation of the question as the problem of
proving categoricity of a structure related to the fundamental groupoid, or equiv-
alently the universal covering space, of a complex algebraic variety. Such cate-
goricity questions are extensively studied in model theory, specifically by Shelah
[She83a, She83b| and a short list of conditions sufficient for categoricity of an

9
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L, w-sentence is known (this is the notion of an excellent theory). Our model-
theoretic analysis shows that the positive answer to our question is plausible
and is essentially equivalent to deep geometric and arithmetic properties of the
underlying variety. Some of the properties are known to hold, some others are
conjectured.

We study the interaction between the model theory, arithmetic and geometry
of complex algebraic varieties. Our main results state that certain basic model-
theoretic conditions do indeed hold. In general the proofs require some technical
finiteness and compactness conditions and assume some complex-analytic and
arithmetic conjectures, the Shafarevich conjecture on holomorphic convexity of
universal covers first of all. For some classes of varieties, for example semi-Abelian
varieties, the Shafarevich conjecture is known, so for these classes the results are
unconditional. In particular we prove that there exists an W;-categorical L,,, .-
axiomatisation of universal covering spaces in such classes.

Another important special case where we can say more is the class of elliptic
curves. In this class we are able to prove that the natural L, ,-axiomatisation
of the universal cover of an elliptic curve is N;-categorical.

Finally we would like to note that the model-theoretic analysis of universal covers
falls very naturally into the framework of (analytic) Zariski geometries started by
Hrushovski-Zilber in [HZ96] and further developed by Zilber and his collabora-
tors |Zil05, Zilc| around an expectation that many basic mathematical structures
may be considered as a model-theoretic structure with nice properties, above all
categoricity. Importantly, it has been understood that the model theory relevant
here is essentially non first-order. Our intermediate technical results character-
ising definable subsets can be used to check that the structures we consider are
indeed analytic Zariski, thus providing a series of examples of analytic Zariski
geometries.

I.1.2  An explicit example

Motivated by the belief that every structure naturally occurring in mathematics,
is “logically perfect”(|Zilc|), Zilber proves an L, -categoricity statement for the
two-sorted structure

Clin — (C,+),(C*U{0},+, x),exp : C — C*)

exp

describing the exponential map exp : C — C*. The language L(CI®) separates

exp
the sorts C and C* for the domain and the range of exp; and here the structure

on sort C* is that of an algebraic variety, while the structure on sort C is that
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of a Q-vector space, together with the pull-back of the structure on sort C*. He

also gives an explicit axiomatisation of the Lwlw(C}jﬁp)—theory.

The integral of % over a path in C* does not change with a continuous transfor-
mation of the path fixing the ends and avoiding the singularity 0 of %; in other
words, the integral depends only on the homotopy class of the paths in C*, with
homotopy fixing the ends. Thus, the map

{paths [7] in C*,~(0) =1} — C

d
- 4@z _ In(y(1)) + 2mik, for some k € Z
z

v

identifies C with the homotopy classes v,7(0) = 1 of paths in C*.

The multiplication map m : C* x C* — C* induces a map on paths m, : (y172) —
1 - Y2, where (71 - 72)(t) = 71(t)y2(t) is the pointwise product of paths v, and 7,
as functions from [0, 1]; this allows us to express addition on C as

dz dz dz ,
/? + / ~ = — = In(v1(1)) + In(y2(1)) + 27ik, k € Z.
m 72 72
The above observations make it natural to think of (CEQP as describing the ho-
motopy classes of paths in C*, or indeed C*",n > 0 in a language reflecting the
behaviour of paths under morphisms and their concatenation properties. This

approach easily generalases the question to arbitrary algebraic varieties.

It is natural not to restrict oneself to paths ~y starting at 1,~v(0) = 1, and consider
integrals over arbitrary paths in C*.

The set of the homotopy classes of paths with a given starting point forms the
universal covering space; this observation allows us to think instead of (C}j}jp as a
structure describing the universal covering space of C*, and reflecting the property

of being a connected component of an algebraic closed subset.

We use the latter point of view to generalise the approach of Zilber |Zilal; the inter-
pretation of Clei)‘}p in terms of paths allows one to formulate a categoricity question
for an arbitrary variety defined over Q, or even a field of positive characteristic.
The proofs of |Zila] use Kummer theory, as well as some other number-theoretic
tools. Here we use similar tools, but in a rather different appearance; in particular,
we have to use holomorphic convexity of the complex structure on the universal

covering space to prove Kummer-theory type results over an algebraically closed
field.
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1.1.3 Technical summary of results

After some preparation in Chapter I we start Chapter I1I by studying universal
covers in an informal geometric language. In TI1.3 this leads us to the definition
of a natural formal countable language L, associated with the universal covering
space p : U — A(C) of a complex projective algebraic variety A(C) defined over Q
or Q. Assuming the conjecture of Shafarevich that the universal covering space U
is holomorphically convex, we prove that the positively definable sets in L, form
a topology analogous to the Zariski topology on the set of geometric points of a
variety. The properties of the topology on U are sufficient to imply that

the structure U™ is homogenous over countable submodels (w-model homogene-
ity), and realises countably many types over a countable submodel.

We then consider in ITL5 a fragment of the Ly, (La)-theory Theory# (U) of Ut
and introduce a natural set of axioms X of geometric, analytic Zariski flavour
implying the properties of the topology on U. Then we show that

the class of models defined by X is stable (in a non-elementary context) over
countable models, and all its models are homogeneous over submodels.

These are prerequisites, by Shelah’s theory, of categoricity in uncountable cardi-
nals. Notice that some of the properties, e.g. atomicity of every model, could, by
Shelah’s theory, be obtained just by an L, .-definable expansion of the theory
X. This, by Shelah’s theory, is enough to imply N;-categoricity of an L, ,-class
® containing U™, for an arbitrary smooth projective variety A with a holomor-
phically convex universal cover and with certain conditions on the fundamental
group. (Cf. Definition IT1.1.2.6 for the exact definition of the class of algebraic
varieties).

Nevertheless, essentially for the applications, we want to stay with the natural
axiomatisation. Because of this, it is important to know that standard minimal

model U(Q) is an atomic model for the natural axiomatisation.

In Chapter IV we analyse the example of A = FE, an elliptic curve, and prove
that in this case

the natural axiomatisation X does have an atomic and prime model U(Q). This
implies the Ny-categoricity of the natural axiomatisation.

We put the statement above in a rather different setting by reformulating it as a
particular case of a conjecture about a universality property of the fundamental
groupoid functor; we show that

U(Q) being a prime model of the natural axiomatisation X is equivalent to a
universality property of the fundamental groupoid functor.
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The proof of these facts for E depends on the Kummer theory of £ and on the
image of the Galois action on the torsion points Ei. of E; we think that our
approach explains the Kummer theory of E, as well as the results about the image
of the Galois action.

Finally we want to stress that our approach is essentially different from Zilber’s
of |Zild| since our language L, is in general stronger than Zilber’s. In fact L,
“adjusts” to the geometric properties of the covering of A, and is defined for any A
whereas [Zild] is restricted to the class of Abelian varieties. Our language allows
us to produce a sentence in all cases, conjecturally categorical for suitably “self-
sufficient” A whereas |Zild] is restricted only to considering Abelian varieties, and
those are sometimes obviously not “self-sufficient”, say Abelian varieties of dimen-
sion greater than 1. In particular, to obtain a conjecturally categorical statement
associated to an Abelian variety X, we consider the language L4 corresponding to
an ample homogeneous C*-bundle A = L* over X, and show that L, defines the
1st Chern class of X(C) as an element ¢; € H?(m (X (C),0),Z) or, equivalently,
as an alternating bilinear Riemann form A x A —— Z (cf. §1V.6.1). In particular,

the first-order Ly-theory associated to an ample homogeneous C*-bundle over an
Abelian variety is unstable.

1.2 Motivations and implications

In this section we discuss the motivations behind our choice of the language and
explain our approach in greater detail. In our opinion the motivations here are
more important than the proofs which will follow in the next chapters.

I.2.1 The Logic approach: What is an appropriate language to talk
about paths?

Abstract algebraic geometry provides a language appropriate to talk about com-
plex algebraic varieties; what language would be appropriate to talk about the
homotopies on the algebraic varieties, in particular about paths, i.e. 1-dimensional
homotopies? What is the right mathematical measure to judge appropriateness
of the language for such a notion?

Abstract algebraic geometry over a field has no complete analogue of the no-
tion. However, there is a strong intuition based on the naive notion of a path in
complex topology; it is a well-known phenomenon that naive arguments based
on the notion of a path quite often lead to statements which generalise, in
one way or another, to, say, arbitrary schemes, but which are quite difficult to



14 CHAPTER 1. INTRODUCTION

prove. There have been many attempts to develop substitute notions, starting
from Grothendieck [SGA2,SGA4%] who developed for this purpose the notion
of a finite covering in the category of arbitrary schemes (étale morphism); see
Grothendieck [Gro| for an attempt to provide an algebraic formalism to express
homotopy properties of topological spaces, and Voevodsky-Kapranov [VK91] for
exact definitions.

Thus, from the point of view of philosophy of mathematics, it is natural to try
to understand why the notion of a path is so fruitful and applicable, despite the
fact that all attempts to generalise it to non-topological contexts have had only
partial success.

We intend to propose in this work a model-theoretic structure which contains
an abstract substitute for the notion of a path. The substitute must possess the
familiar properties of paths appearing in the topological context, rich enough to
imply a useful theory of paths; in particular they must determinine the notion of
a path on an abstract algebraic variety uniquely up to isomorphism.

Note that Grothendieck [Gro|, cf. also Voevodsky-Kapranov [VK91], provides a
natural algebraic setup to talk about paths thereby rather directly leading to a
choice of a language (of 2-functors). Our approach is in fact based on a similar
idea.

Model theory provides a framework to formulate the uniqueness property in a
mathematically rigoros fashion. Following |Zila, Zilc| we use the notion of cate-
goricity in uncountable cardinals (of non-elementary classes). In his philosophy
categoricity is a model-theoretic criterion for determining when an algebraic for-
malisation of an object, of perhaps geometric character, is canonical and reflects
the properties of the object in a complete way.

In this work we introduce a language Ly which is appropriate for describing the
basic homotopy properties of algebraic varieties in their complex topology, and
prove some partial results towards categoricity and stability of associated struc-
tures in that language. The language L4 is capable of expressing properties of
1-dimensional homotopies, i.e. the properties of paths up to homotopies fixing
the ends. We can speak in L, in terms of lifting paths to a topological covering,
paths lying in closed algebraic subvarieties (i.e. a homotopy class has a represen-
tative which lies in the subvariety), paths in direct products and so on. These
properties are sufficient to carry out many basic 1-dimensional homotopy theory
constructions. Most notably, following a construction in Mumford [Mum?70] one
can definably construct a bilinear form ¢, : w1 (A(C),0) x 7 (A(C),0) — m(C*, 1)
in the second homology group H2(A(C),Z) = A H'(A(C),Z) associated to an
algebraic C*-bundle L over a complex Abelian variety X (C). Thus, generally the
language has more expressive power than the one considered originally by Zilber
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in |Zild]; in particular, some Abelian varieties which are not categorical in Zilber’s
language of [Zild| are expected to be categorical in our language. It would be in-
teresting to know whether our language can interpret Hodge decomposition on
cohomology groups, using the isomorphism H"(A(C),C) = A" H'(A(C),C) =
A" Hom (71 (A(C),0),C) (cf. [Mum70]).

The results which we prove towards categoricity in uncountable cardianlities are
partial. We prove categoricity in cardinality N; for some special classes of algebraic
varieties, e.g. for elliptic curves. We also prove important necessary conditions,
such as stability and homogeneity over models, for much wider classes.

[.2.2 The Geometric approach: Analytic Zariski structures

The universal covering of an algebraic variety is one of the simplest analytic
structures associated to an algebraic variety and which is more than an algebraic
variety itself; the universal covering space inherits all the local structure the
base space possesses; and in particular, for a complex algebraic variety it is a
complex analytic space. Thus it is natural to consider it in the context of Zariski
geometries [Zil05]: one wants to define a Zariski-type topology on the universal
covering space U of variety A(C) reflecting the connection between U and A, and
such that U possesses homogeneity, stability and categoricity properties, perhaps
in a non-first order, L,,,, way, in a countable language related to the chosen
topology on U.

For this, consider the universal covering space p : U — A(C) of an algebraic
variety A. It is natural to assume that the covering map p and the full algebraic
variety structure on A(C) are definable. Then the analytic subsets of U which are
the preimages p~'(Z(C)) of algebraic subvarieties Z of A(C), are definable. It is
natural to let the analytic irreducible components of such sets also be definable;
one justification for this might be the desire for an irreducible decomposition.

The above considerations lead us to define a topology on U by proclaiming a
set closed iff it is a union of analytic irreducible components of the preimages of
finitely many closed algebraic subvarieties of A(C).

It turns out that this topology is rather nice in that it (almost) admits quantifier
elimination down to the level of closed sets, has DCC (the descending chain con-
dition) for irreducible sets, and can be defined in a countable language (assuming
that the universal covering space is holomorphically convex, which is a conjecture
of Shafarevich). These properties of the topology are sufficient to imply the model
homogeneity of the structure p : U — A(C), and, more generally, to construct
an L, ,-class containing p : U — A(C) which is stable over models and whose
models are model homogeneous. It also turns out that the language obtained in
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this way is the language appropriate for describing the paths, as explained in
subsection above. We explain the connection in subsection §1.2.4.

1.2.3 The Category Theory approach: universality of the
fundamental groupoid

The algebraic notion most commonly used to describe paths is that of the Poincaré
fundamental groupoid; more generally, Grothendieck |Gro| tries to provide a nat-
ural algebraic setup to discuss homotopy properties of topological spaces, and
paths in particular. He describes homotopies in terms of an n-functor from the
category of topological spaces to sets; the notion of a 2-functor directly leads
to the choice of a language equivalent to the languages described above. Then,
in terms of category theory, what we ask is whether we can uniquely describe
the fundamental groupoid functor, or 2-functor, on the category of complex al-
gebraic varieties by some natural algebraic properties. However, the notion of
isomorphism in model theory forces us to consider functors up to an equivalence
which is weaker than natural equivalence of functors; namely, we consider natural
equivalence but also allow for an automorphism of the source category. Therefore
the question we ask is the following: are there some algebraic conditions on a
2-functor on the category of complex algebraic varieties which force it to be nat-
urally equivalent to the fundamental groupoid functor, perhaps combined with an
automorphism of the source category? We provide some partial positive answers
to this question; we also remark that it is essential to allow for automorphism of
the source category, as is shown by examples of Serre [Ser64| of algebraic varieties
whose fundamental group depends on the embedding into C.

1.2.4 Equivalence of analytic Zariski and paths approaches

One definition of the universal covering space p : U — A(C) (see e.g. [Nov86])
says that it is a set of homotopy classes of paths leaving a basepoint, with an
induced topology. Thus, it is equivalent to talk about the universal covering spaces
instead of homotopy classes of paths; this is also easier from the technical point
of view.

The above two observations make it natural to consider the universal covering
space p : U — A(C) in the context of analytic Zariski structures.

Recall we define a topology on U by proclaiming a set closed iff it is a union
of analytic irreducible components of the preimages of finitely many closed al-
gebraic subvarieties W;(C) of A(C). The critical observation is that a connected
component of the preimage of a normal subvariety is always irreducible, and that,
if one thinks of U as a set of paths, then, forgetting technicalities, a connected



I1§2. MOTIVATIONS AND IMPLICATIONS 17

component is a set of all paths lying in the underlying variety. The observation
means that if subvarieties W, were always normal, we would recover the inter-
pretation of definable closed sets in terms of paths, i.e. we would see that each
closed set is definable via the basic properties of paths, and algebraic subsets
of A(C). For W;’s not normal, it turns out that we may still interpret the irre-
ducible component in a similar way, as a set of paths in a subvariety of covering
spaces of A(C) of finite degree, which are known always to be algebraic ([SGAL,
Exp.XII,Th.5.1 and Cor.5.2]). However, this is not trivial and requires a geo-
metric argument based on the assumption that U is a holomorphically convex
manifold; C™ and its submanifolds are examples of such holomorphically convex
manifolds (cf. Def. V.3.1.1). By a conjecture of Shafarevich (cf. Conj. V.3.1.3) this
should hold for an arbitrary variety, say smooth and quasi-projective. In fact, we
need the slightly weaker statement that a universal covering space satisfies the
conclusions of Fact I11.1.2.1.

Thus we see that analytic Zariski approach leads us back to the homotopy inter-
pretation as above.

I.2.5 Countable language

In previous sections we have carefully avoided discussing the size of the language
Ly: we have just discussed the definition of a topology on U, but not that of a
language Ls. We have mentioned earlier that what we want is that the language
L4 is to be able to define the closed sets in the chosen topology, and we want
to consider U as an analytic Zariski structure in a countable language. This
is desirable for several reasons; one is that if the language were too big, the
notion of an isomorphism would be too strong, and we could not hope to have
categoricity at all; another is that we want to be able to apply Shelah’s theory
of excellent classes, and this theory requires a countable language. In case of an
algebraic variety, one takes the language to consist of all subvarieties defined over
a sufficiently large number field; similarly, we define the language L4 by adding a
relation to describe when a pair of points lies in the same connected component
of each closed algebraic subvariety of A™ defined over Q, or the field of definition
of A. The fact that L, is able to define connected components of the preimage
of an arbitrary subvariety is a geometrically non-trivial result employing Stein
factorisation for normal varieties; and again we use holomorphic convexity to
reduce the general case to that of normal subvarieties.
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Chapter 11

N;-categoricity and model stability

II.1 Definitions and Examples

The goal of this chapter is to introduce the main objects, state precisely the main
definitions and motivations, present the main results and give some examples.

I1.1.1 The Goal

Let p: U — A(C) be the universal covering space of an algebraic variety A. As
explained in §1.2.2,8§1.2.1, we have the following

Goal I1.1.1.1. The unwversal covering space U of a complex algebraic variety

1. 15 an algebraic object, by which we mean
(a) there is a countable set L of distinguished subsets P; of Cartesian
powers of U

(b) there exists a countable aziomatisation X of the object in terms
of the language L expressible by “formulae of countable length and
finite depth”, that is an L,,, ,-sentence

(¢c) X characterises the object uniquely, up to isomorphism preserving
the distinguished relations.

2. the language L on U describes some analytic or homotopic data, say

(a) the expressive power of L is sufficient to define connected compo-
nents of the preimages of algebraic subvarieties of A(C)™.

(b) the expressive power of L is sufficient to define analytic irreducible
components of preimages of analytic subsets of A(C)™

Examples of algebraic objects are a field, a ring, a module over a ring, and an
algebraic variety defined over a countable ring, considered as the set of its points
over an algebraically closed field; on the other hand, a priori a topological space or
an analytic manifold are not algebraic objects in this sense: the topology consists
of uncountably many sets, and a priori there is no way to choose a countable set

19
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of relations defining the topology. Thus, what we want is, in particular, to show
that this is possible to do for (the analytic Zariski topology on) the universal
covering space of some “good” and “simple” varieties.

In the model-theoretic jargon the above translates to

Subgoal I1.1.1.2. There is a countable language La on the universal covering
space p: U — A(C), describing some analytic or homotopic data on U, such that
p: U— A(C) in Ly admits a natural aziomatisation, perhaps non-first order,
say in Ly, (La), which is uncountably categorical.

Following considerations of the introduction in Chapter I, the goal above may be
translated to the following question of model theory; we explain our precise partial
results towards Subgoal 11.1.1.2 (Theorem I11.5.4.7) after giving the definition of
the language L4 in the next subsection.

In 3’ below, w(U) denotes the group of deck transformations of the covering
p: U — A(C) consisting of the continuous analytic isomorphisms 7 : U — U
which commute with the covering map p, pop = p; cf. §V.1 for details and
definitions. For A(C) connected, the group 7(U) of deck transformations is iso-
morphic to the fundamental group m(A(C), z); the isomorphism is well-defined
up to conjugation.

Subgoal I1.1.1.3. There exist a countable language Lya, i.e. a countable collec-
tion Ly = {P;} of predicates (i.e. distinguished subsets of Cartesian powers of U),
and an axiomatisation X = X(La,p: U — A(C)) of p: U — A(C) in Ly,(La),
i.e. a countable collection ¢; of sentences in Ly, ,(La), such that

1 U admits an Ly, (La)-aziomatisation X:

1" all sentences X = {p;} are valid on U, in notation U = ¢;, p; € X
2 the aziomatisation X is uncountably categorical:

2" for any two uncountable models Uy, Uy of the same cardinality, if

U, Uy = ¢y, for all p; € X, then Uy and U, are isomorphic as
L-structures, Uy =1, U,, i.e. there exists a bijection ¢ : Uy — U,
preserving distinguished relations P;’s in Ly.

3a the language Ly describes some of the analytic structure of U as a com-
plex space:
3" closed analytic w(U)-invariant subsets of U" are Ly-definable, with
parameters, as well as the irreducible analytic components thereof.
3b the language Ly describes some of topological and homotopy theory data
on U as the universal covering space A(C).
3" the connected components of the preimage of an algebraic closed

subset of A"(C) are Ly-definable, with parameters.

In addition to the precise statements above, we want that
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"

1”  the sentences p; € X have a natural geometric meaning; there is an

explicit description of the class of models satisfying axiomatisation
X

Remark II.1.1.4. The choice of 3a, 3b is rather arbitrary, and is specific to this
work; for example, in [Zilb| Zilber considers A = C* and replaces 3a, 3b with

3 a closed analytic set definable by polynomial-exponential equations

(i.e. those consisting of +, X, exp) is L¢+-definable.

Accordingly, the richer structure of [Zilb| gives rise to deeper arithmetic and
geometric conjectures, including a generalisation of Mordell-Lang.

I1.1.2 Ls-structure on the universal covering space p: U — A(C)

Item 3 leads us to introduce the following 7(U)-invariant relations. For a closed
subvariety Z C A(C)", let ~; 4 denote the relation on U" given by

¥ ~zay <= points 2’ € U" and y' € U" lie in the same (analytic)

irreducible component of p~'(Z(C)) c U".
For Z(C) smooth or even a normal subvariety, the connected components of
p 1 (Z(C)) are irreducible (as analytic closed sets). Thus, for such varieties, the
relation ~ 4 is an equivalence relation encoding topological data only, and data
on A(C). For a normal subgroup H <7 (U)", let 2’ ~p ' say that points z’, ¢’ €
U™ are conjugated by the action of H:

¥ ~gy = Iren(U)":12' =y and 7 € H.
Definition I1.1.2.1. We consider the structure p : U — A(C) in the language
L which has the following symbols:

symbols ~z 4 for Z a closed subvariety defined over number field k, and,
symbols ~p, for each normal subgroup H<g,m(U)"™ of finite index

Note that we do not assume Z to be connected; that is important, because Z is
defined over a small field. The group m(U) acts on U by analytic isomorphisms;
accordingly, we would want that 7(U) acts by Lj-automorphisms of U as an
Lj-structure; this is the case.

I1.1.3 Results

The main result of Chapter III is the following.

Theorem I1.1.3.1 (Model Stability of X(A(C))). Let A be a smooth projective
algebraic variety defined over Q such that the universal covering space U of A
is holomorphically convex. Also assume that the deck transformation groups of
U" are residually finite and subgroup separable. (Those conditions are defined in
Def. I11.1.2.6, where a variety satisfying them is called a Shafarevich variety).
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Let Ly be the countable language defined in Def. I1.1.2.1. Then (1',1",3a,3b) of
Subgoal 1I.1.1.3 hold, and 2" is weakened to 23 _y :

24y, Any two models U, |= X and U, |= X of ariomatisation X which are of
cardinality Ny, such that
there exist a common countable submodel Uy = X, Uy C Uy and
Uy, C Uy
are isomorphic, Uy =, U,, and, moreover, the isomorphism is the iden-
tity on Uy.
According to a conjecture of Shafarevich, the universal covering space of an
arbitrary smooth projective variety is holomorphically convex, and thus Theo-
rem [I.1.3.1 should apply to arbitrary smooth projective varieties with the re-
strictions on the fundamental group. Examples of holomorphically convex spaces
are compact complex spaces, C", Gaussian half-plane H, and closed analytic sub-
sets thereof; thus the Shafarevich conjecture holds for C*, elliptic curves, and
arbitrary curves.

The property that the fundamental group is residually finite and subgroup sepa-
rable is known ([Sco85]) when variety A is of dimension 1, dim A = 1, and also
holds for A an Abelian variety. However, it does not necessarily hold for the
Cartesian powers of those groups; see §II1.1.2 for a discussion.

The general theory of L, by Shelah [She83a, She83b| implies that there exists
an Wij-categorical countable L, -axiomatisation X' = X'(A(C)) extending X.
Corollary 11.1.3.2. The model U belongs to an Ni-categorical abstract elemen-
tary class of La-structures. Equivalently, U belongs to an Ny-categorical class of
atomic models of a first-order theory in a countable expansion L} of the language
Ly.

In Chapter IV we analyse the case A = F is an elliptic curve defined over Q, and
prove an L, ,-categoricity result for the natural axiomatisation.

Theorem II.1.3.3 (XN;-categoricity of X(A(C))). Let A = E be an elliptic

curve defined over a number field.

Let Ly be the countable language defined in Def. I1.1.2.1. Then (1',1",3a,3b) of

Goal I1.1.1.3 hold, and 2' is weakened to 2y, :

23, There exist only finitely many isomorphism classes of models of X(E(C))
of cardinality N,

If EndE = Z, then 2' is weakened to 2y,

23, all models of cardinality R, are isomorphic.

Moreover, the axiomatisation can be made very explicit and so as to describe
only the natural properties of U; see §1V.1 for two explicit descriptions of the
class of (atomic) models of X(A(C)).
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I1.1.4 Linear structure on the universal covering spaces of the field
multiplicative group C* and elliptic curves F(C)

Here we present some examples, and, for certain varieties A carrying Abelian
group structure, make explicit a locally modular, linear structure contained in
the Lj-structure on the universal covering space U. In general, it is not clear
whether the Lj-structure on U is a combination of a locally modular structure
and the pull-backs to U of the algebraic variety structure on the variety A(C)
as well as its finite covers, which are known to always be algebraic. In a few of
the examples we present below, it is so; however, the proof requires a geometric
argument, and we defer it until the last chapter where we actually have to use it
to obtain categoricity.

Example I1.1.4.1 (A = G,,; A(C) = C*, the complex exponential map
as the structure Cgf(‘p). Let A = G, be the multiplicative group of a field. The
universal covering space is ¢ P, ¢*: Ugy = C and p = exp. The variety G,
15 defined over Q, as well as the multiplication morphism m : C* x C* — C* and
monomial morphism 2" : C* — C* for n € Z, and the closed diagonal subvariety
A C C* x C*. Thus their graphs are also Q-defined, and we get that the following

equivalence relations on C are in Ly:
(T1,91) ~a (T2,42) <= 11 — Y1 = T2 — Yo
(21, Y1) ~(an=yy (T2,Y2) &= N1 — Y1 = Ny — Y2
(T1,Y1,21) ~ay=2) (T2,Y2,22) <= 21+ Y1 — 21 = T2 + Y2 — 20

The fundamental group 2miZ. acts by translations z — z + 2mik, which are Ly-

automorphisms of Cl .

Complex conjugation v — T provides a continuous Ly-automorphism of ng{lp
which does not come from the fundamental group; it follows from the property

exp(z) = exp(z),z € C.

In general, there are many such automorphisms, but they are not necessarily
continuous or even measurable.

Thus, one can see that any automorphism of the kernel 2miZ as an Abelian group
can be extended to an automorphism of the whole structure. This observation s
trivial in this case; we mention it because this is a property we want to keep in
other examples; it is a homogeneity property of the La-structure.

To conclude, we see that the La-structure on the C-sort of Ci® s the pull-back

exp
of algebraic structure on C* enriched by an affine, locally modular structure on

C itself.
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The language L, is rather robust under the change of A; for example, if we
take A = G,, x G,,, then the structure obtained is essentially equivalent to the
structure Cgf, .
Example I1.1.4.2 (A = G,, x G, = C* x C*). In this case the relations of
I1.1.4.1 concerning Ac+ and {z" = y} are still definable, but as relations with
two wvariables in C x C and not 4 variables in C; the analogue of the relation

concerning multiplication is also definable.

The formulas are as follows (here (x;,y;) denote the coordinates of z; € Ug, «G,, =
U(Gm X U(Gm)-'

21 VYA R = T1 — Y1 = T2 — Yo
21 Mar=y} Z2 < NI — Y1 = NT2 — Y2

(Zlﬂ ZQ) ~{z1y1=22} (237 24) =TT Y T2 =T33+ Y3 — 24

We can repeat the previous example word-by-word to get an example about
elliptic curves.

Example 1I.1.4.3 (A = FE an elliptic curve; the Weierstrass function
C — E(C) ). Take A = E be an elliptic curve defined over Q and possessing
a Q-rational point O € E(C); thus it carries a addition operation defined over
Q where O is the zero point. The universal covering space is C: Ug = C and
p = p is the Weierstrass function. Thus, the morphisms + : E(C) x E(C) —
E(C) and morphism nz : E(C) — E(C), and the closed diagonal subvariety
A C E(C) x E(C) are defined over Q, and the following equivalence relations on
Ug =C are in Ly:

(w1,91) ~a (T2,1) = 11 — Y1 = To — Yo
(21, Y1) ~ne=yy (T, 42) <= N1 — Y1 = NT2 — 1o
(71,91, 21) ~aty=z) (T2, Y2, 22) == T1 + Y1 — 21 = Ta + Y2 — 22

The fundamental group A = Kerp is a 2-generated lattice in C acting by transla-
tions z — z + A\, X € A, which are Lj-automorphisms of U.

Similarly to C*-case, it is also true that any automorphism of the kernel A as
an End E-module can be extended to an automorphism of the whole structure U.
However, this is a statement about arithmetic of the elliptic curve, and is more
difficult to prove. We study the example of an elliptic curve in the last chapter IV
while proving the existence and homogeneity of the prime model.

We will also see that the La(E)-structure on the covering C-sort contains the
pull-back of algebraic structure on E(C) enriched by an affine, locally modular
End E-module structure on C itself.
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I1.1.5 L4(z)-definable subgroups n(U,z() of U
By abuse of notation, we will use U to refer to the covering map p: U — A(C).
Recall we denote
m(U) =n(p: U— AC)) = Gal(p: U — A(C))
={7:U — U continuous : po7 = p}

and call it the group of deck transformations, or the group of Galois transforma-
tions, or the Galois group of covering p : U — A(C). For a point z{, € U, let the
fibre of p above p(z() € A(C) be denoted by

7(U,xp) ={2' € U :pa) =pay)} ={rxy:7€n(U)} ={a' € U : 2 ~; z}};
the fibre 7(U, x)) acquires the group structure from 7(U) via the bijection

TXY > T
Via that bijection, the group n(U,z() acts on U: in particular, zj, € m(U, z)

corresponds to the identity of 7(U) and acts trivially. Actions of 7(U,z;) and
(U, z!) are conjugated by the unique element of 7(U) taking x; into z.

I1.2 The analogue of the fundamental groupoid
associated to the Lj-structure on U

We show that the Lj-structure U can be equivalently thought of as the fun-
damental groupoid of A(C); we do so by interpreting the homotopy class of a
path in A(C) as an equivalence class of U X UL _ & ~,. We also discuss the
definability of the fundamental group.

I1.2.1 Relation to the fundamental group 7 (A(C), zy) of A(C)

For any normal subgroup H < w(U), the map p: U — A(C) factors as
U —P1 A(C) =" A(C),
where both py : U — A”(C) and p : A#(C) — A(C) are covering maps, and

H = n(pg: U — A”(C)) and also n(U)/H = =(p” : A"(C) — A(C)).
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For a subset X' C U, let
(X)) ={ren(U):7X' C X'}
7(X' xp) = {7 € (U, xyp) : 7}y and z

lie in the same connected component of X'}.

For a topological space B, one defines the fundamental group 7 (B, b) as the group
of all loops starting and ending at point b, with the operation of concatenation;
the loops are considered up to homotopy, i.e. a continuous transformation of
one into another. Given a universal covering space U of B with a distinguished
point O’ above b, p(I') = b, there is a well-defined action of 71(B,b) on U via the
path-lifting property, as explained below.

The path-lifting property of a covering p : U — B says that for every path
v :[0,1] — A(C), and every point ' with p(a’) = a = ~(0), there exists a unique
path 4 : [0,1] — U such that p(5(t)) = v(¢),0 < ¢t < 1 and §(t) = d'; intuitively,
one should think that we “lift a path v to the covering space piece by piece”, using
the fact that p is a local isomorphism between the neighbourhoods in U and B
implied by the definition of a covering.

In fact it can be shown that, given a point & € U, the path-lifting property
provides a bijective correspondence between U and paths in B leaving b = p(¥):
take the end-point of the lifted path beginning at the point ¢'. If any two points
in U can be joined by a path, this identifies U with the set of all paths in B
leaving b. In general, if U is not connected, this identifies the set of points in a
connected component of U containing &', and the set of paths in the connected
component of B containing b, up to homotopy (continuous transformation) fixing
the paths; cf. Appendix V.1.1 for generalities and §V.1.3 for particulars about
the fundamental group and the path-lifting property.

Thus, in our situation there are well-defined isomorphisms
(U, xpy) = m(A(C), xg), Ty — zo as the trivial path
and thus we canonically identify
(U, xp) = m(A(C), xo).

Note, however, that the isomorphism 7(U) = m;(A(C), z¢) is defined only up to
a conjugation by an element of m(U); this corresponds to choosing a point
above z.

With an embedding ¢ : X — A(C), there is also a topological way to associate a
subgroup t,m1 (X, zg) C m(A(C), z0); indeed, a continuous map f : X — A(C)



11§2. FUNDAMENTAL GROUPOID 27

induces a well-defined map on the homotopy classes of paths taking v : [0,1] — X
into the composition foy : [0,1] — A(C). It is not hard to check that this induces
a group homomorphism

fem(X, 20) C 7 (A(C), f(x0))-

For a subspace X C A(C), there is a natural embedding of fundamental groups
Lo : (X, o) — w1 (A(C), zo), which takes a path into itself. We denote its image
by 1.1 (X, zo). Then under identification 7(U, xy) = m(A(C), xp) it holds that

L (X, o) = m(X', 25).

I1.2.2 Interpretation of U as paths: groupoid structure on U

The Ly-structure U interprets the paths in A(C) up to homotopy fixing the
endpoints.

The lifting property says that, given a path ~ : [0,1] — A(C), there is a unique
path 7' : [0,1] — U above v such that po~/(t) = ~(t),t € [0, 1], and starting at
any point 7/(0) = ay where p(af) = a9 = 7(0). Moreover, the homotopy class of
~" depends only on the homotopy class of 4. On the other hand, by properties of
the universal covering space, the homotopy class of a path in U is determined by
its endpoints. Thus, we see that a path v in A(C) gives rise to a pair of points
7'(0),7/(1) defined up to m-action.

This leads us to the following.

We think of an element of U X UL & ~, as a path in A(C) up to fixed-
point homotopy. Namely, (x1, 1), (z2,y2) € U x U are (homotopy) equivalent iff
Ty ~gp To & Y1 ~r Y2 & (1,91) ~a (2,y2). The endpoints of a path (x,y) are the
points z and y considered up to ~, i.e., points p(x), p(y) € A(C) = U/~,. Thus,
two paths (x1, 1) and (x9,ys) have the same end-points iff 1 ~, xo & y1 ~r Yo.

Let 7(A(C)) = U X UL _ & ~, denote the set of paths in A(C) up to fixed-
point homotopy. The set w(A(C)) carries a groupoid structure; we concatenate
path (z,y) and (y, 2) to obtain (z, 2) = (x,y)- (v, 2). A loop is a pair (z,y) of ~-
equivalent points, x ~, y. The set of loops based at a given point ag/~, carries a
group structure. It is customary to represent loops by pairs (ag,y) where ag € U
is fixed. With this choice, the concatenation is given by the formula

(I1.2.1)

(ag,a1) o...o (ap,an) = (ag, yn) <=

Jz 3y, . --Elxnzlyn((a&ml) ~A (a07a1) & ($1,y1) ~A (GO,GQ) & .. & (ﬂﬁmyn) ~A (ao,an))

Note the essential use of existential quantifiers in the formula. Let ~ lie in a subset
Z of A(C); then any lifting v of 7 to U lies in p~*(Z) C Uj in particular, each
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path 7/ has to lie in a connected component of p~!(Z). Thus, we say that path
(a,b) € w(A(C)) lies in Z iff p(a),p(b) € Z and a ~z b. Then we may think of
a connected component of p~1(Z) as the set of end-points, or fixed homotopy
classes, of all paths lying in Z lifted from a particular fixed point in Z.

I1.2.3 Topology on the universal covering space p: U — A(C)

It is not hard to see that all sets defined by relations ~,, ~y have the prop-
erty that their 7-invariant closure is closed in analytic topology. Provided A is
Shafarevich, we may introduce the following topology on U:

Definition I11.2.3.1. A subset of U is étale closed iff either of the following two
equivalent conditions holds

1. it is a union, possibly infinite, of wrreducible components of a finite num-
ber of m(U)-invariant analytic closed subsets of U,
2. it 18 a union, possibly infinite, of connected components of a finite number

of analytic closed subsets of U invariant under action of a finite index
subgroup of m(U),

We will see that these conditions are equivalent in Lemma III.1.4.1 and Corol-
lary I11.5.3.4, and that étale closed sets do form a topology, provided A is Sha-
farevich. We use this fact freely in this chapter to describe examples.

There is another characterisation of the étale topology in terms of the structure
on factor-space A”(C) = UJ; indeed, a closed m-invariant subset of U is the
preimage of its image in U/g. The action of H on U is free and discrete, and
thus factor-space A (C) = U/[ inherits the analytic structure from U similarly
the image of a m-invariant closed analytic set is an analytic subset of U. Now,
the analytic space morphism U/ff — A(C) is a covering, and by the generalised
Riemann existence theorem (Fact 111.1.2.3), U/ = A#(C) carries the structure
of an algebraic variety defined over the algebraic closure of k. Since A is assumed
projective, Af(C) is projective also. By Chow lemma, any analytic subset of
AF(C) is an algebraic subset of it, and thus we come to the following equivalent
definition.

Definition 11.2.3.2. A subset of U is called étale closed iff it is a union of
the connected components of the preimages of a finite number of closed algebraic
subvarieties of A" (C) where H<g,m(U) (defined over C).

The advantage of this as a definition is that it could be generalised to other fields
instead of C.

An important property of the étale topology we are after, is that any analytic
irreducible component of an étale closed set is étale closed and La-definable.
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The étale topology is not compact: the fibre p~t(zg) = m(U,z}) is a countable
discrete subset of U. The discrete group 7(U) acts on U by continuous transfor-
mations. On the other hand, the étale topology is complete: the projection of a
closed set is closed (§II1.2.2).

I1.3 Examples of subvarieties and their associated
relations ~

The previous subsections provide us with the definition of the object we want to
consider. Let us see the basic constructions which are possible in Ly.

I1.3.1 Basic Examples of Ls-definable sets associated to normal
subvarieties

In this subsection, to give explicit examples, we use the principles that for a large
class of analytic sets defined by a local property, a connected component is always
irreducible. Namely, if Z is a normal, say smooth, analytic set, then a connected
component of Z is irreducible. Thus, if one considers relations ~z for Z normal,
it has to be an equivalence relation.

We give examples of interpretations of basic Ls-predicates:

Example I1.3.1.1 (A arbitrary, Z normal). For normal Z, the connected
components of p~*(Z) are analytically irreducible. Let Z' denote a connected com-
ponent of p~(Z), then

r~zy <= Iyen(U):z,yeqZ

Thus, ~z is an equivalence relation.

We will later see that for arbitrary Z, ~z is a union of a finite number of equiv-
alence relations (cf. Lemma I11.1.4.1, I11.5.3.2).

Example 11.3.1.2 (A arbitrary, Z = A C A?; Ls-definability of action of
m(U)). Let Z = A = {(x,x) : © € X} be the diagonal subvariety of A x A. Then
pHA) ={(2/,v2') : 2’ € U,y € m(U)}, and the connected components of p~*(A)
have form A, = {(a/,~va'") : 2’ € U}, v € m(U). Thus

(I1.3.1) (x,y) ~a (2,t) <= FIven(U)(z =y & z =~t).
In particular, for any point xy, € U the formula (zo,x0) ~a (2,t) defines the

diagonal A" = {(2/,2') : ' € U}, and, for a point z, € U, the formula (z{,t) ~a
(24,t) defines the fibre p~'(p(z})) = 7(U)z,.
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In general, given a point x), € U, the predicate ~y defines the action 7 : p~*(zg) X
U—U of p(xg),x0 = p(ap) on U by defining 7,(2) as the unique element such
that

Tip Hzg) xU = U

(20, ) ~z (2,7,(2)).
Thus, we have an étale continuous Ly (xy)-definable action
7(U,zy) x U— U

and an La(z()-definable group m(U, xy).

Example I1.3.1.3 (A arbitrary, Z = Ff is a graph of a morphism f: A — A).
A connected component of I'r = {(z, f(z)) : x € A(C)} has form {(z, f'(x)) : x €
U, for some function f': U — U, and we have p~'(Ty) = {(z,7f'(x)) : = €
U,v € w}. Thus, the function f': U — U is Ly-definable with parameters.

Analogously, the induced homomorphism f. : m(U,x¢) — 7(U, f(xg)) of the fun-
damental groups is also definable with parameters.

An important observation is that the function f’ is quite often bijective while f
is not; an example is A(C) = C*, U = C, f = 2% f’ is just a multiplication by 2
(plus an additive constant). This hints that the structure upstairs in U is simpler
than the structure on A(C), at least in some respects.

Example 11.3.1.4 (A arbitrary, X,Y,Z C A, Z =2 X xY). Let f : AxA — A
induce an isomorphism X XY = Z between X XY and Z. Then Ff/ embeds into
A X A X A and f' provides an isomorphism X' x Y' — Z'.

The next example suggests that to get all the extra structure on U, we may
restrict ourselves by considering only maximal subvarieties with a given funda-
mental group (as a subgroup of 7). Sometimes such varieties admit a very clear
description and form a locally modular geometry. For example, in case of A = C*"
such varieties are given by Z-linear equations. In case of elliptic curves A = F
they are given by End E-linear equations. In case of Abelian varieties A = A, this
class consists of Abelian subvarieties. In case 7 (A(C)) is Abelian, the fibres of
Shafarevich morphisms should be enough (cf. [Kol95] for relevant definitions and
results).

Example I1.3.1.5 (A arbitrary, Z C Y C A normal, n(Z,2) = n(Y,?)).
For Z CY,n(Z,2)=xn(Y,2), we have yZ'NY' £ O implies vY' NY' £ 0; Y is
a connected component of p~ (V) = nY’, and thus 7Y’ =Y, i.e. y e n(Y', 7)) =
7(Z',2"). Thus we see Z' =nZ'NY' =p Y (Z)NY".

In general, copies of Z' in'Y' are indexed by W(Y/)AT(X’).
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The language L4 contains relations ~z only for varieties Z defined over the field
k of definition of A. A priori this does not imply that ~ are definable for Z an
arbitrary subvariety of A(C), but it is true and does require an argument. Are
connected components of p~1(Z), Z not necessarily defined over the ground field
k, Ls-definable?

The following example shows a geometric condition implying that fibres of a
Lj-definable irreducible set are Ly-definable with parameters; that condition al-
ways holds for generic fibres, cf. Corollary I11.2.2.2, Proposition I11.2.1.1 for exact
statement.

Example I1.3.1.6 (A arbitrary, Z = Y (z,a) connected normal, Y C A2
is normal and defined over k, a arbitrary). Teke Z = Y (z,a) =Y,, Y/k,
and consider fibre Y., = Y' NU x {«'} where p(¢/) = a. Then, Y., is a union
of w-translates of Z', which do not intersect due to normality of Z, and thus it
is connected iff Y., is in fact just Z' itself. That is, Y., = Z' is connected iff
for any v ¢ n(Z"), we have (v,id) ¢ 7(Y'). Thus, we conclude that Y. = Z' iff
7Y )N7m xid =n(Z") x id.

In general, similar considerations show that the translates of Z' x {a} within Y

are indexed by 7T<Y/)AT(Z’) x id-

In fact, we will later see in Lemma I11.2.2.2, Lemma II1.2.1.1 that the condition
7(Y) N7 xid = n(Z') x id always holds for a € prY(C) generic, provided
Y irreducible (assuming A is Shafarevich, as always); see the Lemma for exact
formulation. This will imply that L, is able to define generic fibres of closed sets,
and in fact all étale closed sets.

Example IL3.1.7 (A= X x X, Uy 2 Ux x Ux). For A= X x X, Z=A =
{(z,z) : x € X} the diagonal A" = {(2/,2') : 2’ € U} is a connected component
of p~'A; other connected components are p~*(A) = {(2/,yz') : 2’ € U}.

Thus we see that in Ly, the decomposition U, = Ux x Uy is definable over a
parameter.

Example I1.3.1.8 (A = L* is a homogenous C*-bundle over an Abelian
variety A). Let U — A be the universal covering space of A, let pr : L* — A
be a homogeneous C*-bundle over A, and let Up« — L* be the universal covering
space of C*-bundle L*. We want to define Chern class of L* in H*(m(A),Z) =
A2HY(A(C),Z). Take X, Ny € m(UL), and consider 7 = [A1, da] = AMAaAT A5
Then pr A1, A2] = [prAy,prAy] = 0, and thus, for each fibre F, of L, we have
(M, Xo] € w(F,) = Z. Thus we have a map n(Uy) x n(Uy) — w(F,). Moveover,
a simple topological argument gives that YA = Xy for v € n(F,) and A € ©(L)
arbitrary; using paths interpretation, this is because one can shift v along X in L*
by multiplicating it by y(t). Thus, w(F,) is central in (L), and the commutator
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map on w(Up) descends to a map
m(Ua) X m(Ua) = 7(Fy),

i.e. a map AN x N — Z. This map could be checked to be bilinear and may be
considered as an element of

/2\H1(A((C), 7) =~ H*(A, Z).

The above construction corresponds to constructing group cohomology associated
to short exact sequence of Z-modules

0— 7(Fy) = 7(Up) = m(Us) = 0

Cf. §IV.6.1 and [Mum70, p.239] for more details on line bundles and their bilinear
forms associated to Abelian varieties.

To conclude, we see that in the case A = L* there is a bilinear form definable on
fibres of the covering map. Moreover, in §1V.6.1 we prove that if the form is non-
degenerate then it allows one to interpret the ring of integers with addition and
multiplication; this makes first-order theory of the structure unstable. Despite
this, as was said before, we prove that it is model stable in L, ; and in general
conjecture it to be uncountably categorical in L.

Example 11.3.1.9 (A arbitrary, prZ). We will see later that for every Z'
irreducible in U, the projection pr Z is étale closed, and there exists a finite index
subgroup H such that m(prZ') N H = pr (n(Z') N [H x HJ)

I1.4 More examples of universal covering spaces
11.4.1 Examples of 1-dimensional universal covering spaces

Here we give a complete classification of the universal covering spaces of 1-dim
complex algebraic curves. Such curves are also known as Riemann surfaces; they
have two real dimensions.

The following are all simply connected (i.e. m(X) = 0 is trivial):

CP! is the Riemann sphere

C is the Gaussian plane (i.e. the complex field viewed as a complex analytic
space)

H = {Im z > 0} is the upper half-plane, or Lobachevsky plane

D = {|z| < 1} is the unit disk
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Their group of automorphisms as complex analytic spaces are:

AutC = {z — az + b}

AutCP! = GL(2,R)/SL(2,Z)

AutH = SL(2,R)/ £ 1
Thus, I' = m(X(C)) is a discrete subgroup of AutS. The unit disk D and upper-
half plane H are isomorphic as Riemann surfaces.

I1.4.2 Classification of 1-dim Riemann surfaces and complete
algebraic curves

Theorem 11.4.2.1. Any Riemann surface X (in particular, a complex algebraic
curve) is isomorphic to a quotient X = S/T, where S is one of the simply con-
nected canonical regions CP!, C, H, and the group I' acts on S freely and discretely
by automorphisms.

Thus, I' = 71(X) is the fundamental group of the Riemann surface X; for X a
Riemann surface, such groups admit an explicit description in terms of generators
and relations.

I, : For X(C) a complete algebraic curve, i.e. a compact Riemann surface, then
the fundamental group of a complete algebraic curve X (C) is

I'y=<ai,bi,...,a4,b,: arbra;tbyt. .. (:Lgbgag_lbg_1 > .
I'yn : The fundamental group of a punctured compact Riemann surface X (C) —
{p1,...,pn} without n points, is

) —1p-1 —1p-1
Iyn=<ai,bi,...,ag4,bg,c1,...,cparbia; b ...agbgag bg Cl...Cp > .

For g = 0, T is trivial, and X = CPL. For g = 1, X = C}\ is an elliptic curve,
and I'y = Z x Z. For n > 1, the groups I',, are non-commutative, hyperbolic.

I1.4.3 Some other examples of covering spaces

Here are the basic examples of the universal covering spaces of complex manifolds.
Incidently, this lists all universal covering spaces of 1-dim Riemann surfaces.

CP! — CP! is the universal covering space of itself

C — C is the universal covering space of itself

C =P C/2miZ = C* is the universal covering space of the multiplicative group C*

C — C/A = E\(C) is the universal covering space of an elliptic curve, where A
is a 2-dim discrete lattice in C

C% — C?9/A is the universal covering space of a complex torus C29/A; for some
choices of a 2g-dimensional lattice A the complex torus C?*9/A = A(C)
has the structure of an algebraic variety (Abelian variety)
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H — H/T is the universal covering space of the quotient H/T" where I" C SL(2,R) /41
is a discrete subgroup of SL(2,R)/+1; for some choices of I' = I'; one
obtains the complete algebraic curves of genus g > 1.

The universal covering space of a direct product is the direct product of the

universal covering spaces.



Chapter 111

Geometric Case: model stability of the universal
covering space of a variety

In this chapter we study the universal covering space U of a smooth projective
algebraic variety A(C); we assume that U is holomorphically convex, or rather,
that the complex analytic space U satisfies the conclusions of Fact I11.1.2.1. We
also make an strong assumption that the Cartesian powers of the fundamental
group of A(C) are subgroup separable, or locally extended residually finite often
abbreviated lerf. This assumption seems to be technical; it is not true even for
complex curves. We then introduce a topology Et on U which we like to call
an étale topology; it has the property that projection of a closed set is closed;
it inherits the descending chain condition and the existence of an irreducible
decomposition from the analytic Zariski topology on U; Proposition 111.2.1.1
expresses an essential property of a more technical character relating the topology
and the action of the fundamental group 7(U).

The properties of the étale topology Et on U allow us to introduce a countable
language L4 such that any étale irreducible closed subset of U is Lx-definable;
we also introduce an analogue of Galois group Auty, (U) for U. Then we study
U as an Ly-structure and prove that it is model homogeneous.

In the second half of the chapter we introduce an L, (La)-axiomatisation for U
and prove that it describes a class of model homogeneous models which satisfies
conclusion 2y, .z, of Theorem II1.5.4.7.

ITI.1 A Zariski-type topology on a universal covering
space

We define here an étale topology Et on the holomorphically convex universal
covering space U of a projective complex algebraic variety A(C) which is an

35
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analogue of Zariski topology on A(C). The étale topology is substantially weaker
than the analytic Zariski topology on U, i.e. the topology given by closed analytic
subsets of the complex space U.

An important feature of the étale topology on U is that an analogue of Chevalley
lemma holds for Et; recall that Chevalley Lemma for a compact complex algebraic
variety says that a projection of a closed set is closed; model-theoretically it is the
quantifier elimination to the level of closed sets. We prove the analogous property
of Et in §II1.2.2. Note that this property fails in general analytic context: there is
an example of a closed analytic subset in C3 whose projection on C is contained
in an open disk.

IIT.1.1 Definition of the étale topology on a holomorphically convex
universal covering space U

Recall that p : U — A(C) denotes the universal covering space of a projective
algebraic variety A(C), and that we assume U to be a holomorphically convex (as
a complex analytic space). We need the latter assumption in order for Et to be a
topology indeed. Recall m = w(U) denotes the group of deck transformations of
U.

Definition III.1.1.1 (Etale (pre)topology on holomorphically convex
universal covering space U of an algebraic variety A(C)). An analytic
subset of U is called étale closed iff it is a union, possibly infinite, of the irre-
ducible analytic components of finitely many mw-invariant closed analytic subsets

of U.

Similarly we extend the definition to U", for any n. We denote the collection of
étale closed subsets of U" by FEt.

A m-invariant closed set of U covers a closed subset of A(C). The covering map
p: U — A(C) being local isomorphism and analyticity being a local property,
it implies that it covers a closed analytic subset. The ambient variety A(C) is
assumed projective, and by Chow Lemma, such a set is a Zariski closed algebraic
subset of A(C). Therefore, a m-invariant closed set of U covers a closed algebraic
subset of A(C).

It would be natural to consider the unions of connected components of such sets
and not that of irreducible ones; this is natural if we try not to use the analytic
structure of U but only the topological structure of U as the covering space of
A(C) as an algebraic variety. This seems plausible because for analytic sets good
enough (smooth or even normal), the notions of a connected component and an
irreducible component coincide (cf. §V.2.3), and indeed, that is possible, with a
price:
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An étale closed set is a union of connected components of finitely many
H-invariant closed analytic sets, for a finite index subgroup H <lg,7.

We prove the equivalence of these two definitions in Decomposition Lemma I11.1.4.1.

ITI.1.2 Normalisation and Local-to-global principles

The proof of Decomposition Lemma II1.1.3.1 essentially uses the various local-
to-global properties implied by homomorphic convexity: Local Identity Princi-
ple(Uniqueness of Analytic Continuation), and others. It also uses the properties
of normalisation of algebraic varieties; we state them here, too.

We choose to list the properties here to put an emphasis on the properties of
complex analytic space U which we use in the proof of the Decomposition Lemma.
The exact formulation of those properties may be useful as a property one would
expect from analytic Zariski structures.

Consequences of holomorphic convexity
To avoid confusion, below we say “an open ball” to mean a neighbourhood open
in complex topology, not in the analytic Zariski topology.

Fact II1.1.2.1. Let U be a holomorphically conver space, and let Y, Z C U be
closed analytic subsets in U. Then

1. (analyticity is a local property) a set X C U is analytic iff for all z € X,
there exists an open ball x € B, such that X N B, is an analytic subset
of By

2. (local identity principle) for an open ball B C U, if Y is irreducible and
YNBCZNBthenY C Z

3. (local identity principle; analytic continuation) for an open ball B C U, if

Y and Z are irreducible, and Y "B and ZNB have a common irreducible
component, then'Y = Z

4. (density of smooth points) for an open ball B C U, if Zo C Z N B is an
wrreducible component of Z N B, then there exist a point zy € Zy and an
open ball zy € By C B such that By N Z C Z

d. (local finiteness) a compact set C C U intersects only finitely many irre-
ducible components of a closed analytic set Z

6. (analyticity of a union of irreducible components) a union of, possibly
infinitely many, irreducible components of an analytic set is analytic

7. (irreducible decomposition) if Y C Z and Y is irreducible, then Y is

contained in an irreducible component of Z
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Proof. Those are well-known properties of holomorphically convex spaces.

By Prop. 5.3 of [C85], Theorem 5.1 [ibid.] states (6) and (5). Corollary 2 of
Prop. 5.3 [ibid.] implies (2) and (3). Theorem 5.4 |ibid.| implies (4). (2,3,4) to-
gether imply (7). O

Fact IT1.1.2.2 (Chow Lemma). A closed analytic subset of a complex projective
algebraic variety is algebraic.

Proof. This is a well-known fact in algebraic geometry, cf. Hartshorne [Har77]. O

We also need a generalised Riemann existence theorem.

Fact III.1.2.3 (Genenalised Riemann existence theorem). Let A(C) be a
normal algebraic variety over C. If ¢ : T — A(C) is a covering of topological
spaces, then T' admits a structure of a complex algebraic variety such that giop :
T — A(C) becomes an algebraic morphism, i.e. there exists an algebraic variety
B(C) over C, an algebraic morphism qq, : B(C) — A(C), and a homeomorphism
¢ : T — B(C) of topological spaces such that the diagramme of topological spaces
commautes

T 2, AC)

‘| a
B(C) -2, A(C)

Moreover, the homeomorphism ¢ : T — B(C) is well-defined up to an automor-
phism of B commuting with the covering morphism gag.

Proof. Our conventions (Appendix B, §V.2.1) imply a variety over C is a Noethe-
rian scheme of finite type over C. The existence of an analytic space B with the
above properties follows from the fact that we may pull back the local analytic
structure of A(C) onto T in 1-dim case this already implies that B would be
an algebraic variety by Riemann existence theorem; the general case is done in
Grothendieck [SGA1,Exp.XII,Th.5.1|; one may also look in [Har77, Appendix
B,§3,Theorem 3.2 for some explanations. O

Fact I11.1.2.4. A closed analytic subset of a holomorphically convexr set admits a
unique decomposition into a countable union of analytic irreducible closed subsets.

Proof. [685, §5.4, Theorem, p.49|. ]

Fact 111.1.2.5. A connected component of a normal analytic set is irreducible.

Proof. |C85] O



I1I§1. A ZARISKI-TYPE TOPOLOGY ON U 39

We use the following fact as the defining property of an étale covering: the mor-
phism B(K) — A(K) of varieties over an algebraically closed field K of char 0 is
étale iff there exists an embedding i : K — C of the field of definition of A and B
into C such that the corresponding morphism i(B)(C) — i(A)(C) is a covering
of topological spaces.

Subgroup separability of w(U)

A group 7 is called subgroup separable, or locally extended residually finite, often
abbreviated lerf, iff for any subgroup G' < 7 and an element g ¢ G there exists
a finite index subgroup H such that G < H and g ¢ H. This is a non-trivial
property rather hard to establish; it is known that the fundamental groups of
complex curves ([Sco85]) and Z", SLy(Z) are subgroup separable; however, it is
known that F, x Fy ([Mil71]) is not subgroup separable, and so in general the
products of subgroup separable groups are not subgroup separable. This property
may be reformulated topologically: the group m = m(A) is subgroup separable
if and only if for any finitely generated G < 7 and any compact subset C' C A“
of the covering space AY, there is a finite cover X# — X of X such that the
projection from X¢ factors through X and such that C' maps by a homeomor-
phism into X. In fact, we need this property only when G is the fundamental
group of an algebraic subset of A, i.e. when C is an étale closed subset of X,
not necessarily compact.

Shafarevich varieties

Definition IT1.1.2.6. We call a smooth projective algebraic variety A(C) Sha-
farevich if

1. the universal covering space of A(C) satisfies the conclusions of Fact I111.1.2.1

2. the group of deck transformations w(U) is subgroup separable, as well as
all its Cartesian powers.

Thus, the only explicit class of varieties to which the results of this section are

applicable, is that of semi-Abelian varieties. However, we hope that the subgroup

separability is only a technical property due to methods of the proofs of the thesis.

IT1.1.3 A geometric Decomposition Lemma; Noetherian property

The lemma states a finiteness property of the irreducible decomposition of the
preimage of an algebraic subvariety in A(C); it may be interpreted as saying that
the irreducible components are not too far from being connected components of
the preimage, up to finite index.
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For a subset Z C U, let 7Z = |J vZ' denote the m-orbit of set Z.

ye™
For H<g,m, let pg : U — U/ ~g be the factorisation map; by Fact 111.1.2.3,
we choose and fix isomorphisms A7 (C) = U/, where A¥(C) is an algebraic
variety; the deck group of covering A#(C) — A(C) is the finite group 7/H.
Lemma II1.1.3.1 (First Decomposition lemma; Noetherian property).
Assume A is Shafarevich.

A m-invariant analytic closed set has an analytic decomposition of the form
W'=HZ U...UHZ,

where H<g,m is a finite index normal subgroup of m, the analytic closed sets
Zy, ..., Z;, are irreducible, and for any T € H either 77! = Z! or 7Z/ N Z| = ().

Such decomposition also exists for closed analytic sets invariant under the action
of a finite index subgroup of .

Proof. Let us prove that (a) there exists a decomposition as above without the
condition on intersections, and then prove (b) the irreducible components satisfy
77! =Zl or7Z/NZ = for T € .

The proof of (a) is relatively simple, and follows from the Fact I111.1.2.1 in a rather
straightforward way; we do it first.

The proof of the second claim (b) uses rather more delicate local analysis of the
structure, and several local-to-global properties of analytic subsets of holomor-
phically convex spaces as well as some finiteness properties of Zariski geometry
of algebraic varieties.

So let us start to prove (a). Let Z’ be an irreducible component of p~(Z(C));
by m-invariance of p~'(Z(C)), for any v € 7, the set vZ' is also an irreducible
component of p~!(Z(C)), and so 7Z’ is a union of irreducible components of
p 1 Z(C); thus, by Fact I11.1.2.1 above, 72" C p~!(Z(C)) is analytic.

The covering morphism p : U — A(C) is a local isomorphism, and analyticity
is a local property; by m-invariance of 7Z’, it implies p(rZ’) is analytic. For
different irreducible components Z; # Zj of p~'(Z(C)) it can not hold that
p(Z)) € p(Zh); indeed, then 7] = p~'p(Z]) C nZy = p~'p(Z}), and so Z| =
U(Z, N~Z}),~ € m; thus, Z] can not be irreducible unless Z] C 7, for some
v € m, which is impossible by m-invariance of p~!Z(C). To conclude, closed sets
p(Z"), Z' vary among irreducible components of an algebraic subvariety Z(C),
cover the whole of Z(C); they are also irreducible. Thus they are the analytic
irreducible components of Z. By |GR65|, the analytic irreducible components of
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an algebraic set are algebraic and irreducible, and thus they are the algebraic
irreducible components; in particular there are only finitely many of them. That
gives the required decomposition.

Now let us start to prove (b). First of all, note that we may suppose Z to be
irreducible.

Let Z2'™ =|J Z/ N...NZ, be the union of all intersections of n-tuples of different
irreducible components of p~(Z(C)).

Claim II1.1.3.2. The set p(Z'™) is an algebraic subset of Z(C), for n > 0. For
n sufficiently large, Z'™) is empty.

Proof. By the local finiteness (Fact 1I1.1.2.1) a compact subset intersects only
finitely many of the irreducible components vZ/!’s; thus Z'™ is locally a fi-
nite union of intersections of analytic sets, and therefore is analytic. By the -
invariance of yZ!’s it is w-invariant, and thus p provides a local isomorphism of
Z'™ and its image; therefore the image p(Z’™) is analytic. By Chow Lemma I11.1.2.2
this implies it is in fact algebraic. If n is greater then the number of local irre-
ducible components at a point of Z in A, then by Fact II1.1.2.1(local identity
principle) Z’™ has to be empty. ]

The claim above implies Z'(™ are étale closed, for any n. By Claim (a) of Lemma,
we may choose finitely many points z.’s so that any irreducible component of Z’ ),
for each n > 0, contains a m-translate of one of 2;’s.

Choose 7], ..., Z; to be the irreducible components of p~!(Z(C) containing any
of the points z)’s: by Fact II1.1.2.1(5) there are only finitely many irreducible
components of p~1(Z(C)) containing each point z/. The group 7(Z!) is finitely
generated because it is the image in 7 of the fundamental group of the interior
of the closed algebraic subset p(Z!). By subgroup separability of m we see that
there exists a finite index subgroup H C m such that HZ] # HZ for i # j,

ie. pu(Zj) # pu(Z;).

Consider Z! NhZ!,h € H and assume its non-empty. Then there exists v~ ! € 7
such that vz} € Z] N hZ], ie. 2} € vZ]NyhZ] = vZ] 0 W'y Z]. Both vZ] and
W~Z!, h' € H are connected components containing z; and by definition we have
chosen H small enough so that HyZ! # Hh'yZ], a contradiction.

In other words, we have proven that there exists a finite index subgroup H <
7(A(C) such that Z! is a connected component of p.'py(Z!), i.e. the connected
components of the preimages of the irreducible components of pyp~!(Z(C)) are
irreducible. Ol
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The next corollary allows for an equivalent definition of the étale topology.

Notice that the notion of an H-invariant set is essentially algebraic: an H-
invariant set is a preimage of a closed algebraic subset in finite cover A#(C).
Thus, the meaning of the next corollary that in fact étale closed sets encode a
mix of algebraic data and topological, homotopical data, not of analytic one.

Corollary I11.1.3.3. A set is étale closed iff it is a union of connected com-
ponents of a finite number of H-invariant sets, for some H<g,m a finite index
subgroup of .

Proof. Lemma II1.1.3.1 above implies that each étale closed set can be represented
in such a form.

On the other hand, the lemma implies that each H-invariant set is a finite union
of sets of the form HZ! where Z] are irreducible. Then, 77/ is also closed analytic
as a finite union of translates of HZ!, and moreover, each translate of Z/ is an
irreducible component of 7Z/ and thus étale closed. This implies the converse of
the corollary. O

The Lemma has the following algebraic consequence. All the notions mentioned
in the Corollary are preserved under replacing the ground field by another al-
gebraically field; thus it holds for any characteristic 0 algebraically closed field
instead of C. One may think of this property as a rather weak property of ir-
reducible decomposition for the étale topology; it is also a statement about a
resolution of non-normal singularities.

Corollary 111.1.3.4. Let A be Shafarevich. Then for any closed subvariety Z C
A(C), there exists a finite étale cover q : AH(C) — A(C) such that, for any further
étale cover ¢ : A9(C) — AH(C), the connected components of ¢ ~1(Z;) C A%(C)
are irreducible, where Z;’s are the irreducible components of ¢~ (7).

Proof. Indeed, it is enough to take H as in Decomposition Lemma. O]

Note that when Z is normal, the corollary is a well-known geometric fact.

111.1.4 Decomposition Lemma for the étale topology

Recall notation 72" = J vZ’. Note we do not yet known that the intersection
ye™

of two étale closed sets is étale closed.

Corollary I11.1.4.1 (Decomposition Lemma). Assume A is Shafarevich. The

collection Ft of étale closed subsets of U forms a topology with a descending chain
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conditions on irreducible sets. An étale closed set possesses an irreducible decom-
position as a union of a finite number of étale closed sets whose étale connected
components are étale irreducible. A union of irreducible components of an étale
closed set is étale closed.

That 1s,

1. the collection of étale closed subsets on U",n > 0 forms a topology.
The projection and inclusion maps pr : U" — U™ (v1,...,2,) —
(@i, .y miy,) and e U — U™, (21, ..., 00) = (Tiy, oo T, Cmty - -5 C)
are continuous.

2. There is no infinite decreasing chain .. C U;yy S U; € ... C Uy of closed
étale irreducible sets.

3. A union of irreducible components of an étale closed set is étale closed.

4. A set is étale closed iff it a union of connected components of a finite
number of H-invariant sets, for some H<lg,m a finite index subgroup of
.

5. Each étale closed set is a union of a finite number of étale closed sets

whose étale connected components are étale irreducible. Moreover, those
sets may be taken so that their connected components within the same
set are translates of each other by the action of a finite index subgroup
H<g,m.

The following property is “ideologically” important, and is the main property in
proving the properties of the collection Et. An analogue of this property should
also hold in other examples, say full exponentiation; there it says that a definably
irreducible set is analytically irreducible.

Lemma IT1.1.4.2. An étale irreducible closed set is analytically irreducible, i.e. it
15 wrreducible as an analytic subset of U.

Proof of Lemma. By definition I11.1.1.1, an étale irreducible étale closed set W’
is a countable union of irreducible component of 7-invariant closed analytic sets.
Those components are étale closed by definition, and thus étale irreducibility
implies the union is necessarily trivial. Thus, the set is an analytic irreducible
component of a w-invariant set, i.e. in particular irreducible as an analytic set. [

Proof of Corollary I1I1.1.4.1. We defer the proof of (1) until we prove (4), (2), (3).

By Lemma II1.1.4.2, a decreasing chain of étale irreducible sets is a decreasing
sequence of closed analytic irreducible sets, and this implies (2) immediately.

Property (3) is immediate from the same property of the irreducible decomposi-
tion of analytic sets (Fact I11.1.2.1(6)).
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A finite union of étale closed sets satisfying (4) also satisfies (4), and thus it is
enough to prove that a union V' of the irreducible components of a m-invariant
set W' = 7V’ satisfies (4). By Decomposition Lemma III.1.3.1, set W' = =V’
admits a decomposition

W'=HZ U...UHZ,

where H<g,m is a finite index normal subgroup of 7w, the analytic closed sets
Zi, ..., 7, are irreducible, and for any 7 € H either 77/ = Z! or 7Z/ N Z! = .

First note that by the definition its irreducible components Z!’s are étale closed.
By assumption, the analytic irreducible decomposition of set V' thus has form

V=V W' =(HZNV)U...U(HZ,NV') =
U hszu..u U hZ.

heH:hZ{CV' heH:hz; CV’

The sets U  hZ!’s are étale closed, hZ!’s are their connected components
heH:hZ!CV

by the second claim of Decomposition Lemma II1.1.3.1. Thus this is the étale

irreducible decomposition required in (4).

Let us prove that Et is a topology, the most difficult property. A union of a finite
number of étale closed set is closed by the definition. Let us prove the intersection
of two étale closed set Z! and Y/ is étale closed.

Assume W' and V' are unions of connected component of H-invariant sets HW’
and HV’. The intersection HW'NHV" is H-invariant and the set W/NV"’ is a union
of the connected components of HW'NHV'. The H-invariant intersection HW’'N
HV" is étale closed by Corollary 111.1.3.3, and thus its connected components are
also étale closed. By definition this implies W/ N V' is étale closed.

To prove that an infinite intersection is closed, it is sufficient to prove that the in-
tersection of a decreasing sequence of étale closed sets is étale closed. Use Koenig
lemma, Fact I1I11.1.2.1(7) and the fact that a sequence of decreasing étale irre-
ducible sets stabilises.

The argument is as follows. Let ... C X; C X;_; C .. be a decreasing sequence of
étale closed sets, and let Z}’s be the (representatives of the) irreducible compo-
nents of X; up to 7(U)-action. Let us make a tree whose vertices are sets Z?, and
Zi and Z;' are joined by an edge iff Z! C vZ;”! for some v € 7. The number
of vertices in each level is finite, and thus the tree has finite branching; on the
other hand, each branch has finite depth as it consists of irreducible sets. Thus,
the tree has to be finite by Koenig’s Lemma. This means that for ¢ large, the
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intersection of first 7 sets is a union of translates of a fixed finite number of étale
irreducible sets. As any such union is étale closed, this concludes the argument.

This completes the proof of the corollary. n

Let us state some more specific properties; property (3) below does require sub-
group separability of 7 to be valid.

Corollary I1I11.1.4.3. 1. For any étale closed set W', the set tW' is étale
closed.

2. An irreducible étale closed set W' is a connected component of an H -
invariant set HW' for some H<g,m a finite index normal subgroup of
.

3. For any two irreducible étale closed sets V', W' if for any finite index

normal subgroup H<g,m it holds HW' = HV', then W' = V.

Proof. (1,2) trivially follows from the definitions and the Decomposition Lemma;
(3) is slightly more difficult and requires an additional assumption on A(C).
We may assume H be so that V' and W’ = hV’ are connected components of
HV' = HW', correspondingly. Take x € V', y = ha € W’. Subgroup separability
of m implies we may take H sufficiently small of finite index that Hz # Hn(V')y
and therefore HV' £ HW'. O

ITI.1.5 ©-definable sets, O-generic points and ©-definable closure

Recall that U/m = A(C) has the structure of an algebraic variety over C and
that the m-invariant sets are in a bijective correspondence with the algebraic
subvarieties of A”(C). Thus suggests us that we may try to pull back to U the
notion of a generic point in A(C).

The following definition behaves well only for © C C algebraically closed.

Definition ITI.1.5.1. We say that a w-invariant étale closed subset W' C U
is defined over an algebraically closed subfield © C C iff p(W') C A(C) is a

subvariety defined over ©.
An étale closed set is defined over a subfield © C C iff it is a countable union of
wrreducible components of m-invariant étale closed subsets defined over ©.

Definition II1.1.5.2. For a set V. C U™, let ClgV be the intersection of all
closed ©-definable sets containing V :

Clo(V) = N W

VCW,W/© is O-definable closed
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A point v € V is called ©-generic iff V = Clg(v), i.e. there does not ezist a closed
O-definable proper subset of V' containing v.

The following finiteness property will be needed to show that a variant of Cheval-
ley lemma implies a variant of w-homogeneity.

Lemma III1.1.5.3. (a) Cle(V) is ©-definable
(b) Clo(V) = U,ev Clo(v) = Usc,,.v Clo(5) (union over all finite subsets)

Proof. (a) : By Decomposition Lemma, it is sufficient to consider only irreducible
V. However, for irreducible V' we may assume that all sets appearing in the
definition of Clg (V') are again irreducible and therefore the intersection is finite.
It is immediate that a finite intersection of ©-definable sets is ©-definable.

(b) : This follows from the Decomposition Lemma. If V' is irreducible, then
V = Clg(v) for v a ©-generic point of V. If not, by Decomposition Lemma,
V' decomposes as a union of translates of irreducible sets Vi,...,V,. Thus the
union J,.y Cle(v) is the union of the corresponding translates of the closures
Clg(V1),...,Clg(V,) of the irreducible components Vi, ..., V,,. By Lemma III.1.4.1,
Clg(V;) being closed implies any union of translates of Clg(V}) is closed; and thus
Upev Cle(v) is a finite union of closed sets, therefore closed itself. But obviously
V C U,ey Clo(v) and therefore Clg(V) C U,y Clo(v). On the other hand, for
any v € V Clg(v) C Clg(V), and thus Cle(V) D J,cy Clo(v). This implies the
lemma. O

Lemma II1.1.5.4. If a set W' C U is defined over Q c C then W' C U is
Ly-defined with parameters from p~'(A(Q)).

Proof. An irreducible component of the preimage of an algebraic variety W (C) C
A(C) defined over Q is an irreducible component of the preimage of the variety

U ew(©)

o€Cal(@Q/k)

defined over k. In order for the union to be finite, we use that W is defined over
Q, i.e. over a finite degree subfield of Q. The relation ~yy is iILLA(A), and W'
can be defined by x ~y a1 & ... & = ~y ag, for some set of Q-rational points

ai,...,ax € W(Q). ]

Recall we assume O to be algebraically closed.

Lemma II1.1.5.5. For every finite index subgroup H<g,m, if W' is irreducible
étale closed, then w' € W' is O-generic iff w = pyg(w') € W = pg(W') is ©-
generic in W.



111§2. MAIN PROPERTY OF THE GROUP ACTION 47

Proof. The point w’ € W' is not O-generic iff there exists a O-defined irreducible
set w' € V' C W' by Corollary II1.1.4.3 the latter is equivalent to py (V') #
par(W'). O

We would rather avoid using this Corollary due to its non-geometric character,
but unfortunately we do use it.

Lemma II1.1.5.6. A connected component of a ©-generic fibre of a etale closed
irreducible set defined over © contains a ©-generic point. That is, if W' C Ux U
is etale irreducible and pr : W' — U is the projection, and ¢ € Clpr W' is a
O-generic point of the etale closed set V' = Clpr W', then the O-generic fibre
W, = pr 1(¢') contains a ©-generic point of W'.

Proof. The property holds for algebraic varieties (Corollary V.3.3.3 of Stein fac-
torisation). Let W be a connected component of a fibre of W' over a ©-generic
point g" of Clpr W'. Then p(W¢) is a connected component of the fibre W, where
W = pu(W'),g = p(g') is such that W’ is a connected component of py'(W);
this may be seen with the help of path-lifting property, for example. Genericity of
g € Clpr W’ implies that the point g € Clpr W is ©-generic, and, as a connected
component of the fibre W, of an algebraic variety, p(W;]’F) contains a ©-generic
point, and then its preimage in I/Vg’,C is also ©-generic. [

ITI.2 Main property of the group action

The following property is specific to algebraic geometry; it fails in a general
topological situation. It is this property which allows us to connect the Zariski
topology on A(C) and the étale topology on the universal covering space U. This
is the property used to imply Chevalley Lemma for étale closed sets.

Roughly, the property of group action is a corollary of what is know as Stein
factorisation. Stein factorisation says that every algebraic morphism can be de-
composed as a finite morphism and a morphism with connected fibres. Moreover,
on a Zariski open subset, over C, any morphism can be decomposed as a finite
étale morphism, i.e. a topological covering in complex topology, and a fibre bun-
dle in complex topology, cf. Lemma V.3.4.1. Thus, an algebraic morphism has a
rather transparent topological structure on a Zariski open subset.

Holomorphic convexity is used deal with non-normal case.

IT11.2.1 Stabilisers of irreducible closed subsets
Recall notation 7(V') ={y e m: 4V’ C V'}.
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Proposition II1.2.1.1 (Action of 7(U) on U). Let W' and V' = Clpr W' be
étale irreducible closed sets. Then there is a finite index subgroup H<g,m such
that

1. TWIYNH={yeH: AW CW}={yeH: AW NW £0} ={y ¢
H :~xy € W'}, for any point xj, € W'

2. prit(W")NH] ==(V')NH.

3. for an open subset V' C V' it holds that for arbitrary connected compo-
nent W° of fibre W, over ¢’ € VO there is a sequence exact up to finite
index

T(Wy) —— m(W’) 2 (V) — 0,

i.e. there exists a finite index subgroup H <g,m independent of g and M/g’,c
such that the sequence 1s exact:

TWe)NH —— 7(W)N[H x H == a(V))NnH —— 0,

Moreover, if W' and V' are defined over an algebraically closed field ©,
50 is V — V. In particular, the above sequence is exact for g a O-generic
point of V! = Clpr W’

Proof of Proposition. To prove (1), apply Decomposition Lemma to the étale
closed set 7W’; by Decomposition Lemma, take H<lg,m to be such that the set
W' decomposes as a union of a finite number of H-invariant sets whose connected
components are irreducible, and therefore they are translates of WW’. This implies
(1). The item (2) is implied by (3).

Let us now prove item (3). Let H be such that W’ and V' are connected com-
ponents of p W (C), p'(V(C)), respectively, where W(C) = py(W’),V(C) =
pr (V). Consider projection morphism pr : A x A — A; it induces a morphism
pr : W(C) — V(C). By Lemma V.3.4.1 it gives rise to a sequence exact up to
finite index:

L (Wi (C),w) — 1,m (W(C),w) — 1, (V(C), prw) — 0

where W7 is a connected component of a fibre of W over g € V, and g varies
in an open subset V° of V, and w varies in W,. The index depends only on the
Stein factorisation of the projection, and is therefore independent of g and fibre
W//c.

g

Recall by §11.2.1 we may identify 7(W') and ¢, (W(C), w), and v,m (W5 (C), w)
and W(M/;/C,), etc. This proves Proposition. ]
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ITI.2.2 Corollaries: Chevalley Lemma and Finiteness of Generic

Fibres
Corollary II1.2.2.1 (Chevalley Lemma). For the étale topology , it holds:
1. Projections of closed sets are closed.
2. The projection of a set open in its closure is a set open in its closure.

Proof. The projection of an H-invariant closed set is closed; indeed, say H = ,
then note prp(7W’) = ppr (W’), and thus praW’ = p~lp(prW’) = p~!p(V),
where V' = prp(W’). As A(C) is projective, V' is a closed algebraic subset of
A(C), and thus p~'p(V) is a m-invariant closed subset of U. By definition of Et,
it is étale closed.

Let now W' be an étale irreducible closed set which is a connected component of
HW'. Let V' be the closure of pr W’; we intend to apply item (3) of Proposition
above.

The set pr HW' is closed, and thus V' C pr HW’. The set V' is closed, and thus
it is contained in a connected component V' of pr HW’.

Take v' € V' C V/, and find w' € W’ such that pr (hw’) = v'; this is possible due
to V' C pr HW'. Also pr W’ C V', and thus pr (w’) € V', pr (h)pr (w') =" € V.
Then v’ € pr (h)V/ N'V]. We may further take H sufficiently small so that

TV )nH={ren:7(V/)NV] #0} ={ren:7V] =V}

Then pr (h) € 7(V/), and Proposition 111.2.1.1(2) implies there exists an element
hy € m(W') N [H x H] such that pr(h) = prhy. Then, hyW/' = W’  and thus
pr (hiw') = pr (h)prw’ = v/, as required.

This argument can be given topologically. We prove the second claim topologi-
cally.

First, we may assume that W' is a connected component of py'py(W') = HW’,
and by Chevalley Lemma for algebraic varieties there is a set V° C prpg(W') C V
such that V° C V is open in V. Let V' be the connected component of p;{l(V)
containing pr W’. Take V = V' N pz'(V?); then V' C V' is open in V' as an
intersection with an open set.

Take v' € VY, and take w' € W', prpg(w') = pg(v') € V® C prW; such a point
w’ in W’ exists by what we call the covering property of connected components.
Now, prw’ € V', and thus v € (V') where vy is defined by v = ~pruw'.
Condition prpy(w') = py(v') € AY(K) implies 79 € H. Thus the inclusion
pror(W')NH ==n(V')N H implies there exists v, € 7(W’), pry1 = 7o, and thus
v = yoprw’ = pr (yw’), and the Chevalley lemma is proven. O]



20 CHAPTER I11I. MODEL STABILITY

Let mo(W’) denote the set of irreducible components of W’.

Corollary I11.2.2.2 (Generic Fibres). In notation of Proposition above, for
a ©-generic point g' € V' = Clpr W', the fibre W), has finitely many connected
components and for any connected component VVg’,C of VVg’,, it holds

! / Ic __ / Ic
Win g x HW,S = g x W/,

! ! /A | !
Win g x HW, = g x W,,.

Moreover, the formulae above hold for ¢’ not contained in some proper ©-definable
closed subset of V.

Proof. Let H be as in Proposition II1.2.1.1. The fibre W/} is the intersection of W,
with a coordinate plane, and therefore is étale closed. By Decomposition Lemma,
the fibre VVgC is a union of H-translates of a finite number of irreducible sets
VAR AN

To prove the claim, take h € H such that Z;,hZ] C W,. Then (id,h) € H x H,
and (id, A" Y)W N W' D ¢ x Z! # 0, and by Proposition II1.2.1.1(1) this implies
(id, YW’ = W’ and (id,h™') € m(W’). However, by Proposition I11.2.1.1(2)
(W) N H = ker(pr .(m(W') — pr (V')) N H), and thus h € 7(W5), (W) = WF
for any connected component W of fibre W,.

To prove W' Ng' x HW) = ¢’ x W, take h € H such that g x hW), N W # 0.
Then (id,h) € H x H and

(id, W' N W' D g x hW,), "Wy # 0,

by Proposition I11.2.1.1(1) this implies (id, R)W’' = W' i.e. (id, h) € m(W'). Now
Proposition 111.2.1.1(2), «#(W;) N H = ker(pr.(m(W') — pr(V')) N H) gives
hWy, =W, i.e h € 7(W,), as required.

In particular, W' N HW), = W, and W N W/¢ = ¢g" x W H

I11.3 A language for the étale topology: k-definable sets

So far we have defined a topology on U (and its Cartesian powers U™’s) whose
closed sets are rather easy to understand. Now, to put the considerations above in
a framework of model-theory, we want to define a language able to define closed
sets in the étale topology. From an algebraic point of view, that corresponds to
defining an automorphism group of U with respect to the étale topology. The
automorphism group is to be an analogue of a Galois group.



111§3. A LANGUAGE FOR THE ETALE TOPOLOGY: K-DEFINABLE SETS51

Let us draw an analogue to the action of Galois group on Q as an algebraic
variety defined over Q endowed with Zariski topology. The Galois group may not
be defined as the group of bijections continuous in Zariski topology: for example,
all polynomial maps are continuous in Zariski topology; linear and affine maps
xr — ax + b are such continuous bijections.

Thus we distinguish certain Q-definable subsets among Zariski closed subsets of
(@ , and then define Galois group as the group of transformation (of Q) preserving
the distinguished Q-defined subsets (of Q ) in this case the graphs of addition
and multiplication. It is then derived, rather trivially, that this implies that Galois
group acts by transformation continuous in Zariski topology.

Recall the way this is derived: the Q-definable subsets are given names, in this
case addition and multiplication, and then each closed set (subvariety) is given a
name by the equations defining the set of its points; in fact, in algebraic geometry
the word variety means rather the name, the set of equations, rather that the set
of points the equations define.

In order to define a useful automorphism group of the étale topology, we follow
the same pattern.

Model theory provides us with means to give precise meaning to the argument
above, and to define mathematically what is it exactly that we want. In these
terms, the distinguished subsets form a language, and the Galois group is the
group of automorphisms of the structure in that language. Model theory studies
that group via the study of the structure.

II1.3.1 Definition of a language L, for universal covers in the étale
topology

In this §, it becomes essential that A is defined over an algebraic field k ¢ Q C C
embedded in C.
We consider p : U — A(C) as a structure in the following language.

Definition II1.3.1.1. We consider the universal covering space p : U — A(C)
as a one-sorted structure U, in the language Ly which has the following symbols:

the symbols ~z 4 for Z a closed subvariety of A(C)™ defined over number

field k, and,

the symbols ~y, for each normal subgroup H<g,m(U)"™ of finite index
The symbols are interpreted as follows:

¥ ~zay < points ' € U" and y € U" lie in the same (analytic)

irreducible component of the w-invariant closed analytic set p~*(Z(C)) C

U".
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o~y = FJren(U)" 12’ =y and 7 € H.
Note that we do not assume Z to be connected.
Note that by Decomposition Lemma it is enough to introduce predicates for
connected components of closed analytic sets which are invariant under the action

of finite index subgroup of the fundamental group. To such sets, Chow Lemma
still applies.

Thus we may use an alternative definition by considering predicates for each
Z C A(C) defined over Q.

'~ u y iff 2’ and gy lie in the same connected component of the
preimage p;' (Z;(C)), Z; C AH(C)" an irreducible component of alge-
braic variety py;'(Z(C)) c AH(C).

Let us state the above observation due to its importance and for future reference:

Corollary IT1.3.1.2. For every closed w-invariant analytic subset Z' of U", there
exist closed analytic subsets Z1,...,Z! invariant under action of a finite index
subgroup H of w, such that

T rog Yy = xNCZ{y\/xNCZéy\/...\/xw% Y.

Consequently, for every closed subvariety Z of A, there exist subvarieties Zy, ..., Zy,
of a finite étale cover A" such that

Trgy = x~y yVo~g YV Vo~ oy
Proof. Take H and Z},...,Z! as in Decomposition Lemma III.1.3.1. n

Note that the language L, is countable. This is an essential property, from model-
theory point of view; in technical, down-to-earth terms it is useful to make in-
ductive constructions.

Let us use this opportunity to remind that we use symbols ~ rather abusively
to mean “lie in the same irreducible component of” either 77, p/' (%), etc.

I11.3.2 L,-definability of 7(U)-action etc

In the next lemma, a closed set means an étale closed set.
Lemma II1.3.2.1. For any normal finite index subgroup H <lg,m it holds

1. the relation
Afy(z,y,z,t) =Fyve H:yo =y &yz=t
is La(0)-definable
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2. An H-invariant closed set is Ly-definable with parameters.

3. A connected component of a generic fibre of an La-definable irreducible
closed set is uniformly La-definable; the definition is valid over an over an
open subset of the projection, definable over the same set of parameters.

4. Any étale closed irreducible set is a connected component of a fibre of an
Ly-definable set.
d. An irreducible closed set is La-definable.

Proof. To prove (1), note that

pH(A©) = J{(w2) s x € U

yemw

where A = {(z,z) : x € A} is an algebraic closed subvariety defined over k. The
connected components {(z,yx) : x € U},y € 7 are the equivalence classes of the
relation ~a, and thus are definable with parameters.

Evidently Aff,(z,y,s,t) iff (x,y) ~a (s,t) lie in the same connected component
of pH(A(C)) c U x U.

To prove (2), we consider two cases. Q-case: An irreducible closed subvariety
Z@ C A defined over QQ is an irreducible component of subvariety

Zy=|J o(2)

o:ky;—C

of A, where k is the field of definition of Z of finite degree. The formula implies
Z 18 Ly-definable with parameters with the help of symbol ~z, 4; the parameters

may be taken to lie in A(Q) but not necessarily in A(kz). A slightly more compli-
cated argument could give a construction defining Z as a connected component.

For an analytic étale closed irreducible set Z' C U, it holds that Z’ is an ir-
reducible component of 7Z’, i.e. it is an irreducible component of p~!(Z) =
p~'p(Z"). Thus the above argument gives that every étale irreducible subset of
U defined over Q is Ly-definable with parameters.

Q(t1,...,t,)-case: Thus we have to deal with the case when p(Z) is not Q-
definable. Our strategy is to show that any such set is a connected component
of a Q-generic fibre of a Q-definable set, and then show that such connected
components are uniformly definable. Uniformity will be important for us later in
axiomatising U.

Let us see first that each étale closed irreducible set is a connected component of
a fibre of an étale closed irreducible set defined over Q.
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Take an étale irreducible set Z’ and take H<lg,m such that Z’ is a connected
component of HZ' = p'(Z), for an irreducible algebraic closed set Z = py(Z').
By the theory of algebraically closed field, we know that Z can be defined as
a Boolean combination, necessarily a positive one, of Q-definable closed subsets
and their fibres; by passing to a smaller subset if necessary, we see that the irre-
ducibility of Z implies that algebraic subset Z C A(C) is a connected component
of a Q-generic fibre of a Q-definable closed subset W C A(C)". Then HZ' is the
corresponding fibre of p;II(W). The closed set Z’ is a union of the corresponding
fibres of the irreducible components of p;' (W), and irreducibility of Z’ implies
that union is necessarily trivial. Thus, we have that Z’ is a connected component
of a fibre of an irreducible étale closed set defined over Q. We may also ensure that
7' is a connected component of a Q-generic fibre of W’ by intersecting W’ with
the preimage of an irreducible Q-definable set containing pr Z’, and repeating the
process if necessary.

Let us now prove that the connected components of the Q-generic fibres of an
irreducible Q-definable set are Q-definable.

Let W’ C A(C)?, and let V' = ClprW’ be as in Proposition I11.2.1.1 and
Corollary II1.2.2.2. The morphism pr : W — V admits a Stein factorcisation
(Fact V.3.3.4) pr = fyo f; as a composition of a finite morphism f, : W — 1
and a morphism with connected fibres f; : Vi — V. In particular, two points
x1, 2 € W, lie in the same connected component of fibre Wy iff fo(x1) = fo(x).

Now set
(IIL3.1) '~y <= 2’ ~wy' & &pra’ =pry & folpu() = folpu(y'))

(here subscript ¢ is a part of the notation, and does not denote an element of U).

In notation of Corollary II1.2.2.2, we have

Corollary II1.3.2.2. If pra’ = ¢ € V', then the formula ' ~, Y holds iff
2’ ~g y and 2’ and y' lie in the same connected component of fibre W, of W,
If W,V are ©-definable, so is V'°. The parameters needed to define ~y, live in
U/H.

Proof. This is a reformulation of the formula W'N g’ x HW® = g’ x WF. Indeed,
pra’ =pry & folpu(a')) = fo(pu(y')) holdsiff 2',y" € g’ x HW for ¢’ = pra’ =
pry’ and some W a connected component of fibre of W’ above g'. The relation
of lying in the same connected component of a fibre being translation invariant,
we may as well assume 2/,y € W' if 2/ ~y oy € W’ lie in the same connected
component of W’. Then the formula means that 2,y lie in the same connected
component of fibre g’ x W,
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The claim that the formula holds for ¢’ € V% in an open subset is ©-definable is
a part of the conclusion of Corollary I11.2.2.2. [

The claim above implies (3); (4) and (3) imply (5) and (2). O

Corollary IT1.3.2.3. Let Auty, (U) be the group of bijections ¢ : U — U pre-
serving relations ~z o€ La; then Autp, (U) acts by transformations continuous
wn étale topology .

Proof. Immediate by previous results. O

The results above justify thinking of Auty, (U) as a Galois group of U.

Remark II1.3.2.4. Via identifications Ujy = A#(C), there is a natural inclu-
sion of a subgroup of Auty,(U) into Aut(C/Q); what can one say about the
common subgroup of Auty,(U) and Aut(C/Q), or rather a conjugacy class of
such subgroups? Is there any relations between Auty, (U) and the Grothendieck’s
fundamental group 7 (Ag, 0)?

ITI1.4 Model homogeneity: an analogue of n-transitivity of
Auty, (U)-action.

Now we want to study the action of Auty,(U) on U, and analyse orbits of its
action on U and U™,n > 1. In model theory one would hope that the afore-
mentioned orbits can be analysed in terms of the language; in presence of a nice
topology with a Chevalley property we may hope to analyse orbits in terms of
closed sets.

The situation when this is possible is called homogeneity; Property 111.4.0.8 below
states model homogeneity of U. Model homogeneity says, roughly, that two tuples
of points lie in the same orbit (of the action fixing an algebraically closed subfield)
iff there are no obvious obstructions, i.e. iff they lie in the same closed sets (defined
over an algebraically closed subfield which we assume fixed).

Definition 111.4.0.5. We say that W is a ©-constructible set iff

1. the closure CIW s defined over ©
2. W contains all ©-generic points of the irreducible components of CIW.

An irreducible constructible set is a set whose closure 1s irreducible.

Lemma I11.4.0.6. A projection of a ©O-constructible set is ©-constructible.
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Proof. Let W C U x U be an irreducible set defined over ©, and let W, be the set
of all ©-generic points of W; generally speaking, W is not definable. We need to
prove that pr W is also ©-constructible. Let g be a ©-generic point of the closure
of pr W; we know g € pr W by Chevalley Lemma. By Lemma 1.5.6 we know that
the (non-empty) fibre W, contains a ©-generic point of W, and thus g € pr W,
as required. O

The set of realisations of a complete quantifier-free syntactic type p/© with pa-
rameter set © is O-constructible; and conversely, every ©-constructible set can
be represented in this form.

Thus, the above lemma is equivalent to w-homogeneity for such types.

Definition I11.4.0.7. We say that U is homogeneous for closed sets over O,
or homogeneous for syntactic quantifier-free complete types over ©, or model
homogeneous iff either of the following equivalent conditions holds

1. the projection of a ©O-constructible set is ©-constructible;

2. for any tuples a,b € U™ and ¢ € U™ if qftp(a/O) = qftp(b/©) then there
exists d € U™ such that qftp(a,c/O) = qftp(b,d/O)

To see that the conditions are equivalent, note that the set of realisations of a com-

plete quantifier-free type qftp(a,c/0©) is ©-constructible; its projection contains

a and also is ©-constructible; a is its ©-generic point; then tp(a/0) = tp(b/O)

implies b is also ©-generic, i.e. belongs to the projection.

The above proves the following result.

Property I11.4.0.8. The standard model p : U — A(C) in language Ly is model
homogenous, i.e. it is w-homogeneous for closed sets over arbitrary algebraically

closed subfield © C C.

Proof. Follows directly from Def. 111.4.0.7 and Lemma I11.4.0.6. O

Corollary I11.4.0.9. The set of realisations of a quantifier-free type qftp(z/©)
over p~1(A(O)) consists of ©-generic points of some étale irreducible closed subset

of U.

Proof. Follows from the previous statements. O]

II1.5 An L, -axiomatisation X(A(C)) and stability of the
corresponding L, -class.

In this § we introduce an axiomatisation X(A(C)) for L, (La)-class which con-
tains the standard model p : U — A(C), and is stable over models and all models
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in it are model homogeneous. We then show that the class of models satisfies
2x,—x, of Theorem II1.5.4.7.

IT11.5.1 Algebraic L,(G)-structures

We know that U/G = AY(C) carries the structure of an algebraic variety over
field C. The covering AY(C) — A(C) carries a structure in a reduct Ls(G) of
language L,. In fact, similar interpretation works for an arbitrary algebraically
closed field K instead of K = C.

For every finite index subgroup G<g,7, there is a well-defined covering AY — A
of finite degree. The space A(C) is projective, and thus A%(C) is also a complex
projective manifold. By Fact I11.1.2.3, A“ has the structure of an algebraic variety.

Recall that we use the following fact as the defining property of an étale covering;:
the morphism B(K) — A(K) of varieties over an algebraically closed field K of
char 0 is étale iff there exists an embedding i : K/ — C of the field K’ of definition
of A and B into C such that the corresponding morphism (B)(C) — i(A)(C) is
a covering of topological spaces.

Definition III.5.1.1 (Finitary reducts of L,). Let pg : A9(K) — A(K) be a
finite étale morphism. Let La(G) C La be the language consisting of all predicates
of La of form ~z and symbols ~y for G C H. Then A%(K) — A(K) carries an
Ls(G)-structure as follows:

1. 1~y y = points ',y € AY(K)" lie in the same irreducible compo-
nent of algebraic closed subset p;'(Z(K)) of A%(K)".
2. 1~y <= there erist an algebraic morphism T : A — A% and an

étale covering morphism q : AS — A" such that 7(2') =y and Toq = q:

AG T AG

lq étale cover lq

AH 4 pH
For G = e the trivial group and K = C, the construction above degenerates into
the interpretation of U — A if it were well-defined.

For G = m, A = A, and thus Ls(m) is just a form of the language for the
algebraic variety A; here the point is that we have predicates for the relations for
irreducible components of k-definable closed subsets only.

In general, the above is just a variation of an ACF structure on A. In particular,
all Zariski closed subsets of (A9)"(K) are L(G)-definable.
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IT1.5.2 Axiomatisation X(A(C)) of the universal covering space U

We define the axiomatisation X = X(A(C)) to be an L, (La)-sentence corre-
sponding to Axiom II1.5.2.1 and Axioms II1.5.2.2-111.5.2.6 below.

Basic Axioms

These axiom describe quotations U/ ~py for H<g,m, and some properties of
Axiom II1.5.2.1. All first-order statements valid in U and expressible in terms
of La-interpretable relations

ajl NZ’AG yl = HZE//Hy//(x// ~y y// & .:E// ~a x/ & y// ~G y/)’ G<]ﬁn7r

and ~q, G<g, 7.

Note that we do not allow ~z 4 by itself and the Axioms essentially describe
U/, which is an algebraic variety.

Path-lifting Property Axiom, or the covering property Axiom
Axiom II1.5.2.2 (Path-lifting Property for W; Covering Property for

W). For every Ly-predicate ~yw and all Gg,m small enough, we have an axiom

:L,/ NW}AG y/ _— Hy//<y/l ~a y/ & Q:/ ~Tr y//)

We also have a stronger axiom for fibres of W; here we use that the relation
“to lie in the same connected component of a fibre of a variety” is algebraic and
therefore the corresponding G-invariant relation is Ls-definable.

Axiom II1.5.2.3 (Lifting Property for fibres). For all G<g,7 sufficiently
small, we have an axiom

(@, 1) ~y, ac W0, ¥1) == o ~a 20 & i ~a 1 & (w5, 21) ~w (26, 47))]
in a slightly different notation

/

x N;Vg,AG y/ — Ely”(y” ~G y/ & pr = pr y// & ~Ty y//)
The relation 2" ~y, ¢ ¢/’ is defined by the formula (IT1.3.1) (cf. Claim II1.3.2.2).
Axiom IIL.5.2.4 (Fundamental group is residually finite).

V' (o =y <= N 2 ~g )
Hqﬁnﬂ—
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Thus, it says that two elements ~y-close for every H <lg,m, have to be equal.

The next property is strengthening of the previous one; namely, if an element
b is ~pg-equivalent to an element of a group generated by ay,...,a,, then it is
actually in the group. In terms of paths, this has the following interpretation: take
loops 71, ...,7v, and a loop A. If for every H <lg,7 it holds that X is ~g-equivalent
to some concatenation of paths v1,...,7,, then it is actually a concatenation of
these paths.

Axiom II1.5.2.5 (“Translations have finite length”, subgroup separabil-
ity). For all N € N we have an Ly, ,-aziom

VbVal ce VCLN.

/\ v Elhl Ce hn (b ~H hn & ]’Ll = a & /\ v (hiahﬂ—l) ~A (aj,aj+1)>

H<gnm™neN 1<i<n 1< N

— \/ Elhl .. hn (b = hn & hl = aq & /\ \/ (hi,hi+1) ~A (aj,aj+1)>
neN 1<i<n 1< N

The next axiom is needed to apply the principles above. It reflects the fact that

the fundamental groups of varieties are finitely generated, cf. Arapura [Ara95|;

this can also be obtained from the fact that topologically a variety can be split

into finitely many contractible pieces nicely glued together (CW-complex).

Axiom III.5.2.6 (Groups 7(W,) are finitely generated). For every symbol
~w and for each H small enough we have an L, -axiom:

V ven Jai - .. Jan'Vb.
N

A (a; ~wa; & a; ~gaj & pra;, =pra;) & (/\(b ~w a; & prb =pra;) =
1<i#j<N i=1

N N-1
v E'hl . hn (b = hn & hl = aq & /\ V (hi,h“_l) ~A (CLj,CLj+1) & pI‘hl = prhiH))

neN j=1 j=1

In fact, we may combine the two axioms above into one weaker axiom which
would require subgroup separability with respect to the subgroups w(W).

Standard model U is a model of X

The universal covering space p : U — A(C) satisfies the axioms Axiom II1.5.2.1
by definition.

To prove U satisfies Axiom II1.5.2.2, note that for G<g,m small enough, the
relations ' ~w.¢ y means that pg(2') and pe(y’) lie in the same irreducible
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component W; of the preimage of W C A(C)" in A%(C)". Take a path ~ con-
necting v(0) = pg(2’) and (1) = pe(y’) lying in W;; by the lifting property
it lifts to a path 7/,7/(0) = 2’ such that pg(7/(¢)) = v(¢), 0 < t < 1. Then,
pe(7Y'(1)) = pa(y'), and thus 7/(1) ~¢ ¢'. On the other hand, 7/(1) and 2’ lie in
the same connected component of the preimage of the irreducible component W
in U. Now note that by Decomposition Lemma II1.1.4.1 for G small enough such
a connected component has to be irreducible, and thus Axiom III.5.2.2 holds.

The Axiom II1.5.2.3 has a similar geometric meaning as Axiom II1.5.2.2; the
assumption is that pg(z’) and pg(y') lie in the same connected component of a
fibre Wy; it is enough to take 7 to lie in fibre W, to arrive to the conclusion of
Axiom I11.5.2.2.

Let us see Axiom II1.5.2.4 follows from the condition 2 of the definition of a
Shafarevich variety.

Axioms II1.5.2.5 is condition 2 from the definition of a Shafarevich variety.

The geometric meaning of (h;, hiv1) ~a (a;,a,41) is as follows. The pair of
points a;,a;+; determines a path v in A(C), v(0) = v(1) = p(a;) = p(ait1).
For points h;, h; 41 such that p(h;) = p(hi41), they can be joined by a lifting of v
iff (hi,hiv1) ~a (ai,ai11). ... Thus the assumption in the axiom says that if any
two points of fibre above p(b) = p(ay) can be joined by a concatenation of liftings
of finitely many paths +;’s in A(C), up to a translate by an element of H, then
they can in fact be just joined by such a sequence. In a way, this can be thought
of as disallowing paths of infinite length.

On the other hand, the condition (h;, hiy1) ~a (a;,a;41) can be interpreted as
h;y1 = 1;h; where 7; is the deck transformation taking a; into a; 1, 7,a; = a;41.
Then, the assumption says that if b € 7(U) belongs to the group generated by
7;’s, up to ~p, then b does belong to the subgroup generated by 7;’s.

The last remaining Axiom II1.5.2.6 means that the fundamental groups 7(WV,) is
finitely generated, which is a well-known fact, see for example Arapura [Ara95|.

II1.5.3 Analysis of models of X
Models U/~ as algebraic varieties

Let U = X be an La-structure modelling axiomatisation X(A(C)), and let U be
the standard model, i.e. the universal covering space of A(C) considered as an
Ly-structure.

We know that U/, = A#(C) for some algebraic varieties A7 (C) defined over
C. The relations ~p,~z g are essentially relations on U/NH7 and thus Ax-
iom IT1.5.2.1 says that the first-order theories of U/~ ; and standard model U/~
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in the languages Ly (H) = {~py,~zu: Z varies} coincide. We know by properties
of analytic covering maps that an irreducible étale closed subset of U covers an
irreducible Zariski closed subset of A”(C), and thus the relation ~z; on U/~
interpreters as z,y € A”(K) lie in the same (Zariski) irreducible component of
the preimage of Z(K) in AY(K).

Thus, by Lemma IT1.1.5.4 any algebraic subvariety defined over Q of Af(C)
is Ls(H)-definable. Thus, full theory of an algebraically closed field is recon-
structible in La(H) on U/~p; and thus, there is an algebraically closed field
K = K,charK = 0 such that U/ ~y= A (K); here A”(K) corresponds to
AH(C) with a different ground field.

Fix these isomorphisms U/ ~p= AH(K), and let py : U — A”(K) be the
projection morphism. Then the above considerations say

 ~wn Yy = pu(@) ~wu pu(y) <= 2’ and ¢ lie the same
(Zariski) irreducible component of the preimage of Z(K) in A7 (K).

r ~g 1y <= there exist an algebraic morphism 7 : A9 — A and an
étale covering morphism ¢ : A — A% such that 7(2') =9 and Toq = ¢

A T, AH

lq étale cover lq

A e
An important corollary of above considerations is that any set of form p,;' (Z(K)), Z(K) C
AH(K) is Ly-definable.

Notation T11.5.3.1. Let us introduce new relations on U; eventually we will prove
that they are first-order definable. We introduce the relations below for every
closed subvariety of A(K), not necessarily defined over k (those would be in L)

¥~y = pp(a) ~wu pu(y') for all H<g,.

An irreducible component of relation ~y is a maximal set of points in U pairwise
~y-related. A subset of U is closed iff it is a union of irreducible components
of relations ~y,,...,~w,, for some Wy,... W,. An irreducible closed set is an
irreducible component of a relation ~y, for some closed subvariety W. Let us call
a subset of U étale closed iff it is a union of irreducible components of a finite
number of relations ~yy,, ..., ~y, . This defines an analogue of the étale topology
on U.

Group action of fibres of p : U — A(K) on U

For a point g € U, let 7(U,x}) = {y : y ~r x4} = p 'p(z}) be the fibre of
p: U — A(K). For every point 2z’ € U and every point y' ~, z{, there exists a
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point 2" € U such that pg(2', 2") ~a pa(zy, y'); this follows from Axiom I11.5.2.1.
Then, by lifting property for A C A%(K), there exists 2" € U such that 2" ~g 2"
and (2/,2") ~a (z(,y'). Moreover, such a point 2" is unique. Indeed, by Ax-
iom II1.5.2.1 the conditions py(2”) ~g pu(2”) and (2/,2") ~anm (2,y’) de-
termine py(2"”) uniquely for every H<g,G. This implies that z” is unique by
Axiom II1.5.2.4.

The above construction defines an action o of ©(U,z) = {y : y ~r z(} =
p'p(xp) on U: a point y' ~, zf, sends 2’ into 2, o2’ = 2. Axiom II1.5.2.1 and
Axiom I11.5.2.2 imply that it is in fact a group action.

Let w(U) be the group of transformations of U induced by (U, xy); the group
does not depend on the choice of xj. We refer to m(U) as the group of deck
transformations, or the fundamental group of U. This terminology is justified by
the fact that T op =p, for p: U — A(K) the covering map.

For a subset W C U™, let #(W) ={7:U" - U" . 7(W) C W, € n(U)"}.

Decomposition Lemma for U

We use a Corollary to Lemma II1.1.3.1.

Lemma II1.5.3.2 (Decomposition lemma; Noetherian property). Assume
A is Shafarevich.

A subset p~ ' (W), W C A(K) has a decomposition of the form
W'=HZ U...UHZ,

where H <g,m is a finite index normal subgroup of m, the étale closed sets 73, . .., Z,
are irreducible components of relations ~z,, for some algebraic subvarieties Z; of
A(K), and for any T € H either 7Z] = Z! or 7Z! N Z! = ().

Proof. By a corollary to Decomposition Lemma II11.1.3.1 we may choose H <lg,m
with the following property.

Let Z; C AZ(K)’s be the irreducible components of pgp~!(W). Then, they have
the property that the connected components of pgpgl(Zl-) C AY(K) are irre-
ducible. Choose Z; to be an irreducible components of relations ~,, i.e. the
closed sets p;'(Z;). We claim that these Z/’s give rise to a decomposition as
above.

Before we are able to prove this, let us prove the lifting property for ~z,, namely
that the map py : Z! — Z;(K) is surjective. For convenience, we drop the index
1 below.
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By passing to a smaller subgroup if necessary we may find a variety V C A# (K)"
defined over Q such that for some g € A"(K), Z; is a connected component of fibre
V, of V over g, and it holds that if points 2/, vy’ are such that py(2'), pu(v') € Z;
and ' ~w v, pg(pra’) = py(pry’) = ¢’ lie in the same connected component of
V' over g,pu(g’) = g, then in fact 2’ and ¥’ lie in the same connected component
of the preimage of g X Z;, ' ~z v/.

Consider Axiom II1.5.2.3 for all G<g,7 sufficiently small

/

X N%/g,AG Y= 'y ~cy &pra' =pry”’ & 2’ ~y y’)

Now take any point 2’ € Z' C U and a point y € Z(K). We want to prove
pu(Z") D Z(K), and thus it is enough to prove there exists y; € U, py(y1) =
Yy, 2" ~z y1. We know that there exist yo € U, 2’ ~, ¢ y2, due to Axiom II1.5.2.1.

C
V,,AC

pu(d) =g, 2 =(d4,2),y = (¢,y2), Axiom I11.5.2.3 gives the conclusion

Since Z =V, for some g € U™, we also have (¢, 2') ~ (¢',y2), and taking

Hy//(y// ~G y/ & pr l,l — pr y// & ',L,/ ~y y//)‘

The conclusion says points «',y" € U™, py(2'),pu(y’) € Z; lie in the same con-
nected component of p;'(V), are ~g-equivalent, and lie above the same point
g ,pu(g’) = g. Then by Lemma II1.3.2.2 we know that py(2’), pr(y’) lie in the
same connected component of the corresponding preimage of Z;. By definition
of Z', this means proy’ € Z’. Thus, we have proved that py(Z') = Z(K) is
surjective.

Now the following by now standard argument concludes the proof.

The the covering property implies that

pe'(Z(K)= | J hz' = HZ;
heH
indeed, by properties of Z we know that the relations 2’ ~; ¢ v are equivalence
relations for all G<g, H. Moreover, we know that any two equivalence classes
are conjugated by the action of an element of H; this is so because the covering

property implies that there is an element of each of the classes above each element
of Z(K). This implies the lemma. O

We single out the following part of the proof as a corollary.

Recall that ~° means “to lie in the same connected component of”.

Corollary I11.5.3.3 (the covering property). For a subvariety Z C A(K),
:Bl NCZ,G y/ = Hy//(y// ~a y/ & x/ NCZ y//)'
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Proof. The proof of the lifting property above proves the corollary for Z C A% (K)
if the relations ~¢ and ~; are equivalent. However, by Decomposition Lemma
any set p; (Z) can be decomposed into a union of such sets; then going from one
irreducible component to another one intersecting it gives the corollary. O

Corollary I11.5.3.4 (Topology on U). The collection of étale closed subsets
of U forms a topology with a descending chain conditions on irreducible sets.
An étale closed set possesses an irreducible decomposition as a union of a finite
number of étale closed sets whose étale connected components are étale irreducible.
A union of irreducible components of an étale closed set is an étale closed.

That is,

1. the collection of étale closed subsets on U",n > 0 forms a topology.
The projection and inclusion maps pr : U — U™ (x1,...,z,) +—
(Tirs .y xiy,) and e U — U, (21, ..., 20) = (i, oo, T, Conty -5 Ci)
are continuous.

2. There is no infinite decreasing chain .. C Uiy C U; © ... C Uy of closed
étale irreducible sets.

3. A union of irreducible components of an étale closed set is étale closed.

4. A set is étale closed iff it a union of connected components of a finite
number of H-invariant sets, for some H<lg,m a finite index subgroup of
.

J. FEach étale closed set is a union of a finite number of étale closed sets

whose étale connected components are étale irreducible. Moreover, those
sets may be taken so that their connected components within the same
set are translates of each other by the action of a finite index subgroup
H<g,m.

Proof. The last item is just a reformulation of Decomposition Lemma. All the
items trivially follow from it but (1).

Let us prove the intersection of two étale closed set Z! and Y/ is étale closed.

Assume W’ and V' are unions of connected component of H-invariant sets HW’'
and HV’. The intersection HW’' N HV' is H-invariant and the set W' NV’ is
a union of the connected components of HW' N HV'. The intersection HW' N
HV' = p (pr (W) Npr (V")) is étale closed by definition, and thus its connected
components are also étale closed. By definition this implies W/ NV" is étale closed.

To prove that an infinite intersection is closed, it is sufficient to prove that the
intersection of a decreasing sequence of étale closed sets is étale closed. Use Koenig
lemma and the fact that a sequence of decreasing étale irreducible sets stabilises.
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The descending chain condition follows from the fact that an irreducible subset
of an irreducible set necessarily have lesser dimension. O]

Chevalley Lemma
Let W' C U be an irreducible closed subset of U, i.e. a subset of U defined by

r~wa & ... &z~ oan
where aq,...,a, € U are such that
Vsz( /\ yn~a; & /\ z~ai$y~W75>.
1<ign 1<i<n

Such a set W’ we call an irreducible component of closed set defined by x ~y x,
or simply an irreducible component of relation ~yy.

Lemma II1.5.3.5 (Chevalley Lemma). A projection of an étale irreducible
closed set is étale closed.

Proof. Let W' be such an irreducible set, and let V' = Clpr W’ be the least
closed set containing its closure. By definition of V' py (pr W') C py(V'); and by
definition of closure V' C pr HW' = p;'(prpu(W")); the set prpy (W') is closed
by Chevalley Lemma for projective algebraic varieties. The inequalities imply
pu(pr W) = pg (V') for every subgroup H <ig,m.

A deck transformation leaving W' invariant, also leaves V"’ invariant, i.e. pr 7(W’) C
7(V’). On the other hand, the equality py(prW’) = pg(V’) implies for any
H<gym, pro(W')/H ==(V')/H.

Let us now use Axiom II1.5.2.5 to show that this implies that pr (7(W) N [H X
H)==(V')NH.

Let us now prove that 7(W’) N H x H is finitely generated for some H <g,.

We know by Corollary to Lemma I11.2.2.2 that W’ =Y, is a fibre of a Q-defined
set Y’ over a point ¢’ such that py(g') € prpu(Y’) Q-generic.

We know that for every G'<ig, H, for a connected component Yg of pgpy (Y), the
intersection Yo N ¢’ X papy (Y,) is connected; geometrically, that means that a
lifting of W =Y, C Y along the covering map Yy — Y is a fibre of Y. This holding
for every G<ig,H, it implies that for Y’ a connected component of p,(Y), the
intersection Y,,¢ = Y'Ng' x py' (Y,) is connected, and therefore it coincides with a
connected component of p;'(Y,) = p; (W). Moreover, this implies that if h € H
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is such that Y © C py' (Yy) then hY)© C Y} ie. he n(Y) )N H = =(Y)) N H.
Thus, to prove that (W) N H = 7(Y,,°) N H is finitely generated, it is enough
to prove that m(Y,,) N H is finitely generated. However, the latter is claimed by

Axiom II1.5.2.5 for every variety Y defined over Q.

Let ¢1,...,9, be the generators of m(W') N [H x H|. Now take 7 € w(V') N
H,7(V') = V'. We know that 7/G € prn(W')/G, for every G<s, H, and therefore
T, up to ~¢, is expressible as a product of gy,..., g,. In other words, that means
that 2’ and 72’ can be joined by a sequence of points ' = hy, ho,..., h, = 72’
such that h; 41 = g;,h; for all 1 <4 < n, and here n = n(G) depends on subgroup
G. By Axiom 5 there is a uniform bound on such n = n(G), and 7 is expressible
as a product of gy, ..., g, and therefore belongs to prw(W’).

Now we finish the proof by the covering property argument similar to the topo-
logical proof of Chevalley Lemma in complex case.

Let Vo C prpy(W’) C V where Vy C V is open in V; then V is irreducible. Recall
V' = Clpr W’ and take Vj = V' N p,;'(Vp); we know Vy C V' is open in V'. We
also know Vj C Clpr W".

Take v' € Vj, and take w’ € W', prpy(w') = py(v') € Vi C prW; such a point
w' in W’ exists by the covering property. Now, prw’ € V', and thus vy € 7(V”)
where 7 is defined by v' = ~yprw’. Condition prpg(w’) = py(v') € A”(K)
implies 79 € H. Thus the inclusion prwm(W')NH = «(V’') N H implies there exists
v € 7(W’), pry1 = 7, and thus v = yprw’ = pr(yw'), and the Chevalley
lemma is proven. O

Corollary I11.5.3.6. A projection of a set open in its irreducible closure contains
an open subset of the closure of the projection.

Proof. Let ) # WY C W’ be an open subset of an irreducible closed set T¥’. Then
W, = W'\ WY C W is a closed set. Consider W'\ HW'. If W C HW/, then
by irreducibility of W’ it holds W’ C hW] C hW7], for some h € H. This forces
hW' = W' and also W, = W', which constricts the assumption () # W. Thus
W'\ HW{| # 0, and prpg(W') 2 py(W’). Now, pg(W’) is an irreducible closed
subset of A”(K), and therefore pg (W) is of smaller dimension then pg (WW’). Now
we may apply Chevalley Lemma for algebraic varieties to get the conclusion. [J

111.5.4 Homogeneity and stability over models

In the §§ above we have established the main properties of the étale topology on
U (and its Cartesian powers U™). That allows us to define and prove the basic
properties of ©-generic points, for © an algebraically closed subfield of K.
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The notion of a ©-generic point extends to U in a natural way. Recall that for a
closed ©-defined set V', the set ClgV” is the set of all ©-generic points of V’. Recall
also that a set of ©-generic points of a ©-defined set is called ©-constructible.

Lemma IT1.5.4.1 (Homogeneity). Any structure U = X is model homoge-
neous, i.e. the projection of a ©-constructible set is ©-constructible, for any al-
gebraically closed subfield © of the ground field.

Proof. First note that a point w’ € W’ in an irreducible set W' is ©-generic iff
p(w') € p(W’) is ©-generic. By Chevalley Lemma, the fibre W/, is non-empty for
g € prW’ ©-generic. Moreover, by Lemma II1.1.5.5 a connected component of
fibre W,, g = p(¢’) always contains a ©-generic point w € W of W. The lifting
w', p(w') = w is always ©-generic, and we may find such a lifting in any connected
component of a fibre over a generic point. This implies the lemma. [

Definition I11.5.4.2. Let U, U, Uy |= X be Ly-models of X(A(C)) and U C
U, N Uy. We say that tuples a € U} and b € U, have the same syntactic
quantifier-free type over U in class R if a and b satisfy the same quantifier-free
Ly-formulae with parameters in U.

Definition I11.5.4.3. A class R of La-structures is syntactically stable over
countable submodels iff for any countable structure U € R, the set of complete
La-types over a structure U realised in a structure U € R is at most countable.

Definition 111.5.4.4. A class R of La-structures is quantifier-free syntactically
stable over countable submodels iff there are only countably many quantifier-free
syntactic types in class | over any countable model U € R.

Lemma II1.5.4.5 (Stability over submodels). Assume A is Shafarevich. The
class of Ly-models of X(A(C)) is quantifier-free syntactically stable over submod-
els.

Proof. If U < U’ is an elementary substructure, then U = U'(0) = {u € U’ :
p(u) € A(©)}, for some algebraically closed subfield ©.

Every positive quantifier-free Ls-formula over U determines a closed set defined
over O. For every tuple v’ € U’, there is a least closed set V' = Clg(v') containing
v" and defined over ©; it is irreducible, and is a connected component of an alge-
braic subvariety V/© of A¥ defined over ©, for some H <g,7. Moreover, Clg(v')
has a ©-point vg. Thus, the quantifier-free Ls-type of tuple ¢’ is determined by
the point vg € U and a subvariety V//O. Therefore, there are only countable
number of such types, which implies that class R is quantifier-free syntactically
stable over submodels. O]

Property II1.5.4.6 (Homogeneity and Stability of class R). Assume A is
Shafarevich.
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All structures La-models of X(A(C)) are model homogeneous. The class of L-
models of X(A(C)) is syntactically quantifier-free stable over countable submodels.

Proof. Tmplied by preceeding two lemmata. O

Finally, we may state Theorem II1.5.4.7, which was the goal of the chapter.

Theorem I11.5.4.7 (Model Stability of X(U)). Let A be a smooth projective
algebraic variety which is Shafarevich. That is, we assume the universal cover-
ing space U of A is holomorphically convex, and such that the product of the
fundamental groups of connected components of A(C) is subgroup separable. Let
L be the countable language defined in Def. I1.1.2.1. Then (1',3a,3b) of Sub-
goal I1.1.1.3 hold, and 2' is weaken to 2y,

24y, Any two models U, = X and U, = X of axiomatisation X and of cardi-
nality Ny, such that
there exist a common countable submodel Uy = X, Uy C Uy and
U, C U;
are isomorphic, Uy =1, U,, and, moreover, the isomorphism ¢ is iden-
tity on U.

Proof. This is closely related to Proposition I11.5.4.6; however, let us prove this
directly in an explicit manner; in this argument we try to put an emphasis on the
properties of the topology, although this could also be treated as a very common
model-theoretic argument.

We will prove that every partial Ls-isomorphism f : Uy --+ Us, f(a) = b,a €
U7, flu, = idjy,, n € N finite, defined on Uy U {ay, ...,a,}, can be extended to
UoU{ay,...,a,}U{c}, f(c) € U, for any element ¢ € U;. This allows to extend
a partial Ly-isomorphism from a countable model to its countable extension. This
is enough: by taking unions of chains of countable submodels we get isomorphism
between models of cardinality 8;. Note that one cannot get isomorphism between
models of cardinality Ny in this way.

Let Vi = Cly,(a),W; = Cly,(a,c) be the minimal closed irreducible subsets
containing points @ € U7 and (a,c) € U™ let Vo = Cly,(f(a)) be the corre-
sponding subset of Us,. Since f is an L-isomorphism, sets Vi and V5 are defined
by the same L-formulae with parameters in U.

Take a subgroup H <lg,7 sufficiently small such that V;, V5, Wy, W5 are connected

components of pi pur(V1), 05 o (Va), i 0 (W), 03 pr (Wa), respectively. Pick
points v1,w; € Uy such that v; € V4, V5 and wy € Wh, Wa.

Now, by definition of W5 we have prpgWs = pyVs, and also prws, € V5; choose
¢ € Uy such that (pg(b), pa(c)) € pg(Ws) is a Ug-generic point of py (Ws). Then
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by the lifting property for W5 there exists a point (0, ¢”) € W; such that py (V') =
pu(0),pu(c”) = py(c). However, this implies that & € priWy C V5 is a Up-
generic point of V5. Therefore by the homogeneity properties in Lemma I11.5.4.1,
or equivalently because the projection pr Ws is a closed set definable over U, this
implies Vo C prWs, and, in particular, there exists d € U, such that (b,d) € W,
is a Ug-generic point. Now set f(c) = d. By construction, the points (a,c) € U,
and (b,d) € U, lie in the same Ujy-definable closed sets, and, since every basic
relation of L, defines a closed Ujy-defined set, this implies that f is indeed an
Lj-isomorphism, as required. O
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Chapter 1V

Atomicity: relations to arithmetics

We present a model theory conjecture that the universal covering space U, de-
scribed in Chapter III contains an atomic submodel, and for A = E an elliptic
curve over Q, we reformulate and prove the conjecture (Proposition IV.1.0.8) in
a very explicit way free from model-theoretic terminology. The proof admits a
geometric interpretation as a slightly unusual universality property of the fun-
damental groupoid functor (Proposition IV.1.0.11) or an equivalent statement
(Proposition IV.1.0.9) describing an orbit of the Galois action on End E-module
extensions Exti, qpmoq(E(Q),A) of E(Q) by A. The proofs use essentially the
Kummer theory of the underlying elliptic curve as well as the description of the
image of the Galois representation; to a model-theorists mind, these statements
explain why those deep facts of algebraic geometry are natural and true.

The chapter is fully self-contained apart from motivation, and we repeat most
definitions used; see Chapter IT and I for motivations.

In §IV.1 we present three equivalent Propositions IV.1.0.8, 1V.1.0.9 and IV.1.0.11
mentioned above. We prove the equivalence of Propositions 1V.1.0.9 and IV.1.0.11
in §1V.4.2. Propositions IV.1.0.9 and IV.1.0.11 require no model theory for either
statement or the proof, and could be read independently of the rest of the thesis.
In §IV.2 we introduce the necessarily terminology and several equivalent refor-
mulations of the atomicity conditions of Propositions IV.1.0.8 which apply to any
underlying variety. We prove Proposition IV.1.0.9 in §IV.3.3.

In §IV.7 we state some conjectures.

IV.1 Introduction and Results

In §IV.1 we quickly state three equivalent Propositions IV.1.0.8,1V.1.0.9, 1V.1.0.11;
we state them in detail and prove them later in §1V.3.3, §1V.5, §1V.4, respectively.

71
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The La-structure Ug(Q) is atomic

Let F be an elliptic curve over a number field & C C, and let Ug(C) be the
universal covering space of E(C). In Chapter III, Definition 11.1.2.1 we have
defined a countable language L4 and its interpretation on the universal covering
space U(C) of an arbitrary variety A(C) defined over a number field. Recall that
positively Ls-definable sets are unions of connected and irreducible components
of the preimages of algebraic subvarieties of A™(C).

Proposition IV.1.0.8. The substructure Ug(Q) of the universal covering space
Ugr(C) in language La(E) is atomic, and is elementarily equivalent to La(E)-
structure Ug(C).

Due to nature of language L,, the Proposition above may be seen as a precise
mathematical formalisation, and a rather straightforward one at that, of the
idea that “complex-analytic or homotopy properties of a variety determine its
arithmetic”.

In §IV.3.1, we show that an elementary substructure of Ug(C) can be viewed
equivalently as an extension of F(Q) of a particular kind. It turns out that one
can prove categoricity for that kind of extensions as well; see the next subsection

for details.

Uniquely divisible extensions of Abelian groups

The universal covering space of an elliptic curve A = FE is just C; the linear
structure on C plays an important role in the theory of (complex) elliptic curves as
algebraic varieties: it defines the group operation, the properties thereof, etc. This
suggests that the relevant linear structure on C is determined up to isomorphism
by the curve itself. An analysis of L4 based on these observations shows that L, is
a language describing the linear structure on C, and the pull-back of the algebraic
structure on the elliptic curve. The next proposition confirms these suggestions.
We conjecture it holds for the group E(C) and in general, the group of points over
any algebraically closed field of zero characteristic; the action of Galois group is
then replaced by the action of Aut(C/Q) or the automorphism group of the field.

In terms of model theory, the Proposition describes explicitly a class of struc-
tures, namely that of extensions of E(Q) of a particular kind, and then proves
a categoricity result for the class. It could be seen that the class consists of
atomic models of certain first-order axioms. For an elliptic curve without com-
plex multiplication, the Proposition proves the class is just categorical. What we
conjecture above is that if we appropriately expand the class to contain structures
of arbitrary cardinalities, the class remains categorical in every uncountable car-

dinality. To prove the conjecture, it is sufficient to prove that the class is excellent
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[She83a, She83b|; in particular, one of the conditions, that of (2, Ng)-existence,
required is
leE(L1 R Lg) = leE(Ll) XE(k) leE(LQ),

for k C Ly, Lo algebraically closed countable fields of characteristic 0. Here +~H =
{h€ H:VYN3n > N,h, € H nh,, = h}.

Proposition IV.1.0.9. Let A be an EndE-module isomorphic to Z? if EndE =
Z, or, if EndE # Z, to an order in the ring of integers in the ring Q(End E) of
fractions of the ring EndE of endomorphisms of an elliptic curve E defined over
a number field k. Assume further that all the endomorphisms of E are definable
over k.

1. There exists a uniquely divisible extension in Exty, qp...4(E(Q), A).
2. (a) if EndE = Z, then the Galois group acts transitively on the set of
uniquely divisible extensions Extly,q,pums(E(Q), A).
(b) the action of the Galois group has only finitely many orbits on the
set of uniquely divisible extensions in BExty, yp. . (F(Q), A).
In other words,

1. Then there exists a uniquely divisible EndE-module V' and a short exact
sequence of EndFE-modules

0 A 1% E@Q) — 0

2. (a) If E has no complex multiplication and EndE = Z, then for any

uniquely divisible Z-module extensions W,V of E(Q) by A, fitting
into the short exact sequences as above, there exists a commutative

diagram:
0 A Vv 4= E@Q) — 0
Hhml ﬂlheHom(V,W) Jaaeaal(@/k)
0 A W — E@) — 0

(b) IfEndFE # 7Z, then there exist finitely many uniquely divisible End E-
module extensions Wy, ..., W,, of E(Q) by A, fitting into the short
exact sequences as above, such that for any uniquely divisible EndE-

module extension V there exists a commutative diagram:

0 A VLE(@)—>O

Hh\AJ( thGHom (V\W;) | 3o0€Gal(Q/k)

0 A W, —% B(Q) — 0
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An isomorphism A : V' — W, h(A) = A induces an EndE-linear map 7 : E(Q) —
E(Q); the proposition (item (a)) says we may modify h to have 7 induced by a
Galois automorphism. In fact, we show we can extend any h, o defined on finite

dimensional submodule of V to a total map h: V — W, o € Gal(Q/Q).
By the classical theory the conditions on A guarantee that there exists a covering
0 A c - E(C) — 0.

Restricting the ground field C to Q in the short exact sequence above gives us a
sequence as required; we prove (2) in §IV.5.

In terms of Ext-functor classifying extensions, Proposition IV.1.0.9 says the Ga-
lois action has finitely many orbits on the set of uniquely divisible extensions in
Exti,qpmod(E(Q), A): the set of non-equivalent extensions Ext, ym..4(E(Q), A)
is of cardinality 2%°. Also note that the injectivity of the profinite completion Aof
the kernel A implies Extg/ncﬁ_mo d(E (Q), A) = 0 making the proposition trivially
true in this case. Model-theoretically, the question with the kernel profinitely
completed would correspond to treating the homogeneous case: namely, it says
that there exists a unique homogeneous model in the class of structures elemen-
tary equivalent to the standard model provided by the exponential function, with
the additional property that the kernel is isomorphic to 72,

A way to think of it is that the proposition claims that it is possible to describe the
universal covering space of an elliptic curve in a purely algebraic way, admittedly
with respect to a rather weak, linear structure on it.

Remark TV.1.0.10. We believe that our treatment of elliptic curves with com-
plex multiplication is incomplete; the formulation of 2(b) that an extension is
equivalent to one of finitely many is ugly. It should be possible to prove a full
analogue of 1(b), after perhaps some suitable reformulation. This is particularly
apparent as there is a complete description of Galois action on FE\..s provided by
the theory of complex multiplication on elliptic curves.

Universality of the fundamental groupoid functor

We ask whether the notion of paths (up to fixed point homotopy) on an elliptic
curve E(C) may be described by its natural algebraic properties. “Paths up to
fixed point homotopy” are usually thought of in the context of the Poincaré’s
fundamental groupoid, which can be thought of as a 2-functor. Hence, we may
reformulate the question as: Is the fundamental groupoid functor on the com-
plex algebraic varieties determined by its natural algebraic properties up to nat-
ural equivalence and an automorphism of the source category? The Proposi-
tion IV.1.0.11 is a partial positive answer to this question. Let us now remind the
notations related to groupoid and 2-functors.
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top

For a topological space T, let m°?(T") denote the set of all paths in 7" up to
fixed point homotopy; that set of paths has a groupoid structure with respect to
concatenation of paths. This defines the Poincaré fundamental groupoid functor

mP(T) : Top — Groupoids from topological spaces to groupoids. It is conve-

nient to think of 7" as of a 5-tuple (Pt,€,s,t,-) consisting of two functors
Pt,Q2 : Top — Gets, two natural transformations s, : 2 — Pt and a func-
torial operation -y on Q(V); here Pt(T") = T (as a set) is the functor of points,
Q(T) = m;°°(T) (as a set) is the functor of paths, and the source and target maps
st,tr give the beginning and ending point of a paths in Q(T'); partial operation
s QUT) x Q(T) — QT) is concatenation of paths in T'. To such data, one refers
as a 2-functor (Grothendieck |Gro|). A natural transformation of 2-functors 2 =
(Pt,9,s,t,-) and Q" = (Pt',,s',t',”) is defined naturally as a pair of natural
transformation of functors hp; : Pt — Pt/, hg : Q — ' respecting the structure
given by s,t,- and §', ¢, ¢f. commutative diagrams (IV.4.1),(I1V.4.2),(IV.4.3)

and some others.

We consider the restriction of the functor 7}°" to the following category. Let

€ C Var/Q,0b¢ = {E" : n > 0}, Morg(X,Y) = Mory,, 5(X,Y) be the full
subcategory of the category of varieties whose objects are the Cartesian powers of
E including the trivial Cartesian power E° = 0. The morphisms are morphisms
of varieties between its objects, not necessarily preserving 0; this is the definition
of a full subcategory. The Galois group Gal(Q/k) acts on the category Var/Q,
and its action restricts to the category €: it leaves each object of & invariant and
permutes the morphisms. Note that Gal(Q/k) acts on the set of 2-functors from
¢ via its action on the category & by automorphisms. Recall a groupoid Q(FE) is
connected iff for every x,y € Pt(E) there exists v € Q(FE) “going from point z to

point y”, i.e. x = s(v),y = t(7).
The following proposition is derived from Proposition IV.1.0.9 in IV.4.2.

Proposition IV.1.0.11 (Universality of fundamental groupoid functor).
Assume that E defined over a number field k is an elliptic curve without complex
multiplication. Let € be the category of Cartesian powers of E as above.

Let Q = (Pt,Q, sy, ty, v) be a functor from category € to Groupoids (i.e. a
2-functor) such that

1. Q preserves direct product
2. Q has the unique path-lifting property along étale morphisms (Def. IV.4.1.1).

Assume further that

1. Pt(E™) is the functor of Q-points: Pt(E™) = E"(Q) = More(0, E)
2. Q(FE) is a connected groupoid
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3. there is an isomorphism

Qoo(E) 2 Z* as EndE-modules.

Then there exists an automorphism o € Gal(Q/k) such that the 2-functors
Q, W;Op‘@ oo : & — Gets are naturally equivalent (as 2-functors):

~ ,top
Q=mgoo

¢ - Groupoids

Hl o€Gal(Q/k) H\H/natural transformation
top

¢ 5 Broupoids

Here Ptﬂiop@(V) = V(Q) and Qﬂ§°p|@(v) = {y € m®(V(C)) : 5(7),t(7) € V(Q)}
is the restriction of 7" to Q-points.

Similarly to Proposition IV.1.0.9, for E possessing complex multiplication, there
exists finitely many o;’s such that any 2-functor on € as above, is equivalent to
one of ﬂ(’p'@ 0 0;'s.

The condition in the definition of an abstract fundamental groupoid functor are
somewhat reminiscent of the conditions defining the scheme-theoretic algebraic
fundamental group m®'% [SGA41|; however, there 78 takes values in the category
of profinite groups, in particular 7%'8(C* 1) = Z, 7*'8(E(C),0) = Z>2. In terms of
model theory, this corresponds to considering homogeneous models.

It is a natural to consider whether a path lies in an algebraic subvariety; thus
our notion of a path given via Q restricted to € should be able to express when
(a representative of the homotopy class of) a path lies in an arbitrary algebraic
subvariety. This is indeed the case:

Remark IV.1.0.12 (Recovering (Z) for arbitrary closed subvariety 7
of E™). The information contained in the functor 7,°°|€ restricted to the full
subcategory € of Cartesian powers of an elliptic curve is enough to determine
whether a path lies in a closed subvariety. The key fact here is for a normal
subgroup H <1 m(E™(C)), there exists an H-Shafarevich morphism Shy : E" —
E™ such that for an arbitrary irreducible Z C E™(C), it holds Z C ker f iff the
image Im[my(Z, z) — m(E™(C), )] has a finite index subgroup contained in H.
Lemma IV.3.1.1 states this in a rather different language; cf. also Remark TV.3.1.3
for a technical explanation of the connection between the reformulations.

A homotopy class of paths has a representative lying in an open algebraic subva-
riety iff it has one lying in its closure; this holds at least for normal varieties. An
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extension of this observation based on Fact V.3.3.1 and considerations in §V.3.4
shows that the functor €2 is enough to determine whether the homotopy class of
a path has a representative lying in an arbitrary constructible subset.

IV.2 Atomicity of Uy (Q): Definitions

Definitions and terminology

We recall the main definitions. Let U —? A(C) be the universal covering space of a
smooth complex algebraic variety A defined over a number field £ C C embedded
in C, not necessarily connected; we assume A is Shafarevich (cf. Def. I11.1.2.6).
Let m x U — U be the action of the group of continuous deck transformations
of U. For every normal finite index subgroup H<lg,m of 7, define the relation
x ~g y it x € Hy, i.e. there exists h € H taking x into y, x = hy,h € H.
For every m-invariant closed analytic subset Z = nZ of U", define the relation
x ~z y iff z,y lie in the same irreducible component of Z = nZ. For a closed
analytic subset Z = HZ invariant under the action of a finite index subgroup H
of m, define a relation ~¢ iff points z,y lie in the same connected component of
Z =HZ.

Recall that in Chapter III we defined an étale closed set as a union of components
of finitely many relations ~ 7, or equivalently ~¢, and proved that étale closed sets
indeed form a topology (under the assumptions on A) which enjoys the property
that the projection of an étale closed set is étale closed.

Let uq, ..., u, be free variables ranging over U, and let by, ..., b,, € U be arbitrary
elements of U.

We say that a formula ¢(uy, ..., u,,by,...,b,) is a formula in language 1" L*P
iff ¢ is a formula of first-order logic in language L L'P  i.e. if ¢(u,b) is a
formula of finite length well-built from free variables uy, . . ., u,, bounded variables
vy, ..., Uy, parameters by, ..., b, € U, logic connectives conjunction &, disjunction
V, negation —, quantifiers V and 3 applied to variables vy, ..., v,, equality symbol
=, and binary relation symbols ~p, ~z€ L or ~p, ~%€ L"P respectively. For
some Z, we have the property that p(Z) is an algebraic closed subset of A(C)"
defined over a field k£ of definition of A; if we restrict Z above to be such, then
we obtain languages denoted Ly = L*(k),L*P(k); we use a similar notation
L*(K),L*P(K) for any field K C C. One of the main results of Chapter III
is that the language L*" is interpretable in Ly = L*"(k), under the assumption
that A is Shafarevich, e.g. if A is a semi-Abelian variety.We also use the notation
La(A) when we wish to stress the underlying variety.
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We say that an L*-formula ¢(by,...,b,) without free variables is valid, holds
in L*-structure U = U(C), in notation U(C) = ¢(by,...,b,) if it expresses a
correct statement about the parameters by,...,b, € U as interpreted in U(C);
this can be easily defined rigourously by induction on the length of the formula.
We can extend this definition to define validity of an L**(K)-formula in U(K') =
{r eU:p(x) € A(K')}, for K’ D K.

For languages L’ and L, we say that an L'-formula ¢(uq,...,u,) isolates the
complete L-type of a tuple (by,...,b,) € U™ iff

L. ©(by, ..., by,) holds

2. for any L-formula ¢ (uy, ..., u,), if ¥(b,...,b,) holds, then

Vuy ... uy, (Sp(ula---vun) - ¢<u17"'7un))

holds.

Finally, for a language L, an L-structure U is called atomic iff for any tuple
(b1,...,b,) € U™ there exists an L-formula isolating its complete L-type.

Equivalent conditions for atomicity

We state three equivalent reformulations of atomicity.

Condition IV.2.0.13. The La-structure U(Q) is atomic.

There are definable imaginaries U(Q)/A ,,; since U(Q)/,, is isomorphic to the set
of algebraic points of an algebraic variety, each imaginary is algebraic, i.e. con-
tained in a finite definable set. Therefore, the types of those imaginaries U(Q)A I
are atomic. Types which are atomic over an atomic set of parameters, are atomic
themselves. By Corollary I11.3.2.2 any Ly-formula is equivalent to an Ls-formula
with parameters in the imaginaries U (Q)/NH, for some finite index subgroup

H<1ﬁn7T(U).

Thus, the condition above is equivalent to the following slightly more geometric
condition.

Condition IV.2.0.14. For every tuple b € U(Q)", there exist an (parameter-
free) L(Q)-formula isolating the complete La-type of b € U(C)".

Instead of considering formulae which isolate (determine) complete La-types, we
may require that they determine Auty, (U(Q))-orbits. In this situation, the two
conditions are equivalent, but in general they are not. For a finite index subgroup
H<gom and a tuple (by,....b,) € U(Q)", the set (Hby, ..., Hb,) = H"(by, ..., by)
is a closed analytic set, and therefore L*'-formulae are allowed to include the

relation ~gn@, . p,)-
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This observation allows to express the condition above in the following equivalent
way:

Condition IV.2.0.15. For every tuple b = (by,...,b,) € U(@)n, there exist a
finite index subgroup H and a parameter-free n-ary L*(Q)-formula ¢ such that
all tuples

{(hlbl, .. ,hnbn) : hl, .. .,hn cH& ): gp(hlbl, .. ,hnbn)}

have the same La-type and lie in the same Auty, (U(Q))-orbit.

Let us denote H,(b) = {h1,...,h, € H : U(C) = @(h1by,...,hyby)} the sub-
group of H determined by (. The condition says that L*-formulae can isolate
subgroups of H small enough.

An element of Auty, (U(Q)) is completely determined by its action on factor set

U@ )y for all H<ig,m. Each factor set U@ )y has a structure of an alge-
braic variety over k; make an identification. Under these identification, some
elements of AutLA(U(Q)) correspond to Galois automorphisms in Gal(@/@)
i.e. Auty, (U(Q)) and Gal(Q/Q) share a subgroup well-defined up to a conju-
gacy class. On the other hand, the elements of 7(U) do not correspond to Galois
automorphisms. It is known that, for any H <lg,7, one may choose finitely many
parameters in U(Q )y so that any element of Auty, (U(Q)) fixing them induces
a Galois automorphism of U(Q ( )/v ;75 this is implied by the fact that a non-locally
modular substructure of an algebraically closed field interprets the field, with
finitely many parameters. Thus, Galois orbits on U(Q (© )/NH could form an ob-
struction to the action of AutLA(U(@)).

An example is in order.

Example I1V.2.0.16. The group w(U) of deck transformations acts transitively
on fibres of the covering map by La-automorphisms; therefore the empty formula
of 1 variable possesses the property of Condition IV.2.0.15 and the complete Ly-
type of a single element of U(Q) is trivially atomic.

Take A = C* and consider the La-type of a pair a,b € C = Uy. If p(z) and
p(y) satisfy a multiplicative relation, say p(z)? = p(y) in C*, then x ~z y where
Z C C? is the 2miZ-invariant closure of the set defined by 2z = vy, and therefore
Hypy(z,y) = {2,y € H : 2z = y}. On the other hand, if p(z) and p(y) do
not satisfy any multiplicative dependance, it holds that the H,(x,y) is always a
finite index subgroup of 2miZ. x 2wiZ., which could be proved by Kummer-theoretic
considerations. We prove these and other facts for E = A an elliptic curve in the
proof of Proposition IV.1.0.9.
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IV.3 A = FE an elliptic curve: the equivalence of analytic
language L, and linear language L'"

Let A = E be an elliptic curve defined over a number field k£ C C embedded in
C. For convenience we also assume that F has a rational point 0 € E(Q). We
also assume that all endomorphisms of E are defined over the field k.

In this section we analyse the expressive power of language Ly on the universal
covering space to show that the L-structure U is bi-interpretable with a 2-sorted
structure p : C — E(C) in a language L'™ describing End E-module structure on
C = U and the algebraic variety structure on F(C). We state the main result in
Proposition 1V.3.3.1. The analysis allows us to check the Condition TV.2.0.15 to

establish atomicity of Ug(Q).

Generalities on complex elliptic curves

Let £ = A be an elliptic curve over a number field £ embedded into C; we identify
it with a closed subset of P?(C) defined by y*z = 423 — gox2? — g323. The fun-
damental group 7 (FE(C),0) of E(C) is isomorphic to Z2. The universal covering
space of E(C) is complex-analytically isomorphic to C: choose an identification
of the universal covering space U of E with the field of complex numbers C.
Via the covering map p : C — E(C), the addition + : C x C — C of complex
numbers makes F(C) into an Abelian group with 0 = p(0) as its zero point,
040 = 0. The kernel of the covering map as an Abelian group homomorphism is
canonically identified with the fundamental group 1 (E(C),0) which is a lattice
A=m(E(C)) C C,ie. adiscrete subgroup of C whose R-linear span is C, and so
E(C) = C/A as complex analytic manifolds. Complex analytic endomorphisms
of E(C) preserving 0, lift up to complex analytic endomorphisms of C, which
are well-understood; this allows us to show a complex-analytic endomorphism
of E(C) is always induced by a multiplication by an element z € C such that
zA C A. The numbers z form the dual lattice A\¥ = {z € C : zA C A}. Because
E(C) is projective, complex analytic endomorphisms are also endomorphism of
E(C) as an algebraic variety over C. In fact, those algebraic morphisms are de-
fined over a number field extending the field of definition of F, and so they are
endomorphisms of E an algebraic variety E over the extension. The ring of en-
domorphisms of F is denoted by End F, and, for curves over C, there exists a
canonical embedding End £ = AV C C.

For generic E and therefore generic lattice A, the condition zA C A implies z is
an integer, and so End E = 7Z; however, if End £ # Z, then L = End F ® Q is
an imaginary quadratic extension of Q, i.e. a field Q(z) where z ¢ R satisfies an
quadratic equation 22 + ¢,z + ¢ = 0 with coefficients ¢y, g2 € Q.
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IV.3.1 Analysis of language Ls(F)

An analysis of the geometry of E(C) yields that the language L essentially de-
scribes the structure of the universal covering space as an End E-module, and
the pull-back of algebraic structure on E(C); the analysis also implies quantifier
elimination for L4, which allows us the reformulation of Proposition IV.1.0.8 as
very explicit statements (Propositions IV.1.0.9 and IV.1.0.11) readily reducing
to the Kummer theory of the underlying elliptic curve, which are known (Bash-
makov’s theorem, results of Ribet) and Serre’s results about the image of Galois
action on Tate module.

The geometric facts we use in the analysis of language Ly are Poincaré’s complete
reducibility theorem and a basic Minkowski-sum argument using the holomorphic
convexity of C. The latter argument could have been replaced by some properties
of Albanese morphisms.

Model-theoretically the important implication is that the structure on U consists
of a combination of a locally modular structure of EndE-module on U and the
pull-back of the structure on E(C) as an algebraic variety over k.

End E-module structure via ~%4
We follow Example 11.1.4.3 to interpret End E-module structure in La(E).

Consider the morphism + : E(C) x E(C) — E(C) of addition and an étale
morphism f € End E, and the closed diagonal subvariety A C E(C) x E(C). By
our assumptions, they all are defined over k, and so are the graphs {f(z) =y} C
E(C)?, {x +y =2} C E(C)? of the morphisms f € EndF and +: F x £ — E.

(T1,91) ~a (T2,90) <= 1 —y1 = T2 — Yo
(IV.3.1) (21, 91) ~{f@)=y) (T2,72) <= f(21) —y1 = f(22) — 12
(1,91, 21) ~aty=z} (2,Y2, 22) == X1+ Y1 — 21 = T2+ Yo — 22
Then, for z,y,z € U = C, we have that
(2, 9) ~p= (0,0) <= [f(z) =y
(2,9, 2) ~agy=2 (0,0,0) <=z +y =12

These formulae show that End E-module structure on C is La(FE)-definable over
a parameter 0 € E(C).

The goal of the rest of this section is to prove the converse, namely that Ls(E),
and L* in general, are interpretable in End E-module C together with the pull-
back of algebraic variety structure on E(C).
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The key geometric lemma

Let 0 € Z C E(C)" be a subvariety containing 0, and let B = Z+ Z+ ...+ Z be
the least subgroup of E(C)™ containing Z. Such a subgroup exists by dimensional
considerations, such as Zilber’s irreducibility principle.

Recall that x ~% y iff points x and y of U" = C" lie in the same connected
component of the preimage of p~!(Z(C)) in the universal covering space C™.

Lemma IV.3.1.1. Let B be the least Abelian subvariety containing Z. Then for
a natural number N large enough, the following equivalence holds for any points
x,y € C*:

1
r~Gy <= r~5y&p <£> D (£> lie in the same connected component of —Z

N N

Proof. Let Z' C B’ be connected components of p~1(Z) C p~!(B). Recall that
7m(U) denotes the deck group of the covering space U, and that for a subset
Z" C U, we denote n(2Z") = {y € m : vZ' = Z'}. We identify n(U) with the
lattice {7y -0 : v € 7}, and we prove the lemma by a Minkowski-sum argument
using that lattice.

We prove the lemma in three steps: first we prove that there is a finite sum
Z'+ ...+ 7' = B’ that 7(Z’) has at most finite index in 7(Z' + ... + Z’), and
that the latter condition implies the result.

The space U is isomorphic to C and admits a norm which we denote | - |. There
is a constant C' € R such that A C p({z : |z] < C'}). Consider sums 2| + ... +
2z 2y, .,z € 7', and take a point ¥ € B’ |V/| < C. Represent i’ as a sum

!/

b = 21+ ...+ z,. By changing z|,...,z,_, by elements of m(Z’) if necessary,
we may assume |21| < C,... |2/, _;] < C; then z/, is changed also by a sum of
elements of the group w(Z’), i.e. an element of 7(Z’), and so continues to lie in
Z'. However, by the triangle inequality |2/ | < |21| + ...+ |2,_1| +|V/| < nC. The
implication of this argument is that for a sufficiently large constant C' € R any
element ' € p~!(B) of bounded norm |V/| < C'is a sum of 2n elements of Z’ of a
bounded norm |z]| < nC. A finite sum of bounded analytic sets is analytic; this

implies that the sum Z' 4 ... 4+ Z’ is a closed analytic set.

Now consider the set of sums \-0+ 2] +...+2, |21],..., |2, < C,z1,...,2, € Z'
and A € w(U). For |\| large, say |A-0| > 2nC), all these sets are uniformly bounded
away from 0. For each of finitely many \’s satisfying |A| < 2nC), since all variables
vary over compact sets, this set is compact, and therefore it either contains 0 € C
or is bounded away from 0 € C. If 0 = A- 0+ 2] + ... + 2/, then we actually
have A\ -0 € Z' + ...+ Z' is representable as an n-sum. Thus we get that for A

N

(C)
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not an n-sum, the sums \-0+ 21 + ...+ 2, |1|,..., 2| < C,21,..., 2, € Z' are
separated away from 0 uniformly in A.

The argument above implies that each ¥ € p~'(B) of sufficiently small norm
|b'| < € is representable as a 3n-sum of elements of Z'.

Thus, analytic sets B’ and the 3n-sum of Z’ coincide in a small ball around 0 € C.
Fact II1.1.2.1 implies the smooth analytic set B’ is contained in the 3n-sum of 7’
and therefore that they coincide.

Let us now show that 7(Z'+ ...+ Z’) lies in a bounded neighbourhood of 7(Z’),
and contains 7(Z’) as a finite index subgroup. Take a sum 2] + ...+ 2, = v+
21 4 ...+ 2l shift 2], 2/”s to be of norm bounded by ¢, i.e. pick A, N/ € 7(Z’) so

that |z — N| < C, |2/ + N/| < C for 1 < i < n. Then

y=z2{+...+2 - —...—2z, =
(zf =N+ ..+ G = M) — (2= A) — ...
—(z, = A+ N+ N =N = =N
and
Iy =N+ M =N —...=X)| <
() = A+ o+ =N — (2 = A) — .. — (2, = N)| < 2nC.

Thatis, 7(Z'+...+2Z') C w(Z')+{z : |2| < 2nC'}. This implies 7(Z'+...+Z') C
7(Z") + {\ : |A] < 2nC} which completes the second step.

Choose N so that {A : |A\| < 2nC'} N N7w(A) = {0}, and denote H = nw(A).
The subgroup H is a finite index subgroup. Now take x,y € B’ satisfying the
right-hand side of the equivalence. Since Z’ surjects on a connected component of
%Z(C), there exist points ',y € Z' C B’ such that 2’ ~y x,1’ ~ Hy. This and
2',y', x,y € B'imply that there is h,, h, € m(B')NH such that h,z = 2/, hyy =¥/
However, m(B') N H = w(Z') N H, and therefore x,y € Z' as required. O

Remark IV.3.1.2 (Maximal subvarieties with a given fundamental sub-
group). The argument above depends only on the fundamental group of Z and
B, or rather their images in m(A(C),0). In terms of the fundamental groups,
Lemma I'V.5.3.2 says that for each irreducible subvariety Z there exists an Abelian
subvariety B D Z containing Z and such that the images of fundamental groups
of Z and B differ by finite index at most. The Abelian subvarieties form a essen-
tially linear structure; we use that later to analyse language Ly.

In fact, an analogue of the class of Abelian subvarieties with the property men-
tioned above has been considered by Kollar [Kol95]; the fibres of a relative Sha-
farevich morphism provide such a class; see the next remark for some explanation.
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Remark IV.3.1.3 (Albanese and Shafarevich morphisms). A more nat-
ural way to prove this statement is via the existence of Albanese morphisms or
relative Shafarevich morphisms of Kollar [Kol95|. Kollar [Kol95] considers mor-
phisms f : A — C such that for an irreducible closed subvariety i : Z — A it
holds f(Z) is a point iff H contains a finite index subgroup of 4,7 (Z) where Z is
the normalisation of Z; such morphisms are called (relative) H-Shafarevich mor-
phisms f : A — C; we may take B to be a fibre of such a morphism. The fibres of
H-Shafarevich morphisms, H < m;(A, 0) vary, give a uniform and explicit descrip-
tion of relations ~p needed to generalise Lemma [V.3.1.1. By Lemma IV.3.1.1
such “equivalence” relations ~ ;-1 are enough to interpret Ly on Ua(C), together
with the pull-back of algebraic structure on étale covers of A. One further hopes
that the geometry defined by these relations is locally modular, a technical model
theory term for being essentially linear.

Lack of explicit references in the literature and technical difficulties have pre-
vented us from trying to prove Lemma IV.3.1.1 via the more general approach
described in Remark 1V.3.1.3 above.

We describe the structure induced by the relations ~p next; it is essentially that
of an EndE-module.

Relations ~%, for B an Abelian subvariety, are definable in an End E-module
structure

Recall a closed algebraic subgroup B of Abelian variety E” is an Abelian subva-
riety.

An m x n-matrix M € M(m x n,End F) gives rise to an endomorphism from E™
to E™; we identify the two.

Lemma IV.3.1.4. A closed algebraic subgroup B of E™ is a connected component
of the kernel of an End E-morphism M = Mpg : E™ — E™ represented by an
m X n-matriz M over End E,

B=kerM,M € M(m xn,End E).

An Abelian subvariety B of E™, i.e. a translation of such a subgroup, is a con-
nected component of a set

MY (M(b)) = ker M + b,
for a m x n-matric M € M(m x n,End E) over End E and an element b € B.

Proof. This is a reformulation of Lemma IV.5.3.2; we prove it there. ]
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The endomorphisms EndFE act on C by multiplication by complex numbers; thus
the kernel of an endomorphism on C is a hyperplane defined by a linear equa-
tion with coefficients in Z if EndE = Z, or in a quadratic imaginary extension
Q(EndFE) C C. In particular, the kernel of an endomorphism in M (QEndFE) on
C" is connected.

An important corollary for us is that

Corollary IV.3.1.5. For an Abelian subvariety B(C) C E™(C), there ezists a
morphism M € M(n x n,EndE) : U" — U™ such that

for any point b € B(C).

The main lemma of the reduction

In notation of Lemma IV.3.1.4 above,

Lemma IV.3.1.6. For an Abelian subvariety B of E™ and an m X n-matriz
M € M(m x n,End E) as above,

T ~py < Mg(z) = Mgz(y)
Proof. A reformulation of Corollary IV.3.1.5 above. m

For subvarieties Z and B of E™ as in Lemma IV.3.1.1, we then have
(IV.3.2)
x~Gy <= Mp(r) = Mp(y) &

D (%) D (%) lie in the same connected component of %Z(C).

L2 via End F-module structure

Formula IV.3.2 shows that the language L*" is interpretable in a language describ-
ing the End E-module structure on U together with the pull-back of the algebraic
structure on E(C). Let us define such a language.

The ring End E is an integral domain, and the End F-module U is uniquely
divisible, and thus we introduce function symbols for elements of ring of fractions
Q(End E) =End F® Q of End E.

Definition IV.3.1.7. Let L' = Lin(k) be the language consisting of

1. (EndE-module structure) binary symbol {+} and function symbols {f :
f € Q(End E)},
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2. (pull-back of algebraic structure on E) a relation ~% for each closed
subvariety Z of E™ defined over k
interpreted as follows:
1. {+}U{f: f € QEnd E)} are interpreted according to the End E-module
structure on C, i.e. to the embedding EndFE — C.
2. the relations ~° are interpreted as follows:
x ~%y <= points p(x),p(y) € E(C) lie in the same irreducible
(over C) component of Z(C) C E(C).
Similarly we define L'(K), for arbitrary subfield K C C.
Note that the relations ~% describe only the pull-back to U = C of the algebraic
variety structure on F(C). It might be more geometric to consider a slight modi-
fication of L'™; namely, consider a two-sorted universe consisting of a sort U and
a sort A for the variety A. The modified language contains an additional function
symbol p : U — A and function symbols {f,+} on U as above; however, we
restrict relations ~% to the sort A only. We use this modified language to state
and prove the quantifier elimination theorem.

Formula (IV.3.2) implies the goal of our analysis of L*" in this §:

Lemma IV.3.1.8. The relation ~% is interpretable in L. By Corollary I11.3.1.2
of Decomposition Lemma II1.1.3.1 of Chapter III, a relation ~ 5 is expressible as a
disjunction of relations ~5., and thus any relation ~yz is interpretable in L' (E).

In particular, the language L2™(E) is interpretable in L (with parameters).

Language Li is interpretable in language La(E) over the parameter 0 € C.

Proof. The first part follows from formula (IV.3.2). The latter part follows from
formulae (IV.3.1). O

Note that for subvariety Z smooth (or normal), the relations ~, and ~¢ are
equivalent, and we do not need to refer to Decomposition Lemma of Chapter III.

IV.3.2 Elimination of quantifiers for L'"(FE)
Lemma IV.3.2.1 (Quantifier elimination). Fvery formula of the language
L0 is equivalent to a quantifier-free formula of the language L.

Proof. This follows from the next lemma. O]

The following is an explicit technical statement we prove by induction.

Let vy, ..., v, be variables varying in U = C, and let a(vp, ..., v,), B(vo, ..., v,)
denote linear combinations over Q(EndFE).
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Lemma IV.3.2.2 (Quantifier elimination). For any formula

o(vo, ..., 0,) € L%n

with free variables vy, . . . , v, there exists integers m, N, quantifier-free formulae p;
depending only on the variables shown explicitly, and EndFE-linear combinations
o, B; such that

©(Voy ..y V)

15 equivalent to a quantifier-free formula of the form

0<k<

\V} (/i\ozi(vo, s tn) = 0& ABj(vo, ... vn) # 0 & (p(vi/N), ... ,p(vn/N)>

where pp((p(v1/N), ..., p(vy/N)) is a formula depending only p(vy/N), ..., p(v,/N)
and not the variables vy, ..., v, themselves.

Proof. We prove this by induction on the number of quantifiers in .

Base of induction: quantifier-free formulae

A disjunctive normal form of a quantifier-free formula can be easily made into
such a form.

Moreover, a negation of a formula of such a form has also such a form; thus the
case Yv,, € Vi is dual to the case Jv,, €V, and it is enough to consider only the
latter one.

Eliminating an existential quantifier

Assume ¢ is of the form above, and consider Jv,¢(vo, ..., v,, w). Since an exis-
tential quantifier 3 commutes with disjunction V, we may further assume that
©(vg, ..., vy) 18

(IV.3.3)

Ju,, (/i\ozi(vg,...,vn) =0& /\ﬁj(vo, o) # 0 & @r(p(vr/N), ... ,p(vn/N))) .

Assume that there is a linear combination «; involving v, non-trivially, i.e. for

some i a;(vg,...,v,) = cv, + & (vo,...,v,-1),¢ # 0. Since EndFE is an integral
domain, the equality «;(vg,...,v,) = cv, + &' (vo,...,v,—1) = 0 implies v, =
Lal(vo, - .., vn—1). Therefore, if we replace all occurrences of v, in formula (IV.3.3)

by %a;(vm ...,U,—1) and delete the quantifier, then we get an equivalent formula.
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Now assume there is no linear combination «a;(v, ..., v,) depending non-trivially
on v,. Rewrite 3;’s to make the dependance of 3;’s on v,, explicit: 3;(vo, ..., v,) =
bjvn + Bj(vo, . .., vp—1). We claim (IV.3.3) is equivalent to
(IV.3.4)

/\Ozi(vo, ) =0& b/\ Bi(vo, - -y vn) # 0 & Fuppr(p(v1/N), ..., p(va/N)).

;=0

Evidently (IV.3.3) implies (IV.3.4). To prove the converse, take vg,...,v, € C
which satisfies (IV.3.4). If vy, ..., v, fails (IV.3.3), then vy,...,v, fails some in-
equality f3;(vo,...,vn) = bju, + ' (vo, ..., 0p_1) # 0, le. v, = %jﬂ’(vo, ey Upt).
However, if we replace v,, by v/, such that p(v),/N) = p(v,/N), then the validity of
wr((v1/N),...,p(v,/N)) is obviously preserved; the validity of a;(vg,...,v,) =0
is preserved since v,, does not occur in it. On the other hand, since there infinitely
many such v/,’s, one can easily force the inequalities v,, # %]ﬂ’(vo, .eyUp_1), which
concludes the proof of the equivalence of the formulae (IV.3.3) and (IV.3.4). O

IV.3.3 Conclusion: atomicity of Uy as an L'"-structure

The analysis above shows the following.

Proposition IV.3.3.1. The Ly-structure Ug and L'"™-structure p : C — E(C)
are bi-interpretable. The language L™ has quantifier elimination. The substruc-

ture U(Q) is an elementary submodel of the universal covering space U(C) as
L-structures.

Proof. The first two claims follow from Lemma IV.3.1.8 and Lemma IV.3.2.1.
To prove the third claim, note that an analysis of the proof of the quantifier
elimination shows that the output of the quantifier elimination procedure does
not depend on the ambient model, i.e. does not depend on the field K in U(K),
K algebraically closed. O]

We record a consequence.

Corollary 1V.3.3.2. A complete Ly-type or L' -type is isolated by the complete
quantifier-free L' -type. For tuples (vo,...,vn), (U1, .., u,) of elements of Ug, if

infinite sequences ((p(v1/j));, - (P(va/]));) and ((p(ur/7));s; - - - (p(un/j));) are
Gal-conjugated, then complete La-types of uq, ..., u, andvy,...,v, are the same.

Proof. ITmplied by Quantifier Elimination Lemma IV.3.2.1 and the definitions of
basic predicates of the language Ly. O]

Proposition IV.3.3.3. The structure Ug(Q) is atomic, and is an elementary
substructure of the universal covering space Ug(C) as an La-structure.
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Proof. We apply Condition IV.2.0.15; we also refer to the arithmetic facts stated
in the proof of Proposition 1V.1.0.9; we refer there for a detailed exposition of
the facts we refer to.

If E has complex multiplication, then by formula (IV.5.2) there are finitely many
orbits of Galois action on the set of sequences ((p(A/j));, p(A) = 0 and A € A
generates A as an End E-module. This implies for some finite index subgroup A’
of A, all points A + A’ have the same type, thereby Condition IV.2.0.15 implies
the atomicity of the type of \.

If E does not have complex multiplication, pick A\, A\ € A to be Z-generators
of A. We show in §IV.5.2 there are finitely many orbits on such generators, and
therefore the type of the pair is atomic.

The type of a tuple in U is isolated by the type of its maximal linearly indepen-
dent subtuple, thus it is sufficient to prove the atomicity of the types of linearly
independent tuples over the kernel. An analysis similar to the above immediately
reduces the atomicity of such types to Kummer theory Lemma IV.5.3.1. O

IV.4 Fundamental groupoid functor

In this section we derive Proposition 1V.1.0.11 from Proposition 1V.1.0.9 and
introduce the relevant notions of category theory in detail.

IV.4.1 Definitions and Results
The example: fundamental groupoid functor ©\°°(E(C)) as a two-functor

Before defining a 2-functor formally, we give an example of Grothendieck [Gro]
which have motivated the notion. A 2-functor is an algebraic structure made to
capture the basic properties of paths in topological spaces.

The path 2-functor 2 on the category Top of topological spaces is a tuple (Pt, Q, s, ¢, -)
consisting of a functor of points Pt : Top — Gets and a paths functor ) : Top —
Gets subject to the following conditions:

1. Pt(T) is the set of points of topological space T and the morphism Pt(f) :
Pt(T) — Pt(T3) is f : T} — T5 as a map of sets.
2. Q(T) is the set of all paths in topological space T, i.e. continuous func-

tions 7 : [a,b] — T, a,b € R; similarly Q(f), f € Hom z,,(71,T») is the
map taking a path v : [a,b] — T} into f o~y :[a,b] — Tb.
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3. sp,ty : QT) — Pt(T') are functions from the set of paths in 7" to their
endpoints in T'; the function s(y) = 7y(a) (source) gives the beginning
point of a path 7, and the function () = v(b) (target) gives the ending
point of path ~.

4. p QT) x Q(T) — QT) is the partial operation of the concatenations
of paths, taking 71 : [a,b] — T, 72 : [b,c] — T into v = Y172, Vo) =
Y15 Vb, = V2-

Thus, a 2-functor from Top to Gets consists of two functors Pt, 2 : Top — Gets,
and two natural transformations s,t : 2 — Pt from functor €2 to Pt; s stands for
source and t stands for target. For each T, there is also a functorial associative
operation -p defined on €, ,(T) x Q,.(T) — Q,.(T), where Q,,(T) = {y €
QT) : s(y) = ,t(y) = y}, etc; the operation - makes Q, ,(T") into a group; in
the example above, €2, ,(T) is the set of all loops in T" based at z € T

In particular, for each T the set Q(T) carries the structure of a groupoid; in fact,
it is conventional to consider 2 as a functor to the category of groupoids.

If in item (2) we define (7T') to be the set of all paths up to fixed point homotopy,
then we obtain the notion of the fundamental groupoid functor. The advantage

of the original definition is that one may try and define n-functors describing
n-dimensional homotopies on topological space T, cf. Grothendieck [Gro] for moti-
vations; Voevodsky-Kapranov [VK91| propose an exact definition. Grothendieck |Gro]
explains that it is essential not to insist on strict associativity etc, but rather to
consider all the identities to hold up to a homotopy of higher dimension.

Abstract fundamental groupoid functors

Here we define the path-lifting property for a 2-functor, and an abstract funda-
mental groupoid functor as a functor preserving direct products, possessing the
path-lifting property and with a particular functor of points.

The motivating example is the restriction of the 2-functor described in the previ-
ous section, to the subcategory of Top consisting of complex algebraic varieties.
The properties below try to capture the essential algebraic properties of this
2-functor.

Definition IV.4.1.1. Let Q) be a 2-functor from a subcategory € of the category of
varieties over an algebraically closed field K, into Gets. We say 2 is an abstract
fundamental groupoid functor if  satisfies the following properties:

1. the functor Pt is the functor of K-rational points:
Pt(X) = X(K) = Morva/k (0, X)

(here O denotes a single point variety defined over Q)
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2. the functor ) preserves the direct product:
QX xY)=Q(X) x QYY)
Q(f x g) = Q(f) x Qg)

Sxxy = Sx X Sy,lxxy =1lx Xty
(M X 72) x (M X 72) = (nx 1) X (72°x 75)

(the direct product is taken in the category of Gets.)
3. unique path-lifting property: if p € Hom ¢(X,Y) is an étale morphism of
algebraic varieties, then for any points x,y € Pt(X) the map

Q(p) : U Qx7y(X) - U Qp(m),z(y)

yEPL(X) 2EPY(Y)

15 a bijection.

Universality of the fundamental groupoid functor

Let
ECV, Ob&={E":n=>0} MoreX,Y)=Morv.k(X,Y)

be the full subcategory of the category of varieties whose objects are the Cartesian
powers of F including E° = 0 a variety consisting of the single point 0. By the
definition of a full subcategory, the morphisms of € are morphisms of varieties
between the objects of €.

The Galois group Gal(Q/k) acts on the category &; the action leaves the objects
invariant but permutes the morphisms. Recall we assume that all endomorphisms
of E preserving 0 € E(k) are defined over its field k of definition.

Recall a groupoid Q(F) is connected iff for every x,y € Pt(E) there exists v €
Q(F) “going from point x to point y”, i.e. z = s(7y),y = t(). The set of such
paths satisfying © = s(7y),y = t() is denoted by €, ,(E).

Using the notion of an abstract fundamental groupoid functor, we restate Propo-
sition IV.1.0.11; then we show it is essentially equivalent to Proposition IV.1.0.9.
The proof basically reconstructs the “universal covering space” V' as the set of all
paths | J,. B@) Qo..(E) leaving a particular point; functoriality of Q allows us to
define End F-module structure on V'; the unique path-lifting property of €2 ensures
unique divisibility; in the beginning of §IV.4.2 we give formulae for an explicit
construction of C as the spaces of paths on &(C) with a particular starting point.
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Proposition IV.4.1.2 (Universality of fundamental group functor). As-
sume that E s an elliptic curve defined over a number field k and does not have
complex multiplication. Let € be the full subcategory of Cartesian powers of E as
above.

Let Q) be an abstract fundamental groupoid 2-functor on category €. Assume

1. Q(F) is a connected groupoid
2. there is an tsomorphism

Qoo(E) = Z* as EndE-modules.

Then there exists an automorphism o € Gal(Q/k) such that the 2-functors

Q, ’/T;Op‘@ oo : & — Gets are naturally equivalent (as 2-functors), Q = ﬂOP@ oo:

¢ —— Gets
Q

crl \unatural transformation

™"
¢ —— Gets

Here Pt r (V) = V(Q) and Qo (V) ={r € P (V(C)) : s(y),t(y) € V(Q)}.

IV.4.2 Uniqueness of extensions implies the universality of the
fundamental groupoid functor

In this § we show that Proposition 1V.1.0.9 implies Proposition IV.1.0.11. We
do so by explicitly constructing an extension as in Proposition IV.1.0.9 from a
2-functor as in Proposition IV.1.0.11, and then showing that the equivalence of
constructed extensions implies the equivalence of 2-functors.

The construction is a formalisation of the geometric observation that the universal
covering space with a basepoint can be canonically identified with the set of
homotopy classes of paths leaving the basepoint of the base. The identification
is via the unique path-lifting property of the covering map, and depends only on
the choice of a basepoint in the universal covering space. In case of the universal
covering space C of F(C), the correspondence is given by the period map

7»—>/dz.
5
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Recovering V' as the universal covering space from the 2-functor §2

Let Q = (Pt,€, s,t,-) be a 2-functor from € to Gets satisfying the conditions of
Definition IV.4.1.1. We want to construct an extension

0 72 Vo —— E(@Q) — 0
of End E-modules. The topological intuition above suggests that we set

V=Vo= U QyuE)={y€QE):s(y) =0} (disjoint union),

yEPt(E)

where 0 € E(k) is the zero point of the elliptic curve E.

Abelian group structure on Q(FE)

The functoriality of 2 transfers End E-module structure on F(Q) to that on V;
namely, let us check that the maps Q(f), f € EndE, and Q(m), where m :
E x E — FE is the morphism of addition on F, define End E-module structure on
V', or rather that their restriction to V' does.

By assumption the functor § preserves direct products so Q(E x E) = Q(E) x
Q(FE), and thus there is a map

Q(m) : QUE) x Q(E) — QE).

Maps s,t are natural transformations of © to Pt (as functors to Gets) and so
soQ(m) =Pt(m)os, toQ(m) = Pt(m)otis the map of addition on end-points.
Therefore,

Q(m)(Qey(E) X Quw(E)) C Qoroyru(E)),

and in particular
Q(m)(Qoy(E) X Qo2(E)) C Qoyr2(E)).

Thus Q(m) : V x V — V gives us a binary operation. It is straightforward to
show that the preservation of direct product and functoriality implies that €(m)
makes Q(F) into an Abelian group. Let us check this.

By definition, associativity of m : E x E — E means that m o (m X idg) =
mo (idg x m) : E x E x E — E; by preservation of direct product this implies
Q(m)o(Q(m) xidg) = Q(m)o (idg x 2(m)) and so Q(m) is associative. Similarly,
commutativity of m means m o (id; X idy) = mo (idy x idy) : £ x E — F; that
similarly implies the commutativity of (m). In the language of morphisms, the
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existence of a zero for the additive law translates to the existence of a morphism
0 : {0} — E subject to the identifies: m o (id x 0) = py : {0} x E — E and
mo (0 xid) =p; : E x {0} — E corresponding to a commutative diagram:

{0} x E——=EXFE

NS

x (0)) = Q(pa) : Q({0}) x QUE) — Q(E) and
Q(E) x Q({0}) — Q(FE). Preservation of direct
) = Q(p2) : Q({0}) x Q(E) — Q(E) and Q(m)o

({0}) — Q(F). This implies that ©(0)(2({0})) is

Apply © to get Q(m) o (2(id)
(m) o (2(0) x Q(id)) = Q(py) :
product implies Q(m) o (id x (0
(€2(0) x id) = Q(p1) : AE) x Q2
a zero point in V.

Existence of (right) inverse corresponds to the existence of a morphism i : £ — E
subject to the following commutative diagram:

E —— {0}

(idEﬂ')l lo

ExXE — F

Again functoriality ensures that Q(7) satisfies a similar diagram, thus proving the
existence of inverses.

The above checks that (m) is an associative commutative partial operation on
Q(E) possessing a zero element and inverses; it is immediate to check V' is closed
under Q(m) and inverse 2(7), and so is a group.

Action of “fundamental group” Qo(FE) on V via concatenation and by
Q(m)-multiplication

Take a loop A € Qpo(E) and v € € ,; then both concatenation and Q(m)-product
of A and v are well-defined; let us show that A -~y = Q(m)(A x 7v):
QM)A x7)=Qm)(A-0x0-v)=Q(m)(Ax0)-Q2m)(0xv)=X\-7.

The latter equality follows from the inverse element equality of morphisms m(id x
0) = m(0 xid) = id. In the classical example, this observation corresponds to the

following calculation:
/dz—/dz—l—/dz—/dz

Y172 Y172
Here 71 - 75 denotes the concatenation of the paths and 7,7, denotes the pointwise
product of the paths.
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Divisibility of End E-module structure and path-lifting property

Analogously, a morphism f € EndE, Q(f) : Q(E) — Q(E) defines a map Q(f) :
Q(E) — Q(F). Arguments similar to the ones above allow us to prove that V' is
an EndFE-module with the operations defined above. Let us now prove that the
path-lifting property implies that V' is uniquely divisible. Indeed, we know that
any isogeny f € EndFE is étale ([Mum70]) and we may apply the path-lifting
property to get a bijection

QN | QuB)— [J Q.(B).

0€Pt(E) 2€Pt(E)

That is, by definition of V', the map Q(f) is a bijection on V', and V' is uniquely
divisible as required.

Finally, to get a short exact sequence as in Proposition 1V.1.0.9, set p(w) =
t(w). Then naturality of target map t implies p(w) is homomorphism of EndE-
modules; the connectivity of Q(F) implies that ¢ is surjective. The kernel ker
of p: V — E(Q) is Qoo(FE) and is isomorphic to Z? by assumption.

. . t
Construction of a natural transformation h' : Q) — 7r1°p|@ oo

For notational convenience, let Q" = (Pt,Q, s, ¢,-") denote the functor WEOP‘@.

Let W —¥ E(Q) be the End E-module extension constructed from Q' = W'{Op@ in

the same way. Since V, W are both uniquely divisible extensions of F(Q) by Z2,
we may apply Proposition IV.1.0.9 to get an EndE-linear map h: V' — W and
o € Gal(Q/k) such that 0 o =1 o h.

We want to get a natural transformation &’ : Q — Q' o 0. Recall a natural trans-
formation 2/ : Q@ — Q' o ¢ is a family of maps (of sets with no further structure)
RS : Q(A) — Yoo (A) and AT : Pt(A) — Pt'oo(A) satisfying certain compatibly
conditions expressed by commutative diagremmes (IV.4.1),(IV.4.2),(IV.4.3).

Define h5' : A(Q) — A(Q) by hfi'(z) = o(z) € Pt'(A) = (¢4)(Q) = A(Q) to be
the map induced by Galois automorphism o : Q — Q.

By assumption of connectivity of Q(E), any v € Q(E) can be represented as
product v = ;' - v, where 71,72, 5(71) = s5(72) = 0; define a map h’, : Q(E) —
'(E) by setting hip(y) = h(y1) " +h(72)- I 71 '72 = 717195 then gy 1y = 1225 7" €



96 CHAPTER IV. ATOMICITY: RELATIONS TO ARITHMETICS

Qoo(E), and so
h(y1) ™ - h(72) = h((my D)~ k(12757 ) =
A ') +791) 7 h((ve ™) + %) =
(RO ') + ()™ b ™) + h() =
(h(v)) ™" h(v3) = h(n 1) - A7),

which proves that A’ is well-defined. Similar calculations check that h’; preserves
concatenation -g: h'(y-+') = K () - W' (7') for arbitrary ~v,~" € Q(FE).

We define hy, = h%,. : Q(E") — Q/(E") from an arbitrary Cartesian power
QE™) = Q(E)" by W, p(y x7) = hg(y) x hp(y') ete.

Checking that I/ is a natural transformation of ) into Q' o o

To check that i’ is a natural transformation of Q to Q' o o, we need to check
commutativity of the following diagrams (note that o on the left-hand side is not
a morphism but a functor!):

E" —— E"(Q AQ) Eovr B(Q)

(IV.4.1) al lC"E" O'Al J/O’B
BT == '@ A©Q@ 2 @)
E" —— Q(E") Q(A) o Q(B)

(IV42) Jl lh;an h/Al h',
Er L (EY) ra) 289 By
Q(A) —4 Pt(A) Q(A) —— Pt(A4)

(IV.4.3) Al a W, o |
Q(A) =4 Py(A) V(4) —4 P(a)

Q(A) x Q(A) —2 Q(A)

partial
(IV.4.4) A Al
(A) x V(A) —2 /(A)

partial
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The first pair (IV.4.1) expresses that h" = (04)4 is a natural transformation
of set-valued functors from Pt to Pt o o; the diagrams are commutative just by
definition of the action of o € Gal(Q/Q) on category €. Analogously the second
pair (IV.4.2) expresses that &’ is a natural transformation of set-valued functors
Q to ' o o. The first diagram in (IV.4.2) says that h'y. is a map from Q(E™) to
V' (o(E™) = Q(c(E™)); the second one in (IV.4.2) expresses the linearity of A’
with respect to the morphisms of E™ — E™; that follows from EndFE-linearity of
h:V —=V.

The third pair (IV.4.3) expresses compatibility of the end-point functions and

"t; for A = E, this follows from the main property o o s = s o h when restricted
to W" C Q(E™), and that h' preserves concatenation -4; preservation of direct
products allows us to extend this to arbitrary Cartesian power E™. The diagram
(IV.4.4) expresses the fact that A’ preserves concatenation; this is by the definition
of .

This concludes the proof that A’ is a natural transformation and that of derivation
of Proposition IV.1.0.11 from Proposition 1V.1.0.9. O

IV.5 Extensions of E(Q) by A

In this section we state and prove Proposition IV.1.0.11; the proof is a model
theoretic argument based on Kummer theory and the description of the image of
Galois representation on Tate module T'(E). However, we tried to be very explicit
and have avoided any model-theoretic terminology in the exposition of the proof.
The only model theory left in the proof is in the level of motivations; as was
noted earlier, those model-theoretic motivations are useful to try and generalise
the formulation to other varieties and contexts in general.

IV.5.1 Transitivity of Gal(K/Q) action on the uniquely divisible

End EF-module extensions of E(Q) by A

For convenience we restate Proposition IV.1.0.9. We conjecture the Proposition
holds for any algebraically closed field K, charK = 0 instead of Q.

Proposition IV.5.1.1. Let A be an EndE-module isomorphic to either Z* if
EndFE = Z, or to an order in the ring of integers in the ring Q(End E) of fractions
of the ring EndFE of endomorphisms of an elliptic curve E defined over a number
field. Assume further that all the endomorphisms of E are definable over k.

1. There exists a uniquely divisible extension in Exty, g ..(E(Q), A).

2. (a) If EndE = Z, then the Galois group acts transitively on the set of

uniquely divisible extensions Extimeups(E(@), A).
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(b) The action of the Galois group has only finitely many orbits on the
set of uniquely divisible extensions in Exty, yp. (E(Q), A).

In other words,

1. There exists a uniquely divisible EndE-module V' and a short exact se-
quence of EndE-modules

0 A \% E(@) — 0.

2. (a) If E has no complex multiplication and EndE = Z, then for any

uniquely divisible Z-module extensions W,V of E(Q) by A, fitting
into the short exact sequences as above, there exist a commutative

diagram:
0 A V <45 B(Q) — 0
Hhml EllhEHom(V,W) JocGal(Q/k)
0 A W — B@) — 0

(b) IfEndE +# 7, then there exist finitely many uniquely divisible End E'-
module extensions Wy, ..., W, of E(Q) by A, fitting into the short
exact sequences as above, such that for any uniquely divisible EndE-

module extension V' there exist a commutalive diagram:

0 A V 42— E@Q — 0

3h|Al theHom (VW)

%

Jo€Gal(Q/k)

0 A W, —% BE@) — 0

Proof. By §IV.3 and [Sil85], there exists an embedding k& — C of the field k of
definition of E such that the kernel of the universal covering map is isomorphic
to any such A:

0 A c —+—- E(C) — 0

The endomorphisms act on the complex plane C by multiplication by complex
numbers, and so in particular C is a uniquely divisible End E-module. The set
E(Q) of points of E over an algebraically closed subfield is closed under addition
and End E-multiplication i.e. is an End F-submodule, necessarily uniquely divis-
ible; so is then V = p~!(F(Q)); take that to obtain a short exact sequence as

above. This proves (1).
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To prove (2), we use the Kummer theory of elliptic curves and the results about
the image of Galois representation on the torsion points. Essentially, what we
need is that all the restrictions on the image of the Galois action on the Tate
module [[, T(E) come from the geometry of £ and in this case, are linear. That
is exactly what is provided by the Kummer theory and other results we use.

Pick a maximal linearly independent set vy, v1,v9,.. € Vi let V,, = EndFvg+. ..+
EndEw,, be the submodule generated by vy, . .., v,, and let QV,, = (EndE)~'V,, =
{v: 3N € N(Nv € V,)} be its divisible closure. We construct by induction a
partial End E-module linear map h,, : QV,, — W; inducing a partial Galois map

on : p(QV) — E(Q) so that h = Uh,, is an isomorphism of V' and W;; then the

construction implies ¢ = Ug, is a total Galois map on E(Q) to E(Q), and thus
there is a commutative diagram as above.

For a point a € E(C), let us call a compatible sequence of division points starting
at a a sequence (a);ey satisfying a® = ja(™) i, j € N. Compatible sequences
of division points starting at 0 € F(Q) form a Tate module T'(E). A compatible
sequence of [-primary division points is a subsequence (a"")) jen of a compatible
sequence of division points; such sequences of [-primary points starting at 0 form

l-adic Tate module T;(E).

IV.5.2 The image of Galois representations on Tate module 7;(F)
Choose vy € A = ker ; then QVy = ¢ (Eiors), Where B = {2 € E(Q) : nx =

0 for some n € N} is the set of torsion points of E(Q).

As the base step of the induction, in this subsection we construct a commutative
diagram:

0 A ‘/0 ? Etors — 0
(IV.5.1) hol %)eHom(VO,W)laeGal(@/k)
0 A W T B —— 0

where 7,...,7, is some fixed finite collection of EndFE-endomorphisms of FEi
independent of V, W. For curves without complex multiplication, there is no need
to consider 7;’s, i.e. n =1, 7y = id.

Note that when F has complex multiplication, the diagram above is somewhat
reminiscent of a diagram appearing in the main theorem of complex multiplication
[Shi71, Chapter 5, Theorem 5.4|, also Lang [Lan83|. Global class field theory
provides an explicit description on the image of Galois action in Aut(Eys) in
terms of the action of the ring of idéles on some lattices in the universal covering
space.
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E has complex multiplication

Pick an arbitrary isomorphism hg : A — A and extend it uniquely to hq : Vo — W;
we may do so by unique divisibility of V' and W. Define an EndE-morphism
T ¢ Eiors — Fiors by 7(x) = pohgop ™! (x). The calculation vohg(y+A) = ohy(y)
shows it is well-defined; linearity of 7 follows from that of ¢, hg and .

Ideally we would like to be able to choose hg : A — A sothat 7 = 7, : Eiors — Fiors
is induced by a Galois automorphism. Here we prove a weaker statement below.

Denote @ = EndE and Eln| = {z € E(Q) : nx = 0} the n-torsion of E.
The set E[n] is a free 1-dimensional Of,@-module (|[Lan78, Ch.8§15,Fact 1]), and
Auto(E[n]) = Automo-mea(En]) = (Oho)*, where (Of,0)* denotes the group
of invertible elements in (O},0)*.

An O-automorphism of Fj.s is given by a compatible system of O-automorphisms
of E[n], n > 0; thus we see that there is an action of O = lim O, on Eiu as
an EndE-module; the fact that Auto(E[n]) = Automo-med(EN]) = (Cho)*
implies that Auteo(Eios) = 0.

Now we refer to a consequence of the main theorem of complex multiplication,
namely that, in notation of [Lan78; Ch.8§15,Fact 2|, the image of Galois group

Gk = Gal(K (Bow) : K) — [[((EndE),)*

is open of finite index, i.e. ImGy is a finite index subgroup of O = I, 0.
Choose 71, ..., T, to be representatives of conjugacy classes Oy G ; we then
have that for some ¢ 7,7 = 0 € ImG; this choice of hy,oc = 7;7 makes the
diagram (/V.5.1) commutative, as required.

E does not have complex multiplication
Assume that E does not have complex multiplication, i.e. End F = Z; identify

EndE = Z, T(E) = Z2, and Aut(T(E)) = SLy(Z). The maps ¢ : V — E(Q),

Y : W — E(Q) define embeddings ¢, : A — T'(E), 1y : A — T(E) by
tp 2 A (9(A ) jen,
by 2 A (B(A/]))jen

The images ¢,(A), 1y (A) of the both maps are dense in T'(E') due to the surjectivity
of 2 @/J : QA - Etors-
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Take a pair of elements Ao, A € ker ¢ = A generating A as an Abelian group; we
want to find A\, \| € keryp = A and 0 = 0 € Gal(Q/k) such that

Tly(No) = Lyp(Ag),
TLp(Ar) = 1y (X))

Under identification ker ¢ = Z2, since vectors Ao, \; € Z? generate lattice Z2,
it holds that det(Ag, A1) = 1. That implies that det(c,(Ao),tp(A1)) s @ unit in
Z =11, 7,. Similarly det(cy (X)), ty(A7)) has to be a unit in Z.

By [Ber88, Theorem 3], the image of the Galois group Gal(Q/k) in Aut(T(E)) =
SLy(Z) contains an open subgroup SLy(NZ) = ker (SLQ(Z) — SLQ(Z/NZ)>, for

some N € N large enough. Now, there is L € SLy(NZ) such that L(ug) = u/, and
L(uy) = o) iff det(ug, uy) = det(u),u}) and ug € u) + NZ, uy = v, + NZ. Thus
it is enough to take Z-linearly independent Ay, A} such that ¥(A\;/N) = ¢(Ag/N)
and P(N;/N) = @©(A\/N). Necessarily then det(cy (X)), typ(A])) is a unit. This
implies that det(\), \]) = 1 and thus, \), \| generate Z?. The latter statement is
independent of the identification ker ) = Z?, and this concludes the proof in the
case of no complex multiplication.

IV.5.3 Kummer theory
The main statement of the Kummer theory for an elliptic curve

Let us state the main lemma in a form convenient to us to make an inductive pro-
cess; that is a form natural from model-theoretic point of view and corresponding
to the property of atomicity over the kernel. In the model-theory language, it says
that the type of a linearly independent tuple in U is isolated by a quantifier-free
formula of language L',

Lemma IV.5.3.1 (Kummer theory for an elliptic curve). Let E be an

elliptic curve defined over a number field k. Let ay, ..., a, € E(Q) be a sequence
of points linearly independent over EndE. Then there exists N € 7Z such that
any two compatible sequences (agi), . ,ag))ieN, (bﬁi), . ,bﬁf))iGN of division points
in B(Q) starting at ay,...,a, and such that agN) = b(lN), . ,a;N) = b;N), are

Gal(Q/k)-conjugated by o € Gal(Q/k),
a(agj)) = bgj), forall0 <i<n,j€eN.

Proof of Lemma. See Bashmakov [Bas72| for original results for elliptic curves;
see |Rib79, JR87, Rib87| for Kummer theory of Abelian varieties, and see |Ber88|
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for a summary of results of Kummer theory of Abelian varieties; we quote |[Ber88,
Theorem 2| from that paper.

We now introduce the notations of Bertrand [Ber88, Theorem 2|. Let G = A x L
be a product of an Abelian variety by a torus L so that after a finite extension of
k it satisfies Poincaré’s complete reducibility theorem (as a variety over k). Let [
denote a prime. Let G = {x € G(k) : Inl"z = 0} be the [*®-torsion of G. For a
point P € G(k), let Gp be the smallest algebraic subgroup of G containing P, i.e.
the Zariski closure of subgroup ZP of G, and let G} be its connected component

through the origin, and finally let
&1oo(P) : Gal(k/k(Gioo, P)) — Ty (A x L)
0 +— 0(Pj~) — P, for some P € Tjoo(A X L).

It can be checked by direct computation checks the map & (P) : Gal(k/k(Gj~, P) —
T (A x L) does not depend on the choice of P~ € Tj=(A x L).

Let T'(Gp) be the sequences of T'(E) consisting of elements of Gp; then, according
to |Ber88, Theorem 2|, the image of o (P) = [[; &~ has finite index in T'(Gp) =
[I; Ti== (A x L), i.e. the image contains NT'(Gp), for some natural number N € N
large enough.

We claim that if we take G = E", P = (ay,...,a,) € E™(Q), then N above is
N required in Lemma. By the result cited above, it is enough to prove that if

ai,...,a, € F(Q) are EndE-linearly independent, then Gp = E™.

An algebraic subgroup of E" is necessarily an Abelian subvariety; by the Corollary
of Poincaré’s complete reducibility theorem (Lemma IV.5.3.2 below) if dim Gp #
E™, then for some m € N, the connected component of Gp/m lies in the ker-
nel of some non-trivial morphism f : E™ — E™. The kernel of f satisfies the
EndE-linear relation corresponding to f : E"(k) — E™(k) as a morphism of
End E-modules. Since by assumption P satisfies no End E-linear relation, this is

a contradiction, and Gp = E™.

Any Abelian subvariety is a connected component of the kernel of a morphism

The following Lemma has been just used to relate the more geometric formulation
of Bertrand [Ber88] and the more explicit statement of Lemma IV.5.3.1 following
Bashmakov [Bas72| and Ribet |Rib79] specific to Abelian varieties.

Lemma IV.5.3.2 (Corollary of Poincaré’s complete reducibility theo-
rem). Let B C E" be an irreducible Abelian subvariety. Then there is a morphism
f E™ — E™ such that B is a connected component of ker f.
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In particular, this implies that an Abelian subvariety B # E" satisfies a non-
trivial End -linear relation.

Proof. By Poincaré’s reducibility theorem, there exist an Abelian subvariety B’ C
E" such that B(k)+B'(k) = E"(k) and the intersection B(k)NB’(k) is finite. This
implies there is an isogeny f : B x B' — E" (z,y) — (¢ + y), and f(B) = B.
There exists another isogeny f' : E" — B x B’ such that f'o f = [m] is a
multiplication by a natural number m € N; let B,, and B], be the connected
components of B/m C E™ and B’/m C E™, respectively, passing through the
origin. Then we know that mB,, = ff(B,,) = B, mB., = ff'(B],) = B’ but
also f'(B,,) and f’(B!) do not intersect within B x B’; to conclude, B,,, B, C E™
and B,, N B, =0 and B,, + B!, = E™. Let py : B x B’ — B’ be the projection
on the second coordinate; since 0 is a connected component of ker f, it implies
that B,, is a connected component of kernel of fopyo f': E™ — E™ and B is a
connected component of fopyo f'o[m]: E" — E™. O

This concludes the proof of the lemma TV.5.3.1 stating the Kummer theory for
an elliptic curve. [

An inductive argument based on Kummer theory

Assume now that we are on inductive step n — 1, i.e. we have defined an EndE-
linear map h,_; : QV,_;y — W and 0,1 € Gal(Q/k), hyn_1(v;) = w;,0 < i <n
such that ¢ (h,—1(v)) = o,-1p(v) for every v € QV,,_;. Consider a compatible
system (p(v1/));,-- -, (¢(vn/7));,5 € N of division points in F(Q), and take
N as in Kummer theory Lemma IV.5.3.1. By the induction hypothesis we have
On1p(01/7) = B(01/ )1+ - O 1900 1/7) = U(va_1/) for any j. Choose w, €
W such that o,_1p(v,/N) = ¢¥(w,/N); that is possible by surjectivity of ¢ :

W — E(Q). By Kummer theory lemma, for N large enough, there exists o' €
Gal(@/k) such that o', 1(01/7) = $(01/) - -, 0Cn 19(tn1/7) = B(vn /7).
and o'o,_10(v,/7) = ¥(wy,/7); let o, = o'0,—1. By construction we have that
Tnlp@V_1) = On-1lp@v,_,) and o,9(vi/7) = ¥(v;/7),0 < i < n+ 1. This implies
onp(v) = 1 (v) for arbitrary v € QV,,, thereby completing the induction step.

After countably many steps we construct a total EndE-linear map h = Uh,, :

V—Wando:p(V)— E(Q). Since p(V) = E(Q), the Galois map o is defined

on the whole of E(Q). Since Galois map o is surjective, this implies h : V — W
is surjective, too. This completes the proof of Proposition IV.1.0.9.

The last argument could in fact have been avoided by a little more careful induc-
tive construction of h: instead of always choosing w,, to match ¢(v, ) we could have
on odd steps pick an arbitrary w,, and then choosen v,, so that o,,(p(v,)) = ¥(w,)
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while on even steps preserving the old behaviour. It is very easy to force surjec-
tivity of the constructed map h : V' — W this way; it is a very common argument
in model theory called “a back-and-forth argument”. O]

IV.5.4 Concluding Remarks
Image of Galois representation

Remark IV.5.4.1. Note that for the arguments in §1V.7.4 it is essential that
the image of the Galois action is as large as possible subject to linear depen-
dencies. However, this is something specific to elliptic curves and false for higher
dimensional Abelian varieties. This observation shows that the straightforward
generalisation to higher dimensional Abelian varieties is false. We discuss this
more in Lemma IV.6.3.1.

Kummer theory

Remark IV.5.4.1 says that in higher dimensions, the base of the induction breaks
down due to additional restrictions on the image of the Galois action. This does
not happen in the the later steps of the induction process based on Kummer
theory.

Remark IV.5.4.2 (Generalisations of Kummer theory argument). Since
Kummer theory is known in much larger generality, say for a product of arbi-
trary Abelian varieties, complex tori C* and complex lines C (|Ber88|), it seems
straightforward to generalise the Kummer theory argument above to such a prod-
uct A. Thus, one would prove that if there exists hq : ker ¢ — ker and a Galois
map oy : E(k(T(F)) — E(k(T(F))) in Gal(k(T'(E))/k) such that pooy = hgo1),
then there exists h : V — W and o € Gal(Q/k) making the diagram (2a) com-
mute. That is, a morphism between kernel from A C V to A C W extends to a
morphism on the whole of V. Model-theoretically, this means that the types of
the points of universal covering space lying over algebraic points A(Q) is atomic

over the kernel in the linear language.

Remark IV.5.4.3 (A geometric formulations of Kummer theory). Note
that the formulation of Kummer theory in Bertrand [Ber88| is more geometric
than the way we state it in Lemma IV.5.3.1; instead of “linearly independence of
coordinates of a point P € E™ he speaks of a “connected component of Zariski
closure of group ZP in semi-Abelian variety E™”, which is much more invariant
and robust notion. The way we state Proposition IV.1.0.8 and discussions in
Chapter III agree with his formulation well: we also prefer to speak only about
the properties of connectivity and analytic irreducibility, albeit that of subsets
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of the universal covering space. It is also more close to the functorial formulation
of Proposition IV.1.0.11.

Remark IV.5.4.4 (Failure of Kummer theory for extensions of Abelian
varieties by tori). According to Ribet [Rib87, JR87|, Kummer theory may
fail for non-trivial extensions of Abelian varieties by (C*)" due to “existence of an
additional morphism”; he gives a motivic interpretation in [Rib87|. It is natural to
ask if an analogous argument could still be carried despite the failure of Kummer
theory. To state a correct conjecture, we may want to consider the functorial
formulation of Proposition IV.1.0.11 or rather that of Proposition IV.1.0.8 in a
different language, perhaps with respect to another variety A.

IV.6 Abelian varieties and Chern classes

In this section we analyse the language La(A) for A = L* an ample homogeneous
C*-bundle over an Abelian variety. We show that this language can definably
speak of the first Chern class associated to line bundle L and the Riemannian
hermitian form on the universal covering space of Abelian variety A(C); an impli-
cation important for us is that it is also able to speak about the Weil pairing on
T'(A) fixed by Galois action. Another important implication is that the first-order
La(L*)-theory of the universal covering of L* is unstable.

This shows that the language L, is different from one considered in Zilber [Zild|,

and the corresponding model Up- (Q) could be atomic, cf. Lemma IV.6.3.1.

IV.6.1 A construction of a 2-form on 7;(A(C),0)

Let A be a an Abelian variety over C and let L = L4 be a line bundle over
A. Given these data, we want to construct the Riemannian form of variety A
(Mumford [Mum?70, Theorem of Appel-Humpert and Lemmas on p.20])

E; 7T1(A,0) X 7T1(A,0) — Z,

which we call the 1-st Chern class of line bundle L over the Abelian variety A;
we justify the name later in §I1V.6.2 by showing that our construction is just
another view on the construction given in Mumford. The form E; is an element
of A°Hi(A,Z) = H?*(m(A),Z) associated to line bundle L. The construction
works for any topological space with a commutative fundamental group, and in
fact depends only on the fundamental group of L*.

Let L% be the corresponding homogeneous C*-bundle on A obtained by deleting
the zero section.
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The form Ej, is defined as follows:
EL . 7T1<A, O) X 7T1<A, O) — 7T1((C*, 1)
(IV.6.1) Er :AxAN—7Z

EL : (’YIa’yQ) - [’717/72]

where 71,792 € w1 (L%, (0, 1)) are arbitrary loops in L% such that p(71) = 71, p(72) =
72. The orientation on C* allows to canonically identify group m1(C*,1) and Z.

Let us check Epr(7v1,72) = [71,72] is homotopic to an element of m;(C*, 1).

First of all, Er(y1,72) is a loop by construction. The loop [y1,72] = p([71, V2]) is
contractible by assumption; apply the lifting property of C*-fibration p : L — A
and the homotopy contracting [v;, 2] to the trivial loop at 0. The homotopy will
lift to a homotopy with a loop in the fibre. The loop EL(71,72) is well-defined
because m1(C*, 1) lies in the centre of m (L%) (cf. Example V.1.2.3 in Appendix).

Let us do this construction in terms of the language L4 on the universal covering
space L* of L*. We know that L, is able to define (L%, yo), for a point yo € L7;
that group is enough to reconstruct the form.

There is a natural map p, : m (L%, y0) — m(A,0) if we choose yo € L% lying
above 0 € A. For elements 71,72 € m1(A4,0) let c(71,72) = [Y1, V2] where 77, 72 are
arbitrary elements such that p.(71) = v, p«(72) = 72. The element cp(y1,72) €
ker(p, : m (L%, y0) — m(A,0)) is well-defined because the extension (L%, 0)
is a central extension of m;(A,0). Note all these arguments can be done in Ly-
structure LNj;‘.

Lemma IV.6.1.1. The Ly-structure Zi associated to a homogeneous C*-bundle
L% over an Abelian variety is able to define a bilinear form

Er :AxA—Z,
where A = m1(A(C),0) is the lattice of the fundamental group of A(C).

The form Ep, is the Riemannian form associated to the Abelian variety A(C) as
a variety over C.

Proof. The arguments preceeding the lemma present a construction of such a
form in L% in the language L4, where A is interpreted as the set of equivalence
classes of m (L%, yo)/m(C*, 1).

We show that it coincides with a construction in Mumford [Mum?70| below. [

In fact, this is a construction of an element of H?(m(A,0),Z) corresponding to
the group extension 7 (L%, yo) of m(A(C),0) by A.
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Corollary I1V.6.1.2. The first-order La-theory offj‘; 15 unstable.

Proof. The definable set m (C*, 1) C m(L%,yo) carries an Abelian group struc-
ture; let us show it carries a ring structure isomorphic to Z.

Choose A\, A2 € A to be Z-generators of A; then it may be shown that Ep (A1, \y) =
o is a generator of Abelian group m(C*,1). Define the product u of py, s €
m1(C*, 1) by the following formula:

E|V1<EL(/\1,V1) = 1 & EL()\Q,]/l) = 0) &
HVQ(EL(AMVQ) =0& EL(>\2, V2> = ,UQ) &
p=Er(A1, A2)

Take p; = apo, p2 = bpo. Non-degeneracy of Fp implies that Ep(A,v) =
apo & Fp(Ae,v1) = 0 implies v; = aXy and similarly v = bug. Then bilinear-
ity of form Ep implies p = abpuy. [l

IV.6.2 A classical construction of the Chern class of a line bundle

In this subsection we present a definition of a Chern class of a line bundle over
an Abelian variety by Mumford [Mum70], and show it is equivalent to ours.

Recall L = L, is a line bundle over A, and L% is the corresponding C*-bundle
on A; following Mumford, consider their universal covering spaces; let /L; and
L* be the universal covering spaces of the line bundle Ly and the C*-bundle
L%, respectively. The spaces Z,Z and Ei are in fact line bundles over V = }L
and, moreover, the line bundle Z; is the pullback of Ly along the map p, i.e.
Ly = p*L4. The inclusion map 7 : L% — L, induces a map 7, : L — Ly. The
complex structure on A and the bundles involved induces complex structures on
V., La, LY.

With this choice of complex structure, the induced universal covering map C —
C* becomes the exponential map; and the map i, is the identity on the base
V = A, and on the fibre it is the exponential map exp : C — C* — C. Thus, we
may choose trivialisations L =V x C and Ly = V x C, so that the map 7. looks
as follows: o

by 1 LY — La

(v,2) — (v, e*™).

The trivialisation also allows us to consider the action of m(A,0) = A C V on
L% by automorphisms ¢,

oy (v,2) = (v+7, fy(v) + 2),
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where f, is a function depending on v € A. Then
67<Z) — 627"””/(2)

describes the action of m(A,0) on the line bundle L 4.

According to Mumford [Mum?70, Proposition, p.18| the element E of H?(m;(A(C)),Z)
associated to L4 can be defined as

E : m(A(C),0) x m(A(C),0) — m(C*, 1)

EF:AxAN—=7Z

E: (’71772) - f“ﬂ(v + 72> + sz(U + 4! + 72) - f“ﬂ(v + ’Yl) - f“/2(v)
Identifying m(C*,1) = Z,m(A(C),0) = A, a direct computation then shows

715 72] = fru (0 +72) + fro (071 +72) = fr (04 71) = fr,(v) where 71 and 7 are
arbitrary loops in L% such that p(71) = 1, p(72) = V2.

IV.6.3 A Galois invariant Weil pairing on Tate module 7T;(A)

For an Abelian variety defined over field k£, Mumford [Mum?70, §20, p.186] con-
structs a Gal(Q/k)-invariant non-degenerate canonical Z;-bilinear pairing

e T)(A) x T)(A) — T,(C")

between the Tate module of an Abelian variety A and its dual A which takes
values in T;(K*) = lim u, the inverse limit of groups of roots of unity in the
ground field. More generally, a line bundle L on A defines a pairing (Riemann
form) EL : Tj(A) x T;(A) — T;(C*). The pairing is non-degenerate if the line
bundle L is ample.

Variety A x A possesses a canonical ample Poincaré line bundle L which defines
a non-degenerate pairing E* : A x A — Z; it is a construction given at Mumford
[Mum?70, Theorem of Appel-Humpert and Lemmas on p.20)].

Mumford [Mum?70, §23, p.238, also §9, p.82| shows that the Weil pairing ¢; :
T (A) x Tj(A) — Z; corresponds to the analytic pairing EL : A x A ——= 7Z via
the natural map A — (p(A\/n)),.

We have remarked earlier that the definability of a bilinear form corresponding to
the Weil pairing is an essential difference of our approach to that of Zilber [Zild|.
We state a result towards this observation:
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Lemma IV.6.3.1. Let A be an Abelian variety defined over a number field k C C,
and let p: U — A(C) be the universal covering space of A(C). If dim A > 1 and
End A = Z, then there exists three elements A1, A2, A3 € A = kerp such that their

complete La-type tpr, (A1, A2, A3) is not isolated. Therefore, the model Ux(Q) is
not atomic in the language Ly.

Proof. First we remark that the reduction of Ls(A) to L'"(A) is applicable to
all Abelian varieties, so consider the structure Us(C) in the language L'™(A);
thus we have chosen a point O € U above a point 0 € A(k) and consider the
linear language L. Since dim T'(A) > 2, there exists two linearly independent el-
ements of A such that e;((p(\1)/7);, (p(X2/7);)) =1 € T(C*); however, quantifier
elimination implies that an Ls-formula may express only linear dependencies as
well as Galois dependencies between p(A;/N) and p(Ay/N), for some bounded N;
this implies it may not isolate the type of this tuple (over O). The L'"(A)-type
of the pair (A1, A\2) corresponds to the Lu-type of the triple (A1, A2, A3) where
)\3 - O D

IV.7 Conjectures

Let us now make several conjectures.

IV.7.1 General conjectures

The motivations of Chapter I and Proposition IV.1.0.9 tempt us to make the
following conjectures; however, we do not believe they hold in this generality.
Rather, we hope that the conjectures hold in some particular situations and
thereby provide a link between the geometry and arithmetics of some particular
classes of algebraic varieties. Neither could we make the conjectures more precise
in this general form. We devote the rest of the section to stating some precise
variants of these conjectures.

Conjecture IV.7.1.1. Let V be the category of varieties over an algebraically
closed field K. Then there is a collection of algebraic properties of abstract fun-
damental functors such that any two functors satisfying all those properties are
naturally equivalent up an automorphism of V.

The following should hold only for certain classes of varieties A.

Conjecture IV.7.1.2. Let A be a smooth variety defined over Q. Then the uni-
versal covering space Uy of A(C) belongs to a naturally ariomatisable uncountably
categorical excellent Ly, (La)-class possessing arbitrary large models.
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Recall that in Chapter IIT we show that U, belongs to a naturally axiomatisable
model stable L, .-class; I was not able to restate those results of Chapter III as
a universality property of a fundamental groupoid functor in a reasonably clear
and non-technical form.

Remark IV.7.1.3. The proofs given in this thesis dealt only with the case of
countable field K. As was explained in the introduction, the cardinality of K
presents an essential obstruction to the proofs; however, the theory of excellent
classes shows we only need more arithmetic information about the points of A
over countable fields to prove the statements for fields of large cardinalities.

IV.7.2 A conjecture for elliptic curves

Let E be an elliptic curve defined over a Galois number field k, and let A =
| ] E“ be the disjoint union of Galois conjugates of E. Then A is a variety

oE€Gal(k/Q)

defined over Q. It is convenient to let the set A(K) carry an L4 (Q)-structure

where we interpret x ~pg y as equality x = y, and x ~z y as that z,y € A(K) lie

in the same K-irreducible component of variety Z(K) C A(K).

Let & be the full subcategory of the category V of varieties over an algebraically
closed field K consisting of all Cartesian powers of E7, 0 € Gal(k/Q):

Ob€={oE":n>0,0 € Gal(k/Q)}, More(X,Y) = Moryu x(X,Y)

Then, Auty, (A(K)) acts on the category € by automorphisms.

We express the following conjecture in terms of model theory and the fundamen-
tal groupoid functors; there is no convenient way to express the conjecture in
terms of the Galois action on Exty yp mod(E(K),Z?). The model-theory conjec-
ture forces us to consider the category up to an Ly-automorphism on A(K), and
not Aut(K/Q), although neither of these groups is intrinsic to €.

Conjecture IV.7.2.1. 1. The first-order Ly-theory of Ua and an Ly, (La)-
aziom “for any ag € Uy the group x ~ ag s isomorphic to Z*” define
an uncountably categorical class, and has arbitrary large models.

2. if Q. 1 & — Gets are abstract fundamental groupoid functors and for
arbitrary o € Gal(Q/Q)
(a) Quo(0FE)=Q, (0F) = Z? for any v € 0E(K),
(b) Q(cF) is connected
then there exists an automorphism 7 : € — € induced by an La-automorphism

of AIK)= || E°(K) such that Q and Q' o7 are equivalent (as 2-
s€Gal(k/Q)
functors).
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IV.7.3 A fundamental groupoid functor over F,.

The characteristic of the field is not essential for the formulation of Proposi-
tion IV.1.0.11: the notion of an étale morphism is well-defined for an arbitrary
scheme. Nor does it seem to be essential for the proof of Proposition 1V.1.0.9:
some results towards describing the image of Galois and Kummer theory (Artin-
Schreier theory) are known in positive characteristic also [Ser00].

Considerations above allow us to make a conjecture on the universality and ex-
istence of an abstract fundamental groupoid of an elliptic curve and the multi-
plicative group of Fp; we state it precisely only for Fp.

The group F carries a structure of Z[%]—module; n € Z acts by " : Fi — F»
and z'/7 IF'; — IF’; is the inverse of the bijective map provided by the Frobenious
morphism z? : I} — F.

A finite étale morphism ¢ : IF‘;’; — IF‘; has form of a polynomial ax™,a € ]Fp where
n is prime to p.

Conjecture IV.7.3.1 (The universal covering space of IF';). There ezists a

notion of a path on the variety IF;, and it is unique. By this we mean the following.

1. Let € be the full subcategory of Cartesian powers of the field ¥, in the cat-
egory of varieties defined over F,. There exists an abstract fundamental
groupoid functor Q) : € — Gets such that
(a) Q(F) is connected
(b) a(Fy) = Z[;]
Moreover, any two such functors are equivalent up to the Galois group
action on €.

2. There exists an extension

0 —— Z[] % F 1
on[%]-modules such that 'V is uniquely divisible. Moreover, any two such
extensions are conjugated by action of Gal(F,/F,) on I_F;‘;.

The algebraic fundamental group #2%( E(F,), 0) is isomorphic to either of [Tz Zix
Zy or Zy, % Hl;ép Zy x Zy is known ([SGA1, Expose XI, Théoréme 2.1, p.288|,
cf. also [Sil85, Ch.V§3,Th.3.1] for elliptic curves). This allows to make a conjec-
ture about elliptic curves by requiring Qg o(F) = Z[%] X Z[%] instead of 2.

A more interesting question is whether there may exist a notion of a path irre-
spective of the characteristic of the ground field.
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IV.7.4 A conjecture for Abelian varieties

For Abelian varieties we make the following conjecture. We explain below why it
does not hold for the universal cover of an Abelian variety itself.

Conjecture IV.7.4.1. Let L* be a homogeneous ample line bundle over a simple
Abelian variety X of odd dimension or dimension 2 or 6, and assume End X = Z.
Then the universal covering space Up« as an La-structure is a member of a nat-
urally aziomatisable categorical L, (La)-class possessing arbitrary large models.

The reason for choosing the universal covering space of L% can be seen on two
levels. General model-theoretic consideration of Zilber’s programme |Zilc] on “log-
ically perfect structures” say that in such a categorical situation, in a structure,
here related to the Abelian variety, one should be able to describe in a straight-
forward way the notions essential for the development of the theory of Abelian
variety, and indeed, any book on Abelian varieties devotes the first half to the
line bundles on them; from that point of view, it is not surprising for us that, in
particular, one needs to consider line bundles to define the Galois-invariant Weil
pairing which is essential for us. Galois-invariant Weil pairing provides an explicit
technical reason: the proof of Proposition IV.1.0.9 for A an Abelian variety would
break in §1V.7.4 exactly due to the fact that the Galois action on Tate module
has to stabilise the Weil pairing; on the other hand we have shown in §1V.6.1
that Weil pairing is definable in Ls(L*).

On a more technical level, the above could be clarified as follows. Proposi-
tion IV.1.0.9 is proved by induction. the base is that, up to Galois action, there
is a unique extension of Ei,, the group of torsion points of an elliptic curve, of a
particular kind. In §, the proof requires a result showing that, up to finite index,
several elements of Tate module are conjugated iff they satisfy the same linear
equations. For Abelian varieties of dimension 2 and higher, this is no longer true:
the Galois group preserves a quadratic form on the Tate module, called the Weil
pairing. Therefore, in an analogue of Proposition IV.1.0.9 one needs to consider
a small class of extensions. This is done by enriching the language to be able to
express the restrictions on the orbits (up to finite index, so to say).

The conjecture shows that there is no a priori reason to believe that the notion of
universal covering space of a particular variety is uncountably categorical in the
natural language; in the language of functors, this says that there is no a priori
reason the fundamental groupoid functor restricted to the category of Cartesian
powers of a particular variety has the universality property. Instead, we have to
consider a suitably “self-sufficient” variety, geometry of which is rich enough to see
explicitly the theory of that variety; on more technical level, all the restrictions
on the Galois action should be seen explicitly via the geometry of the underlying
variety.
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The reason behind the restriction End A = Z and the restrictions on dimension
is that there is a theorem in Serre [Ser00| which says that for such varieties, the
image of Galois action is of finite index in the group stabilising the Weil pairing
on Tate module. Kummer theory is also known for all Abelian varieties [Ber88].

On the other hand, conjecturally the image of the Galois representation is equal
to Mumford-Tate group; it is natural to ask whether that conjecture fits in the
context here; perhaps one has to change the definition of language L4 to allow
for more expressive power.

IV.7.5 A conjecture for Shimura curves

Arithmetic of Shimura curves is well-studied; in particular, for Shimura curves,
there is a quite explicit description of Galois action analogous to the results on
the Galois action on the Tate module of an elliptic curve: for curves without
complex multiplication it is a result of Ohta (|[Oht74], also [Cla03, Theorem 123,
p. 90]); for curves with complex multiplication this is implied by the explicit
description of Galois group provided by the theory of complex multiplication. We
thank A.Yafaev for pointing and explaining us those results. Those results justify
us to make a conjecture that

Conjecture IV.7.5.1. For a Shimura curve S defined over Q, the first-order
La-theory of Us and an L, (La)-axiom “for any ag € Ug the group x ~, ag
is isomorphic to m (S, p(ag))” define an uncountably categorical class, and have
arbitrary large models.

Assuming that the quantifier elimination holds for Shimura curves, we may use
Condition IV.2.0.15 to state a conjecture on the arithmetic of Shimura curves in
a very explicit manner.
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Chapter V

Appendices

V.1 Appendix A: Basic notions of homotopy theory

Here we introduce basic notions of homotopy theory—that of a homotopy, of a
fibration, a covering, a path, a covering homotopy property and a path-lifting
property, and the notion of a fundamental group and a universal covering space.

V.1.1 Homotopy and Coverings

We introduce basic notions of homotopy theory, and some analogous notions of
complex algebraic geometry. Exposition follows [Nov86, Ch.4,8§2-4].

In this § we assume that all topological spaces are sufficiently nice, i.e. Hausdorff,
locally connected and locally linearly connected.

Homotopies and paths

Let X,Y be topological spaces. A continuous homotopy of a map f : X — Y, or
simply a homotopy, is a continuous map

Flz,t): X xI =Y ze X,a<t<b

of a cylinder X x I, where I = [a,b] = {t : a <t < b} is the closed interval of
real line from a € R to b € R, and which coincides with f on boundary X x {a}

F(z,a) = f(z),z € X.

Two maps f,g: X — Y are homotopic if there is a continuous homotopy F' of f
to g such that

115
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Being homotopic is obviously an equivalence relation; a homotopy class is a class
of maps f : X — Y homotopic to each other.

If maps f and g coincide on a point, f(xg) = g(xp), then one often requires
connecting homotopy to fix f(xy), that is, F'(xo,t) = f(zo) = g(z0); this is called
a homotopy fixing f(xo).

A homotopy between two points is called a path; thus, a path v in Y is just a
continuous map v : [0,1] — Y; a path v is trivial iff y(t) = yo,0 < t < 1 for all
t and some point yg € A. Thus, two points are homotopic iff they can be joined
by a path. A path is always homotopic to its endpoint, the connecting homotopy
just contracts the path by itself. To get a non-trivial notion of homotopy of paths,
one usually considers only homotopies of paths fixing the ends. Thus, we say two
paths are fixed point homotopic iff there is a connecting homotopy fixing their
endpoints.

Covering homotopies and fibrations

Consider continuous maps p : X — Y and an arbitrary map f : Z — Y. The
map f is covered by amap g: Z — X ift pog= f.

Definition V.1.1.1. A map p : X — Y is called o fibration iff for any space
Z any homotopy ' - Z x I — Y covered at the initial time t = a, can be
covered at all times a < t < b by some homotopy G : Z x I — X so that
poG(z,t) = F(z,t),G(z,a) = g(z). That is, if map f(z) = F(z,a) : Z — Y is
covered by a map g : Z — X, f(2) = F(z,a) =pog(2),z € Z, then there exist a
homotopy G : Z x I — X covering F': Z x [ — X,

G(z,a) = g(2)
F(z,t) =poG(z,t).

Homotopy G is called a covering homotopy with initial condition g. We also say
that homotopy F lifts to homotopy G, and that fibration p : X — Y has lifting
property.

Quite often one weakens the definition by restricting Z to a subclass of spaces;
an example of an important notion of this type is when Z = I™ is required to be
a direct product of intervals.

In all most important cases a covering homotopy can be constructed with the help
of a homotopical connection, i.e. a unique recipe to cover an arbitrary homotopy
of a point y € Y (i.e. a path v in Y, v(a) = y) by a path in X starting from an
arbitrary point xg = vy(a) € X,y = p(x¢). The recipe should continuously depend
on the path in Y and on the starting point of the covering path in X. Continuity
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on these variables ensures that the covering homotopy property for paths can be
extended to arbitrary (in some reasonable sense) spaces Z.

If p: X — Y is a fibration, then the map p is called a projection, X the total
space, Y the base, and F, = p~'(y),y € Y a fibre of the fibration p. Using the
existence of a connection, one can prove that all the fibres F, of a fibration of
a base space Y are homotopically equivalent provided any two points of Y are
homotopic, i.e. if space Y is linearly connected.

Given a connection and a path v in the base of a fibration p: X — Y, we get a
map from fibre F, to F,, above the ends of the path v: a point x € F, goes to
the endpoint of the unique lifting 7, of path v to X starting at x:

r € F,— i =~,(1) € F,, where 4,(0) = x.

The point 2’ varies continuously with z, and in fact, properties of a connection
ensure that = — 2’ is a homotopy equivalence between fibres F;, and F,,. The map
from F), to Fyy may depend on the path v and not only its homotopy class; if the
correspondence x — 2’ depends only on homotopy class of the path v between
points x and 2/, the fibration is called flat. An important case of a flat fibration
we define next.

Definition V.1.1.2. A covering p: X — Y is a fibration with a discrete fibre F,
i.e. F'is a space such that all its subsets are open and any point y € Y has a open
netghbourhood U,y € U C Y such that the full preimage of U is homeomorphic
to a direct product of U x F, where F = |J{za}:

p ' (U) = JUa=UXF

and each U, is a homeomorphic copy of U.

Subsets U, C X are open and pairwise non-intersecting; on each of them p is
a homeomorphism with U. The homotopic connection is given by the following
recipe. Given a point o € X, to lift a path 7 : [0,1] — Y in Y which is small
enough to fit in a neighbourhood U, we just take path 5(t) = (y(t),zs) C U,,
where xg = (Yo, xo) € Uy, C U x F. If 74 is not small enough, we split it in pieces
which are small enough, and lift it piece by piece.

If one drops the requirement that fibre F' is discrete, then one get the notion of
a locally trivial fibration; the proof of the covering homotopy property requires
an argument, and is not a priori clear; such a fibration has homeomorphic fibres.
In more detail, a map p : X — Y is called locally trivial fibration iff any point
y € Y of the base is contained in a neighbourhood U, such that p~'(U,) C X is
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homeomorphic to a direct product U, x F' via a homeomorphism ¢, : p~*(U,) —
U, x F' compatible with the projection pr o, = p. There is also a compatibility
condition on the behaviour of ¢,’s on the intersection V,3 = U, N Up; there are
two homeomorphisms corresponding to the intersection V,3 = U, N Ug:

Pa :pil(vaﬂ) - Vaﬁ X F7

03 (Vag) = Vag X F.

The map A\op = pa 0 gpgl : Vo X F' — V5 X F leaves the fibres invariant setwise,
and thus has form

)\aﬁ(w,f) = (W7;\aﬁ(w)(f)>af € F,w € Vaﬁa

where ;\aﬁ(w) : F' — F'is a homeomorphism of the fibre continuously depending
on point w. In a neighbourhood W = U; N U, N U3 we have

)\10)\20)\351.

The maps \;; are called gluing functions. If we know the gluing functions A3
for some covering of a space Y by neighbourhoods U,’s, and the gluing functions
satisfy the condition above, then we can uniquely reconstruct the fibration p :
X — Y. Obviously, we require that above each neighbourhood U, the fibration
decomposes into the direct product.

The notions of a locally trivial fibration and the general notion of a fibration are
fundamental for the theory of manifolds, differential topology, geometry and their
applications.

V.1.2 Fundamental Group, Functoriality and Long Exact Sequence
of a Fibration

Definition of homotopy groups m,(X,zg),n =0
Let S™ be the sphere in R™ defined by

i+ rs+ . al =1,

with a distinguished point sg = (1,0,...,0). Then, S* is a circle with a basepoint,
and S is just a point.

Definition V.1.2.1. Forn > 0, the set of homotopy classes of maps of basepoint
spaces (S™, s0) — (X, xg) is called n-th homotopy group and is denoted 7,(X, o).
We describe group operation only for n = 1. For n = 1, the group operation s
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given by concatenation of paths, i.e. by the path which first follows the first path,
and then goes along the second path:

'y(emt) — ’)/1(62mt)70 < t < 1’

,y(em't) _ 71(€2ﬂi(t—1))’1 <t <2

For n =0, the “0-th homotopy group” mo(X, o) is not a group, but is just a set
with a distinguished element; it is the set of all the connected components of X.
It is customary to call it a group, although it is an abuse of language.

Thus, the fundamental group m (X, x¢) consists of fixed homotopy classes of loops
based at the point x(; and the group operation is just concatenation of paths; it
is well-defined on the homotopy classes.

The fundamental group is a covariant functor on the category of basepoint topo-
logical spaces. That means that each map of basepoint spaces

[+ X =Y 20— yo
gives rise to a map of fundamental groups

fo (X, o) — (Y, o).

The homomorphisms are defined sending each map v : (5", s9) — (X, zo) into
the composition f oy : (S™ s9) — (Y, 40)-

The correspondence f +— f, is natural, which means that a composition of maps
of basepoint spaces gives rise to the composition of corresponding maps; that is,
formaps f: X =Y, 9g:Y — Z f(x0) = yo,9(y0) = 2o of basepoint spaces we
have

(fog)s=fiog.
This correspondence is well-defined for any n, including n = 0.

The presence of a basepoint is essential for naturality.

The short exact sequence of fibration

The following observation is very important as for development of the theory of
homotopy groups. It allows one to calculate the fundamental group of a fibration;
the fact that this is possible is very important for the methods of the paper.
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Property V.1.2.2. To each fibration

p: X =Y, p (yo) = Fo, 20 € Fy
there corresponds a long exact sequence of homotopy groups
— T (Fo, x0) —— T (X, x0) SR LIEN (Y, %) 2, Tn—1(Fo, T9) —— m_1(X, x0) — .

In particular, for n = 0,1 the end of the sequence looks like

— m(Fo,z0) —— m(X,x9) — m(Y,50) — 7o (Fo, 7).
For a fibration with a connected fibre we have 7y(Fp, o) = 0, and thus we get an
exact sequence

7T1(F0,I0) —_— 7T1(X7$0) P 771(Y7?J0) — 0

Example V.1.2.3. If Fy = C*, then X is called o C*-bundle over Y. In this
case w1 (C*, 1) lies in the centre of (Y, y0) and we have an exact sequence

7 —— m(X,20) ——— m(Y,y) — 0.

If further mo(Y,yo) = 0, we have a central extension of groups

0 Z 7T1<X,I0) L) 7T1(Y7y0) — 0.

Such extensions are classified by H*(m(Y,y0),Z). The extension corresponding
to L is sometimes referred to as the Chern class of L.

This fibration sequence is essential for us to prove the geometric properties of
a Zariski-type étale topology on the universal covering space U of an algebraic
variety A(C). We also use the sequence to abstractly reconstruct Weil pairing.

V.1.3 Regular Coverings and Universal Covering Spaces

Let p: X — Y be a covering. A regular covering is a covering such that p,7(X) C
7m1(Y) is a normal subgroup.

The biggest regular covering is called universal covering space X of base Y;
it is a covering such that m(X) is a trivial group. It can be shown that the
universal covering space exists for many spaces, in particular it exists for all
complex algebraic varieties (in complex topology). The group I' = 11 (X, z¢) acts
freely and discretely on X, and its orbits coincide with the fibres p~1(y).
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Deck Transformations of a covering

Let p: X — Y be a covering. We say that a continuous map g : X — Y is a
deck transformation iff p o g(x) = p(x),x € X. If X is connected, then a deck
transformation ¢ is determined by the image of a point; indeed, if two continuous
deck transformations g, go : X — Y coincide on a point x, g;(z) = go(z), then
they coincide in a admissible open neighbourhood U, C X of x (notation of
Definition V.1.1.2). The space X can be covered by such neighbourhoods, and
this proves g; and gs coincide on a connected component of X containing x.

On the other hand, the path-lifting property allows one to define a natural ac-
tion of the fundamental group (Y, o) on the fibre p~t(yy): for a loop A €
(Y, 40), A(0) = A(1) = yo, we set

Aoz =AN1),M0) = z,p(\) = \.
where X is the lifting of A starting at point z, p(x) = yo.

Therefore we get an action of the fundamental group (Y, 3) on a covering space
of a basepoint base space Y.

In fact, the covering is completely characterized by the fundamental group, as
the following important theorem shows:

Fact V.1.3.1 (Galois correspondence between coverings and subgroups).
There is a bijective correspondence between subgroups of w1 (Y, yo) and basepoint
covering spaces of (Y, yo).

For a subgroup H < m (Y, y~0)7 the corresponding covering is denoted p™ : yH
Y with a basepoint y? € YH. The correspondence is natural, i.e. if Hy < Ho,
then there is a well-defined covering

pH1,H2 . YH1 N YHZ,yHl N yH2.

The choice of basepoint is important for the functoriality of the interdependence;
otherwise there is no unique way to choose a covering corresponding to embedding
H, < H,.

In particular, there is a covering corresponding to the trivial subgroup H = 0;
it is called the universal covering space of X, and in next § we give an explicit
construction for the universal covering space in terms of paths. We also give an
explicit construction for deck transformation.

A covering Y corresponding to a normal subgroup H < m (Y, yo) is called reg-
ular. The regular covering have the property that any two points of a fibre are
conjugated by a deck transformation. For H normal, the group of deck transfor-
mations in this case is the group 7(Y, y0)/H, and it acts transitively on the fibres
of covering p: Y7 — Y.
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Universal Covering Spaces and Deck Transformation

Definition V.1.3.2. A covering p : X — Y s called the universal covering
iff the space X is simply connected, i.e. its fundamental group m(X,z) = 0 is
trivial.

The universal covering space is usually denoted by Y.

Given a basepoint yy € Y, we can construct the universal covering space as the
set of homotopy classes of paths leaving the basepoint:

Y ={y:00,1] =Y :4(0) = yo}/{homotopy fixing 7(0)}
with a basepoint g, being the trivial path in Y

Jo(t) = yo, for all ¢.

Each continuous transformation of basepoint spaces f : (Y1,y1) — (Y2, y2) induces
a transformation on the covering spaces f : (Y1,71) — (Y2, 92), f(91) = Fo-

The dependance is natural, and thus we get a functor from the category of base-
point topological spaces to itself

(Y7 yO) - (Y/? go)

which sends a space with a basepoint to its universal covering space with a base-
point.

The fundamental group (Y, yo) acts naturally on the space Y, Jo by prefixing a
path in Y with a loop from (Y, vo)

AemY,y),y€Y)— Aoy

where o denotes the concatenation of paths. The concatenation is well-defined as
A0) = yo = A(1) = ~(0).

V.2 Algebraic geometry: normal varieties and étale
morphisms

The word “variety” is overused similarly to the word “ring”, and so in this section
we first define “variety” as a certain kind of a scheme with finiteness restrictions,
and introduce some notions of algebraic geometry which we use in the main body
of the text; those properties are algebraic generalisations of some well-known
analytic and topological properties, and so we define them via those properties,
in an attempt to provide most geometric definitions.
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V.2.1 Varieties, subvarieties and their fields of definitions

We restrict ourselves to considering quasi-projective varieties, and we assume all
our varieties embedded into the projective space P"(K) for some algebraically
closed field. We say that a variety, or a point thereof, are defined over k C K if it
is fixed by the action of Aut(K/k). We do not assume a variety to be irreducible.

V.2.2 Etale morphisms.

In our context the following definition of an étale morphism is most useful; how-
ever, it applies only in characteristic 0. The equivalence of this definition to the
usual one is given in [DS98|.
Definition V.2.2.1. A morphism f :' Y — X defined over a characteristic 0
field k is étale iff, for an embedding k — C, the induced map f : Y (C) — X(C)
is a topological covering map, with respect to the complexr topology on Y (C) and
X(C), i.e. f induces an isomorphism of topological covering spaces of Y (C) and
X(C). The morphism f 'Y — X is called étale at a point y € Y if it is an
tsomorphism of an neighborhood of y in'Y open in the complex topology onto an
open neighbourhood of x in X open in the complex topology.
The definition above does not depend on the embedding of k£ to C; this fact
and the equivalence of this definition to the usual one is via an invariant local
characterisation of an étale morphism [Mil80, Ch.1,Th.3.14,p.26|.
Definition V.2.2.2. A morphism f :Y — X of affine varieties defined over an
algebraically closed field is called standard etale morphism at a point x € X (k)
off there exist functions ay,...,a, : X — k such that'Y is locally described by the
equation P(z,t) =t" + ay(x)t" ' + .. + a,_1(2)t + a.(z) =0 i.e

Y(k) = A{(z,1); P(t) = 0,z € X(k)}
and all the roots of the polynomials P,(t) = P(x,t) are simple at any geometric
point x € X(k). A morphism f 1Y — X of affine varieties defined over an

algebraically closed field s called standard étale morphism if it is standard étale
at any geometric point x € X (k).

It is evident that a standard étale morphism induces a covering map in the
complex topology.

By [Mil80, Ch.1,Th.3.14,p.26], an étale morphism is locally standard etale;

Fact V.2.2.3. Assume f :Y — X is étale in some (Zariski) open neighbourhood
of y in Y. Then there are Zariski open affine neighbourhoods V and U of y and
x = f(y), respectively, such that f|V :V — U is a standard étale morphism.

We remark that the notion of an étale morphism is in fact defined over arbitrary
rings, and is defined via the exactness properties of the functor hy = Hom x(—,Y)
from the category of X-schemes to Y-schemes induced by morphism f:Y — X.
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V.2.3 Normal closed analytic sets

Definition V.2.3.1. A closed analytic subset X of a Stein space is normal if
any bounded meromorphic function on X s holomorphic.

A normalisation morphism n of variety Y is a morphismn: X — Y from a nor-
mal variety X such that any dominant (surjective on an open subset) morphism
f:Z =Y lifts up to a unique morphism f : Z — X such that f = f on.

Any smooth closed analytic set is normal.

We only the following two properties of a normal variety:

Fact V.2.3.2. A normalisation morphism exists for any variety, and is functo-
rial.

The following express that normality is a local notion:

Fact V.2.3.3 (normality is a local notion). 1. ifp: X(C) = Y(C) is
a local isomorphism in complex topology, and Y (C) is normal, so is
X(C).
In particular,

2. ifp: X — Y is étale, then X s normal iff Y is normal.

Fact V.2.3.4. If X is smooth, then X is normal.

Fact V.2.3.5. Let X be a closed analytic subset of a Stein manifold, or let X be
an algebraic variety. If X is connected and normal, then X s irreducible.

V.3 Appendix: Geometric Conjectures on the convexity
of the universal covering space of a complex
algebraic variety

V.3.1 Shafarevich conjecture on holomorphic convexity of universal
covering spaces

In [Sha94, 1X§4.3] Shafarevich proposed a conjecture that the universal cover-
ing space of an algebraic variety is holomorphically convex; thus "it has many
holomorphic functions".

Recall the definition of a holomorphically convexity and separability:

Definition V.3.1.1. A complex space U is called holomorphically separable if
for every xq € U there are holomorphic functions fi,..., f; on U such that xq is

isolated in the set {u € U : fi(u) = ... = f,(u) = 0}.

A complex space U is called holomorphically convex iff either of the two equivalent
conditions holds:
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(i) for any compact subset K C U the set
K ={ueU:|f(u)| <supl|f(K)| for every holomorphic function f on U}

18 compact.
(i1) for any infinite discrete subset S of U there exist a holomorphic function
f U — C unbounded on S.

A complex space U 1is called Stein iff it is both holomorphically separable and
holomorphically convez.

Another characterisation of a Stein manifold is that

Lemma V.3.1.2. A manifold which is biholomorphic to a closed analytic set in
Euclidian space C"; in particular the Euclidean space C" itself is Stein.

Proof. [C85] O
Conjecture V.3.1.3 (Shafarevich[Sha94, IX§4.3]). The universal cover of
a projective variety is holomorphically convex, or even Stein.

Another characterisation of a Stein manifold is that a manifold which is biholo-
morphic to a closed analytic set in Euclidian space C"; in particular the Euclidean
space C" itself is Stein.

V.3.2 Equivalence of isomorphisms of topological and analytic
vector bundles over a Stein manifold

On Stein manifolds, analytical properties are often determined by pure topology,
for example analytic vector bundles over a Stein manifold are isomorphic analyt-
ically iff they are so topologically. For the sake of completeness we present several
properties of this kind.

Theorem V.3.2.1 (Oka’s principle). Let X be a Stein manifold. Then

1. Every topological fibre bundle over X has an analytic structure
2. If two analytic fibre bundles over X are topologically equivalent, then they
are also analytically equivalent.
Theorem V.3.2.2 (Theorem A.). Let V — X be an analytic vector bundle
over a Stein manifold X. Then for any xo € X there are global holomorphic
sections s1,...,8, € D(X, V) of V such that:
If U = U(xg) C X is an open neighbourhood of xo and s € I'(U, V) is
a local section of V' on U(xg), then there exist an open neighbourhood
V =V(xg) C U of xg and holomorphic functions fi,..., fx on V such
that
Slv = f181 + ..+ fNSN.
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Theorem V.3.2.3 (Theorem B.). Let 7 : V — X be an analytic vector bundle
over a Stein manifold X. Then H'(X,V) = 0.

Moreover, if A C X 1s an analytic set, U is an open covering of X and a cochain
¢ € ZHU,V) such &pulu,.na = 0, then we can find a cochain n € C°(U,V) such
that dn =& and n|y, N A= 0.

V.3.3 Stein factorisation and Lefschetz-type properties of algebraic
varieties

In this section we use state several somewhat unexpected results about fundamen-
tal groups of algebraic varieties; arguably one may call such properties rigidity
properties, or Lefschetz-type properties, or positivity properties.

A Zariski open subset has real codimension at least two; the following fact should
not seem surprising:

Fact V.3.3.1. Let Y be a connected normal complex space and Z C'Y a Zarisk:
closed subspace. Then m (Y — Z) — m(Y') is surjective.

Proof. Kollar, Prop.2.10.1 O

Let us state first two facts which say that morphisms of complex algebraic nor-
mal varieties have rather easy and well-understood topological structure almost
everywhere, i.e. on a dense Zariski open set. It is critical for us that these topo-
logical structure allow us to understand the corresponding morphism of covering
spaces.

Fact V.3.3.2. Let f : X — Y be a morphism of irreducible normal algebraic
complex varieties.

Then there exist an open subset Y° C Y and X° = f~1(Y"), and a variety Z°
such that f factorises as follows:

XO _)f0 ZO _)fe't YO

where
1. 7% — YV is a finite étale morphism
2. X0 — Z% is a topological fibre bundle (in complex topology) with con-

nected fibres

Moreover, if f: X — Y is dominant, then Z° — Y is surjective.

Proof. Kollar, Proposition 2.8.1. L]
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Note that while 0 : X° — Y0 is interpretable in the theory of algebraic varieties
and in Ly, as indeed any morphism of algebraic varieties is, the theory may not say
anything about the induced morphism (f°), : U(X°) — U(Y?) of the universal
covering spaces of X°(C) and Y°(C).

Indeed, the language allows us to speak about the liftings, or induced morphisms
only for morphisms between closed subvarieties; and even then, we lift those only
to the cover Uy which generally speaking is much smaller then the universal
covering space of subvarieties concerned.

We find the following useful.

Corollary V.3.3.3. Let f : X — Y be a projective morphism of irreducible
algebraic varieties over ©, and let g € Y (C) be a ©-generic point. Then any open
O-definable set intersects all connected components of generic fibre W, = f~1(g).

Proof. Such a set intersects all generic fibres of a morphism. Factoring projection
through a morphism with connected fibres, which is possible by Stein factorisa-
tion, the result follows. m

Fact V.3.3.4. Any projective morphism f : Y — X of algebraic varieties admits
a factorisation f = fyo fi as a product of a finite morphism fo:Y — Y’ and a
morphism f, with connected fibres.

Proof. |Har77, Ch. III, Corollary 11.5] O

Corollary V.3.3.5. If f : X — Y s a ©O-definable morphism of ©-definable
irreducible algebraic varieties, then there exist an open ©-definable set Y° C Y
and X° = f71(Y?) such that the relation

z,y € X° lie in the same connected component of X, = f~(g), for some
gey?y

1s ©-definable.

Proof. Indeed, the relation is defined by f(z) = f(y) and f°(z) = f(y), in

notation of previous lemma. ]

The Fact V.3.3.2 above leads to

Fact V.3.3.6. Let f : X — Y be a morphism of normal algebraic connected
complex varieties; let X, = f~(g),9 € X be a generic fibre of f over a generic
point g € Y(C).

Then sequence
fe 1 m(Xy(C)) = m(X(C)) — m(Y(C))

15 exact up to finite index.
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Moreover, if f : X — Y s dominant, then
fe :m(X(C)) = m(Y(C))
s surjective up to finite index.

If XY and morphism f : X — Y are defined over a field ©, then there exists
an open subset Yy C Y defined over © such that the above conclusions hold for
g € Vi not necessarily ©-generic.

Proof. Follows from Facts V.3.3.1 and V.3.3.2 and the exact sequence of the
fundamental groups of a fibration, from Kollar, Proposition 2.8.1 and Kollar,
Proposition 2.10.1. O

Recall p: U — A(C) is the universal covering of an algebraic variety A.

Recall for a subset W' of U™, we denote 7(W') = {y € 7" : yW’' C W'}. In next
lemma we will drop the assumption on normality using the assumption that the
universal covering space U is holomorphically convex.

Corollary V.3.3.7. Let W' be an étale irreducible closed set, and let V' =
Clpr W’. Assume that p(W') and p(V') are both normal. Then w(prW') is a
finite index subgroup of m(V'), i.e. (V') < pra(W').

Proof. By Decomposition Lemma II1.1.4.1 we may assume that W’ and V' are
connected components of p,;' (W (C)), p; (V(C)) for some normal algebraic vari-
eties W and V| respectively; then by properties in §V.1.1 m(W') = m (W (C)), w),
m(V") = m(V(C),v), for some points w € W(C),v € V(C).

Furthermore, we may still assume normality because it is preserved under taking
preimage under an étale map. By the previous lemma prm (W (C)) < m (V(C)),
as required. O

V.3.4 Extending to the case of a non-normal subvariety

The above provides an explicit description of morphisms topologically, between
normal algebraic varieties.

However, it is very important for us to deal with an arbitrary subvarieties, not
necessarily normal. We do that by considering the image of the fundamental
groups in the big ambient variety which is normal.

Fact V.3.4.1. Assume A is Shafarevich.

Let p : U — A(C) be the universal covering space, let t : X — A x A be a closed
subvariety, and let Y = Clpr X.

Assume that



V§3. APPENDIX B: GEOMETRIC CONJECTURES 129

connected components of p~'(X(C)) and p~' (Y (C)) are irreducible
Then there is a sequence of subgroups of w1 (A(C))?

11 (Xy(C)) = m (X(C)) — t.m (Y(C)) — 0

which s exact up to finite index, and the homomorphisms are those of subgroups

of 1 (A(C))*.

Proof. We prove this by passing to the normalisation of varieties W and Z =
Clpr W. The assumption about the irreducibility of connected components implies

that the composite maps of fundamental groups 7 (W) — (W) — ¢,m (W) and
m(Z) — m(Z) — 1.7 (Z) are surjective.

To show this, first note that the universal covering spaces W (C) and Z(C) are
irreducible as analytic spaces; indeed, normality is a local property, and so they
are normal as analytic spaces; they are obviously connected, and for normal
analytic spaces connectivity implies irreducibility.

By properties of covering maps, a morphism between analytic spaces lifts up to
a morphism between their universal covering spaces (as analytic spaces); thus

the normalisation map ny : W — W lifts up to a morphism ny : W — U.
The normalisation morphism ny is finite and closed by Hartshorne [Har77,
Ch.II,§3,Ex.3.5,3.8]; therefore~ﬁw is also, and the image of an irreducible set

~

is irreducible. Therefore ny (W) is an irreducible subset of a connected compo-
nent of p~!(1W(C)). Moreover, if we choose different liftings ny,, we may cover
p 1 (W(C)) by a countable number of such sets. Now, we use the assumption that
a connected component of p~1(W(C)) is irreducible to conclude that the image

fiy (W) coincides with a connected component of p~' (W (C)). This implies that
the map of fundamental groups is surjective; this may be easily seen if one thinks
of a fundamental group as the group of deck transformations.

Let ny : W — W, ny, : Wg — W, and ny : 7 — Z be the normalisation of
varieties W,W, and Z.

By the universality property of normalisation in §V.2.3 we may lift the normali-
sation morphism nyy, : Wy, — W, to construct a commutative diagram:
W, - W - 2
| | |
Wy — W — Z

By functoriality of 71, this diagram and embedding ¢ : W — A x A gives us
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m(Wy)  — mW) — m(2)
l | l
mWy) — mW) — m(2)
! l l
Lm(Wy) — wm(W) — wm(2)

Now, ¢ is ©-generic in Wg’,; We are almost finished now. By Fact V.3.3.6 the

A

upper row of the diagram is exact up to finite index, and 7, (W) — m,(Z) are
surjective, up to finite index; by assumptions on W and Z, the composite mor-
phisms 7, (Z) — t,m(Z) and m (W) — t,m (W) are surjective. Diagram chasing
now proves that the bottom row is also exact up to finite index, and the map
L (W) — 1,mi(Z) is surjective up to finite index. O
Corollary V.3.4.2. Let W' be an étale irreducible closed set, and let V' =

Clpr W’. Then w(pr W) is a finite index subgroup of m(V'), i.e. #(V') < pro(W').

Proof. The proof of the analogous corollary V.3.3.7 carries on verbatim, except
that now we do not need the assumption of normality. O]

Recall we use Lemma 111.2.2.2.

V.4 Appendix C. Number theory facts

In this § we list the facts in the proof of w-homogeneity of the standard model
0—A—C%»%— A(C) — 0.

V.4.1 GGalois action on the torsion points of Abelian varieties.

We translate from Serre, [Resume de course de 1984-1985 et 1985-1986].

Notations and definitions

Let K be a finite extension of Q, let K be the algebraic closure of K, let Gk be
the Galois group Gal(K/K).

Let A be an Abelian variety defined over K of dimension n > 1.

Remark V.4.1.1. For each prime number [, let T} be the Tate module of relative
to [; that is a free Z;-module of rang 2n. The group Gk operates on 1) via
representation

pr: G — Aut(T)) = GLa, (7).
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Denote Gk, the image of this representation; the group G, is the Galois group
of “points of [*°-division” de A.

The family of p;, for [ prime, defines a homomorphism

P GK — HGK7I = HAUt(T})
l l

The group p(Gg) is the Galois group of division points of A.

Theorem V.4.1.2. (Bogomolov) There ezists a finite extension K' of K such
that

PiGK—>HGK,z
I

18 surjective.

Such p;s are called independent. The field K’ depends on the Abelian varieties
A.

Comparison with the group of symplectic semilitudes.

A choice of a polarisation e on A equips the Tate model 7; with an alternating
form of non-zero discriminant (and which is invertible for [ sufficiently large); The
Galois group G is contained in the group GSp(77, e;) of symplectic semilitudes
of T} relative to e;.

Theorem V.4.1.3. Assume the following holds:
(i) The ring End A of K -automorphisms of A is 7
(ii) The dimension of A is odd, or equal to either 2 or 6.

Then G is an open subgroup of GSp(1}, e;) for each 1, and is equal to GSp(17, )
for 1 large enough.

Combining with theorem above, we get the property used in the proof of w-
homogeneity.

Theorem V.4.1.4. Assuming (i) and (ii) above, p(Gk) is an open subgroup of
I1, GSp(1, &)-

For n = 1, this is an old result of Serre [Ser98|; a similar result holds when
End A # 7.
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Galois action on torsion points of elliptic curves with complex multiplication

The theorem V.4.1.3 describes the Galois action on the torsion points of an elliptic
curve without complex multiplication. The lemma below does so for elliptic curves
with complex multiplication.

Let ((End E);)* denote the group of unities of the l-adic completion of the ring
End E.

Lemma V.4.1.5. Assume than elliptic curve E has complex multiplication. Then
the image

G = Gal(K(Ers) : K) — [[((End E),)*

15 open of finite index.

Proof. [Lan78, Ch. V, §5, Fact 1| ]
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