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2=2=2=2=2=

Weierstrass ¢ function

Weierstrass o function

p(z|7, 1)

Dedekind’s 1 function ¢"/?*(¢; )

Ey(r)*n(r)~**

g% = Ey(m)n(r)~*

(j — 1728)Y% = Eg(r)n(r)~*

general elliptic © function with characteristic ¢

Jacobi’s four © functions with half-integer characteristics

©,(z|7)

©,(0[7)

{M € SLy(Z) | M = (}}) mod N}
{M € SLy(Z) | M = (}%) mod N}
{M € SLy(Z) | M = (L?) mod N}
{M €SLy(Z) | M =(2?) mod N}
{M €SLy(Z) | M = (%) mod N}
{M € SLy(Z) | M = (§?) mod N}

dot product of two vectors

product of vector u interpreted as a row vector and the matrix M
product of matrix M and the vector v interpreted as a column vector



Chapter 1

Introduction

The generating functions for many interesting combinatorial objects turn out to be modular forms.

1.1 Partitions and the 1 function
We have

=(1+q+ +¢+ )+ +d+E+ )+ P+ P+ P+ )

=> pn)q",

where p(n) is the number of partitions of n. We have the properties

e p(bn+4) =0 mod 5

(45 9) oo

e p(Tn+5)=0 mod 7
e p(lln+6) =0 mod 11
e p(59*13n + 111247) =0 mod 13 (see [2])

The three primes 5,7, 11 are unique in this way. Similar congruences hold at powers of these primes.

1.2 Sums of squares and the 6 function

Set
n2
0(r)=> q".
nez
Then, the generating function for #{(z1,...,z%)|n = 23 + -+ + 22}, which is the number of repre-

sentations of n by the sum of k squares, is 0(7)*. If x4 is the non-trivial character modulo 4 and 4|c
and ad — be = 1, will we see that 6 satisfies the weight 1/2 relation

0 (ZZIS) = (5) Xa(d)™*Ver +db(7),

and characterize all functions that satisfy even powers of this functional equation. This leads to and
easy proof of

{(z,y) € Z*|In = 2* + ¢y*} = 4ZX4(d)‘

dln



Similar formulas exists for other 8 functions.

{(z,y) € Z?In = 2> + vy + y*} = Gng(d).
din

1.3 Ramanujan’s 7 Function
Define 7(n) by
n()* = q(q:9)% =) _7(n)q"

n=1

The following properties were observed by Ramanujan.
e 7(mn) = 7(m)r(n) for (m,n) =1

k-+1 kfl)

o T(P") =7(")7(p) —p''7(p
o 7(p) < 2p"/?
e 7(n) =o0y11(n) mod 691

The weight 12 relation is satisfied by n(7)?* is

ar + b\
0(SE) = (e v

The first two are equivalent to the Euler product

B e T(n) 1
f(s) = Z ns 1;[ 1—7(p)p=s + pl1—2s’

n=1

and the weight 12 transformation formula gives the reflection formula

f)T(s) _ f(12=9)T(12 = 5)

(2m)s (2m)12—s

1.4 Mock Modular Forms

By considering the Durfee square, we have
[e’e) 2

(€00 = (4:9)2

which is essentially a (weak) modular form of weight —1/2. The function

fr) = Z) (—¢;9)2

turns out to not be modular, but can be made modular by adding some non-holomorphic function to
it. Set

o= v [ B,

If ad — bc = 1 and 144|c, we have

ar+b
F
(c7’+d)

(%) Xa(d) " ?Ver + dF (7).



1.5 Special Values of the ;7 Function

Let K = Q(v/—d) be an imaginary quadratic field and let Z + Z7 be its ring of integers. Then,
j(7) is an algebraic integer of degree h(—d) over Q, and K(j(7)) is the maximal unramified Abelian

extension of K.



Chapter 2

Elliptic Functions and Basic Modular
Forms on Sly(Z)

2.1 Theory of Elliptic Functions

Definition 2.1.1. Let wy,wy € C with Im(wy/we) > 0. An elliptic function modulo Zw, + Zws is a
meromorphic function C — C satisfying

f(2) = [z +wi) = f(z 4+ w).
For the order of a non-constant function at a point zy, we say ord,,(f(z)) = n if
f(z) = (2= 2)"(c+O(2 — 20)), c#0,

and ord f(z), the (total) order of the function f(z), is the number of poles of f counted according to
multipliticy (modulo A).

Proposition 2.1.2. Let f be a non-constant elliptic function modulo A. Then,
1.3 comres:(f) =0
2. Zzec/A ord,(f) =0

3. > ecpzord.(f) € A
4. ord f > 2.

Proof. Let C' denote the counterclockwise traversal of the parallelogram with vertices 0, wo, ws 4wy, wy.
Then,

1
res,(f) = — [ f(2)dz=0
z%/& 2m/c
L [1E,
Z%Ao d.(f) = 27Ti/c* ) dz=0



since integrals along opposite sides cancel. Next

Z zord,(f) = L Zf/(z)dz

2eC/A 2mi Jo o f(2)

_ 1 @1 zf’(z)_(wQ—l—z)f’(wg—l—z)dz

27 J, (2) flwe + 2)
Lo 2f(2) | (wi+2)f'(w+2)
2mi 0 f(Z) flwr +2)

1 f(R) s

S 1) !

1 f(2) »

o fy 1)

= —wy (%log f(z) :) + w1 (%logf(Z)}:z)

€A

dz

w1 -

since wy (and ws) is a period of the function f(z), so the logarithm must change by an integral multiple
of 2mi. For (4), if f had order 0, then it has no poles, and is thus bounded so is constant by Liouville’s
theorem. If f had order 1, then it has a simple pole with non-zero residue, which contradicts (1). [J

Later will we see that part (3) of Proposition 2.1.2 has a converse, that is, we can construct an
elliptic function with any poles and zeros that satisfy (3).

2.2 The Weierstrass o Function

For a lattice A, let A’ denote A — 0. Set

1 1 1
k) = Zﬁ K
(2w, w2) Z (z +w)3
1
b, wo) Z ok
Y
The sum for p(z) is arranged so that
1 1
= O(w™?)

(z+w)? w?
which makes the sum over A absolutely convergent. The series for G5 is not absolutely convergent,
so this is not a proper definition of GG5. Later, when defining E5, we will fix the order of summation.

Proposition 2.2.1. Set A = Zw; + Zwy. Then, p(z|wi,ws) is an elliptic function of order 2 mod A,
and we have:

1. The power series expansion

o (2|wr, ws) = +Z (2k + 1) Gaopya(wr, wo) 2.
k=1



2. For X\ # 0 and integers a,b, c,d with ad — bc = 1,
o(z|wr, we) = N2p(Az|Awr, Aws),
o(z|wr, wa) = p(z|aw; + bwa, cwr + dws).

3. The differential equation (set go = 60G4 (w1, w2), g3 = 140Gs(wy,ws))
' (2)* = 4p(2)* — g20(2) — gs-

Proof. From the definitions, it is clear that @/(z) is elliptic modulo A and p(z) is an even function.
Let w € A. Since ¢'(z +w) = ¢'(2), it follows that p(z +w) = p(2) + n for some constant 1. Setting
z = —w/2 shows that n = 0. For (2), set M = (?%). Then,

p(z|awy + bws, cwy + dws) =

1 1
_2 + Z oy 2 = 2
ez {00} (2 + 7.0 (wr, w2)T) (7. M. (w1, w2)T)

P> : 1
22 meZ2—{0,0} (Z + m'(wth)T)Q (m.(UJl,LUQ)T)Q

= p(z|w, ws).

, .M ranges over all of Z? — {0,0} and includes each point once, the change of

Since det(M) = 1
= n.M is justified.

variables m

For (3),
424Gy
N2 2
©'(2) e —80G¢ + O(z%)
436G
4p(2) = 5+ = L 1 60Gs + O(22)

60G
60p(z) = = 1402

From this it is clear that ©'(2)* —4p(2)>+60G4p(2) is an entire elliptic function, hence it is a constant.
This constant is also easily seen to be —140Gs. O

2.3 Eisenstein Series

Due to the homogeneity property in Proposition 2.2.1, without loss of generality we can set w; = 7
and ws = 1. In this case we have

at +b )

ct+d )’

(el ) = (e +0)%
which shows that the power series coefficients satisfy
at +0b
Go | ——,1) = d)*Gor(1,1), k> 2.
2k (CT + d) ) (CT + ) 2k<7_7 )7 i

z
ct +d

It will be convenient to have a normalization of these functions Foy(7) with Fyy(ico) = 1. For k > 1,
set
ng (T, 1)

Ealr) = ng(ioo D

mT—I—n

m=—o0 nN=—0o0

(m.,m)#(0,0)



Proposition 2.3.1. The Eisenstein series For have the following properties.

1. For k> 1, we have

oo —
2 n2k lqk

C(1—2k) = 1—¢

Egk(T) = 1—|—

2. For k > 2, Eqy(T) is a holomorphic function H — C satisfying

ar +b
Egk <CT i d) = (CT +d)2kE2k(T).

We cannot conclude the last property for k& = 1 because the series defining G (7, 1) is not absolutely

convergent. It turns out that Fy(7) has a similar functional equation with a small “error” term.

Proof. Using Exercise 2.12.3,

Eoy(7)

=1 m=1n=—

-~ 1
G X e

m:I n=-—o00

1—2k: ;;j% "

[e.o]

2k—1

- 1—2k J 1—qJ

J=1

- 1
<Z n2k+z Z (mT 4 n)? ( mt + n)?

)

]

2.4 Modular Discriminant A(7) and Klein’s Absolute Invari-

ant j(7)

Let e;(7) be the roots of the cubic polynomial in the differential equation for p, that is,

(9')? = 49" — gop — g3
=4(p —e1)(p — e2)(p — e3).

The discriminant of the cubic polynomial is therefore

A(T) 1 = 16(e1 — e3)?(en — e3)*(e3 — €1)?
= —64 (ere9 + €169 + e3e1) ® — 4326%6%63

= g5 — 2743,
where we have used

0=-e +ex+ €3,
go = —4 (6162 -+ €963 -+ 6361) s

gs = 4616263.

10



Also, set
. 172892 (7')3

() —
J(7) Al)
This function is known as Klein’s absolute invariant, or just the j function.

Proposition 2.4.1. For A(7) and j(7) we have

1. Representation in E, and Eg and q-series expansions:

64712
A(r) = T~ (B3 — B) = (21) %0 + O(a?),
. 17283 1
= —=- 44 .

2. For ad —bc =1,

ct +d
fart+0b — i)
J ct +d A

3. At T =ioco, A(T) vanishes and j(T) blows up.

A (‘” i b) — (7 +d)2A(),

4. A(T) does not vanish (equiviently, j(T) has no poles) at any T € H.
Proof. Exercise 2.12.2. O

2.5 Basic Properties of SLy(Z)

For the Eisenstein series, we were able to find the transformation formula for any a, b, c,d directly.
However, in most cases we will just prove the transformation formula for specific a, b, ¢,d and hope
that the result for general a, b, ¢, d can be obtained by iterating these special cases. Set

F(l) = SLZ(Z)7

i.e. the “modular group” or “full modular group”. A matrix in SLy(Z) acts on H via
a b L, 0Tt b
T
c d cT+d

ar +b ImTt
1 = 2.5.1
m(CT—l—d) ler + dJ? ( )

Note that

Two important elements are S and 7"

Also set
F={reH|-i<Rer<1iand|r|>1}.

The left and right edges with Ret = :i:% are identified via T', and the left and right edges of F' on
|7] = 1 are identified via S. We will also formally include ico in F' as well.

11



Proposition 2.5.1. For I'(1), we have
1. F is a fundamental domain for H/T'(1) with the appropriate edges identitfied.
2. 8 and T generate I'(1)/ £ 1.
3. For any T € F the isotropy subgroup I'(1),; :={g € I'(1)|gr = 7} is £1 except in the cases

e T = iOO, F(l)T = :i:{Tk}kez

o 7 =i, I'(1), :=+{I,S}
o 7=1¢(1/3), I(1), := £{I,ST,(ST)*}
o 7=1¢(1/6), I(1), :=£{I,TS,(T5)*}

Proof. Sketch of (1) and (3): Given 7 € H, we can apply T" and S to get a point in F' by repeating
the following steps. Apply 7% to get 7 inside —% < Rer < % If |7] < 1 apply S. This must terminate
with a point in F' because Im 7 only increases throughout the process. Now suppose 71,75 € F with
Im7 > Im7 are related by 7 = (am +b)/(cmy +d). From (2.5.1), this means that |cr +d| < 1.
Since 71 is in F' this restricts ¢ to ¢ = 0,1, —1.

(2). Given g € I'(1) take any 7 in the interior of F. Use S and T to get g7 back into F' and use
(1) to conclude that g is a product of 7" and S (modulo £1). O

2.6 The n function and F,

The logarithmic derivative of

is simply related to Es(7).

1 d 1 d [2mit &
21 dr og () 2mi dT ( 24 +Zn1 og( ? )>

Lemma 2.6.1 (Poisson Summation Formula for Cosine). Under suitable restrictions of the function
It R
£ = [ 1) contzray)a,

then

> gty =143 )

n=—oo

Proposition 2.6.2. For (¢%) € I'(1), we have

12



1. Es transformation:

Ey (1 +1) = Ey(7),
T2, (—%) = Ex(7) + =

2mT
ar +b 12¢
d)’E =F - .
(e7 +d) 2 (c¢+d> 2(7) + 2mi(cr + d)

2. n transformation:

where €,(2Y) is some 24™ root of unity.

Proof. The first parts of (1) and (2) are trivial, so we start with the second part of (1). In Lemma
2.6.1 set

The result

is elementary, so the assertion of Lemma 2.6.1 gives

Z Z (nT +m)? 27rz7'_2421—q”7

m=—00 TL

2;( 5 ( 20(2) + 7%y (—%)) - 27137 ~ 1+ A,

which is the second part of (1). The second part of (2) follows from integrating the second part of (1)
and using 7 = ¢ to evaluate the constant of integration. The third parts of each follow from the first
two since S and 7" generate I'(1). O

or,

13



Note that the n function is non-vanishing on H so we may define a logarithm

OMIT N
logn(7) :== 51 +Zlog(1—q").
n=1

This also entails that we may define a logarithm of the corresponding multiplier system

ar +0b 1 -
g (2 4) = logn (20 ) = S lou(/~Ter + )~ log(7).

Now we give a formula for loge,(¢Y) in terms of Dedekind sums and a slightly simpler formula for

its exponential €,(¢5%). For odd primes p let ( ) be the usual Legendre symbol. Extend this to all

positive odd d by means of the prime factorization d = p{* - - - p&* via

(E)Z(E)q”.(£>%
d b1 Pn .
Then, extend to negative odd d by

C sign(d)—1 sign(c)—1 C
(a) = (52)

Note we have the generalized quadratic reciprocity and periodicity
C d—1 c71
(—) =(-1)z2 ( ) for ¢,d odd
d ]
<c +d > — (
d + (
(c + 2d ) { + (

which are useful in evaluating the Jacobi symbol.

, d < 0 and sign(c) # sign(c + d)

)

, otherwise

7)
7)
g) ,d=2,3 mod4
2)

,d=0,1 mod4’

Proposition 2.6.3. For ¢ > 0, the multiplier system of n(T) satisfies

) ( a b ) {(g) 3 1—c)+bd(1—c2)+c(a+d) c odd
n

c d <%> 3d+ac(1—d2)+d(b—c) d odd’

d —d,
logen<c )—2m (a—i— C>>,

where S is the Dedekind sum S(h, k) = S ¢! £B1 (%) and By(z) is the periodic Bernoulli polynomial

_  ~ sin(2mnz)

By (z) =

n=1

1
= FracPart - —.
— racPart(z) 5

Proof. The first formula can be found in [8, pg. 51]. The second formula can be found in [1, sec. 3.4].
The first formula can also be deduced directly from the main result of Section 2.11. O

14



2.7 Recursions for the Eisenstein Series

The main result of this section is that the Eisenstein series Eg, Eq, ... can be expressed as polynomials
in just K4 and Fjg. In the next chapter we will see that this is no accident and that the representation
is unique.

Proposition 2.7.1. Forn >0

Eopys(T) = Z 6(2k + 3)(201 4+ 3)C(2k + 4)C(21 4+ 4)

(n+1)(2n +7)(2n + 9)¢(2n + 8) ok14(T) Eopa(T).

0<k,I<n
k+l=n

Proof. We have
" 6 2 4 6 s
©'(2) = 4 + 606G+ 60Gez" + 210Gsz" + 504G102" + O(2°),
z

6p(2)* = % +36G4 + 60Gs2" + (54G3 + 84Gs) 2* + (180G4Gs + 108G1) 2° + O(2°),

so ©”(z) — 6p(2)? must be a constant. The assertion follows by equating the coefficients of 24, 2%, . ..

to zero in the difference p”(2) — 6p(2)?. Recall that Ey, = ﬁzk)G%' O

2.8 Elliptic © Functions

Besides the Eisenstein series, there are other ways of constructing modular forms. The main ingredient
is the Poisson summation formula applied to the Gaussian distribution. For arbitrary o, 5 € R, define
the © function with characteristics «, 8 as

@[g}(z|7'):Ze((z+5)(n—|—a)+7(n+a)2/2)

The variable z may take any value in C, but 7 is constrained to H, where the sum absolutely conver-
gent. Jacobi’s four © functions are then

O1(z|17) =© %g (z|7) = —2sin(72)q"/® + 2sin(372)¢" % + O(¢'7/®),
Oy(z|T) = © é?; (2|7) = 2cos(m2)q"® + 2 cos(372)¢"® + O(¢*%),
: 0/2 : 1/2 2 5/2
O3(z|t) = © 0/2 (z|T) =14 2cos(2m2)q 7/ * + 2 cos(4m2)q” + O(q*'7),
: 0/2 : 1/2 2 5/2
Ou(z|T) = © 1/2 (z|T) =1—=2cos(2mz)q ' + 2 cos(47z)q” + O(q”'7).

Proposition 2.8.1. For integers A and B, we have

1. Quasi-periodicity relation:

@{g}(Z+AT+B\T):e(Ba—A5—Az—AT27—>@{a](z]T).

15



2. Shift of characteristics:

Proof. For (1), let

sn(2) =

We have

1| e =came] 5 e

e((z+5)(n+a)+7(n+a)2/2).

@[a}(Z+AT+B|T):ZSn(Z+AT+B)

8

ne”L
A2
( AB — AB — Az — 7) > Sura(z+ B)
nel
( AP — Az——)an (z+ B)
neL

= (—AB — Az — ATQT> e(Ba+ Bn) Y su(2)

nez

(Ba—AB Az—%) 0 { g ] (2|7).

(2) says that © doesn’t change much when the characteristics are changed by integers and follows by

a+ A

shifting n — n — A in the series definition of © { B+ B } (z|T). O

Lemma 2.8.2 (Poisson Summation Formula). Under suitable restrictions of the function f, if

then

= /_ N f(z) exp(—2mzy)dy,

Zf Zf()-

n=—oo n=—oo

Proposition 2.8.3. For (¢%) € I'(1), we have

1. Transformation under T':

2. Transformation under S':

D

S~ N/ N7 NN
NlN AR AR 3w

L P

©)
=

O1(2|7 + 1) = Vi (2|7),

Os(2|7 + 1) = ViOs(2|7),
O3(2|7 + 1) = O4(2|7),

Ou(zlT + 1) = O3(z|7).

) l) e (2—) 01(2I7).
ey (2—) O (I7),
) %) e (;) Os(:|7),

) %) e (;) CHELS



3. General transformation for O:

01 (] TE8) — o/l + e () €uteln

ct+dler +d cT +d)

where €, ((¢4)) is some 8" root of unity.

4. General transformation for arbitrary characteristics:

1 b 2 1
@[%ig]( ‘|t ):6@1\/—i(CT+d)6<—2 i ))@[%i(ggi—;g}(zh)

ct+dler +d (ct+d
2 2 _
xe (ab; + beafB + Cdf > e <(a 1); i CB)

Proof. The transformations in (1) are straightforward, so we concentrate on (2), where the proof for
O3 will give the idea of the proof of the others. In Lemma 2.8.2 set

f(z) = e (20 4+ 72°/2)

(#-%)
V—iTe (%) ’
so the transformation for O3 follows. (3) follows by iterating (1) and (2).

The assertion (4) is equivalent to (3) since the © function with an arbitrary characteristic is no
more general than ©1(z|7). We can write O, as a shift of the © function with general characteristics

It is easy to compute

fly) =

as
— 92> —1 1
@1(z|7):e(a(aT 22 >>@[§ig}(z—a7—ﬂ|7)
and then transform part (3) of Proposition 2.8.3 . The details are messy but straightforward. O

Proposition 2.8.4. We have
1. ©4(2) is an odd function of z
2. The zero set of ©1(2) is exactly Z + Zt

3. Jacobt Triple Product:
01(2|7) = —ig; 24 (425 1) (0/ 825 @)oo (€ @) oo

4. As z— 0
O1(z|7) = —2mn(7)*z + O(2%).

(280

Proof. (1) follows by replacing n — —1 — n in the series definition of ©);.

O1(zlr) =Y 2 i(=1)"e (z (n + %))

ne”

17



For (2), we integrate around a fundamental parallelogram to get the number of zeros of ©; modulo

the lattice as
1 w—+1 w+1+7 w—+T w
—</ +/ + +/ )dlog@l(z).
2mi w w—+1 w1471 w—+T

By Proposition 2.8.1, we have

dlog©;(z + 1) = dlog ©4(2)
dlog©1(z + 7) = dlog ©1(z) — 2midz

This first equation says that the second and fourth integrals cancel completely. This second equation
says that the first and third integrals combine to give a total of

1 w41
2t f,,
zero in a fundamental parallelogram.
(3) is a well-known identity, and (4) follows from rewriting (3) as

O1(z|T
: 1/21( |)1/2 = 09423 )00 (0/ 025 Voo (G D)oo
Z(QZ — gz )

and letting z — 0.
(5) follows from differentiating part (3) of Proposition 2.8.3 and substituting part (4) here. [

Proposition 2.8.5. We have

1. Relation between p(z) and ©1(z):

02 2
p(z|T) = —@bg O1(2|T) - gEz(T)-
2. Ifpi+---+pr=q +--+q, then

O1(z —q1|7) -+ - O1(2 — ¢-|7)
O1(z — p1|7) - O1(2 — pr|7)

15 an elliptic function modulo Z. + Z7 with poles py,...,p. and zeros q, ... ,q,.
3. Factorization of p(z1) — p(22):

O1(21 — 22)01(21 + 22)
O1(21)%01(22)?

p(21) = p(22) = (2mi)*n(7)°

Proof. From Propositions 2.8.1 and 2.8.4, we see that

92
o(z|T) + £ log ©1(z, )

is an entire elliptic function, hence it is some constant C'. In order to evaluate this constant we need
to get the next coefficient in the expansion of (), i.e.

01(z) = —2mn(7)*(z + %23 + 0(2%)).

18



To this end, note that

aa_;@l(zm = (2mi)* > <n+ %)3(3 ((z—l— %) <n+ %) +% <n+ %>2>

nez
.02
= 4maTaZ@1(z|T).
Therefore,
C 0?
3 _
—27n(T) 3 6= %Gl(zh) _
0P

= 4#2878261(2]7) -
= —871'27;% (7)?

and so C' = _%QEQ(T).
(2) Follows immediately from Proposition 2.8.1, which says that
O:1((z+1) —a|r) = —61(2 — a|7),
O1((z+71) —a|r) = —e(la— 2z —7/2)01(z — a|7).
As long as e(q; + -+ + ¢ — p1 — -+ — p.) = 1, the displayed quotient will be an elliptic function

modulo Z + Zr.
For (3), note that there is a constant A, depending only on 7, such that

o) = O1(21 — 22)01(21 + 22)
p(21) — p(z2) = A 01(21)20,(2)? ;

since both sides have the same poles and zeros as functions of either z; or z,. To evaluate this constant,
multiply both sides by 27 and let z; — 0. This gives

@1(-22)@1(22) 1 Z%

1m
@1(22)2 z1—0 @1(21)2
2

1=A

— A lim /2

= —A(=2mn(1)*)"2

2.9 [I'(2) and the Asymptotic of © Near the Cusps

According to Proposition 2.8.3, we have a surjective homomorphism I'(1) — S3, where S3 the the
group of permutations on the © functions 65, O3, ©4. One might wonder what the kernel and stabilizer
of, say, ©3 is, that is, what the groups

G = {( . Z ) eT(1) |6, (0‘”“’)8 = (e + d)*0,(0]7)® for all i € {2,3,4}} ,

or+d
GQ:{(Z Z)er(1)|®3(0

ar +b
ct +d

> = (e + d)4@3(0|7)8}

19



are. To answer this question we can apply part (4) of Proposition 2.8.3 to see that the kernel of the
homomorphism I'(1) — S5 consists of those (¢ %) € I'(1) for which

ac+cf =a mod 1,
ba+dpf = mod 1,

for all half-integers o and . Clearly this is the group

Glzr(z)::{(‘é Z)GF(D!(Z Z)

By the first isomorphism theorem, we have

(3 )}

P(1)/T(2) = S5 = {T'(2), (ST)L(2), (ST)°T'(2), (S)I'(2), (T)T'(2), (TST)T'(2)}-

The following groups between I'(1) and I'(2) have important names:

Note that Gy = I'y, which is known as the theta subgroup of I'(1) while I'y(2) is know as the principle
Hecke subgroup of level 2.

The main goal of this section is to establish asymptotic formulas for the © functions near the
cusps in order to obtain explicit formulas for the roots of unity involved in the multiplier systems for
these functions. When the function vanishes at a cusp, it seems that we need to use the modular
inverse symbol

-1

xmody

= z whenever there is a z such that zz =1 mod y and 0 < z/y < 1.
Note that we always have a reciprocity property given by

—1 1
mod y + Y mod » — 1_}_i

Y x Ty’

X

When it is clear, we will set ©(7) = O(0|7).
Proposition 2.9.1. Let ¢ and d be any integers with (¢,d) =1 and ¢ # 0. Then, ast — 0T,

1. Relation to exponential sums

||
2
Condm , cd even
1

d 1
Vict® ('t——>~
el c \/—_icn:

- lc|

€4c?t /. . d 1 n -n —dn?
9 ZCt@S (Zt - E) ~ \/IZC ; <§20 + CQC ) 2c cd odd

s




c o dTr o
~ (3) (3=3¢g 4% ¢ even d odd

(|d|) Cer3er2dt2 ¢ odd d odd

d
it — ) ~ (—) chte=2d ¢ odd d even
c ]

Proof. To avoid complications, the factor /—ict is handled like /|c|¢. This results in a Cg cancehng

in the formulas, since
Vict = 4/|c ngn 2

For (1), if cd is even then the function of n given by e (

, d —dn?
O3 (@t—z) :Ze( 50

d C\ .1-4
ictOs (zt E) ~ (a (s , ¢ even d odd
3% d d -1
< VictOs ( - E) ~ (H) & {5 mode e odd d odd
. o d d\ .
VictOs | it — — | ~ H (s , ¢ odd d even
c c
3. @4.’
» » d C\ r142c—d—cd
VictOy (zt - E) ~ <8) s , ¢ even d odd
. L d d\ ..
VictOy | it — = | ~ EA , ¢ odd d odd
c c
PED d d -1
Vi, ( E) ~ (H) e mode ¢ odd d even
4. @2.’

> has ¢ as a period. Therefore,

If cd is odd, then ©3 vanishes at this cusp, so the evaluation is slightly more difficult. In this case
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e (%) changes sign when n is incremented by ¢, so temporarily setting ¢ = e*ﬁ,

0 . d _ “ dn® —mm?2t —m(m+c)?t
3| 2t — E = ; e 2_0 Z e —e

meZ
m=n mod 2|c|

9, g O (&) 0 (5258
:Ze(d;z) 3( 4t>20\/;< 4t>

(1+2gcos () 4---) — (1+2qcos(w("+c)>+--->
() v

lc|
2nm 2q
08 X .
\/Ic Z ( ) ( c ) |t
For (2), let T'(d, c) denote lim;_ /|c[tO5 (it — 2). By (1),
1 e
== G =

where we have used the classical evaluation of quadratic Gauss sums (for any integers p and g with
g>0and (p,q) =1

lcl

3) é_d_sgn(c) _cevendodd

{<i> §_Sgn(c) , c odd d even
(

q Py 14
Lsnge fl)EE
a g\ 14iP 1449
Vi f—) o) T P odd

) in the case ¢ odd d even for in this cases it becomes a sum over |c[*® roots of unity. The ¢ odd
and d even case follows from O3(—1/7) = /—i7O3(T ) The second part of (2) can be obtained by

completing the square in the sum Zlcl ((SC + CQ_C”) , but here will use the easy identity

@3(7’ + 1) = 2@3(47’) — @3(7’).

to give an alternate derivation. First, we need to obtain the next term in the expansion of ©3 (z't — %)
for ¢ odd and d even. In this cases find integers a and b so that ad — bc = 1 and a is even. The
transformation formula for O3 is

€ ar +b
() = —i(c¢+d)@3 (c7‘+d) ’

where € is some 8 root of unity. Setting 7 = it — d/c in this formula produces

—d € a )
Lt = —oea [ —
@3(0 ‘f‘l) o 3(C+62t)

NG
:ﬁ<1+2e<2—c)e_ct+--->

-1
:T(d,C) <1+26(M)@_cgt+>
||t ¢
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Now let ¢ and d both be odd. Setting 7 = %l + 4t in the identity produces

d —de—4d —c—d
O; (———i—it) — 20, (C—+4z’t) —@3< ‘ —|—z’t>
C C C
T(4d + 4 -1 ;
V4|t ¢

. T(d—I—C,C) (1+26 <%> €_c72r7f+)

Cc

T
—1

o T(d"—C,C)e ((Sd) modc) QE*ﬁ + -
Vlelt ¢

which gives the second part of (2). Parts (3) and (4) follow from the identities

Oo(—1/7) = V—=iTO4(T).

Care has been taken to ensure that the formulas are valid for negative ¢ as well. O

2.10 Addition Formulas

Theorem 2.10.1 (Weierstrass). A meromorphic function f: C — C possesses an algebraic addition
theorem, that is, a non-trivial relation of the form

P(f(z), f(y), f(x +y)) =0,

for some polynomial P with coefficients independent of = and y if and only if f(z) is one of the three
possibilities:

1. rational function of z
2. rational function of e(z/w) for some period w
3. rational function of p(z|lwy,ws) and @' (z|wy,ws) for some periods wy, wo

The third part of this theorem is usually stated with “an elliptic function of z modulo Zw; + Zw,”.
These are equivalent because any elliptic function is a rational function of p(z) and '(z). First
suppose that f(z) is an even elliptic function with zeros +q,, ..., ¢, and poles £p,, ..., £¢,. Then,
there must be a constant ¢ such that

and so f(z) is a rational function of p(z). Next, for an elliptic function that is not necessarily even,
use

F(2) + f(— f(2) = F(=2)
1) = TS gy L2 S,
where £ (Z)+2f (=2) and £ (22);(2)_ 2) are even elliptic functions.

Proposition 2.10.2.
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1. The map z — (p(z|lwr,ws), P'(z|w1,ws)) defines a bijection between the points of C/(w1Z + woZ)
and the points on the curve y* = 4x3 — gox — g3 (with oo included).

2. For any g2, 93 € C such that g5 — 27g> # 0, the system

go = 40G4(W1,W2)
gs = 140G6(W1,WQ)

is solvable for some periods wy,ws.

3. Ifu+v+w =0 mod wiZ+wsZ, then (p(u), p'(u)), (p

—~
<
~—
%\
—~
<
~—
~—
<
N
S
—~

T
—~
S
~—
%\
—~
S
~—
~—
=
3
Q
S

o
N
)
<)
3

that is
1 p(u) ¢'(u)
det | 1 p(v) ¢'(v) =0
1 p(w) ¢(w)

4. Explicit addition formula for o(z):

(¢ — ')
olut ) =slu) + o)+ 1 (S50
Proof. (4) is left as an exercise. (2) will be established later when it is shown that j(7) is a univalent
function H/T'(1) — C.

For (1), suppose that (p(z1),©'(21)) = (p(22), ©'(22)). Since p(z) is an elliptic function of order
2, we must have z; + zo = 0. This implies that ¢'(z1) = @'(—22) = —¢'(22) = —¢'(21) which means
that ¢'(z1) = 0 and @'(z9) = 0. If it were true that z; # zp this would mean that the function
f(2) = p(z) — p(z1) would have at least double zeros at the two distinct locations z; and z,. This
contradicts the fact the f(z) has order 2.

For (3), determine the line I(x,y) = 0 through the points (p(u), ¢'(u)) and (p(v), @'(v)). Assume
that this line is not vertical, so I(x,y) = A+ Bx+y for some constants A and B. The elliptic function
[(p(z), ¢'(2)) has order 3 in this case so its zeros u, v and wy, say, satisfy v+ v+ w; = 0. This implies
that wy = w, so the assertion follows. If line is vertical, then it follows that u +v = 0, and so w = 0,

which is consistent with the third point (p(w), @' (w)) being located at co.
0

2.11 TI'(3) and the Asymptotic of n Near the Cusps

The n function vanishes at every cusp and is modular with respect to I'(1). It turns out that there
is quite a magical formula for the asymptotics near the cusps. We simply state this first and devote
this section to understanding this formula.

Proposition 2.11.1. Let ¢ and d be any integers with (¢,d) =1 and ¢ # 0. Then, ast — 07,

lel
x d 1 —9(6n— _ d(6n—1)2
Vid e <——+it> - 1 n< 2(6n—1) X 2(6n 1)) d(6n—1)
n c \/m nzzg( ) <24c C24c 24c
(2—1)(d2—1)d 7} {(ﬁ 2", d odd

mod ¢ X
d 3c—2cd
(—‘c> by , ¢ odd

d+
= C24c
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Proof. Let us first check that the final expression on the right hand side is well-defined. This entails
showing that (¢ — 1)(d? — 1) = 0 mod 24, which is indeed true for relatively prime integers ¢ and d.
As a consequence of the Jacobi’s triple product identity, we have the representation

0(1) = 0/2(0,%)oe(0, *)el0’ P = Y _(=1)"€ (W) ’

meZ

hence the representation as a sum over roots of unity follows along the same lines as the calculations
in Proposition 2.9.1. The explicit evaluation will be deduced below. O

Since the exponential sum in Proposition 2.11.1 seems difficult to evaluate directly, we will use an
indirect approach based properties of the modular group. Recall that we have the subgroup of I'(1)
given by

['(2) ={M e I'(1)|M = I mod 2}.

We had I'(1)/T'(2) ~ S3 with the elements of the quotient realized as the six permutations of the
three functions ©,(7)%, ©3(7)® and ©,4(7)®. We can also define

I'(3) = {M € I'(1)|M = I mod 3}.

The full modular group I'(1) acts on the four functions

foolT) = 3(37)™, fo(f):nG)“’ fl(ﬂ:n(T?)M’ fz(r):n(T?)M

by permuting them according to A4 since the two permutations

foo(=1/T) = T2fo(7),  foolT +1)= fuo(7),
fo(=1/1) =2 f(7), fo(r+1) = fi(7),
A1) =72f(1),  A(r+1) = fol7),
fo(=1/m) =72f(1),  fo(r +1) = fol7)

generate all of Ay. It is not hard to show that the kernel of this homomorphism I'(1) — A, is exactly
+I'(3). Suppose fo and fy are fixed by some (25) € I'(1). Thse two conditions are equivalent to

30Y(ab\(3 0\ a 3b
(0 1)(0 d)(() 1) _<c/3 d)er(l)’
10 a b 10\ a b/3
(0 3)(0 d><0 3) _<3c d )eF(l).
Therefore, we must have b = ¢ = 0 mod 3, which is exactly the defining congruences for £I'(3). Now,
any permutation in Ay that fixes f., and fy necessarily fixes f; and f3, so we have shown that the
kernel is exactly +I'(3).

Since S3 has a normal subgroup whose factor group is Zs, there is a group I'> with T'(1)/T? ~ Z,.
Similarly, A, has a normal subgroup (Z, x Z,) whose factor group is Zj, so there is a group I'* with
['(1)/T® ~ Z3. In summary,

[(2) <T?<T(1) with T[(1)/T? ~ Zy,

+0(3) < T < T(1) with I['(1)/T? ~ Zs.
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For a given subgroup I' of SLy(Z), let T' denote I'/ & I, that is, the equivalent classes of matrices
up to sign. Sometimes, if we are very careful, we will denote these elements with a bar over them.

Note that _ _ _ _
[(1)/T(2) ~ Ss, I'(1)/T%~ Zy,

D(1)/T(3) ~ Ay, D[(1)/*~ Z,.

Also, let G® denote the Abelianization of G, the quotient of G and its commutator subgroup. We
have the following universal property of the Abelianization: if ¢ : G — im(¢) is a homomorphism to
an Abelian group, then there is a unique homomorphism h : G — im(¢) so that the diagram

G —"— G

& l’l
im(¢)

commutes. Since ['(1) is generated by S and ST and these elements have orders two and three,
respectively, it follows that

(1)*™ c {SYSTY | i€ {0,1},5 € {0,1,2}} ~ Zs.

(2 1) o

where we have identified Zg with the sixth roots of unity. Since 7(S) = —1 and 7(T) = (5, we see
that 7 is a surjection, and so

Now define 7 : T'(1) — Zg by

F(l)ab >~ Z6.

Proposition 2.11.2. The function n(7)* is modular in weight 2 with respect to T'(2) NT(3), i.e.

n (a7+b)4 = (et 4+ d)*n (1)*, for ( ‘CL Z) e(2)NT(3).

cT +d
Proof. The natural projection map ¢ : T'(1) — f(l)/F2 X f(l)/Fg has image Zy X Zs3 ~ Zg, which is

Abelian. By the universal property of the Abelianization, we have ¢ = h o w, where, in this case, h
must be an isomorphism. Therefore, ker(m) = ker(¢) = Nl ¢ T'(2)NT(3). O

According to Proposition 2.11.2, if we want to find the sixth root of unity e((2%)) so that

Y ((08)) e dpa )t o () € )
Nervd) ~° c d “ M cd ’
it suffices to find a formula for e((2Y)) that satsifies
at +0b 12_
1 cT +d — ¢
ar +b 8_
1 cT +d — ¢

)) o7+ d) (7)?, for (24) € T(1),

N
)) (er +d)n (r)*, for (24) € T(1).

a b
c d
a b
c d
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for just the finite number of elements in I'(1)/I'(2) for the first formula and I'(1)/ £ I'(3) for the

second formula. For I'(1)/T'(2), we have,

(
((
((

) ()¢
) GO ()
GO () e
CEDN- G()e

In order to complete these calculations, we write each matrix in SLo(Z/27Z

() ()=
) ()
) G-

N

I
&

~ O~
N O~
(V)
I
AN

— N O RO

(2.11.1)

(2.11.2)

(resp. SLo(Z/3Z)) as

a word in S and T modulo 2 (resp. 3) and apply the homomorphism (7" — (3, S — (2) (resp.
(T — (3, S + 1)). Noticing that 1 — ¢* is congruent to 0 mod 2 (resp. 3) only when c¢ is not
congruent to 0 mod 2 (resp. 3), we split the evaluations into the two cases ¢ = 0 mod 2 (resp. 3)
and ¢ # 0 mod 2 (resp. 3). By inspection of (2.11.1) and (2.11.2), we see that

((a b))3 ¢4 , ¢ =0mod 2
€ =
c d ottt e 0mod 2
a b 2 bd ,c=0mod 3
== c d = (a+d)c
3 , c# 0mod 3

Therefore, we have

(¢ )
(¢ 2)

d

)

3
_ sbd(1—c?)+(a+d+1)c
= G

2
) _ C:l;d(l—62)-1-(11-1-(1)c7

VR
o

and so,

()= ((50)) (2

bd(1—c?)+(a+d+3)c
Co :

Finally, setting 7 = it — d/c in the transformation formula

)

)

ar +b\* _bd(1—c2)+(a+d+3)c 2 4
n =¢ (et +d)*n(7)",

ct +d
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and keeping in mind that ad — bc = 1, we derive

(ict)2eﬁ __d_|_2't ' e _a_C_i_i_'_@_%_c_d_g
A 6 6 6 6 6 2/

In order to determine the correct fourth root, we need a formula for an odd power of the n function.
Fortunately, the relation

n(r)’ = %@2(7)@3(7)@4(7) (2.11.3)

is a consequence of Jacobi’s triple product identity (see Exercise 2.12.4). Let us now assume that c is
odd and apply the asymptotic for the © functions derived in Section 2.9. These formulas give

B d 3 <%‘> gC(Sd)_mlod CC§C+2d+Cd+2’ d odd
(ict)** e g (it - _) ~ (8d) !
C (%) CC modc<830*2d+0d’ d even

d\ sd),. .c(3-d
= <_) CC( )mod CCB(?) )’

¢l

(e (22-5-%).

where we have cleverly combined the two cases into one that holds for all d and used the elementary
observation that

-1 2
(8d) mod ¢ = (1 C )a HlOd 1
c 8c

for odd ¢ (recall that ad —bc =1s0o a=d"} ;). Also, this is well-defined because ¢* — 1 = 0 mod 8.
Finally, since ¢ — 1 = 0 mod 8,

. o . 4
Vict et g (_—d + it) — (c bd(e® 1)) (ict)? es (it — 9)

¢ 8 (ict)3/? ez (it — g)3

d ac  _a +bczd bd cd+c
~l=lel———F+—+—-—-————+-].
|c| 24 24c 24 24 24 8
After eliminating b via ad — bc = 1 and replacing a by djnlodc, this becomes the assertion of the

proposition for ¢ odd. The case d odd can be dealt with similarly, but we can also use n(—1/7) =
v/—itn(7), and, when relating d;! to ¢;', we can use

2.12 Exercises

Exercise 2.12.1. Prove part (4) of Proposition 2.10.2. You will have to actually work out the third
intersection point of a line with the curve y? = 423 — g — g3.

Exercise 2.12.2. Prove all parts of Proposition 2.4.1

Exercise 2.12.3 (Lipschitz summation formula). For integers k > 1, show

1 > 1 B 2 N j
@ 2 ‘<<1—2k>;] =

—00
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You might need the functional equation for ¢ in the form

2 (2m)* 1
C(1—2k)  (2k—1)I¢(2k)°

Exercise 2.12.4. Via Jacobi’s triple product identity, show that

n(7)
0,(0]7) = - (27372(;27 =Lt 24
0.4(0|7) = "(;(/72))2 =1-2¢""+

Exercise 2.12.5. This exercise deals with the theta subgroup

Pﬂ:{(i Z)EF(lHabzchO modZ}.

1. Show that S and T?* generate T'y/ + I. Possible hint: first show that every rational number
is Dy-equivalent to either 1(= 1/1) or ico(= 1/0) and deduce a fundamental domain that has
3 =1[I'(1) : T'y] translates of the fundamental domain for I'(1).

2. Deduce that the multiplier system for O3 satisfies

ar+b) (£)e (55°) V—iler +d) ¢ odd
s (0‘07+d) = Os0im) > {(a) e (FH) Ver +d , d odd

for any (¢4) € T'y. Hint: Let T = it — d/c and use the asymptotics at the cusps and be careful
with the branches of the square root: —m/2 < Arg(y/z) < m/2 and the properties of the Jacobi
symbol.

Exercise 2.12.6. Show that for any (¢ %) € T'(1)

3(1—c)+c(a+d)+bd(1—c?)
b , ¢ odd
n(aT+ ): (CT+dT/ C 3d+d(b—c)+ac(1—d?) :
or +d (7) d odd

Exercise 2.12.7. Investigate
log |O3 (z't + %‘?’) |

log(t)

ast — 0T,

Exercise 2.12.8. The Weierstrass o function for the lattice A = Zt+7Z is the entire function defined

: o(zlt) =z H (1—5) ew+2w .

weAN’
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The product is absolutely convergent. For (2Y%) € T'(1) and integers A, B with w = AT+ B, show that

2

p(2|7) = —@U(zh)
_eéEzsz@
o(z|T) = W 1(2]7)

z ar +b B 1
o <cr+d CT+d) = (ct+d) o(z|7)

0(z+w|7): _{)A+B+AB,  (6A + miBy(T)w)(22 + w)
o(z|T) (=1) < 12 )

Exercise 2.12.9. Use Proposition 2.7.1 to get

By = B}
Eyo = EyEg
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Chapter 3

Theory of Modular Forms on Sly(Z)

3.1 Definition of a Modular Form

Define the slash operator ‘(‘é b, in weight & (an integer) for a matrix (%) with positive determinant

as

k
_ (ad—be)¥* | (aT +b
fl(gg)’k<7—>_ (e + d)* / cr+d)

One can easily check that this operation is compatible with matrix multiplication, that is,

Flan klan k(1) = flana p (7).

Here, |, k|as. means the result of applying |, x followed by |, k-
Now suppose that f(7) has period 1 (f|r = f) so that it has a Fourier series expansion in the
form

flr) = i arq". (3.1.1)

k=—o00

We say:
1. f(7) is meromorphic at oo if only finitely many negative powers of ¢ appear in (3.1.1).
2. f(7) is holomorphic at oo if only no (strictly) negative powers of ¢ appear in (3.1.1).
3. f(7) is vanishes at oo if only (strictly) powers of ¢ appear in (3.1.1).
Since T' € I'(1), the following definition makes sense.
Definition 3.1.1. Suppose that
flow(T) = f(7), for all g € I'(1) and almost all T € H.
Define the various spaces Ay, M}, My, Sk for any integer k as
1. Automorphic forms of weight k:

A(T(1)) ={f(r) | f meromorphic on H and meromorphic at co}.

2. Weakly-modular forms of weight k:

M, (T(1)) = {f(1) | f holomorphic on H and meromorphic at co}.
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3. Modular forms of weight k:

M(T(1)) ={f(r) | f holomorphic on H and holomorhpic at co}.

4. Cusp forms of weight k:

Sp(T(1)) ={f(1) | f holomorphic on H and vanishes at co}.

3.2 Valence Formula

For any 79 € HU {oo}, define the order of a meromorphic function as

smallest power of (7 — 79) in the Laurent series expansion of f at 7y , 79 € H

ord, (f) = {

smallest power of ¢ in the ¢-series expansion of f , To = 00

Proposition 3.2.1. If f € Ai(I'(1)) is not a constant, then

k
Ordoo<f) + § Ordl(f) + = Orde(%)(f) + E OrdT(f) = E
TEH/T(1)
T#ie(3)

Proposition 3.2.2. If f € A(I'(1)) is not a constant, then
1. k is even

2. Set ( = e(%) and n = ord¢(f). Then, n = —k/2 mod 3, and f has an expansion in the local
variable at  of the form

(=) 05 () o

=0

3. Set ¢ =i andn = ord¢(f). Then, n = —k/2 mod 2, and f has an expansion in the local variable

at ¢ of the form
T_C_ k 00 T_C. n+2j
(F=8) =Xa(5=g) - wro

Jj=0

Proof. Since —I € T'(1), (1) follows.
For (2), set ( =e(%) and t = :_:% The fact that n = —k/2 mod 3 follows easily from the valence
)

3
formula. Next with ¢(¢) defined for |t| < 1 by

= ) = 0t

Note that g(t) is holomorphic at ¢ = 0. One checks that the relation f(—1—1/7) = 7% f(7) is equivlant
to g(Ct) = ¢*"g(t). Since g(0) # 0, this provides another proof of the fact that n = k mod 3. Also,
g(t) has a expansion in non-negative powers of ¢ that are all multiples of 3 since g((t) = g(¢).

A similar argument establishes (3).
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3.3 Dimension Formulas and Generators

Proposition 3.3.1. We have
1. Ak1 N AkQ == {0} fOT’ ]Cl 7& ]{32.

2. Ak1 . Ak2 C Ak1+k2-
3. My(I(1)) = C[j(7)].
4. Ao(I'(1)) = C(j(7)).
5. Su(T(1)) = A(r) My_15(T'(1)).
6. Mp(L(1))= €& CESE;. Also,
— P 1 B R e A i
kzz_oo dim M, (I'(1))t" = A== (1— 112)?

:1+t4+t6+t8+t10+2t12+t14+2t16+2t18+2t20+"'

Proof. (3). By subtracting powers of the j function (j = % +--+), for any f € M(I'(1)) we can write
f(r) = P(j(r)) = O(q)

where P is a polynomial. The valence formula implies that f(7)— P(j(7)) vanishes identically because
it is a function of weight 0 without any poles and a zero at oc.

(4). Given any f(7) € Ap(I'(1)), we can multiply it by a suitable polynoimal in j(7) to obtain a
function in M}(T'(1)). By (3), f(7) must be a rational function of j(7).

(5). If f(r) € Sk(I'(1)) then f(7)/A(T) € My_12(I'(1)) since A(7) has no zeros on H (Proposition
2.4.1) and a simple zero at oo.

(6). The valence formula implies that dim(M(I'(1))) =0 for k =2 or £ < 0 (or k odd) and that
dim(My(I'(1))) = 1. Suppose that k is even and f(7) = ¢+ O(q) € My(I'(1)). Then,

f(r) = cEy(7) + (Ba(1)” = Es(1)*)g(7)

where ¢g(7) € Mjy_12(7). Since we have already shown that FEj is a polynomial in E; and Ej, by
induction we obtain that f is of the form

f(r) = E ca,bEZEg.
4a+6b=k
a,b>0

This representation is unique because if

0= Y cuE{E]

4a+6b=k
a,b>0

for some k£ and some choice of ¢,; then muliplying by E, "1 shows that E2/E3 is constant, which it
is not. O

Proposition 3.3.2. The map T — j(7) defines a bijection between H/T'(1) and C.

Proof. The function j(7) — ¢ € Ap(I'(1)) has exactly pole (at co) so has exactly one zero. O
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3.4 Applications to Identities

Proposition 3.4.1.
A(r) = (2m)n(r)*.

Proof. dim S15(I'(1)) = 1 and the first term in the g-series expansion of A is given in Proposition
24.1. [l

Proposition 3.4.2. Let f; be a non-constant element of My, (I'(1)) for i =1,2,3. Then, there is a
nontrivial algebraic relation of the form

P(f1, f2, f3) =0,

for some polynomial P.

Proof. Consider the set
Fo= {155} abexo

aky+bko+ckz=k
We have (as k — o0)

|Fol + |Fu] + -+« + | F] = {(a,b,¢) € Z2 | aky + bky + cks < k}|
1w
3! kikoks

If fi, fo, f3 were algebraically independent, Fj, would be a set of linearly independent elements of M),
for any k. Therefore, |F;| < dim M}, and

|Fol + |Fi|+ -+ + | Fi| < dim My + dim M; + - - - 4+ dim M,
1 k?
214.6’
which is a contradition for large k. O

One should note that Propostion 3.4.2 applies not only to I'(1) but to any finite index subgroup
[ of T'(1), as later we will show that

k

dim My (T") ~

INCORRNE

where this formula is restricted to even k when —1 € I

Proposition 3.4.3. The three © constants Oq(7), O3(7), O4(7) are algebraically dependent, and
@3(7’)4 = @2(7’)4 + @4(T)4.

Proof. We can obtain the algebraic dependence from Propostion 3.4.2 with f; = 05 + 05 + ©f. In
order to actually obtain the relation, we compute that

2F, = 0 + 65 + 6],
2E; = 03° + 0° + 0)°,
E? = 0565 + 0305 + 0%6s,
2°* = 03036},
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since My, Mg and Sis are all one-dimensional. Therefore,

0 =05’ +0i° +6,° — 2 (6565 + 0565 + 0565)
= (6~ 05 = 0}) (6, + 65— 6)) (65 — 65+ ©)) (O + O3+ ) .

By examining the ¢-series expansions, we see that it must be the third term that vanishes identically.

m
We will frequently use Ramanujan’s differential operator 6 defined by
1 d d
0f(r) = %Ef(ﬂ = qd—qf(T)-
Lemma 3.4.4. The operator
k
f(r) = 0f(T) — EE2(T)f(T)
maps My(I'(1)) to Myo(I'(1)) (and Ap(I'(1)) to Ario(I'(1))).
Proof. Exercise. m
Proposition 3.4.5.
Eg(7)
0j(1) =— T
ir) = = 5 3()
Proof. Exercise. O
3.5 Exercises
Exercise 3.5.1. Show that .
F(1) = 0f(r) = 15 E2(7) f(7)
maps Ak — Ak+2, Mk — Mk+2, and Sk — Sk+2.
Exercise 3.5.2. Show that Eo(r)
0j(r) = — =T s(r
i) = ~ 5 3()

Hint: j = E3/n** and M14(T'(1)) = CE?F.

Exercise 3.5.3. Express j(7) as a rational function of the elliptic X\ function, which is defined by

Exercise 3.5.4. Show that EA%) =0 and Es(v/—1) = 0 and deduce the following values of the
J function at quadratic wrrationals:

_1—‘,—2\/—73) — O,

(v —1) = 123,

J(
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Chapter 4

Theory of Modular Forms on Congruence
Subgroups of Sly(Z)

In this chapter several ways of building modular forms on conruence subgroups of I'(1) are presented.
Although there certainly are other methods, we will contruct functions by means of

e Klein forms and Eisenstein series. These turn out to be specializations of the functions o(z) and
((2),9(2), ¢'(2),9"(2), ... functions to points z € +Z+ +Z7. These produce modular functions
and forms on I'(NV).

e O functions from any positive definite qudratic form. If the quadratic form takes values in the
even integers and its dual takes values in %Z, then the resulting © function is modular with
respect to T'o(N).

e The 7 function ¢~Y# >, (1 — ¢") can be generalized, leading to a function that is invariant
under a subgroup of I'y(V) of index 2.

Using the theory developed in this chapter, many identities involving these functions can be easily
obtained.

4.1 Definition of modular forms on I" with [I'(1) : '] < o0

Extend the action of SLy(Z) to include Q U {oo} by setting
a b p\ _ ap+bg
c d q) cp+dq

(

We will also set H = HUQ U {oo}. B
We need to make sense of the order of vanishing of a function on the quotient H/T

o
Qo
~~
/|\
ol
~_
Il

o
QU >
~__
B
Il
IS

Definition 4.1.1. Let [['(1) : I'| < oo and let f be a non-constant function such that f|yr = f for
all M € T'. We define the invariant order of the function f at a point 79 € H with respect to I' as
follows. (Note: ¢, #0.)

36



1. For any 1y € H,
where [ = Z Cn(T —10)™"

| 70 ‘ m>n

ord,, (f,T') =

Points where |I';,| = 2 are called elliptic points of order two, and these only occur at points in
['(1)(i). The size of the I'-equivalence class of elliptic points of order two is denoted by €;.

Points where |T,,| = 3 are called elliptic points of order three, and these only occur at points in

F(l)(e(%)). The size of the I'-equivalence class of elliptic points of order three is denoted by €.

2. For 7o € Q, let a € T'(1) be such that o = a(o0), and let h € Zsq, the width of the cusp Ty, be

defined by
(a”Ta)ee = ((31))
Then,
noif (@7 Ta)e = £((§1)) and fla = 3,5, cma ™
n if (o 'Ta)s = (+(11)) and fl, = Cn T
OI'dTO(f,F): f( B ) < ((1)}1L)> f| ZmZn qm
noif (a7 Ta)e = (=(§1)) and fla =25, cmq* and k even
2 if (0 Ta)ee = (—(44)) and flo = 3,15, cmq? and k odd

These points are called cusps. The size of the I'-equivalence class of cusps is denoted by €.
When the last condition is satisfied, the cusp is called irregular, otherwise it is called regular,
the sizes of the I'-equivalence classes of theses sets are denoted by € and 8.

Definition 4.1.2. If[['(1) : I'] < co and o € Q, let hr(a) be the width of the cusp a for T'. The level
of I' is the least common multiple of all cusp widths. That is,

level(I') = lem({hr(a)},eq)-
Definition 4.1.3. Suppose that fIM,k = [ for all M €T.

Ap(T) ={f | Vremord,(f,T') > —c0 and ¥ cgord,(f,I') > —oc},
My(T) = {f | Vremord,(f,T') > 0 and V g ord.(f,T) > —oco},
My(T) ={f | Vzemord.(f,I') > 0 and V_gord.(f,T') > 0},
Sp() ={f | Vremord (f,T') > 0 and Vg ord,(f,T) > 0},
Ey(I') = My(T')/Si(T).

For an example of an irregular cusp, take I' = I'y(4). The cusp % is irregular. In this case
3= (59)(c0), 50 a = (39), and

2
(VR (12 +h
“No 1 /)% — —4h  +142n )
(1 R\ L -1+2n  —h
“No1)/)% — 44 —1—2h )

Thus, we see that (a7 'T'j(4)a) is generated by ((1] 1), which means that £ is an irregular cusp of
width 1 for I';(4). Furthermore, for the cusp 0 = a(oco) where v = S, the computatlon

)
(oh)e=(51)
a
shows that ¥ is a regular cusp of width 4 for T';(4).
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4.2 Dimension formulas

Proposition 4.2.1 (Valence Formula). If f € Ay(T") is not constant, then

k[T(1):T)
Z ord.(f,T') = 0

T€H/T

Proof. Let d = [[(1) : T'] and let My,..., My be a list of representatives of I' I'(1). First assume that
k is even and define
g<T) = Hf|Mj7k<T>7
J

and note that g € Mye(T'(1)). The valence formula for I'(1) now reads as

K[T(1) : T

ordee (g, T(1) + Y ord.(g,T(1)) = D

r€H/T(1)

We will deal with the points of finite order first.

ord.(g) = ZordT(f’Mj)

= Z Orde?’(f)

2€(T(1)7)/T ‘FZ|

Dividing this equality by |T'(1),| and summing over all 7 in the fundamental domain for I'(1) gives

S ord (g T(1) = Y ord ()

T€H/T'(1) T€H/T(1) IP(1)|

(1
ord,
Z (9)

= Z ord,.(g,T)
z€eH/T

For the cusps, we have the easy equality

orde(g) = Z ord,(f,T).

T€Q/T
For odd k, we can apply the formula to g2, and using
ord,(f?,T) = 2ord,(f,T),
we see that the formula is valid for odd k as well. m

Proposition 4.2.2 (Genus Formula).
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Proof. Set d = [I'(1) : I']. Define f : H/T' — H/I'(1) via the natural projection to the fundamental
domain for I'(1). Triangulate the domain for I'(1) with

[F'| =2
[E'| =3
V| =3

with a vertex at i, e(%) and oco. Pull back this trangulation via f~!. For the triangulation of a
fundamental domain for I', we have

F| = 2d
|E| = 3d

0, if z is an elliptic point of order 2
VIewtd— >0 0 = o O PO S
ipaeth 1, if z is not an elliptic point of order 2
0, if z is an elliptic point of order 2
+d- Y o PHe pomt ©
.| 2,if 2 is not an elliptic point of order 3
z€f 1 e(3))

Therefore, |V| = €x +d — 5(d — €2) + d — 3(d — €3) and the formula for the genus follows from
2—2g=|F|—|E|+]|V]. [

We next simply quote the dimension formulas from [4, Ch. 3], as the derivation requires the
Riemann-Roch Theorem from the theory of Riemann surfaces. If we need the dimension of any
specific one of these spaces in the future, hopefully we can give a self-contained argument.

Theorem 4.2.3. We have

1. Dimension formulas for k even:

(k—1(g— 1)+ 5+ [Eles+Eese b >2
dim M, (') =< 1 k=0,
0 , k<0
(k—1D)(g-1)+ Se+ [ta+(E—1) e k>4
dlmSk<F): g 7k: ’
(0 , k<
(600 )k_
€oo — 1 k=2
d. E F: x )
im E () ) e
L0 , k<O
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2. Dimension formulas for k odd and —I ¢ ' (€5 = 0 in this case):

(k=19 =1+ [fleo+ [Ee + b+ 55t k>3

dim M,(T') = § > €58 (equality if €28 > 29 — 2) k=1,
0 k<0
((k=1)(g—1) + [fle+ [§les + 528 + 55Hels k>3

dim Si(T) = { dim M;(T) — Jee k=1,
0 , k<O

dim By (T) = { Lees | f =

Set

P(N) ={M eT(1) | M = (5]
I(N) ={M eT(1) | M= (57) mod N},
Lo(N) ={M eT(1) | M = (52

Proposition 4.3.1. For I'(N), we have

1. [[(1) : T(N)] = | SL(Z/NZ)| = N* L, (1 - i).

p2

(1) : T(V)] = {%Ng M (1-3) V=3
6  N=2
2. Two cusps ar/c1 and ag/co (ged(a;, ¢;) = 1) of T'(N) are equivalent when.
(a1, c¢1) = £(as, ¢3) mod (Z/NZ)>.
The total number of cusps is

o %N2HP‘N<1—#> Nz3
3 N=2

3. There are no elliptic points.
€g = €3 = 0.

Proposition 4.3.2. For I'y(N), we have

1. [[1(N) : T(N)] = N.
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2. The number of cusps is given by

2_qn $(d)p(N/d)

1
2
€o =4 3
2

3. The number of elliptic points of order 2 is given by

, N >4
N =
, N=23

1 ,N=2
€y = .
0 ,N#2

4. The number of elliptic points of order 3 is given by

1 ,N=3
€3 — .
0 ,N#2

Proposition 4.3.3. For T'q(N), we have
1. [To(N) : T1(N)] = ¢(N).

[C(1) : To(N)] =N ] (1 + %) .

2. The cusps are enumerated by ¢ with ged(a,c) = 1 and c¢|N and where the a’s are chosen in
the interval 1 < a < ¢ to be inequivalent modulo ged(c, N/c). Since for d|c the reduction map
(Z/cZ)* — (Z/dZ)* surjects, the number of choices for a is ¢(ged(c, N/c)).

cusps 1s

€0 = Z o(ged(c, N/c)).

c|N

The width of the cusps with denominator ¢ is N/(cged(e, N/c)).

-1

3. The elliptic points of order 2 are enumerated by (0 1) (i) where k (taken modulo N ) ranges over

the solutions to k*> +1 = 0 mod N.

4. The elliptic points of order 3 are enumerated by (7' )(e(5)) where k (taken modulo N ) ranges

over the solutions to k> + k+1=0mod N.

. {pr 1+ ()

Proof. We will show (1) and (2) just for prime N = p. The full discussion for any N can be found in

[4, Ch. 3]. Since
(Ca) ()%
(ta) )
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any rational number with denominator divisible by p is equivalent to % while the other rational

numbers are equivalent to % Thus, since % has width p and % has width 1,

(1) : To(p)] =p+ 1.

(3). Let us first show that, with ¢ = (2%) € I'(1), the points g(¢) with non-trivial stabilizers in
[o(N) are all Tg(N)-equivalent to My (i) with My = (9 5'). We can compute that

Sl ac+bd —a®—b?
929 T\ 24d® —ac—bd )’

so any ¢(i) with non-trivial stabilizer in I'y(/N) must have ¢* + d* = 0 mod N. Since ¢ and d are
relatively prime, this means that ¢ and N are also relatively prime. Now,

(en) (a3

Since ¢ and N are relatively prime, we can find an integer k so that ck —d = 0 mod N, thus showing
that g(i) and My(i) are I'o(N)-equivalent.

If My (i) has a non-trivial stabilizer in T'o(N), we need k* + 1 = 0 mod N. Let us show that
when k is as such and is taken modulo N, these points are inequivalent under I'o(N). Suppose
that My, (1) = hMy, (i) for some h € To(N) with k2 + 1 = k3 + 1 = O mod N. This means that
My, S'M," € To(N) for i =0 or 1. As

1 0
onr—1 _
MkISMk:Q _(k2—k1 1)7
—k -1
1as—1 _ 2
Mkls Mka — ( klk_2+1 kl )7
we see that k; = ko mod N since kiky = —1 mod N is equivalent to k; = ky mod N because

k3= —1mod N.
[

4.4 General properties of A;(T)

The proof of the follow proposition follows exactly along the same lines as the proof of Proposition
3.2.2.

Proposition 4.4.1. Suppose k is even and f € Ag(T).

1. If ¢ is an elliptic point of order 2 then

§+ 2ord¢(f,T') = 0 mod 2.

2. If € 1s an elliptic point of order 3 then

k
5 +3ord¢(f,I') = 0 mod 3.
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It follows that for functions in Ag(I") the order should be measured in the variable

T—Z |fz|
o= ,2€H ’
exp 2la~(r) , z = a(c0), his cusp width

called the local variable at z € H, and all function will have expansions in integral powers of this
variable. In the case of the cusp oo, this variable is also ¢'/".

As with elliptic functions, we usually refer to the number of poles of a function as its order, but
according to the following definition this number is also the number of times the function takes any
complex value.

Definition 4.4.2. If f € Ay(") then the number of solution to f(T) = ¢ counted according to multi-
plicity for any ¢ € Cy s independent of ¢ and is called the order of the function f, also denoted by

ordr(f).

Proof. The number of zeros of f(7)— ¢ is equal to the number of poles of f(7) by the valence formula,
so ordrp(f) is well-defined. O

Definition 4.4.3. If f € Ay(I"), define the ramification index ram,(f,[") € Z~o by

ord.(f — f(2)) , f(z) #
—ord,(f) ; f(z) =00

Proposition 4.4.4. If f € Ay(T") and g is the genus of H/T, then

> (ram.(f.T) — 1) = 2(g — 1+ ordr(f)).

2€H/T

ram,(f,T") = {

Proof. The is a special case of the Riemann-Hurwitz Formula where the target space is C,,. It may
be proven exactly as the genus formula was obtained (in fact the genus formula is this with f = j so
that ordp(j) = [[(1) : T']). One triangulates H/T' with vertices at the finite number of points z where
ram,(f,I') > 1. O

Proposition 4.4.5. Sy(I') = {0} and My(I') = C.

Proof. The first assertion follows from the valence formula. For the second, if f(1) = ¢+ O(¢*/")
where h is the width of the cusp oo, then f(7) — ¢ has a zero at oo and is still an element of My(T).
The valence formula then implies that f(7) is constant. O

Proposition 4.4.6. If R is a rational function of degree d and x € Ay(T), then
ordr(R(x)) = dordp(z).

The function x in the following proposition, if it exists, is called a Hauptmodul for I', and all
Hauptmoduln for a given I' differ by a Mobius transformation.

Proposition 4.4.7. Suppose that x € Ay(T") with ordr(x) = 1.
1. x : H/T — C is a bijection and g = 0.

2. If y is another non-constant function in Ay(I'), then there are polynomials p;(x) such that
po(x) + pi(x)y = 0. Specifically, there is a constant ¢ such that cy =[], r(v — x(2))ord=(wl)
where the possible term from the pole z of x is omitted.
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3. Ay(T) = C(z).
4. SI(F) = 52(F) = {0}

Proof. (1). z(7) — ¢ has one pole so it has exactly one zero by the valence formula. The proves that
x defines a bijection. Suppose that g > 0. Then there is a loop on H/T' that may not be contracted
to a point. However, the image of this loop on C, is contractible. This is a contradiction because
the contraction of the loop on C,, may be pulled back (via #7') to a contraction on H/T.

(2). Define

g(r) = — [] (a(r) —a(z))0".
z€H/T
Since z(7) — 2(z) has a simple zero at 7 = z (as measured in the local variable at z), for all z = H/T'
we have ord,(g,I") = 0 expect possibly at the unique pole of the function . However, if z is this pole,
the valence formula implies that ord,(g,I') = 0 as well. Thus, g € My(I") which consists entirely of
constants.

(3) is then a direct consequence of (2).

(4) If f € S5(T") then define

f(7)
9(7) = dx/dT

That g(7) € Ao(T) is essentially Lemma 3.4.4. Let z € H not be a pole of # and p = |T',| and

let ¢ be the local variable at z. Let ¢; denote certain non-zero constants (that could depend on
z). Recalling that x(7) — x(2) has a simple zero at 7 = z, we see that dez = (¢; + O(t))dt. Since

dr = t%71(02 + O(t))dt, we have

9(r) = —d2§27 = 170D o+ O(1).

Since, by definition of Sy(I"), ord.(f,I') > 0, and we have ord,(f,I") =1 — ]13 mod 1 by Proposition
4.4.1, g(7) does not have a pole at z. If z is a pole of z then the only thing that needs to be changed
in this discussion is that dz = t7*(cs + O(t))dt, and so we see that g(7) has a zero at z in this case.
Next, if z = (28)(o0) € Q, let ¢ be the local variable at this cusp z. We have
F(7) = (a = er)?t U0 (e, + O(t))
dr = (a —c7) 2t Tesdt
p (ce + O(q))dt , z is not a pole of z
T = :
t72(cy + O(q))dt , z is a pole of

Thus we see that ¢ does not have a pole and actually vanishes at the pole of . Since g was an
element of Ag(I"), this means that g mush be identically 0. Therefore, So(I') = {0}. The square of
any element of S1(I") is in S3(I"), so Si(I') = {0} as well. O

Proposition 4.4.8. Suppose that x € Ay(T') with ordr(x) = 2.
1. Any three functions in Ao(I') are linearly dependent over C(z).

2. If y is a function of odd order, then there is a unique irreducible polynomial P(x,y) of degree 2
in y with P(x(7),y(7)) =0, and we have Ay(T") = C(z,y)/(P(z,y)).
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Proof. (1). By Proposition 4.4.4 there is a ramification point of the function x because

> (ram.(x,T) — 1) =2(g+1) > 0.

2€H/T

Since none of the assertions of the proposition are affected by applying a Mdbius transformation to
x, if necessary, we can let z be such a ramification point and replace z by 1/(x — x(2)) to assume that
x has a single double pole at some point z.
Let L(m) denote the vector space of functions that have poles only at z and the order of this pole
is < m. Clearly,
dim L(m) < 1+ m.

Let f1, fa, f3 € Ag(T") and assume that they are linearly independent over C(z). We can find polyno-
mials p;(x) so that p;(x)f; has no poles outside z. This means that there is an integer my such that,
fori=1,2,3,

For any integer m > my, the set

{ﬁjpi(x)fi} i=1,2,3

0<j<m—mo
consists of 3(m — my + 1) linearly independent functions in L(2m). This contradicts the bound
dim L(2m) < 1+ 2m for large m and shows that fi, fa, f3 are linearly dependent over C(z).

(2). Let y be a function of odd order. By multiplying by a suitable polynomial in x, we may
assume that y has no poles outside of z and that y has a pole of odd order at z because multiplying
by a polynomial in x changes the order of y by an even integer. Then, it is easy to see that 1 and y
are linearly independent over C(z), for suppose that there were polynomials pg(x) and p;(x) with

po(z) + p1(x)y = 0.

If p1(x) # 0, then the Laurent series expansion of py(z) begins with ¢ to a negative even power and
p1(x)y begins with a negative odd power. Thus p;(z) = po(x) = 0 and 1 and y are linearly independent
over C(x). We can get the quadratic relation by applying (1) to the three functions 1,y,y?. Finally,
if f € Ag(T"), apply (1) to the three functions 1,y, f. O

Proposition 4.4.9. If x € Ay(T') with | = ordp(x), then any | + 1 functions in Ag(T") are linearly
dependent over C(x).

Proof. Suppose x has poles at ¢i,...,q, and that the orders of these poles are ny,...,n,. Assume
that there are [ + 1 functions fi, ..., fi+1 that are linearly independent over C(z). Let L(m) denote
the vector space of functions that have no poles outside ¢y, . .., ¢, and having a pole of order not worse

than mn; at each ¢;. Clearly, dim(L(m)) <1+ mny +---+mn, = 1+ ml. We can find polynomials
Py, pp with pi(2) fi, ..., p-(z)f- each having no poles outisde of ¢i,...,q,. Therefore, for some
fixed mg, we have p;(z)f; € L(my) for every i = 1,...,1+ 1. It follows that

{27pi(x) fi} =1, 001

0<j<m—mo

consists of (m —mg + 1)(l 4 1) linearly independent functions in L(m), which contradicts the bound
dim(L(m)) < 1+ ml for large m. O
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4.5 Working with finite index subgroups of I'(1)

This section discusses several of the representations of a finite index subgroup, I', of I'(1). The first and
most intuitive way is via the combination of a fundamental domain for I' and edge-pairing matrices,
as given in the following theorem.

Theorem 4.5.1 (Siegel). If [['(1) : I'] < oo, there is a connected fundamental domain D for I' in
which the sides of D can be paired up by elements of I, and the elements of I' that the pair up all of
the sides generate T'.

Unfortunately, the generators in this theorem are not guaranteed to be independent. For example
S and T pair up the edges in the usual fundamental domain for I'(1), but S and 7" are not independent
generators. We will describe the so called Farey symbol for subgroup I' of I'(1) of finite index, which
allows a list of independent generators to be easily computed (see [10] and [9]). We will also describe
the bicuboid graph for I' as well, and find the following correspondences:

1. fundamental domains with side pairings = subgroups (onto, many-to-one)

2. Farey symbols = subgroups (onto, many-to-one)

3. bicuboid graphs < conjugacy classes of subgroups (bijection)

4. marked bicuboid graphs < subgroups (bijection)

5. marked bicuboid graphs with cuts < Farey symbols (bijection)

We will first define all of these terms appears in these correspondences.
Definition 4.5.2.

1. Label the following points in H:

(a) An even point is the image of i under some element of T'(1).
(b) An odd point is the image of e(3) under some element of T'(1).

(c) An cusp is the image of oo under some element of T'(1).

2. Label the following half arcs in H:

(a) An even edge is the image the set {e(3) + it | t > 0} under some element of T'(1).
(b) An odd edge is the image the set {e(3) + it | t > 0} under some element of I'(1).
|

(c) A free edge is the image the set {e(t) | ¢ <t < 3} under some element of I'(1).

1

6

3. A special polygon for I is a convex hyperbolic polygon P satisfying:
(a) The boundary of P consists of even and odd edges.

(b) The even edges come in pairs, each pair forming an arc connecting two elements of Q.
FEach arc is either paired with itself under I' (in which case it contains an elliptic point of
order 2) or is paired with another such arc under T.

(¢) The odd edges come in pairs, each pair meeting at a vertex with angle 2w/3, which is an
elliptic point of order 3 for I

Definition 4.5.3.
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1. A bipartite cuboid graph (or bicuboid graph) is a finite connected graph such that

(a) Every vertex is marked by either ® or o. These are called odd and even vertices, respectively.
(b) Every odd vertex has valence 1 or 3.

(c) Every even vertex has valence 1 or 2.

(d) There is a set cyclic order on the edges originating at each vertex of valence three.

(e) Every edge joins an even and odd verter.
2. A marked bicuboid graph is a bicuboid graph with a distiguished edge.

Definition 4.5.4. A Farey symbol is a symbol of the form

—1 ag a an,
< —_ AN Vi

1

0 »t Co “p e m e cn o 0
where one of the ¢* is 0. The pairing symbols p; are allowed to be natural numbers or one of symbols
e or o and we always have a; 1c; — a;civq = 1.

A natural number n, if it appears among the p;, appears exactly twice at two edges, say, p; and py.
In this cases, the edges p; and py are said to the paired by a free pairing.

If p; = o, the edge is said to be paired with itself by an even pairing.

If p; = e, the edge is said to be paired with itself by an odd pairing.

Define the pairing matriz for even pairings, odd pairings, and free pairings, respectively, as

1
G a; @it1\ [ QGiy1 G 0 -1 Qiy1
i\ - , , 1 0 , , ’
¢ ° GCip Ci+1 G Ci+1 GC;
—1
o (4 Giv1\ [ Git1 @ 0 -1 Aiy1 G
i\ = 7 - 4 . 1 —1 . . 4
C;i * Citl Ci+1 G Cit1 G
1
G a; Qiy1 Ak ag+1\ [ Qpe1 ag 0 —1 aiy1 G4
/L, 7 e .
CGi m Cigl Ck M Chyl Chy1 Ck 1 0 Cit1 G
In this section will we assume that all matrices are taken modulo £/ since we are concerned

with their action on H and mercifully suppress the lines on the groups. In addition to the matrices
S=("3")and T = ({ 1), the matrices

o-(13) (1)

will be useful. The main result which is useful for studying subgroups of I'(1) is the result that
P(l) = Zg * Zg.

Proposition 4.5.5. For I'(1), the matrices S and O are independent generators of orders 2 and 3,
that is, each element of I'(1) can be written uniquely as a word in S and O with no two consecutive
S'’s and no three consecutive O’s.

Proof. Exercise. Hint: OS = ({1) and OOS = (179). O

Exercise 4.5.6. Show that S and T™ generate a subgroup of finite indez in I'(1) only when |n| = 1,2.
Hint: for n > 3 assume the opposite and consider (OS)"OOSO for large m.
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Remark 4.5.7. Let xy/'(x)/y(x) = x + 2* + 423 + 82" + 525 + - - - be the formal generating function
for subgroups of I'(1) of a given index. It is possible to show ([11]) that y(x) satisfies the differential
equation

o7 (2® — 1)y (x) + (42° + 227 — 42° — 22" — 42® + 1)y/(2)
+(220% + 22° — 42® + 2* — 42® — 42® — 2z — 1)y(x) = 0.

It is possible to give an explicit algorithm for writing a given M € I'(1) as a word in S and O. If

M = (2?%), then the even point M (i) is part of an arc that connects the two cusps ¢ and . Let M,

be the matrix we wish to write in terms of S and O. At each step of the following algorithm, a, b, ¢,
and d denote the entries of M;,.

if My =1 or S, then terminate

if —oo< %,% <0, then My 1 = SM;y
if 0<%, %<1, then Myyq = OM,
1< %,g < o0, then My, 1 = OOM,

This will terminate, in which case M !is expressed as a word in S and O and so M, is as well. In
the following diagram, H has been mapped into the unit disk, and the free edges E have been marked
with the matrix that sends E to the free edge between i and e(3).

Proposition 4.5.8. Let [['(1) : '] = u and ¢ denote the homomorphism I'(1) — Sym
the permutation action of g € I'(1) on the left cosets T'(1)\I'.

. obtained by

1. T is completely determined by ¢(S) and ¢(O) up to a relabeling of the non-trivial cosets as long
as ¢(S) and $(O) have order 2 and 3, respectively, and generate a transitive subgroup of Sym,,.
2. The number of fized points of ¢(S) is €3.

3. The number of fized points of $(O) is es.
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4. The number of cycles in ¢(T') is €x. The lengths of these cycles are the widths of the inequivalent
cusps of .
5. The order of the permutation ¢(T) is level(T).

As an example of this correspondence, we list the subgroups of I' of index 3.

Example 4.5.9. For the 4 groups of index 3 in T'(1), namely T3, T°(2), T'y(2), Ty the corresponding
marked bicuboid graph, special polygon and Farey Symbol are shown below.

I r(2) T'o(2) Ty
X
X
X X
S =(1)(2)(3) S = (12)(3) S = (13)(2) S =(23)(1)
O = (123) O = (123) O = (123) O = (123)
— 1 1 1 F—
1 1
ERAS RS Ras) TETETOS TETETOR TETETOE

Any relabeling of the edges for T'® produces isomorphic graphs because I'® is a normal subgroup of T'(1).
The remaining three graphs are distinct because the position of the marked edge, the edge marked “X”,
15 distinguished by the orientation on the odd vertex. This marked ege is placed by default along the

free edge from i to e(%) in the special polygon.

From Proposition 4.5.8 we can construct the correspondence between bicuboid graphs and sub-
groups I' of I'(1), which we illustrate for a group of index 9. Let ¢ : I'(1) — Symg be defined
by

$(0) = (123)(456)(789),
¢(5) = (24)(39)(67).

The group I' is then defined as the set of all g € I'(1) such that ¢(¢)(1) = 1. This marks “1” as
the coset I" in I'(1)\I'. The corresponding graph (whose ordering on the trivalent vertices is counter-

clockwise) is
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This bicuboid graph has one edge marked with an “X”, making it into a marked bicuboid graph.
Note that marking any of the other 8 vertices gives rise to a total of only 3 distinct marked graphs,
hence there are two other subgroups of I'(1) that are conjugate to this I".

We can read much of the data for I" directly from this marked graph. First, we see that ¢(O) =
(123)(456)(789) has no fixed points, so €3 = 0. Next, ¢(5) = (24)(39)(67) has three fixed points, so
€o = 3. By multiplying the permutations, we have ¢(T) = ¢(OS) = (145783)(296), so €5, = 2 and
the width of these two cusps are 6 and 3. To find generators, first note that the graph has a cycle,
but that if the vertex between edges 6 and 7 is cut, the cycle is broken the the resulting cut graph is
a tree. There is now a unique path from the marked edge to any edge that does not cross over from
edge 6 to edge 7. The path from the marked edge to the edge labeled ¢ corresponds to a matrix, and
we have

Mlzl, M4:SO, MQZSOO,
My, = 0O, Ms; =050, M; =0S00,
M3 =00, Mgz=00S50, Msg=00S00.

Free generators for I' are then M; 'S Mg, M; ' SM,, My 'SMs, and Mg 'SMs, and so I' ~ Z*Zo*Zo*Zs.
In order to construct a special polygon and Farey symbol for this I', we first agree to make a cut

between edges 6 and 7, as before, so that the resulting graph is a tree. Next, we place the marked edge
on the free edge from i to e(%) in H, and let the remaining edges fall naturally onto their respective

free edges in H. The result is

0 12 1 2

. 0 1 1 2 . .« .
Therefore, the cusps in the Farey symbol are oo« 7<+5¢>7¢+14>00. In order to fill in the pairing

0 0 1

information, note that the even points in the arcs co<+7, 745, and %<—>oo are all elliptic points of

order 2 for I' since ¢(S) fixes each of the cosets labeled 1, 5 and 8. This means that each of these
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three arcs is paired with itself. Finally the arc %<—>% is paired with the arc %H% in order to glue back
together the cut that was made between the edges 6 and 7. In summary, a Farey symbol for I' is
given by
0 1 1 2
o'l 0’2171 171 o
We could have made one cut between edges 2 and 4 or 3 and 9, so there are in total two more Farey
symbols corresponding to this subgroup I'.

Algorithm 4.5.10. Input: a finite index subgroup T of I'(1). Output: a Farey symbol for T
Step 1: If [I'(1) : ] < 2

CJFeo et TG eT (e T=T)
return
T ieg (0T eD (e T=17)

Step 3: For each unpaired edge in F, check if it can be paired with itself by an even or odd pairing
(G; € T') orif it can be paired with another unpaired edge (free pairing Gy € I') and fill in all of the
possible pairings.

Step 4: If all edges are paired, then return F.

Step 5: If there is still an unpaired edge in F' between, say, a;/c¢; and a;y1/civ1, place an new vertex
(a; + air1)/(¢; + cip1) in between with no pairing information on the two adjacent edges and goto Step
3.

Given a special polygon P, we may convert P to a Farey symbol F' and vice-versa. If P is a special
polygon we assume that that oo is included as a vertex and that there are certain rational vertices
“0 < --- < 2. These are put into F in the obvious way with the corresponding pairing information.
Note that We have a;11¢; — a;cir1 = 1 because the quantity a;y1¢; — a;c;41 is unchanged when az and

a—ﬁ are 51multaneously acted upon by some element of I'(1) and a;1¢; — a;c;; = 1 for the basic
choices % = — and ‘2;1 =2
Now given F, we can convert to edges of P in the following way (set g = (ef] &)).
a T an o L
a oy Git1 = g(EU(]75)0), E:{6(1)+’lf|t>0}
¢ n  Citl
a; 41 0—1 B 1 .
= = g(EU(]21)(E), E={e(3)+it|t>0}

Ci * Cin
Theorem 4.5.11.

1. If P is a special polygon, then the edge pairing matrices {g;} generate some I' and P is a
fundamental domain for I.
There are €5 generators of order 2.
There are €3 generators of order 3.
There are 2g + €, — 1 free generators (order 0o ).
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2. The g; are an independent set of generators for I'. This means that any element of I' can be
written uniquely as Hgke{gi} g.F where e, # 0 and ey, is further restricted to 1 < ey, < p if gx is
a generator of finite order p. In symbols,

T~ 75 5 75 5 7729 1hee)

Proof. See [9]. O

4.6 T(2)

The main function for the group I'(2), which play the same role as j(7) plays for I'(1) (the so-called
Hauptmodul), is the modular A function defined by

- (53)"

Proposition 4.6.1. Let \(7) be the modular A function. Then,

1. A(r) € MY(T(2)), ©4, 04,0 € My(T'(2))

1

z 5, and takes the value 1 at %.

A(T) has a simple pole at 1, a simple zero at
Ap(T'(2)) = C(N).

Su(T'(2)) = 030501 M;—(I'(2)).

03 = 03 + O].

S & e

My(T(2))= @ CO5y'03.
2aa+b2>bgk

Proof. (1). The fundamental domain {7 | |Re(7)| < 1 and |27 + 1| > 1} for I'(2) shows that I'(2) is
generated by T2 and ST?S. From Proposition 2.8.3, we have

(627 @3a @4)|T = (Csl@Qa 637 @4)7
(02,03,04)|s = (5 (O4,03,0,).
Therefore,

(@27 937 @4)|T2 - <C4@27@37 @4)7
(@27®37®4)‘ST25 = ( 2@27C2@37®4)'

and we see that ©3/03 € M;(I'(2)) because Exercise 2.12.4 shows that A has no poles or zeros in H.
(2). For the values at the cusps, we have the table

cusp function g¢-series

@4
% Alr 973:2q1/2+...
0 Al 92:1+...
1 S 9754
e .
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(3). Since ordp(z)(A) = 1 all of the assertions of Proposition 4.4.7 apply.
(4). Since ©30307 has a simple zero at each cusp, we must obtain Sy in this way.

(5). The form ©% + 0% — 0% = O(¢*/?) in My(T'(2)) has a zero of order at least 2 at oo which
contradicts the valence formula unless this function vanishes identically.

(6). First note Oy and O3 are algebraically independent. If f € M (T'(2)) with £ > 0 and even,
then g := f/0©2F € Ay(['(2)) with the only possible pole of g located at the pole of X\. Therefore,
part 2 of Prop 4.4.7 shows that ¢ is a polynomial in A\ of degree no more than k/2 since the valence
formula says that f has k/2 zeros (hence g has no more than k/2 zeros). O

4.7 Building congruence modular forms N from Klein Forms

A subgroup I' of T'(1) is called a congruence subgroup if I" contains I'(/V) for some N. The smallest
such N turns out to be the level of I" in this case (see Proposition 4.13.4 below). Similarly, a modular
function f is said to have level N if it is invariant under I'(INV). Most subgroups of I'(1) are not
congruence; let a,, denote the number of subgroups of I'(1) of index n and let b,, denote the number
of congruence subgroups of I'(1) of index at most n. Then it is known ([11], [12], [15]) that

1 1 1 1 1
a, ~ exp (—nlogn— 6n+n1/2+nl/3+§logn— - — —log27r) ,

6 4 2
2
log(b,) V2 -1 log®n
08 n 2 loglogn’

One of the building blocks of modular forms of higher levels is the Klein form £7(7), which is
defined for ¥ € Q* 7 € H and has weight —1 and generalizes n(7) 2. We will also introduce a form of
positive integral weight k by e%(7) which generalizes the Eisenstein series Fox (7). Set

() = —2mize™? H (1 + i) e,

W
weN’

where A = Z7 + Z and z = ri7 4+ 5 and the sums or products over w = m7 + n are performed over n
first and then m. These sums are not defined if ¥ € Z?2, in which we take out the undefined term and
obtain the definitions

, for 7 € 72

ek(r) = ((1—=Fk)Ex(T) ,keven
' 0 .k odd
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Proposition 4.7.1. Set z = ri7 + ry. The Klein forms have the series expansions,

ba(r) = gD/ (22 )00/ 23 @) o

U
1 q- + 1 G n —-n qn
N e - <1
eT(T) 2<qz _ 1) ;(QZ qz )1 _ qn7 for |T1’ Y
e2(1) = - 1 + Z (g2 +q." —, for Im| <1,
3 _ q2<qz + 1) . n —-n n2qn
ex(T) = T —1p ;(qz — "7 mpry for | <1,

where ¢“T(7) is formally obtained from ¢(7) by applying 5 zm az

Proposition 4.7.2. For N > 1, we have

N-1 2
(N=1)i—-N)N(INT)
Eﬁ %(T) AN 7](7_)2]\[ Eﬁ %(NT>;
7=0
N-1
E 0 (7_) — 1—N77(NT)
It 00 =6

Proposition 4.7.3. For 7= (r,ry) and g = (¢}4) € T'(1),

ET’Q(T) = EFQ(T)7

2717|g(7_) = 7179(7') + c(at + b)ry + c(er + d)ra,
2 — 2 ¢

er’g(T) - Fg(T) 27TZ'(CT—|—CZ)7

erlg(T) = er (1), k>3

[f (nl, TLQ) € Z2,

Proposition 4.7.4. If gcd(a,c) =1, then

ord% EF(T) = (fTaCéT.U));

where ¥ = (a,c)T is the vector corresponding to the cusp % and frac(x) denotes the fractional part of
x that satisfies 0 < frac(z) < 1.

Proof. Exercise. O

Proposition 4.7.5. For ¥ = (r1,rs) € %Zz,

o4



1. For k= —=Y_.m(7), the form [[.&(7)™™ is in M} (T(N)) if and only if
Z (7)(N71)* = 0 mod N ged(2, N),
Zm )(N79)? = 0 mod N ged(2, N),

Zm (Nr1)(Nry) =0 mod N.

2. The form > .m(F)ex() is in M1(T'(N)) if and only if > .m(F)ry = 0.
3. The form Y .m(F)e2(7) is in Ma(L(N)) if and only if y_.m(F) = 0.
4. The form Y .m(F)ek(T) is in My(T(N)) for any k > 3.

We will give a generator x for the function field Ag(I'(N)) for N < 6 in Section 4.9. The following
theorem tells us that two ratios of Klein forms suffice for N > 6.

Theorem 4.7.6 ([7]). For N > 6, we have Ay(I'(N)) = C(zon(7), x3n(T)), where

oy () = [ Erma(NT)\
N E1/no(NT) '

Furthermore, x5 y is integral over Q[za n].

4.8 Building congruence modular forms from 7 products

Proposition 4.8.1. Let gcd(a,c) =1 and M € Z**? with det M > 0. Then,

1 ged(M.0)?
da = —=2—7
ords (7)) = 51 det(M)

where U = (a, c)T is the vector corresponding to the cusp .

Proof. Exercise. m

Proposition 4.8.2. Set I' = I'g(N) and suppose that f(1) = [,y n(I7)" and that the three numbers

k:Z%ZTh ordes (f, :242“% ordo(f, ') _242%’

IIN IIN IIN

are all integers. Then, for any g = (2 %) € T with odd d, f satisfies

1)k N[|T1|
f\g,k(7)=<( ”}' >f<r>.

Remark 4.8.3. In the case that d is even, ¢ must be odd and we can recover the multiplier for such

d by .
-1 k I
f\g,m):(( " 1l >f<r>.

c+d

simply be replacing T by T — 1.
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Proof. Assuming d is odd, the multiplier system for n (Exercise 2.12.6) has the form

at +b c 3d+d(b—c)+ac(1—d?) .
—_— = _— - d
n (CT + d> (|d|> 24 Z(CT + )7](7—)7

b\ " Lyl dblr — (ad?® —atd) < Ny r
or n(lw) :(C —)Ci’f AT EIR T i(er - d)) Eyim),

cT +d |d|
: ar+b __  a(lr)+bl
since 925 = X (yra Therefore
flgs(T) _ (—z)k A HZ|N fIrt C6dk+24dbordoo(f,F)—24(ad2—a+d)§ ordo (f,1)
f(7) |d| “

(GO I

= y 7
since k, ord(f,I"), and ordy(f,T") are all integers. ]

Following [6], the n function can be generalized to any even real Dirichlet character y. Set

(7)) = ¢ FEO T = g™, (x(-1) =1).

Here L(s,x) is the Dirichlet series » 7, XT(;Z), which converges for s > 1 and can be analytically
continued to C with a possible pole at s = 1. When Y is the function 1 identically, we recover
the usual 7 function because of the value L(—1,1) = ((—1) = —55. It suffices to study primitive
characters because if x is a character modulo k£ and x(n) = x1(n)xo(n) where x; is the primitive

character modulo Alk and xo(n) is the principle character modulo k, then
M (T) = H 77X1(ZT)M(Z)X1(Z)-
£

It should be pointed out at this point that the only real even primitive characters are given by

where (%) is the Kronecker symbol and A is a fundamental discriminant (see definition 7.3.1). The
period of this character is A.

Proposition 4.8.4 ([6]). Let A > 1 be a fundamental discriminant and x the associated primitive real
even character. Set x'(n) to be x(n) if A is a prime, and 1 otherwise. Then, for any (¢Y) € T'o(A),
Ny satisfies the transformation formula

gb L A=5
at + b / x(d) a—d+bc—8b
Nx =X (d)nx(T) X 16 ,A=8.
ct +d ) Asg
LA >
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4.9 TI'(N) and regular polyhedron

It is known that the finite groups acting faithfully on C,, are exactly

Loy, the cyclic group of order n,

Ziy X 2o the dihedral group of order 2n,

Ay the symmetries of the tetrahedron of order 12,
Sy the symmetries of the octahedron of order 24,
As the symmetries of the icosahedron of order 60.

For the modular group, it turns out that restricting to normal subgroups of genus 0 puts a restriction
on the first two types, and there is a finite list of possible groups. First, for any subgroup I' with
p = [T(1) : T, let ey (resp. es, es) denote the number of equivalent classes under I' of the points
['(1)(i) (resp. T(1)(e(5)), T'(1)(c0)). Thus, € = €, + L= for m = 2,3,00 since €x = €. Next,
suppose that I' is a normal subgroup of I'(1). This means that the order of any point is same, and
therefore that e,,|u for m = 2,3, 00. Thus, in this case we can define n,, by

M= N2y = N33 = NoxCco,

and this corresponds to the triplet (ng,n3, ns) describing the branching information of I'. The genus

formula may be rearranged as
2—2g 1 1 1
=—+—+—-1L (4.9.1)
2 no ns Neo
Note that ns is either 1 or 2 and ng is either 1 or 3, while n.,, which is the width of any cusp, has
no such restriction. An easy consequence is that 4 = 0 mod 6 if > 3. Also, if I'y ST} I T'(1), then

cach n,,(I'y) divides n,,(I'z).

Proposition 4.9.1. If T is a proper normal subgroup of I'(1) with finite index and genus 0, then T
is one of the following:

r T/ T TQ)T
r° Z ['(3) Ay
r L3 F(4) Sy

F(2) Sg ~ Zg X ZQ F(5) A5

Proof. We first deal with the case ny = n3 = 1. In this case, (4.9.1) is % =1+ t and so =1 = n.
So in this case, I' = I'(1). Next, suppose that ny = 1 and n3 = 3, so that % = % + % Since 11 > N
this implies that 4 = 3 and that I = T3 as this is the only normal subgroup of index 3. Next, suppose
that no = 2 and ng = 1, so that i == + - Since pu > ny, this implies that 4 = 2 and that ' = I'?

as this is the only normal subgroup of mdex 2. Next, suppose that ny, = 2 and n3 = 3, so that

% = —% + — noo. This implies that n., = 2,3, 4,5 with corresponding p = 6,12, 24,60. Set G = I'(1)/T

so that u = |G|. We will first determine G up to isomorphism and then T' exactly. Note that G is
generated (modulo T') by S, ST and T with 5% = (ST)? = T"= = 1.

First, suppose that |G| =6, (2,3,2). Since S has order 2 and ST has order 3 but their product T
has order 2 (not 6), G cannot be Abelian, and so G ~ S.

Next, suppose that |G| = 12, (2,3,3). A Sylow 3 subgroup cannot be normal, because otherwise
its quotient would correspond to a normal subgroup of I'(1) of index 4 which doesn’t exist. Since A4
is the only group of order 12 that doesn’t have a normal Sylow 3 subgroup, G ~ A,.

Next, suppose that |G| = 24, (2,3,4). As before, there are 4 Sylow 3 subgroups, and we obtain a
homomorphism ¢ : G — Sy by the action of G' on the 4 Sylow 3 subgroups where im ¢ >~ Ay, Sy since
these are the only transitive subgroups of Sy whose order is divisible by 6. If im¢ = Ay, then this
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corresponds to another normal subgroup I'y of index 12. The only group with index 12 corresponds
to the triplet (2,3, 3), which does not divide the triplet (2,3,4). Hence im¢ = S, and so G ~ Sj.

Finally, suppose that |G| = 60, (2,3,5). Since the only triplets dividing (2,3,5) are the trivial
ones, G must be simple. Standard group theory arguments using the Sylow 2 subgroup show that A;
is the only simple group of order 60.

To finish the proof, we need to show that I'(/V) is the only possibility for I' when the branching
information is (2,3, N) (and g = 0). By Proposition 4.3.1, the groups I'(2),T'(3),T'(4),T'(5) have the
correct indexes in (1), that is

12N = moey o eV Iy (1—52) N =3
MZG_—N:HD-F(N)]—{(), o >,N:2’

for N =2,3,4,5. Consider I'NT(N) for N = 2,3, 4, 5. We know that I'NT(N) is a normal subgroup

of I', but be do not know a priori that the genus of I' N ['(N) is 0. However, we are given that both

' and I'(N) have cusp width N, and so I' " I'(V) has cusp width N. This means that the branching

data of 'NT(N) is (2,3, N) and if 4 and g denote the index and genus of ' N I'(N), we have
2-29 1 1 1

=4+ 4——1
P stzty

w

Since the right hand side is strictly positive for N = 2,3,4,5, g is forced to be 0 and y is forced to be
12N/(6 — N). This means that [I'(1) : TNT(N)] = [I'(1) : I'(N)], which forces I' = T'(V). O

Although we deduced that there is only one normal subgroup of genus 0 with branching data
(2,3,N) for N = 2,3,4,5, this result does not need to hold for higher genera. For example, all normal
subgroups of genus 1 have branching data (2, 3,6), and there are infinitely many of them ([13]).

Having classified all of the normal subgroup I' of I'(1) with genus 0, let us turn now to the
problem of constructing the spaces My, (T') for these I'. The groups I'? and I'* are not very interesting,

as (Exercise 4.9.8)
Ao(I?) = C(/j —1728),  Ay(I*) = C(j'?).

so let us turn to ['(N) for N = 2,3,4,5. Assuming that there is a Hauptmodul, say fy(7), for these
['(N), it is possible to show that there is a Hauptmodul xy that is uniquely determined by

zn(7) = ¢ ¥ (1 + integral powers of q).

Since I'(N) is a normal subgroup of I'(1), there must be constants A, B, C, D, depending on NN, such

that
fnlr = Afv+B
i+ D
By rescaling the matrix M = (& B), we may assume that one of its eigenvalues is 1. If the other

eigenvalue were 1, then (4 B) would be similar to either (1) or (§9). The first is a contradiction

because M = I since TV € ['(N). If the second were true then fy would be invariant under 7" and
so N divides orde(fn(7) — fn(00),T'(N)) # 0, which is a contradiction because fn(7) — fn(00) is
also a Hauptmodul for T'(NV). We now have M = P~'(§9)P where ¢ is an N root of unity. Setting
vy = P(fy) gives oy|r = (haoy for some integer r and so ¢~"/Vay has an expansion in integral
powers of ¢. Since xy is also a Hauptmodul, » = 1 and we choose r = —1 whicn gives x a simple
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pole at co. It will be shown that the following functions are such Hauptmoduln for I'y.

(q1/2; q1/2)§o + (_ql/Q; _(11/2)2o 1 9 3 4
xo(T) = 2q%/2(q2; q2)8, =q 2(1+20g — 62¢" + 216¢° — 641¢" +--+),
_ (¢3¢ + 3¢"3(¢%; ¢*)2,

2s(7 T ) = ¢ 3(1+5¢ — T¢* + 3¢° + 15¢" + - --),
" q2)6‘1 EARES 1 (4.9.2)
z4(7) = s =4 (1420 - ¢ —2¢° +3¢" +2¢° + ),
¢"*(q: 03 (4% 4")%
(0% 0°)50 (0% ¢°) o 1 5 6 7 8
w5(7) = = (1+q-++d" " =2 +-).
( 0"/5(434°) o (0% 4 ) o
A more uniform (but multi-valued) definition of the modular function zy is
e N-6 5N—6
LR ( 12Nﬁ2N ‘17%)
IN = N+6 N5N+6
N
. 120 180(N—5)(3N2421N+8) 2
=q " <1 + vttt ey ¢ +>

where j is the j function. This representation will be proven in Chapter 8 where Proposition 4.9.3
below can be utilized.

Proposition 4.9.2. For N = 2,3,4,5, xy is a Hauptmodul for T(N) and z is a Hauptmodul for
'y (N). The action of T on z is given by

.TN|T = CKZISL’N.
The action of S on xy s given in the following table.

N JZN|S

824192
r—1
3z+18
r—3
2x+4
r—2
(1+V5)z+2
2x—1—+/5

Proof. We only deal with the case N =5 as the other cases are similar and simpler. By Proposition
4.7.2, x5 has the representation
4

'L:O

U = W N

m\w
U(‘s.

)

hence we see immediately from Proposition 4.7.5 that x5 € M}(I'(5)). Next, suppose that ¢ is a cusp
of I'(5) and that g = (¢%) € I'(1). By Proposition 4.7.4,

cm»_x
cmN

2a+ic a+tic

Lorda (x5,T(5)) = 24: (frac (QT)> - 24: <fm(2 5 )>'

=0 i=0

If (¢,5) = 1, it is easy to see that both of these sums are —2/5 (which is (1 — N?)/12N when N = 5),
so x5 has no zeros or poles at these cusps. The only cusps of I'(5) whose denominators are divisible by
5 are represented by %, %, where 5 has a simple pole and simple zero, respectively. We now know that
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x5 is a Hauptmodul for I'(5) since x5 clearly has no poles in H. It is clear from the g-series expansion
of x5 that a5|7 = (5 'o5. From this we can deduce that 22 € Ay(I'y(5)) since I';(5) is generated by
['(5) and T'. Since the cusps for I';(5) are a subset of the cusps for I'(5), the only possible location of
a pole of 22 on H/T(5) is at the cusp % (equivalent to o), where x2 has a simple pole with respect
to I'1(5). Finally, by Propositions 4.7.3 and 4.7.1, the g-series expansion of x5|s is

8172 )
$5|S:C5_1HE5 51( )
=0 %7?
= —C 1_C5( G 1/5 1/5) (C§q1/5§q1/5)oo
51— (<5q1/5,q1/5) (C2q'/%; q/3) o

3/5
5 5 5 +O(q”"”).

From these first few terms it is a simple matter to determine the constants A, B, C' and D in the

relation
A.’L’ 5 —+ B

CQZ’5+D’

which must exist because x5|s is a Hauptmodul for I'(5) since this is a normal subgroup of I'(1). [

935|S =

Proposition 4.9.3. Let {f(z), 2} denote the Schwarzian derivative

e 3 (Y
{f(2),2} = fl(z) 2 (f’(2)>

Then,
T(1-N2); (] - 1728) - 1203 + 1327104

Proof. Since the Schwarzian derivative is invariant under GLs(C) and I'(1) acts on xy by a subgroup
of GLy(C), as a function of 7, {xy,j} is in Ag(T'(1)). We assert that in fact j2(j — 1728)*{zn, j}
is a polynomial of degree 2 in j. First at any point 79 € H that is not ['(1) equivalent to either
i or e(3), j(7) has an expansion j(1) = by + by(T — 79) + --- where by # 0. Therefore, since the
function xy does not ramify anywhere, it has an expansion in the neighborhood of 73 in the form
ry = ag+ay(j — j(10)) + ax(j — j(10))* + - -+ where a; # 0. Therefore,

. 6 (ajas — a2 24(a3 — 2aiaza2 + a’a
{oy,j} = <132 2>+ (e — 14)(]—9(70))+

ay ay
remains finite at this location. In the neighborhood of i, j has an expansion j = 1728 +by(7—14)%*+- - -,
so ry has an expansion zy = ag + a1(j — 1728)"/2 4 ay(j — 1728)%/2 4 - .- where a; # 0. Therefore,

3(@1&3

a3)
(j — 1728) +
2a?

. . 3
(j = 1728){en, j} = g +
remains finite also at 7. In the neighborhood of e(%), 2y has an expansion zy = a0+a1jl/3+a2j2/3+~ -

where a; # 0. Therefore, we have the expansion

2(aias — a?)
(ara3 2)j4/3+___

.2 N
J {xij}_g 3&% )

which, when taken with the previous three expansions, ShOWS that j2(7 — 1728)?{xy, j} has pos&ble
poles only at co. At oo we have the expansions j = ¢ '+ 744 +--- and oy = ¢ N1 +big+---),
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so zy has the expansion 2y = 7"/N(1 4 a1j~" + asj 2+ ---) in terms of j. From this we obtain the
expansion
{en.j} = (3 — 532) i >+ (decending powers of j),

which shows that j2(j —1728)*{xy, j} is a polynomial of degree 2 in j with leading coefficient § — 5.

If P(j) denotes this polynomial, then the expansions of (j — 1728)*{zy,j} and j*{zy,j} show that
172872P(1728) = £ and 1728 2P(0) = 3, which uniquely determines the polynomial. O

Proposition 4.9.4. For N = 2,3,4,5, j(1), j(NT), 717(&\/]17\7))2244, 7;(7](\2324 have the following representa-

tions as rational functions of x .

N i) (N T) e GtiEa

2 Er = (z =8’ z* — 64

3 Tt Ty (v —3)° (a® —27)?

4 A e (x-2PA+271) (- 16)°

R e s N R L G R B

Proof. Let us first show that

jlr) = &N)if = 1728 + CB,((;U—]%,

where A, B, and C are polynomials of degrees é—NN, (i—NN, and gi’—%. Then using the fact that these
rational functions should contain only powers of zy that are divisible by N, it is easy to compute
the coefficients of A, B and C by comparing the g-series expansions. At every cusp of H/I'(N) j(7)
has a pole of order N. Since x has a pole at the cusp oo, the degree of C' should be u/N — 1, where
p=[:T(N)] =12N/(6— N). At every point in I'(1)(i) /T'(N), j(7) — 1728 has a double zero, hence

B has degree /2. Similarly, A must have degree /3.

By the same reasoning,
A’ 3 B’ 2
@n)" _ 1708 4 Blaw)”
C'(zn) C'(zn)
where A’, B’, and C” are polynomials of degrees p/3, u/2, and p — N2 (' has a different degree
from C' because j(NT) has a pole of order N at co. In this case the order of j(N7) is slight more
difficult to calculate at the cusps of I'(V) since the order of the pole of j(NT) at the cusp 2 of I'( V)
is ged(c, N)2. We will explain the factorization of C” in the cases of N = 4,5. Two cusps of I'(5)
are % and %, and 7(57) has a pole of order 25 at each of these. Since % is equivalent to oo, this cusp
does not contribute any factor to C’, but % contributes a factor 2. All of the other cusps of I'(5)
have ged(c, 5) = 1, so they contribute simple factors to C’. The cusps of I'(4) are 1,1 112 4 which
contribute factors to C’ of multiplicities 1,4,1,0,1, 1.
The identities for the n quotients are left as exercises. O

J(NT) =

Proposition 4.9.5. For N = 2,3,4,5, set yn(7) = zn(£)".

1. yn(7) is a rational function of xn(T) of degree N. Ezplicitly,

N yy in terms of Ty

9 (z+24)2
r+8
(z46)°
x2+3z+9
(z+2)*

zgx2+4)
x(x?+3x° +422+2x+1)
x4 —2x3+4x2 —3x+1

S
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2. xn(T) is expressible in terms of yn (7) and radicals. Specifically, there are constants A, B, ..., C", D',
depending on N, such that
AQSN—I-B N A’yN+B’
(Cl'N + D) - C'yn+ D"

Proof. (1). Since zx (7)Y € M}(T'1(N)) and

((1) ﬁ)(i 3)(5 z0v)1=<z36 §)6F1<N>,

if (¢b) e I'(N), it follows that yv = (%)Y € My(T(N)). We claim that yy has poles only at

the cusps 1,3,---, & of H/I'(N) at that these are all simple poles. From this claim it follows that
ynv = Rn(zy) where Ry is some rational function of degree N. In order to prove this claim, recall
that 2y has a pole only at the cusp + (similar to ) of H/T'(N). Therefore, yy has a pole at ¢ if and

only if & is equivalent to §. Writing & in lowest terms (assuming ged(a, ¢) = 1), we need

a Ne
ged(a, N)' ged(a,

This implies that ged(a, N) divides ¢, which means that ged(a, N) = 1, and so a = +£1 mod N. Next,
to find the order of yy at the cusp %, notice that

-
N kr+1/)

N)) = (£1,0) mod N.

|
8
=

7~ N~/
==
22|“2|~1 ?
+ +|
— —
\_/\/
=2

Il

8 &
L= =
\/'\
2|ﬂ =

which shows that yy has a simple pole at % as claimed.
(2). Let the constants A, B, C, D be determined by the action of S on zy, i.e.

| AxN—i—B
X = .
N1S CQ?N+D

1
0 —1\(ab\/0 -1\ [ 4 -<
<N 0 )(c d)(N 0 ) _(—Nb a )EFI(N)’
if (%) € I'1(N). This means that ay(5=)" is invariant under T'y(N) so zy(52)Y = Fy(zn(1)V)
where Fy is a rational function. We have already shown that

First, we have

on (%)N — Ru(an(r),

where Ry is a rational function of degree N. Replacing 7 with # in this equation gives
_1\N
IN ) = ON\TN )
1 - R N
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or
Azy + B N_R AyN + B
CCL’N + D a Cyl/N + D .
Replacing 7 by £ in {EN(;,—i)N = Fx(xn(7)Y), we derive an equation of the form

AZL‘N + B
(m) = Iy (?JN)-

Comparing these last two equation and keeping in mind that Ry is a rational function of degree N,
we see that Fy must be a rational function of degree 1 and the assertion of the proposition holds. [J

Proposition 4.9.6.

@ (Cn (37)3 7'/3) 7

a+b=k
a,b>0

ML) = @ Cnlar)® 2 n(2r)™ *n(r)~*,

a+b=2k
a,b>0

@C"

a+b=>5k
a,b>0

15k

%(57‘)%%7%(57‘)19.

Proof. For N = 3,4, 5, these bases for My (I'(N)) follow from the observation that there is a fy(7) €
M"' (T(N)) with a pole only at co. Specifically,

_ ()
B =@
_ n(2r)?
f4(T) - 7](47-)4,
_ @)’
) n(o7) Py g (57)

with poles only at oo of orders 1, 2 and 5, respectively. It follows that if f € My(I'(NV)), then
fEkf € M)T(N)) and has a pole at oo of order at most k, 2k, 5k, respectively, and thus is a
polynomial in xx of at most this degree.

Let us prove the claim about f5. We first observe that (573 € Mj;(I'(5)) by Proposition 4.8.2 and

?%7%(57) € M' (T'(5)) by Proposition 4.7.5. Since, by Propositions 4.7.4 and 4.8.1,
4 a+ic
1 orde n(r)? T6)) = igcd(l,c) 15 ged(5, ¢)? _52 frac (4£%<)
U\ )P o (57)7 24 1 24 5 L 2
-1 ,%=1modI(5)
=40  ,2%2=2modT(5),
2 , otherwise
the claim for f5 is verified. O]

Exercise 4.9.7. Obtain and explain the formulas for the n quotients in Proposition 4.9.4.
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Exercise 4.9.8. Show the following. Sections 4.4 and 4.5 will be helpful, and one should recall the
definitions of I'> and I'® in Section 2.11.

1. T? (resp. T®) is the only normal subgroup of T'(1) of index 2 (resp. 3).
2. T° is freely generated by (7134 and (Y1), each of order 3.
3. T is freely generated by (934, (321) and (1 23), each of order 2.

4. The commutator subgroup T'(1) of T'(1) is T'NT°, has genus 1, and is freely generated by (11)
and (31).

5. Ag(I?) = C(/7 = 1728).
6. Ao(I®) = C(5%/?).
7. Ag(T2NT3) = C(j1/3, /7 — 1728)

4.10 Representations by z? + 12
Proposition 4.10.1. For any integer k > 1

1. ©3(27)%% € Mi(T1(4)).

2. dim My (T (4)) = | =£2].

3. dim Si(T'1(4)) = max([%2],0).
Proof. (1). Exercise 2.12.5 gives

O, <‘”+b) = (5)e <%) Ver +d 0y(7)

ct +d d

for any (¢%) € 'y with d odd. Since

GG

if (¢%) eTy(4), it follows that ©3(27)? € M;(T'1(4)).

c

(2). Proposition 4.9.6 gives

M(T() = €D Colar)™ 2en(2r) *n(r) .

a+b=2k
a,b>0

2b
) e,

Vi

Since My, (I';1(4)) is the subspace of M (I'(4)) consisting of forms with expansions in integral powers
of ¢ and
n(4r)* 72 n(27)% (1) 72 = ¢ (¢*; ¢) 27 (%5 ¢7) 2 (a5 4) 2,
we must have
MyTi(4) = @ Cn(an)™*p(2r)™ Py(r)~>,
at+b=2k

a,b>0
b=0 mod 4

which implies that dim M;(T';(4)) = [&2].

(3). M5(T"1(4)) is spanned by the three functions f; in the following table, where the orders are
given at the cusps. Note that the cusps of I';(4) are representated by %, %, and %, with widths 1, 4,
and 1.
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fi n§§T)5° - 71(1227)26 ; 17(27)2?7(37)12
n(7)*°n(4r) n(r)'?n(4r) n(r)
ords (f.T2(4) | 0 1 2
orda(f,T1(4) | 0 0 0
Ord%(fi,rl(‘l)) % % %

If A # 0, then f; + Afs has a zero of lowest possible order at the two cusps % and % Lets try to
determine A so that it also has a simple zero at the cusp %

_ M (D)5nG) (%)
S5 8192n(1)* 512n (i)

_ (A+16) + (64 — 124)¢"/* O(q2/4)
N 8i '

D) ()
) Zgnt T gy

With A = —16, we see that there is a form fo — 16f; € S5(I'1(4)) with simple zeros at the regular
cusps and a zero of order % at the irregular cusp. Also, fo — 16f3 has no zeros on H by the valence

formula. It follows that Si(I'1(4)) = (fo — 16f3) Mi_5(I'1(4)). O

Proposition 4.10.2.

2 1 1 q"
05(27)° = 2ieb = +4;(—1) B
2n
4 2 2 2 ng"
O3(27)" = 3eb o — 28, — 1¢% :1+8;1_ -,
4n
6 3 1 - 3 ’q - w1 n°g"
O3(27) :—2ze2i—zz;e“ :1+16Z;1 e 2(_1) o
J= n s

© 3.n —
8 154 1.4 1.4 nq 12 ,n=2mod4
Ou(27) = Fehg —lehy —3ehy =1+ {16  otherwise

4.11 Building congruence modular forms from © functions

Riemann’s © function with characteristic [§] € R**9 is defined as

O[]z = ) e (3(n+a)Q(n+a)+ (= + B).(n +a)),

nez9

where z € CY9 and Q) € C99 is symmetric with positive definite imaginary part so that the sum is
absolutely convergent. The © function without characteristics is defined as ©(z|Q2) = ©[J] (2|Q).
Since

O[5](2|Q) = e(a.(z + ) + 2a.0.0)0O(z + a.Q + B|Q),

the function with characteristics is no more general but is slightly more convenient to work with. We
will mainly make use of this function in the case z = 0 and 2 = 7() where 7 is the usual variable in H
and @ is a symmetric positive definite matrix in Q9*9. In this case set Og [3] (1) = ©[3] (7Q). When
the variable z is set to zero, it is commonly omitted from the notation so that © [3] (2) = ©[3] (0/©2).
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Note that Riemann’s © function doesn’t change much if the characteristics change in sign or by integer
vectors, i.e.

O[75] () =0[3] (),
O[5 ] (Q) =e(@t)O[F](Q), steZ’
Proposition 4.11.1. We have the following properties of © 3] (z]€).

1. Quasi-periodicity: For any s,t € 79,

O [517] (1) = e(at)O [§] (2]92),
O[5](z+5.04tQ) =e(at — f.s — 35.0.5 — 5.2)0 5] (2|Q).

2. Parity for half-integer characteristics: If a, B € %ZQ, then
O [5] (—210) = (-1)**7O[§] (=|9).

3. For any A, B,C,D € 7979 such that G = (& B) is a symplectic matriz, i.e.

A B AT 0 I

C D S\ -1 0 )’
and ABT,CDT have even diagonal, there is an eighth root of unity €(G), depending only on G
and the choice of the square root such that

O15] (.(CQ+ D) (A2 + B)(CQ+ D)™") = e/det(CQ + D)e (22.(CQ+ D)"'C.2)

xe(—1a.ABT.a — a.BCT.f — 1.CDT.8)0 [ 45155 ] (2]9Q)

We first give the behavior of ©¢ [3](7) under the generators of I'(1). Proposition 4.11.2 implies
that the functions

{0g[5](7) |a,B € +Z mod 1, B.Q7" € +79}
are transformed linear among themselves (in weight ¢g/2) by I'(1), as well as the same for the functions
{6¢[§]1(7) |a€ +Z mod 1, .Q € Z7} .

Thus we obtain a homomorphism from I'(1) to GL;(C) for some k. Proposition 4.11.3 shows that the
kernel of this homomorphism is a congruence subgroup, and we will work out explicit examples in the
case when @ corresponds to the quadratic form 2% + zy + y? and other interesting forms as well.

Proposition 4.11.2. Suppose that ) € 799 has even diagonal and that N is a positive integer with
NQ™t € Z9%9. Then

Oq[3](1+1) =e(—30.Q.0) Og [ s4ae] (1),

d ro_ —1
YD o031 (-) =el-a8) Y o[58 )
r€Z9 NZ9
Q.r=0 mod N
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Proposition 4.11.3. Suppose that Q € Q%9 is symmetric and positive definite. If g = (%) € T'(1)
is such that bQ,cQ~' are integral and abQ, cdQ~! have even diagonals. Then,

@MQMT (3] () [BM T] T), MGGLQ(Z),
1) = a0 | 4]

(

@Q[a] (52)

(—% baQa—bcaﬁ——cdﬁQ 15)
x eqle, d)(er + )20 | 5322 5 | (7).
Here the quantity eg(c,d), depending only on ¢ and d, is the eighth root of unity

Z C2 cn.Q™1

n€ZI /dZ9

9/

)9/2

EQ(C, d

g/2

dn.Q.n
det Z Gac

nEZQ/cZQ

/‘\/‘\

where it is assumed that cdQ) is integral with even diagonal in this last sum (so that it is well-defined).

Proposition 4.11.4. Let all of the hypothesis of Proposition 4.11.3 hold as well as the assumption
that cdQ is integral with even diagonal. For an automorphism o € Aut(Q((,)), let x° denote o(x)
and x°~1 denote o(z) /.

1. If Q is integral and has even diagonal, then

egle,d) = <\/det icQ)J , where o : (o 2.

2. If Q s integral and d is odd, then

eglc,d) = (x/det icQ)U 1 , where 0 @ (oo (5.

3. If Q € Z**? has even diagonal, then

d det Q odd
o det Q ’
€Q<C, d) - { (<2 det Q>) d—1 det Q even '
d 8 ’
Proof. (1). )

4.12 Representations by z* + zy + y* other quadratic forms

The quadratic form z? 4+ xy + y? arises from the case @ = (?3). Let us save space notationally by

writing © [3] (1) = © [gg} ((37 1r)) for the time being. Propositions 4.11.3 and 4.11.4 give

© [5olls() = (5)©[o0] (1),
O [00]1s(7) = G (5) © [50] (), (4.12.1)
O [v2]1s(r) = G (5) © [12] (7,

()]
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for any g = (_4.%) € To(3). These © functions, i.e.

_ E 22 +ry+y?
- q 9

z,y€Z?
1,1 _ 2 +xy+y?
@[0,0}(7)— § q e
acyElJrZQ
00 x24xy+y? fx— y
1 2 E q° G
z,yeZ?

are the three functions introduced in [3].
Proposition 4.12.1. For any integer k > 1
1. ©[g0] (1)F € Mi(T(3)).
2. dim M, (I'1(3)) = [ %£2].
3. dim Si(I'1(3)) = max(| 552 ],0).

Proof. The proof of these results is similar to Proposition 4.10.1. The form in Sg(I';(3)) with a simple
pole at § (width 1) and a simple pole at § (width 3) is 7(7)%n(37)¢, by Proposition 4.8.2. O

Proposition 4.12.2.
O [00] (1 =0 [a5] ()* +O[12] (7)°

Proof. By (4.12.1), the three functions © [¢9] (7)%, © [go] ()%, © [15] (7)? are all in M5(I'1(3)).
Since this space has dimension 2 by Proposition 4.12.1, there must be a nontrivial linear relation
between these functions. This is easily found using the first three terms of the g-series expansions. [

Proposition 4.12.3. Let x be the odd character modulo 6. Then,

% —1+621_q

This concludes the study of the quadratic form @ = (2 }). We will now focus unimodular lattices,
and in particular on the Fg lattice. The Ejy lattice is defined as

O [00] (1) =2v=3¢

CV\O

By = {(x1,...,22) €Z°U(Z+3)° | a1 + - + s € 2Z}.
A basis for the Eg lattice can be given as the columns of the matrix

0 0 1 -1 —1/2
0 1 -1 -1 1/2
1 1/2
1/2
1/2
1/2
1/2
~1/2

O O O O O
O O O O o O
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Note that det A = —1. The associated quadratic form is

2 -1 0 0 0 0 0 O
-1 2 -1 0 0 0 0 0
0O -1 2 -1 0 0 0 0
0O 0 -1 2 -1 0 0 0
@e=ATA=1| o o o 1 2 -1 -1 0
o 0 0 0 -1 2 0 -1
O 0 0 0 -1 0 2 o0
O 0 0 0 0 -1 0 2

Proposition 4.12.4. Let ) € 7Z9*9 be a symmetric positive definite matrixz with even diagonal and
det@ = 1.

1. g =0mod 8
2. Oq(r) € Mys(I(1)).

Proof. (1). By Proposition 4.11.3 with « = 8 = 0 and M = Q~!, we have @Q_1(—%) _ @Q(_%) _
(i7)920¢(7) and Og(T + 1) = Og(7). Therefore,

Oo(7) = (i/7)"?00(1 - 7).

Iterating this three times gives Og(7) = (i/7)9/2(it/(T —1))9?(i(1—7))9/204(7). Since Og(7) clearly
does not vanish identically, this implies that

(;)m (TZ_T 1>g/2 (i(1—7))9% =1

Setting 7 = e(%) and simplifying, we find that the left hand side is ¢J. Thus, ¢ = 0 mod 8.

(2). This is now clear since Oq(7) = > .7, q%"'Q'” has a ¢-series exansion in non-negative powers
of q. O]

We can derive from this proposition the fact that O, [§] (1) € My(I'(1)), and so

Ey(1) = Oqy(7)
— § qz%+w§+$§+zi+$§+zg+w$+$§—z1z2—wzxg—$3$4—$4$5—z5z6—$5x7—$6z8

€78

4.13 Subgroups up to index 7: non-congruence examples

Recall that if a subgroup I' of I'(1) contains some I'(N) then it is called a congruence subgroup. In
this section we are concerned with the elements of I'(1) only up to their action on H, so we suppress
the bars over all of the subgroups of I'(1). For any subgroup I' and cusp a € Q, let hr(«) denote the
width of the cusp a for I'. Also, let I'°, called the congruence closure of I', be the smallest congruence
subgroup of I'(1) that contains I'. Clearly, I" is a congruence subgroup if and only if I' = I'®. The
following proposition relates I', I' and level(T").

Proposition 4.13.1. Suppose [['(1) : '] < co. Set N = level(I") and let ¢ : I'(1) — PSLy(Z/NZ) be
the map that reduces matrices modulo N. Let ¢ take subgroups of PSLo(Z/NZ) to the corresponding
groups between I'(1) and T'(N). Then, T = ¢~ (¢(T)).
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Remark 4.13.2. There are much faster ways for testing if I' is a congruence subgroup and computing
the congruence closure using presentations for PSLy(Z/NZ). See [16]. The main result for odd N
is: T is congruence iff (R*T"2 )3 acts trivially on the cosets T(1)\I'. Recall that R = (19) and
T=(51)

Proposition 4.13.3. Suppose I' is a congruence subgroup of level N. Then, if I' > T'(I) then N | .
Proof. Exercise. O]

The following Proposition, due to Wohlfart, says that the level of a congruence subgroup I' is the
smallest [ satisfying I" > T'(1).

Proposition 4.13.4. Suppose I' is a congruence subgroup of level N. Then, I' > T'(N) and
N = lcm(hp(O), hr(l), hF(OO))

Proof. Set m = lem(h(0), h(1), h(cc)). Since the hypothesis is that I' is a congruence subgroup, let

be such that I' > I'(l). Since I' > I'(1) and the width of every cusp for I'({) is [, [ must be a multiple of

cach of these three widths h(0), h(1), h(c0), and so m | l. Let M = (2%) = I mod m be any matrix

in I'(m). We must show that M € I'. By multiplying by powers of ({7) and (,,9), which are in
both I' and I'(m), we may make some simplifying assumptions on M.

e ged(d,l) = 1. Note that (¢5)(§7)™ = (2% ) Since ged(d,mc) = 1 by the assumption

M € I'(m), there is an integer ny so that ged(d + ¢cmnq,l) = 1 (for example, since d + cmZ

contains infinitely many primes).

( :

e b=0mod . Note that (7)™

aby) = (etemn2 bhdmna) - Gince m | b and ged(d, 1) = 1, there is
a ny such that b + dmny, = 0 mod [.

e ¢ =0mod /. Notethat (¢8)(L0)" = (Zisjzzg %). Since m | ¢ and ged(d, 1) = 1, there is a ny
such that ¢ + dmns = 0 mod [.

Therefore, we may assume M = (& 9) mod [ where ad = 1 mod [. However, modulo [, M is congruent
to M’, where M' = (%, déd__ald) ). Therefore, there is a matrix L € I'(l) < T' with M = LM’. M’ can
be written as the product of three matrices with trace 2 as

; 1 0 a 1—a 1 1—-d
v=(0 D) Gt (0 ')

The last matrix in this product fixes co, and h(o0)|1 — d because d = 1 mod m. This implies that the
last matrix is in I'. Dido for the second matrix (= (1 9)(3'7*)(19)™!) and the cusp 1. Dido for the
first matrix and the cusp 0.
Finally, let N denote the level of I, that is, lem({hr(a)},cg). We have just seen that I' > I'(m).
However, we have m|N by the definition of m, and N|m by Proposition 4.13.3. Therefore, N = m.
[

The number of subgroups of I' and size of the conjugacy classes as computed in [14] are as follows.

index [1 2 3 4 5 6 7

No. of subgroups |1 1 4 8 5 22 42
No. of conjugacy classes |1 1 2 2 1 8 6
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All of the subgroups T' of T'(1) with index < 7 except I'* N T® have genus 0. It turns out that if we
assume the existence of a Hauptmodul, xr, for each of these genus 0 subgroups I', we can find xr as an
explicit algebraic function of j. Let us illustrate with, for example, the conjugacy class of subgroups
of index 7 in Table 4.1 with (e, €2, €3) = (2,1, 1) and cusp widths 5+ 2. We first fix « by putting its
pole at the cusp with width 5 (and setting its residue to be 1) and its zero at the cusp with width 0.
Since there is one elliptic point of each order for this subgroup, we have an equation of the form

. (z +a1)(2® + axz + a3)® _ 1798 + (z + b1) (2% + boa® + bgx + b4)2'

2 2

It is possible to determine the constants a; and b; algebraically by equating coefficients on powers
of x. It turns out that there are five distinct sets of solutions, corresponding to the five conjugate
subgroups that have a cusp width of 5 at oo. In the table, x has been rescaled so that the defining
relation with 7 is rational.

Note that the groups of index 7 in the last four entries in Table 4.1 are not congruence subgroups
because the least common multiples of the cusp widths are 6, 10 and 12, respectively, and none of
the indexes [['(1) : T(6)] = 72, [[(1) : T(10)] = 360, and [['(1) : T'(12)] = 576 is divisible by 7. Let ['*2
denote the subgroup with cusp widths 5 + 2 and fundamental domain

1
1

Note that once the locations of the two elliptic points are specified, there is only one way to pair
the edges while obeying the cusp widths of 5 and 2, so this defines a subgroup of T'(1). Since Table
4.1 gives the Hauptmodul = as a explicit algebraic function of 7, it is a simple matter to obtain the
g-series expansion of z from that of j. For the group I'>2, we have

512000 ,, 69632000 488364032000 5, ~ 340869677056000 ,

34371 117649 1T 10353607 —7¢ T 06889010407

The function z(7) is a Hauptmodul for T2, The Hauptmoduln for the other six groups in this
conjugacy class are (1 — 1/(7 +1)), and 2(7 4+ j) for i = 0,1 and j = 1,2, 3,4.

As T2 is non-congruence and has prime index in I'(1), its congruence closure must be the full
modular group I'(1). Since x is clearly not invariant under I'(1), we have the g-series expansion of a
modular function that is not invariant under I'(N) for any N (so in particular, it cannot be written
in terms of the usual ¢g-products). There are a few things to notice about the g-series coefficients of
the function z:

x(1—-1/7) =

e The coefficients appear to have unbounded denominators. (The g-series expansions of the Haupt-
moduln for the congruence subgroups in Table 4.1 all have bounded denominators.)

e Any Galois extension of QQ containing the g-series coefficients of = and its six conjugate is not
an Abelian extension.
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cusps Hauptmoduln conj.

U
2 2 j=a% 41728 1
3 3 ] = 3 1
3 241  j=ltor 3
4 4 j=z(z+1)> 4
. (x427)(2+3)3
4 3+1 J="—" 4
5 5 J = 2*(x* — b + 40) 5
6 6 genus 1 1
6 6 j = —272%(z + 16) 2
6 6 j=27(x%+4) 3
. 23(x+12)3
6 343 J = (g 3
. 23(x+8)
6 442 J= (x+4) 3
6 5 + 1 ] _ (cc +10:c+5) 6
. Qj2
6 24242 j= % 1
6 44141 j= (z2+48)° 3
2464
7 7 j= x(x + 7+7F 4+ —35+7F) 7
7 7 j=a@®+ = 7Fx+ =35 7F)3 7
7 641 _384(747— 1763F)(m+9)( 2+(6+F)$+ (3+v=3))3 7
- 82354
7 641 _ 384(747+1763v/=3)(z+9)(z? +(6—F)x+5(3—\/?3))3 7
823543z
- (x4125)(x2+52—1280)3
! otz 7 ( +432§5(2 325—?—%%)2—3888)3 !
7 4+3 J= —8235432° 7

Table 4.1: The subgroups with [['(1) : T] < 7 and their Hauptmoduln
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Exercise 4.13.5. Set a = *HT\E Recall from Table 4.1 that supposedly there are 14 congruence

subgroups of index T with (€, €, €3) = (1,3,1), whose Hauptmoduln x satisfy
j=a(z® — axr — 21 — 7a)® or & in place of a.

Since these are congruence subgroups, we should be able to solve for x in terms of q-products. Let us
first fiz two of these groups, I'" and I'", by the fundamental domains

respectively. The edge pairings for each of these fundamental domains are uniquely determined by the
locations of the elliptic points (shown with dots).

1. Show that T7 and I'7 are congruence subgroups of level 7 by means of Proposition 4.13.1 via the
following steps.

(a) Show that T is freely generated by S, T*ST—*, T°ST—°, T*ST~
Show that I'7 is freely generated by S, T>ST 2, T3ST =3, T6ST~>.

(b) Let G and G be the subgroups of PSLy(Z/TZ) ~ [(1)/T(7) generated respectively by the
two sets of generators in (a) modulo 7. Show that G and G have order 24 hence index 7
in PSLy(Z/7Z).

2. For j =1,2,3, let u;j(7) = £8;/7.0(77)n(77)3/n(7), with the signs fized by

u(T) = —¢"""*(4:¢") (% "

uz (1) = +¢"** (0% 4" ) oo (%5 4"

us(7) = +07 (6% Moo (0" 0 oo (073 4 o/ (@ @)oo
)%

Show that uyn(T)*, usn(7)4, usn(7)* € So(T(7)). This is in fact a basis by Theorem 4.2.5.

3. Show that
umi ¢ 02 0 um;l
un* |lr=1 0 & 0 un® |,
usn® 0 0 @ ugn®
urn’ L [Ed G- @-g [
U2774 |s = \/—_—7 ﬁ%:’ - C72 Cg’ - C?L C76 - C?l U2TI4
usn’ G- G-¢G §-¢ usn’

4. Let z; = G'uf + b + ('ud + a(Cugus + (Frugus + (Frugug). Show that xg is a Hauptmodul
for T" N T3, which is a subgroup of index 21 with (e, e€z,€3) = (1,9,1). Hint: show that
zon® € 54(I‘7). Recall also that n® € S4(T?).

5. Show that x3 is a Hauptmodul for T and that the x3 are Hauptmoduln for the conjugates of T".
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Chapter 5

Hecke Operators

5.1 Definition of the Hecke operators
5.2 Eigenforms

5.3 Newforms
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Chapter 6

Modular Forms mod p

6.1 The structure of modular forms on S1;(Z) mod p

6.2 The congruences for p(n) mod 5,7,11 are the Unique Ra-
manujan Congruences

6.3 24n =1 mod 57°11° implies p(n) =0 mod 5e7lzl+111¢
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Chapter 7

Modular Equations and Singular Values

7.1 Modular equations for j

Proposition 7.1.1 (Classical modular equation). For any integer n > 2 there is a polynomial
P,(X,Y) of degree p(n) =n]],,(1+1/p) in X and Y such that:

®,,(X,Y) is irreducible.

O, (X,Y) is symmetric in X and Y .

O, (X, X) has leading coefficient £1 if n is not a square.
4. The zeros of ®,(X,j(1)) occur exactly at the points

ad =n
ij(‘”;‘g), 0<B<s
ged(a, 8,6) =1

Proof. This polynomial can be given as

o, (X,Y)= [] (X—j (‘”; b)) (7.1.1)

ad=n
0<b<d
(a,b,d)=1

where the coefficients of X* on the right hand side should expressed as polynomials in Y for Y = j(7).
O

Proposition 7.1.2 (Canonical modular equation). For any integer n > 2 there is an irreducible
polynomial ¥, (X,Y) of degree ¢)(n) in X and Y such that ®,(f.(7),j(T)) = 0, where

fulr) = (U(NT))@&“—U |

n(7)
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7.2 Modular equations for the Weber functions

Weber’s functions are defined as

(1) = \/7(7) — 1728 = E6(T)2

n(r)!
2 = (i3 = Ey(7)
ey
f( ) - C48 77(7_)
n(3)
hir) = n(7)
_n(27)
T
Proposition 7.2.1.
73(1) € Mp(T'(2)),
72(7) € My(T(3)),
F(r)2, F1(7)* ()% € My(T'(2)),
F(r)%, 11 (7)% f2(7)* € Mp(T(16)),
F(r), F1 (1), fa(7) € Mp(T'(48)).

7.3 Quadratic Forms

Let n < 0 be an square free integer and consider the field K = Q(y/n)). The ring of integers in K
can be given as

Z%—Zflg\/ﬁ ,n=1 mod4

{Z%—Z\/ﬁ ,nZ1 mod 4
Ok =

Therefore, the discriminant of K is given as

4n ,n#%1 mod4

. (7.3.1)
n ,n=1 mod4

disc(K) = {

Definition 7.3.1.
1. A negative integer d is called a discriminant if d = 0,1 mod 4.

2. A negative integer A is called a fundamental discriminant if it can be obtained from some square
free n by formula (7.3.1). These are the numbers A such that

A =1mod 4 and A is square free
or A = 8,12 mod 16 and A/4 is square free.

3. Any discriminant d can be written uniquely as d = f2A where A is a fundamental discriminant
and f >0 is an integer. This f is called the conductor of the discriminant d.
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Definition 7.3.2. Associate with triple of integers (a,b,c) such that a > 0,b*> — 4ac < 0 the following
objects

1. the positive definite quadratic form ax® + bxy + cy?
2. the discriminant b* — 4ac
3. Tape= "2Vl H

4. the following operation of Z2*? on quadratics forms

M € 77 : az® + bry + cy® — aX? + bXY + Y with ();:):M(z)

Definition 7.3.3.
1. A quadratic form (a,b,c) is called reduced if

0<1b| <a<candb>0 whenever a = |b| ora = c.

2. A quadratic form (a,b,c) is called primitive if ged(a, b, c) = 1.

Proposition 7.3.4. Every quadratic form is equivalent (under T'(1)) to a reduced form, and no two
distinct reduced forms are equivalent.

Proof. The condition for (a,b,c) reduced is exactly
1 1
| Re(7)| < 5 and |7| > 1 and Re(7) < 0 whenever |Re(7)| = 5 or 7] = 1.

for 7 = %&. This is exactly the fundamental domain for I'(1). O

Definition 7.3.5. Let H(d) denote the equivalent classes of primitive forms of a given discriminant
d under the action of I'(1). Also let h(d) denote the size of H(d).

Proposition 7.3.6. h(d) < cc.

Proof. 1f (a,b, c) is a reduced form with discriminant d then we see b* < ac < —d/3. There can only
be a finite number of forms satisfying this. m

Example 7.3.7.

h(—163) =1 H(—163) = {(1,1,41)}
h(—160) =4 H(—160) = {(1,0,40), (5,0,8), (4,4,11),(7,6,7)}

7.4 Singular Values of the ; Function

Proposition 7.4.1. For any discriminant d, the polynomaial
m = 1 (x-i(=54))
(a,b,c)eH(d)

has integer coefficients. Furthermore, if d = r* —4n for any integers v and n with n > 1, then Hfl(X)
divides ®,(X, X) (the modular equation for j).

Remark 7.4.2. It seems that the full force of class field theory is required to show that ”Hgl(X) 5
irreducible and the Galois group over Q(v/—d) is isomorphic to the class group, but we will not need
this fact for our purposes.
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7.5 Singular Values of the Weber Functions

The polynomial H/(X) defined in Section 7.4 has quite large coefficients. Tt turns out that modular
functions of higher level provide the same extensions of Q with much simpler defining polynomials.
Weber defined a class invariant f(7) to be a modular function for which

Q(f(Ta,b,c)) = @(j(Ta,b,c))

where (a, b, ¢) ranges over some set of representatives of H(d).

Definition 7.5.1. For any integer N let (a’,b', ') := [(a, b, ¢)|n denote any form equivalent to (a, b, c)
for which
ged(a', N) =1 and b/ = bmod 2N,

Proposition 7.5.2. For any primitive form (a,b,c), [(a,b,c)|n exists.

Proposition 7.5.3. Let (a,b,c) range over [H(d)], and set T = %& and s = ged(2,d). Then

¥3(7)
1s a class tnvariant.

Proposition 7.5.4. Let (a,b,c) range over [H(d)|3 and set T = %ﬁ and s = ged(3,d). Then

S
Ya(T)
1s a class tnvariant.

Proposition 7.5.5. Let (a,b,c) range over [H(d)]ss. Set 7 = %ﬁ and s = ged(3,d). Then, we
have the following table of class invariants.

condition class imvariant
—d/4=0mod 8 | 2735 ()%
—d/4=4mod 8 | (2)273/% ()%
—d/4=2mod 4 | (2) 273 (r)*
—d/A=1mod 8 | (2)27%/%f(r)*
—d/4=5mod 8 | 275f(7)*

—d/4 =3 mod 8 | f(7)*
—d/4=Tmod 8 | (2)27%/%(r)*

a

d=1mod 8 Ciafa(T)®
— f(ro0)® | f(m0)® | f(r)* 2 2 2
d =5 mod 8 A s T T T i
In the case d = 5 mod 8, we should set 7; = %ﬂ where

Example 7.5.6. We have h(—103) =5 and

[H(—103)]4s = {(17,769,8698), (19, —767,7742), (1, 1, 26), (23,865, 8134), (29, 97, 82)}.
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According to Proposition,

17 —769++/—103 19 767++/—103 1+z\/m
C48 2 34 ’ C48 2 38 , g f2 ’

23 —865++/—103 29 —974+v/—103
C48 f? 46 ) <48 f2 58

are roots of X° +2X* 4+ 3X3 +3X? + X — 1. This is a much simpler polynomial than

H? | 05(X) = X° + 70292286280125X* + 85475283659296875.X
+4941005649165514137656250000X  + 13355527720114165506172119140625 X
128826612937014029067466156005859375,

although they generate the same splitting field.

7.6 The Class Number One Problem

7.7 Singular Values of the n Function

Proposition 7.7.1. Let d be a discriminant and let f and A be the associated conductor and funda-
mental discriminant. Let

LZ e bR Sy M(&)
h(d) (1 —p™) (1 — x(p))
+p;f (I—p- (p X(;))P o8P
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Chapter 8

Hypergeometric Functions

8.1 Basic Properties of the »Fj(x) and 3F,(x) Series

Proposition 8.1.1. The formula (4.9.3) is correct for N = 2,3,4,5 at least for —it > 0 (so j(T) >
1728).

8.2 Jacobi’s Inversion Formula and Generalizations

8.3 Solution of the General Quintic by Modular Functions

From Proposition 4.9.4,
(220 + 22821 + 494210 — 22825 + 1)3

x? (210 — 1125 — 1)°
where j is the j function and x5 is the Hauptmodul for I'(5) defined in (4.9.2) (the reciprocal of the
Rogers-Ramanujan continued fraction). The solution for x as a function of j in this equation is the
basic irrationality that can be used to resolve the simple group As/1 in the normal series

1< A5<S55

j= (8.3.1)

for S5. The factor group S5/As =~ Zs corresponds to taking the square root of the discriminant of the
quintic.

Proposition 8.3.1. Let F = Q(a, b, c,(5). The splitting field of the quintic X* + 5aX? + 58X + is
F(\V/'D,z) where D is the discriminant of the quintic and
129

1 ~ >
et 60’ 60
760 o Fy ( y

5

1728
J

v 11 = 3l
f— o= 60?7 60

J 60 o I} ( 6

5

and j is some element of F(\/E)
Proof. Let X, .

.., X4 be the roots of the quintic, and let v/D = 11
root of the discriminant (D is not a square in F'). Then, Gal(F (X, ..

1728
J

(X; — X,) denote a fixed square

L X.)/F(VD)) C 4s,

1<j

Let Igy denote the group of Mobius transformation on C,, giving the 60 symmetries of the regular

icosahedron. We have already seen

Teo ~ T'(1)/T(5) ~ As,

with the correspondence on generators given by

81



element of g ‘ element of T'(1)/T(5) ‘ element of As

GGl T T(5) T =(01234)
v 2 S T(5) o = (12)(34)

where ¢ = %5 and ¢ = %5 For any 7 € As, let M, denote the corresponding element of I5y. Set
(fori=0,...,4)

7=0
Then, the action of A5 on the t; is
t G 0 0 0 t
B C I ¢ 0 0 t
ts | | 0 0 ¢ 0 ty |’
ty 0 0 0 ¢ ty
t 1 —¢ ¢ -1 t
- o | 1| =9 -1 1 ¢ to
ls NG ¢ 1 -1 —¢ ts
21 -1 ¢ -0 1 ty

Next, note that that vanishing of the coefficients of X* and X? gives 0 = t, = t,t4 + tot3, and set

to 14
xr = —t— — t_7
! 3 (8.3.2)
b h
11 ty
The action of A5 on z and Z is given by
_ or — 1
() =G 'w, o(x)= ,
T —¢
< (8.3.3)
mT) =Gz, o(n)= ¢z 1
5 ? Q_: _ ¢ :

This means that the corresponding values of j and j (see (8.3.1)) are fixed by ¢ and 7, hence ele-
ments of F(v/D). Since z was defined in terms of the X; rationally over F, we have F(v/D,z) C
F(Xo, X1, Xo, X3, X4y).

In order to establish the proposition, we must show that each X; can be obtained as an element
of F(v/D,x). Once we know z and Z, we know the ratios of the ¢; by (8.3.2). Hence the ratios of the
roots X; are known since they are the inverse Fourier transform of the ¢; and t; = 0. Once we know
the ratios of the roots we know the roots because of the equation

1 1 1 56

_+_+...+____7
Xo Xy Xy 0l

so it suffices to demonstrate that Z is an element of F(v/D,z). The reason for this lies in (8.3.3).
Every transformation in g is defined over Q((5). Therefore, for a given M € Ig, if M denotes M
with the automorphism (5 + (2 applied, then we have

m(x) = My(z) = 7(z) = M,(Z), 7€ As, (8.3.4)
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since this holds on generators. Now let M, -+, Mgy denote the elements of Igy so that {M;(z)}; is
a list of conjugates of  under As. Since (8.3.1) has disinct roots as long as j # 0,1728, 00, this
list contains 60 distinct elements. From (8.3.4) we see that {M;(z)}; and {M;(z)}; are permuted
identically under As, that is

7T(M1<I>> = MJ(I') - W(Mxi’)) = Mj(f’), T E A5.

This means that the solutions for the a; in the linear system

60
M(z) =Y apMi(x)F', i=1,...,60
k=1
are all fixed by A; hence elements of F(v/D). O

Remark 8.3.2. [t is possible to be much more explicit about the relationship between x and . In
fact, we have

Vol — 1126 — ¢ (725 — )T + 27 + Ta? GF(\/E)
Vi 1728 (2 + 392° — 262%)7 — 26210 — 3925 + 1 ‘

See [5].
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Chapter 9

Mock Modular Forms
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