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Motivation

Motivation:

® Uniformity results for finite fields Fg

Levs- ls there o vamulq ({)(k) n Lghj H,,.,J dgﬁnex H:qx in ﬁ far all q'z

(Felohef)

e \What can we recover from the counting measure on finite fields?
Let F be psewdofimile  then F elt embeds ih o UP of firite fields

e
FEPF = F£&TTE ’
Proof iec '4‘/7,4,

Since F s pscudofimk Wois el tg}w\/ +o Wltraprodmer  OF finite Felds
Now We Cain find (¢4 using the kailer-Shelub #heorem) an wltrpowmer Of <

1Somorphic to cin Witrepowe of e Wltrgproduct oF finte fields which i a:?m-.
an u(,+rn6:rod,«(+ of finite fields
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Lang-Weil bounds

Theorem (Lang-Weil)

For every positive integers n, d, there is positive constant C(n, d) such

that for every finite field F, and variety V' defined by polynomials in
Fo X1, s Xal<y

‘]V(Fq) |- qdim(V)‘ < Cqiim(V)-1/2

G)oac: Exchemd Fhs Fo olefinble seis
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Main theorem

Theorem

Let o(x,y) be a formula and x,y tuples of variables. Then there is a
finite set D C {0,1,...,n} x Q% U {(0,0)} of pairs (d, ), a constant
C > 0, and formulas ¢4 ,(y) for (d, ;) € D such that:

If g is a finite field and a an m -tuple in ¥, then there is some

(d, ) € D such that

lp (Fg,a) | — pug?| < Cq97Y2 (%)

The formula ¢q4,,,(y) defines in each F the set of tuples a such that (x)
holds.

Here @ (T (o) = {bet” [T Fylbo]
-We odd (0,00 For +he cwe of @Oxia) G(Cff"'":j an empty et
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Main theorem

Theorem

Let o(x,y) be a formula and x,y tuples of variables. Then there is a
finite set D C {0,1,...,n} x Q% U {(0,0)} of pairs (d, ), a constant
C > 0, and formulas ¢4 ,(y) for (d, ;) € D such that:

If g is a finite field and a an m -tuple in ¥, then there is some

(d, ) € D such that

lp (Fg,a) | — pug?| < Cq97Y2 (%)

The formula ¢q4,,,(y) defines in each F the set of tuples a such that (x)
holds.
Observafions:
F Qlxw) defF~t> o \/a/'-l.‘r7 V., fis vedeey  Fo Lonmg-bei
IF @) defines wn algebraic Sed W, with olC irceducble Components Vi ... vi,
A@ fined over ﬁ—;,-/\hgv‘ A= ;y,(ax Aim (V) ond M e number of the Components
of rmaximal odimension . .
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Main theorem

Let o(x,y) be a formula and x, y tuples of variables. Then there is a
(finite)set D C {0,1,...,n} U{(0,0)} of pairs (d, i), a constant

C > 0, and formulas ¢4 ,,(y) for (d, i) € D such that:

If g is a finite field and a an m -tuple in ¥, then there is some

(d, ) € D such that

)|90(an a)|— qu‘ < qu71/2 (%)

The formula ¢q4,,,(y) defines in each F the set of tuples a such that (x)
holds.
We hove 10 allo for robonal valuey and more Hatw One  (Poic:
M_' Conside~ ‘f(X733Y (2=, then
Cif chorcg)=2 we have 1@ (F) 1= ¢ e =T
CiE chae [51')#1 we hare lf[ﬁ‘)) °77_ (¢g47) ~» /“2:4/2
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Some consequences

O If g is sufficiently large, the formulas g4 ,(y) will define a partition
of the parameter set F7'. i obirous
¥ ((L,“/M1)¢(,A.,_,/,”/ Fhen & For Ay Ry Hemy S0

-2
For po#Ma choow ¢ 320 Such Hhout

RV NEN T

® If ¢(x,y) with |x| = 1, then there are positive numbers A € N and
r € Q such that for every F, and tuple a in [,

either | (Fg,a)| < Aor |p(Fg,a)| > rq
Leb D be the paics awociked to @ix g0
Ler (3= Sup I m [Op) €RY ; o =iaF Spl it p) €N}

ond  fen et
r=ry ond As Sup A, €00

®© If g >>0and (0,1) € D and Fy = 0 ,.(a), then g7/2 — 0, thus
=l (Fq,a)l



Applications |
®00

Some (non)-definability results for finite fields

There is no formula ¢ in the language of rings which defines in each field
F g2 the subfield F,.

PkooFﬂ
ASsume  Such o formala (X)) towld exiy-
By @ e | @ (Fpleh o I@(Rad|ry for sme Azoreo,
RI);UH- F‘f]. s OF g.se \[? in gz ?
rovik !
One Coun €Ven [Orove:

The Field 9:4 is hob UniFormly  intepretoble in bt'g;

1 d€@: ¢ fpd  the main +heorem +o He Conbext OF defimable equivalerce Vel
and them wse #he arjument From above.
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Some (non)-definability results for finite fields

There is no formula which defines in all fields I, the set of generators of
the multiplicative group Fg .

pVOOF
l/\/e use "bule s Fotient F‘“‘”"o“ CPU")'"#QC‘ | 1€ rel P’“M}
Wwhich has +Hhe preopeties: £
. ?(Fw\) - n p‘—v"‘) FO’ P Fﬂmc
?(hm} qﬁ () 4)(;« ) for i coprime  ( Chinese ~remainder ~theoren)
® pPL §pr)2lo ,.
D - 4)6,4) = - 77‘ (1 _2 ) [" Euler’s prooduck Fornule)

From & . @ 40""“

it alr(w17 Follows +hat 7 C>0 #iolpuweclca@ whene
it remaing o Chow fhot we  Cown frand  arbitrvrily Small pulues of W‘"/,,A
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Some (non)-definability results for finite fields

There is no formula which defines in all fields I, the set of generators of
the multiplicative group Fg .

Fis 30ome prme P oand dishnce Primes €qro o€ ook define
M = T—[( ‘7) +hey p 7/‘100( e FD/;«_[( 7<€0S 0

= (?“a - < "i’ (7= é’ )Se: for exwrle Euler’s proofF oF Jhe  existene
) 1— OF iafiaitdly rany  Prices.
@
NMow Since P; . 7\“) OZZ - w

Ak W2 com choow the (9, .., (- o\rbd—ﬂ..ﬂ'(7 we ca,

Fondk 1/ (7- % ) Mbi‘)~ravil7 Smaal( . P4



The measure
®000

Dimension and measure on pseudofinite fields

Le+ L€(>(,7) ke o fFormula and D, (6“’/’[7) Divc»,
08 g Lhe mav +Haeorens (/{Sin:)@ [FOH-FHW-) ard the foact

that o pswdoﬁn;k Fidd F s (’.Lt’m(qh\rily embedded  in an ultroprded
0f finile Lields we 9et Fhad for oy WEF Fhee K a waigue  Poi-

60(1//‘)55 Sudh Jhat FE ‘{o(,/v(a)'
Wc ')’l’tcn Jcﬁ'nc cilrl—;( (e[x-, a))eot ( bimeh&'ou)

wad /,\(_ %(Kru))r/u (Measure)
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Additivity + Fubini

Let F be a pseudofinite field, S, T two definable sets.
@ Assume that TN'S = 0. Then

w(S)+u(T) if dim(S) =dim(T)
w(SUT)=< u(S) if dim(S) > dim(T)
wu(T) if dim(S) <dim(T)

@® Assume that f : S — T is a definable function, which is onto. If for
all y € T dim (f~1(y)) = d then dim(S) = dim(T) + d. If moreover
forevery y € T, (f71(y)) = m then u(S) = mu(T).

M W‘ hUVC F& T 'Fﬁ/ ) A/DW [(J— S be ivel, b
u I 7

Y(x0) in . Write a=fq, 7 ez "
L For al F 9% snd define Sy= oxiag) < A
=) For almost alt 4 we bove ”:q, ‘:‘(A ( @g)

A-lvm( 0\90‘4‘7 kaﬁnt 7;_ “ +
Thewiv iy crough o show that +he cg‘uuhl-.'q holdh  fFor almost al(C q_ oA 7; V% which  follop
Wsing +Hae main theorem,

For” the Fubini clolment proceek in the Seume  manmme,
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Measure on definable sets

Theorem

Let S be a definable set. Define a function ms on definable subsets of S
as follows. Assume that T C S is definable, and let

(d, p) = (dim(S), u(S)), (&,v) = (dim(T), u(T)). Then

0 ife<d
ms(T)—{ v/iw ifd=e

Then ms is a finitely additive measure on the set of definable subsets of

S.
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Relation to algebraic dimension

Let S be the Zariski closure of S in F2%8. Then dim(S) = dim(S). Here

the second dimension is the algebraic dimension of the algebraic set S.

Proof ket
We want +o reducc o +Hhe Case of N blian o abl‘orwk stk If +this alycbraic sef g definoble
Ireducible (ompontaty e hore already Seen HAS as d C(onsequenie of +he Main +heorem . Orhernige it
;‘O“WML“tL.LM t_L: pr:ikoﬂ e /I:w'n +heorem Hhab e cun olvagy educe to tuak case .
revivws b i
Such Hht T[.f[:ﬂ)}& Ft)r‘v:"\( tho's:i‘;:%h*: iﬁ.;fm{)( ah‘_, F““(ﬂd"”‘ seb wip)e F
Fotrs 17 (o) 1 rer Vehen T 2777 5 B2 ok Sw 4hat the
7)1 F) fo g€l ot Fearle omd bounded by He swme kems

/‘/Ow i Ful; .

Cuse :::)c' ML‘;’ l"»FvLUWS +hal W"\(S):Wh LV/F)) and 'or.’ +he abore d((&c»«'bg.;\
o . oincides w-‘u. +e ubcl.r;;( Aimenston of n-(EF) which cun be assumed +o be

ca Hin () (&kjcbm-« dirmtntion) loe Cunye e Ccon swime  fhat )

of the Mmoin theorim “gain)_

Co/»uspanab'n) equekons of ‘VCF)U
Thus i+ remaig 10 Show  Fhot Rim,, ($) = olim,
Bat nown ST rk)) 1y Zewoier ALnse 2

v T and T iy Finile - t0rone  0m o 2a~uk,
Athye  optn Subsel of W, S0 M/\/‘—-.(:) ) :ou,‘.w) () folloryg

Ports Of st pruf S Zovbke denmse in S lusiag

[/l/ok_: Wr devmoky the vespekie w1 im0 Aok by Fhe

W)

-4
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Application on definable groups

Let G, H be groups definable in the pseudo-finite field F, and assume
that f : G — H is a definable morphism, Ker(f) is finite, and
dim(G) = dim(H) = d. Then

p(G)IH - £(G)] = u(H)| Ker(f)].

Praoc“ A atv  We FéF* :,l— 6’/7/(

Lev a=laq, Y the poomie hyple for formaloy  defaing B g

thewr growp law cud R4 jf‘TJL’ of £

L/VOV-( Hat we con 1adeed Wf"“ F+hed )C iy @ r"\orp‘ﬂifﬂ- DFOvoa/oS
with  Kerne( of fr‘wu( S,‘Sz r= €m0y

MNow e Considur +he reypech forulug us-'j ag e "7 Lo ne

9’(,} ﬁy‘ almoye g 9 Ae Fnable G7ops 97_,[-,{’ o ver /:C'q_ onell «
/horplms»-, Fi : (j%‘ =) H‘? With  kerne( of S,‘sc mew
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Application on definable groups

Let G, H be groups definable in the pseudo-finite field F, and assume
that f : G — H is a definable morphism, Ker(f) is finite, and
dim(G) = dim(H) = d. Then

u(G)[H : £(G)] = p(H)| Ker(f)].
Sing 6?_ and H? e A we 5(,»’44(,7 get
/VOW we (Con o(t&uc( [57 014‘.«7 LOH-““(VIH) [97& L“"“AJLI f(_)
by oividing of 4%y a o) Ly £ (64 Doty [Kect )]
@ The theoream bolds in F" nhence .
-

MSI«j Fhoo b L(M/zaw +heo,
holds for st al( g , wher
M FRUALs Fle ploe equakion,
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Not the strict order property

Let ¢(x,y) be a formula. There is a number M such that in any finite or
pseudo-finite field F, the length of a chain of definable subsets of F"
defined by formulas ¢(x, a) for some tuples a in F, is bounded by M.

p/egf’:

Fesune ot does ok sld , Fhte 57 9oiny over o « SufFiciently  Sodmrated P SdoFrise
Fdd F we coan oblain & NTTRES (ql)“w OF tuples in F . such the Si0= Qo %) € o w)) *
Now (e N be Hw Se+ of s aSoriaked o Q Oy Hhlh we Can ailume Sl

Aim (82 dk, pAlS)pm for wll ierns Loy posibe, 9oing Ove oo subs eqnence]

NMow we shown- &,7 induehon  on thg dlimension o, Fhut g s Seq Ut mce olread,

1 ‘J

hed to b finite:
For Az  +his follows from pue fock 4hol p denokes +he
feb Si Wl Hhe dgutme could Only  be of [tagih onc.

For A29 we conyide +he sels T =S \§ - Then +he sehs T Form, o Shridt,
Mcrcosms Seg wence ad we hoae  lins (Ti) o A wsing the addtvity

0F tae vmea st  gnk  Ht /U..CS;) IS Comgtardty  un fo— oll (€n~

NVow Has contrmdicks fle

e 0fF tle

{2k ckony 147,004""&31) ) -
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Not the strict order property

Theorem

Let ¢(x,y) be a formula. There is a number M such that in any finite or
pseudo-finite field F, the length of a chain of definable subsets of F"
defined by formulas ¢(x, a) for some tuples a in F, is bounded by M.

/VoJ,-L ook im Fhe P"%f e 04(17 wpedk  Fhe  Ex<istence
of measure X direasion ond s properhes.
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Finite Shelah-rank

Theorem

Let o(x,y) be a formula. There is a number M such that in any finite
field or pseudo-finite field F, if S is a definable set and (a;);c, is a set of
tuples such that each ¢ (x, a;) defines a subset of S of the same dimension
d as S, and for i # j,dim (¢ (x, ai) A ¢ (x, aj)) < d, then |I| < M.

Croof:

Let b Ye +he get oF Pairs 08 0ciaked  Fo Hac formula Pty
Condk  let U= inf fu | (Lp) €D Y-
Now if Plxin) AtFme subsefs N of S Swbh Hud ol (S

WA Um (§ 2 §led Fhaun we 7,¥ s (s = %(g) wok
V"IsC Sf /)SJ) =0.

Thay +he ot 0F T i ownded Ly ML,
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Finite Shelah-rank

Let ¢(x,y) be a formula. There is a number M such that in any finite
field or pseudo-finite field F, if S is a definable set and (a;);c, is a set of
tuples such that each ¢ (x, a;) defines a subset of S of the same dimension
d as S, and for i # j,dim (¢ (x, ai) A ¢ (x, aj)) < d, then |I| < M.

Ml Hut it ollony From Ha Facoren, Ly +he

G rank s o sude by fe olhm Loyie, .

Ay o rouly ne y&l— Fot L Pladoflintle Felds a-e

Supersimple .

[ Thuy = odd abresksy  Follow fom iy Facorem fur  Hhe
Hoary PE o ot hae ot Shick ol Orp by
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Finite Shelah-rank

Let o(x,y) be a formula. There is a number M such that in any finite
field or pseudo-finite field F, if S is a definable set and (a;);c, is a set of
tuples such that each ¢ (x, a;) defines a subset of S of the same dimension
d as S, and for i # j,dim (¢ (x, ai) A ¢ (x, aj)) < d, then |I| < M.

Q(,Femnus;

- & C”st\'v(ml‘v'slé_. e des Dricg, A Mm—'/ye Defimlole «hs ove {Fnle fds
D Ko Aayen. Mukh. 422 (7992), 102 ~734

o 2 CLMS( doleis Motes ovn +e model f’l«mv7 of F~ke feldy
Couvie Vofes 2008



