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Random Plane Waves

In 1977 M. Berry conjectured that high energy behaviour of eigenfunctions in
the chaotic case is universal and has statistically the same behaviour as
Random Plane Waves.
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1. Introduction

In 1977 Berry [1] conjectured that wave functions of generic chaotic systems, !(!x ), can

statistically be written as random superposition of a complete set of functions, "m(!x ),

!(!x ) =
!

m

Cm"m(!x ) (1)

where the coe"cients Cm are independent identically distributed random variables with

zero mean and variance obtained from normalization. In particular, any wave function

of a two-dimensional billiard obeys the Helmholtz equation with energy E = k2

(# + E)!(x, y) = 0 (2)

and can be represented as a formal sum

!(x, y) =
!

m

CmJ|m|(kr)eim! , (3)

where r and # are polar coordinates and Jm(r) are the usual Bessel functions. For

problems without magnetic field wave functions are real and Cm = C!
"m.

Consider a chaotic quantum system like the stadium billiard with Dirichlet

boundary conditions and let us calculate (numerically) a large number of eigenfunctions

with energies close to k2. Each eigenfunction gives a well defined set of coe"cients, Cm

in the expansion (3) and it is of interest to know mean values of di$erent functions of

these coe"cients over the whole ensemble of eigenfunctions. Berry’s conjecture means

that in the semiclassical limit k ! " the result will be the same as if the coe"cients

Cm would be independent Gaussian random variables with

#Cm$ = 0 and #CmC!
n$ = $2%mn . (4)

Though Berry’s conjecture is one of the oldest conjectures in quantum chaos it has not

yet been proved rigorously. Numerically it works very well. In figure 1 we present two

Figure 1. Left: Nodal domains of the eigenfunction of a quarter of the stadium with

energy E = 10092.029. Right: Nodal domains of a random wave function (3) with

k = 100.

Figure: Nodal domains. Left: eigenfunction of a quarter of the stadium. Right: RPW
[Bogomolny and Schmit 2007]



Random Plane Waves

RPW with energy k2 can be defined as a random series:

Ψ(r, θ) = Re
∞∑

n=−∞

anJ|n|(k r)e
inθ (1)

an independent, complex, Gaussian.

Ψ centred, Gaussian field with covariance function:

ψ(z, w) = E[Ψ(z) ·Ψ(w)] = J0(k|z − w|).

Ψ stationary and isotropic.

Ψ is an a.s. solution of the Helmholtz equation: (∆ + k2)Ψ = 0.



Critical Points

We are interested in the geometry of random solutions Ψ.
The geometry of nodal lines, nodal domains, level curves and excursion sets
are closely related to the set of critical points of Ψ.

Figure: Critical points of a Random Plane Wave.



Expected Number of Critical Points

N c
ρ = #{x ∈ B(ρ) : ∇Ψ(x) = 0}

Ψ translation invariant then N c
ρ independent of the center of the disc B(ρ),

Ψ scale invariant then we can assume k = 1.

Theorem

For every ρ > 0,

E[N c
ρ ] =

1

2
√

3
ρ2,

4E[Nmin
ρ ] = 4E[Nmax

ρ ] = 2E[N saddle
ρ ] = 2E[N e

ρ ] = E[N c
ρ ].

Proof: Kac-Rice formula applied to the gradient of Ψ.



Compare RPW with two very well known translation invariant processes.
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Fig. 1. Left: critical points of a random plane wave. Center: The Poisson point process which has

the same density. Right: a bulk part of the Ginibre ensemble with the same density.

statement withmathematical rigour. One can compare this to two other very well known

translation invariant processes: in Figure 1 (centre) one may observe the Poisson point

process, and Figure 1 (right) shows the corresponding picture for Ginibre point process;

both are scaled to have the same intensity as the critical points in Figure 1 (left).

For all three point processes depicted in Figure 1 the number of points in a square

of side-length n is c · n2 where c = 1/2
√
3π . This value of c is the natural intensity of

critical points (see Proposition 1.1) of ", whereas the other two point processes are so

rescaled. The fluctuations of the total number of points in a square depend a lot on the

point process. Though formally stated for random spherical harmonics (which are only

equivalent to " in the limit, under a natural scaling), it is likely that one may deduce

from [5] that the variance for the critical points scales like n2 log(n), whereas for the

Poisson point process it is asymptotic to c · n2 (with the same c as above), and for the

Ginibre ensemble it is of order n.

On the local scale, the probability that there is at least one point in a small disc

or radius ρ is the same for all three processes due to the translation invariance and our

choice of normalization. The respective probabilities that there are exactly two points in

a small disc are very different though. For the Poisson point process it is the probability

that a Poisson random variable with intensity cπρ2 is equal to 2. By the definition it is

given by

P(2 points) =
!
cπρ2

"2
exp

!
−cπρ2

"

2
≈ c2π2 · ρ4

2
= 1

233
· ρ4,

whereas for the Ginibre ensemble (which is a determinantal point process) this proba-

bility is of order ρ6. That means that the points corresponding to the Ginibre ensemble

repel each other, inducing on their visible regularity or rigidity.
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Figure: Left: Critical points of a Random Plane Wave. Centre: Poisson point process.
Right: Ginibre ensemble.

The number of critical points in a square of side-length n is c · n2 where
c = 1

2
√

3π
is the natural intensity of critical points.

The other two point processes are rescaled to have the same intensity.



Fluctuations of the number of points in a square depend a lot on the point
process.
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Fig. 1. Left: critical points of a random plane wave. Center: The Poisson point process which has

the same density. Right: a bulk part of the Ginibre ensemble with the same density.

statement withmathematical rigour. One can compare this to two other very well known

translation invariant processes: in Figure 1 (centre) one may observe the Poisson point

process, and Figure 1 (right) shows the corresponding picture for Ginibre point process;

both are scaled to have the same intensity as the critical points in Figure 1 (left).

For all three point processes depicted in Figure 1 the number of points in a square

of side-length n is c · n2 where c = 1/2
√
3π . This value of c is the natural intensity of

critical points (see Proposition 1.1) of ", whereas the other two point processes are so

rescaled. The fluctuations of the total number of points in a square depend a lot on the

point process. Though formally stated for random spherical harmonics (which are only

equivalent to " in the limit, under a natural scaling), it is likely that one may deduce

from [5] that the variance for the critical points scales like n2 log(n), whereas for the

Poisson point process it is asymptotic to c · n2 (with the same c as above), and for the

Ginibre ensemble it is of order n.

On the local scale, the probability that there is at least one point in a small disc

or radius ρ is the same for all three processes due to the translation invariance and our

choice of normalization. The respective probabilities that there are exactly two points in

a small disc are very different though. For the Poisson point process it is the probability

that a Poisson random variable with intensity cπρ2 is equal to 2. By the definition it is

given by

P(2 points) =
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cπρ2
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!
−cπρ2

"
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= 1

233
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bility is of order ρ6. That means that the points corresponding to the Ginibre ensemble

repel each other, inducing on their visible regularity or rigidity.
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Figure: Left: Critical points of a Random Plane Wave. Centre: Poisson point process.
Right: Ginibre ensemble.

I From random spherical harmonics (equivalent to RPW in the scaling
limit), variance for the number of critical points scales like n2 logn
[CMW 2016] and [CW 2017].

I Poisson: variance is asymptotic to c · n2.
I Ginibre ensemble: variance is of order n.



Short range repulsion

On the local scale, the probability that there is at least one point in B(ρ) is the
same for all three processes due to our choice of normalization (and
translation invariance).4 D. Beliaev et al.

Fig. 1. Left: critical points of a random plane wave. Center: The Poisson point process which has

the same density. Right: a bulk part of the Ginibre ensemble with the same density.

statement withmathematical rigour. One can compare this to two other very well known

translation invariant processes: in Figure 1 (centre) one may observe the Poisson point

process, and Figure 1 (right) shows the corresponding picture for Ginibre point process;

both are scaled to have the same intensity as the critical points in Figure 1 (left).

For all three point processes depicted in Figure 1 the number of points in a square

of side-length n is c · n2 where c = 1/2
√
3π . This value of c is the natural intensity of

critical points (see Proposition 1.1) of ", whereas the other two point processes are so

rescaled. The fluctuations of the total number of points in a square depend a lot on the

point process. Though formally stated for random spherical harmonics (which are only

equivalent to " in the limit, under a natural scaling), it is likely that one may deduce

from [5] that the variance for the critical points scales like n2 log(n), whereas for the

Poisson point process it is asymptotic to c · n2 (with the same c as above), and for the

Ginibre ensemble it is of order n.

On the local scale, the probability that there is at least one point in a small disc

or radius ρ is the same for all three processes due to the translation invariance and our

choice of normalization. The respective probabilities that there are exactly two points in

a small disc are very different though. For the Poisson point process it is the probability

that a Poisson random variable with intensity cπρ2 is equal to 2. By the definition it is

given by

P(2 points) =
!
cπρ2

"2
exp

!
−cπρ2

"

2
≈ c2π2 · ρ4

2
= 1

233
· ρ4,

whereas for the Ginibre ensemble (which is a determinantal point process) this proba-

bility is of order ρ6. That means that the points corresponding to the Ginibre ensemble

repel each other, inducing on their visible regularity or rigidity.
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Figure: Left: Critical points of a Random Plane Wave. Centre: Poisson point process.
Right: Ginibre ensemble.

Since for a Poisson process (or a finite collection of independent points) on
the plane we have

P(there are 2 points in B(ρ)) ≈ ρ4,

by local repulsion of a point process we mean that this probability is o(ρ4).
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Fig. 1. Left: critical points of a random plane wave. Center: The Poisson point process which has

the same density. Right: a bulk part of the Ginibre ensemble with the same density.

statement withmathematical rigour. One can compare this to two other very well known
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!
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Figure: Left: Critical points of a Random Plane Wave. Centre: Poisson point process.
Right: Ginibre ensemble.

I Poisson: P(2 points in B(ρ)) = 1
2
(cπρ2)2e−cπρ

2

≈ 1
233

ρ4.
I Ginibre ensemble: P(2 points in B(ρ)) ≈ ρ6. That points repel each

other, visible regularity or rigidity.
I Critical points: P(2 points in B(ρ)) ≈ ρ4!

This minor difference does not explain the big difference in the appearance of
Poisson and critical points (highly regular).



Second Factorial Moment

Theorem

As ρ→ 0

E[N c
ρ (N c

ρ − 1)] =
1

253
√

3
ρ4 +O(ρ6),

E[Nmax
ρ (Nmax

ρ − 1)] = E[Nmin
ρ (Nmin

ρ − 1)] = O(ρ7 log(1/ρ)),

E[N e
ρ (N e

ρ − 1)] = O(ρ7 log(1/ρ)),

E[N saddle
ρ (N saddle

ρ − 1)] = O(ρ7 log(1/ρ)),

E[Nmax
ρ Nmin

ρ ] = O(ρ12),

E[N e
ρN saddle

ρ ] =
1

263
√

3
ρ4 +O(ρ6).

Proof: Kac-Rice formula, evaluating the second moment is more involved, we
are unable to obtain a precise expression. Instead we show how it behaves
asymptotically as ρ→ 0.



Corollary

As ρ→ 0, asymptotic formulas for probabilities to have exactly one point:

P(N c
ρ = 1) =

1

2
√

3
ρ2 +O(ρ4),

P(Nmin
ρ = 1) = P(Nmax

ρ = 1) =
1

8
√

3
ρ2 +O(ρ4),

P(N e
ρ = 1) =

1

4
√

3
ρ2 +O(ρ4), P(N saddles

ρ = 1) =
1

4
√

3
ρ2 +O(ρ4);

to have at least two points:

P(N c
ρ ≥ 2) = O(ρ4),

P(Nmin
ρ ≥ 2) = P(Nmax

ρ = 1) = O(ρ7 log(1/ρ)),

P(N saddles
ρ ≥ 2) = O(ρ7 log(1/ρ)),

P(Nmin
ρ ≥ 1,Nmax

ρ ≥ 1) = O(ρ12);

to have at least three points:

P(N c
ρ ≥ 3) = O(ρ7 log(1/ρ)).



Proof: N integer valued random variable.

E[N ] = P(N = 1) + 2P(N = 2) + 3P(N = 3) + · · ·
E[N(N − 1)] = 2P(N = 2) + 6P(N = 3) + 12P(N = 4) + · · ·
E[N c

ρ (N c
ρ − 1)] = o(E[N c

ρ ]).

E[N(N − 1)] =
∞∑
k=2

k(k − 1)P(N = k) ≥ 2P[N ≥ 2].

{N c
ρ ≥ 3} ⊂ {N e

ρ ≥ 2 ∪N s
ρ ≥ 2}.

Remark: If

E[N c
ρ (N c

ρ − 1)(N c
ρ − 2)] = o(ρ4),

we can show that

P(N c
ρ = 2) =

1

263
√

3
ρ4 + o(ρ4).
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Fig. 3. The same central fragment as in Figure 2 according to their type. Left: extrema only, right:

saddles only.

is observed in Figure 1 (left) comes from the regularity of both these point processes.

Moreover, it seems that both processes have a very similar structure (see Figure 3).

All clustering comes from the probability that after overlapping, a point in one

process is close to a point in another process. “Rigidity” and similarity in the structure

suggest that the pairs of critical points that are close to each other are well separated

and do not affect the general impression of “rigidity” in Figure 1 (left).

To formulate our main results we introduce the following notation for the

number of critical points of a random plane wave ! in a disc B(") of radius " > 0:

N c
" = #{x ! B(") : "!(x) = 0}.

The numbers N saddle
" , Nmin

" , Nmax
" , and N e

" of saddles, minima, maxima, and extrema

respectively may also be defined.

Since the function ! is translation invariant, the above random variables are

independent of the center of the disc, so for simplicity, we may assume that it is cen-

tred at the origin. Another useful observation is that the random plane waves are scale

invariant (that is, the law of ! with arbitrary k on B(1) is (up to homothety) equivalent

to the law of ! with k = 1 on B(k)); hence, with no loss of generality, we may assume

that k = 1, as we will for the rest of this manuscript. The following principal results

of this manuscript evaluate the expectation and the second factorial moment of N c
" for
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Left: Extrema only. Right: Saddles only.

Both processes are very ‘regular’ and exhibit a strong repulsion. In both
cases

P(2 points in B(ρ)) ≈ ρ7 log 1/ρ.

We believe that the apparent ‘rigid’ structure that is observed for the critical
points comes from the regularity of both these point processes.



Theorem

As ρ→ 0

E[N c
ρ (N c

ρ − 1)] =
1

253
√

3
ρ4 +O(ρ6).

Proof:

I 2-point correlation function K2 : B(ρ)× B(ρ)→ R

K2(z, w) = φ(∇Ψ(z),∇Ψ(w))(0, 0)E[|detHΨ(z)| · |detHΨ(w)|
∣∣∇Ψ(z) = ∇Ψ(w) = 0].

I (∇Ψ(z),∇Ψ(w)) non degenerate for all z 6= w,

E[N cρ (N cρ − 1)] =

∫∫
B(ρ)×B(ρ)

K2(z, w)dzdw.

I 2-point correlation function K2 depends on r = |z − w|



K2(r) =
1

(2π)5
√

detA(r)

∫
R6
|x1x3 − x2

2| · |x4x6 − x2
5|

× 1√
det∆(r)

exp

{
−1

2
xt∆(r)−1x

}
dx.

I For every r > 0, ∆(r) is symmetric, we diagonalise ∆(r)

∆(r) = P (r)tΛ(r)P (r)

i.e. compute the eigenvalues and eigenvectors of ∆(r).

I Note that
1√

det∆(r)
exp{−

1

2
x
t
∆(r)

−1
x} =

1√∏
λi(r)

exp{−
1

2
(P (r)x)

t
Λ(r)

−1
P (r)x}.

I Change variable: z = P (r)x i.e. x = P (r)−1z.



I Finally

K2(r)

=
1

(2π)5
√

detA(r)

∫
R6

∣∣f(r, z)
∣∣ exp

{
−1

2

6∑
i=1

z2
i

}
dz

=
1

π52
√

3r2 +O(r4)

[ r2

384

∫
R6
z2
4z

2
6 exp

{
−1

2

6∑
i=1

z2
i

}
dz +O(r4)

]
=

1

96
√

3π2
+O(r2).


