Zeros and critical points
of monochromatic random waves
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=

Covy, (x,y) = E(VA(x)Wa(y)) = m Z P, ()P, ()

Let
WP(u) =Wy (xo+4).

Let xop € S" or T". Then,

)\Ii_)moo Covw;o (u,v) = Covy__(u,v),

uniformly in u,v € B(0, R) in the C*>-topology.

V. :R" — R is a Gaussian field with

1 )
Covy_ (u,v) = W/ O R ()
gn—1

Heuristics: (Agn + lot) WP = WP and  ApnV.. =V...
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Let
\V;O(u) =W, (xo + %) .

Theorem (C-Hanin '15, '16)

Let xo € M. If measure{geodesic loops closing at xo}= 0, then
)\Ii_}moo Covw;o (u,v) = Covy__(u,v),

uniformly in u,v € B(0, R) in the C*>-topology.

i.e, we get
d
W(u) — W (v).

Random wave conjecture:

1{1);\0 (u) has same statistics as Voo (u).
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Universality and Almost sure convergence

Uniformly in u,v € B(0, R), and in the C°°-topology,

)\Ii_)moo Covw;o (u,v) = Covy__(u,v).

o (WY, VUY) has finite-dimensional dist. that converge to those of (V.., V. ).

o The family of probability measures 1’ associated to (W°, VWY) is tight (by
Kolmogorov's tightness criterion; since the fields are smooth).

e Prokhorov’'s Theorem:
Y = f1ee weakly.

o Skorohod’s Representation Theorem: there exists a coupling of {(\U’;\O’ V\U’;\O)}/\
and (\U’Vv V\Ux*) so that

(\u’;O’vwf\o) — (wxvvw%) a.s
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Zero sets in % scales

o Obs. We have

(WO, VW) - (V.,VU.) as. in B(O,R).
o Obs. The zero set {f = 0} is stable under perturbations for all f € C!(B(0, R)).
Theorem (C-Hanin '17)
Let xg € M. If measure{geodesic loops closing at xo}= 0,
5 4% 5
o=y — 7 O{v..=0}

In particular,

Hn—l({w;(? =0}) l} ’H"_l({\UQO =0}).

Same is true for Euler characteristic, Betti numbers, and topologies of components.
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Critical points in % scales

1
Crit,x = Ou
YY" Vol(Bg) dwxoz)—o
uEBR

o Obs. We can't apply previous argument since critical points are not stable under
pertubations.

Theorem (C-Hanin '17)

Let xo € M with measure{geodesic loops closing at xo}= 0. For every m € N

lim E [Critho]m = E[Crity_]™
A

A— oo

provided the limit is finite, which is true for m =1, 2.



Critical points in % scales: ideas in the proof

Theorem (Kac-Rice)
Suppose that
© VV is almost surely C2.
® Non-degeneracy: For every u # v the Gaussian vector (VW(u), VW(v)) has a

non-degenerate distribution.
Then,

E [Crity (Crity —1)] = / Yoo (1 )Den iy ruoy (05 O) iy
BxB !

where
Yo, (u,v) =E [|det(Hess W(u))| |det(Hess W(v))| | VW (1) = VW (v) = o]

and Den ). vu(vy (0, 0) is the density of (VW(u), VW (v)) evaluated at (0,0).

(VV(u
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Goal:
E [Crith (Crityo —1)] — E [Crity__ (Crity_ —1)]

® Non-degeneracy: If u # v, then (VW (u), V¥ (v)) is non-degenerate.
Reduced to proving that

{wjef<“’w>,wkef<v'“’> cj,k=1,...,n} areli onS""L

© Non-degeneracy of (VWY (u), VWY (v)). Use non-degeneracy for W, to deal
with off-diagonal behavior. Use universality to deal with on-diagonal behavior.

©® Non-dengeneracy + universality of Cov,x imply
A

Den

TV, TV ) (0,0) — Den

0,0) a.e. (u,v)

(V‘Uoo(u),vwoo(v))(
® One can also show that Y;‘?)\ is continuous and

Y\U))(\O (u,v) — Yy (u,v) a.e. (u,v)
©® Prove that as [u—v| — 0

Den gy ) vvr vy (0:0) = O(lu = v[ "), Yo (1.v) = O(lu = vP2).
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Global statistics

Theorem (C-Hanin'16)

If measure{geodesic loops closing at x}= 0 for a.e x € M, then

imE [#{crltlcal points of\U)\}} — A,
A An
n—1 —
limE [—H (¥ = 0})} =B,
by A

If measure{geodesics joining x,y} =0 for a.e. x,y € M, then

Var [#{cntlcal points of \UA}] _ O()\_%l)
AI‘I

Va,[W] —o(x"7)

A
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Ideas in the proof

o For the expected values: integrate the local estimates after splitting the manifold
into small patches.

o For the variance: we need to integrate Kac-Rice's integrand on M x M:
@ Split M X M into two sets:

Q= UBaA X Ba,a and Q5

a
® Control Kac-Rice's integrand on Q) using the local results.
©® Split Qf into two sets:

Q5 NV and QN V.

where

—1
= {(X’y) EMxM: seto 1}{>‘7a7ﬁ [V V) Cov(Wa(x), Wa(y))l} > AT }

© Control Kac-Rice's integrand on Q5 N V), using that
_n—1
vol(Va) =0\~ 2).

© Control Kac-Rice's integrand on Q5 NV, by hand.



Thank you!



