UNDECIDABILITY AND THE DEVELOPABILITY OF
PERMUTOIDS AND RIGID PSEUDOGROUPS

MARTIN R. BRIDSON AND HENRY WILTON

ABSTRACT. A permutoid is a set of partial permutations that con-
tains the identity and is such that partial compositions, when
defined, have at most one extension in the set. In 2004 Peter
Cameron conjectured that there can exist no algorithm that de-
termines whether or not a permutoid based on a finite set can
be completed to a finite permutation group. In this note we prove
Cameron’s conjecture by relating it to our recent work on the profi-
nite triviality problem for finitely presented groups. We also prove
that the existence problem for finite developments of rigid pseu-
dogroups is unsolvable.

1. INTRODUCTION

Across many contexts in mathematics one encounters extension prob-
lems of the following sort: given a set S of partially-defined automor-
phisms of an object X, one seeks an object Y o X and a set of au-
tomorphisms S of Y such that each s € S has an extension § € S. In
the category of finite sets, this problem is trivial because any partial
permutation of a set can be extended to a permutation of that set.
Less trivially, Hrushovski [7] showed that extensions always exist in
the category of finite graphs. But if one requires extensions to respect
(partially defined) compositions in S, such existence problems become
more subtle. In 2004 Peter Cameron [4] conjectured that there does
not exist an algorithm that can solve the following extension problem.

Problem 1.1. Given partial permutations pq, ..., pm of a finite set X
(that is, bijections between subsets of X ) such that

(1) b = ldX; and
(2) for all 1,5 with dom(p;) nran(P;) # &, there is at most one k
such that py, extends p; - p;
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decide whether or not there exists a finite set Y containing X, and
permutations f; of Y extending p; for i = 1,...,m, such that if py
extends p; - p; then fio f; = fi.

We shall prove that this problem is indeed algorithmically unsolvable
by relating it to our recent work on the triviality problem for finitely
presented profinite groups [3]. In order to achieve this, we develop
some formalism: a collection of partial permutations as in Problem
is called a permutoid; in Section [2] we define morphisms, quotients, and
developments of permutoids. In this terminology, Cameron’s conjec-
ture is that there does not exist an algorithm that can decide whether
or not a finite permutoid is developable. Cameron [4] associated a per-
mutoid to a finite group presentation (cf. Proposition and observed
that if the group has no finite quotients then the permutoid is not de-
velopable. If the converse were to hold, Cameron’s conjecture would
follow easily from the constructions in [3], but unfortunately it does
not (see Remark [4.4)). It is to obviate this difficulty that we introduce
quotient permutoids.

In the final section of this paper we shall explain how our main
construction also can be adapted to prove a similar undecidability result
for rigid pseudogroups.

2. PARTIAL PERMUTATIONS AND PERMUTOIDS

A partial permutation of a set X is a bijection between two non-empty
subsets of X. We denote the domain and range of a partial permutation
p by dom(p) and ran(p) respectively. By definition, g eztends p if
dom(p) < dom(q) and ¢(z) = p(z) for all x € dom(p). The composition
p - q of two partial permutations p, ¢ on X is defined if ran(p) N dom(q)
is non-empty: p - q(z) = p(q(z)) for x € p~(ran(p) N dom(q)).

Definition 2.1. A permutoid (IT; X) is a set I of partial permutations
of a set X such that

(1) II contains 1y, the identity map of X;
(2) for all p,q € II there exists at most one r € II such that r
extends p - ¢ (if the composition exists).

The permutoid is finite if X is finite, and trivial if TT = {1x}.
A morphism of permutoids (II; X) #9) (IT'; X”) is a pair of maps
¢: 11 —-1II"and ® : X — X’ so that:
(1) o(1x) = 1x;

(2) ®(dom(p)) < domg(p) and ¢(p)(®(x)) = (p(x)) for all p € 1I
and z € dom(p);

(3) if r extends p - ¢, with p, ¢, € II, then ¢(r) extends ¢(p) - #(q).

The morphism (¢, ®) is an isomorphism if & and ¢ are bijections
and ¢(p) = Popo ®d~! for all p e II.
The morphism (¢, ®) is a quotient map if & and ¢ are surjections.
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The morphism (¢, ®) is an ezxtension if @ is injective.
An extension (IT; X) "> @3) (IT'; X') is complete if TI' € Perm(X'); in
other words dom(p’) = ran(p’) = X’ for all p’ € IT".

If a finite permutoid (II; X') admits a finite complete extension, then
(IT; X) is said to be developable and (IT'; X”) is called a development.

Remarks 2.2. (1) Cameron’s Conjecture asserts that there is no algo-
rithm that can determine the developability of a finite permutoid.

(2) If (IT; X) @) (IT'; X”) is an extension, then ¢ will fail to be injec-
tive precisely when II contains two distinct restrictions of some p € IT'.
For example, if ® is the identity map on X and p is a permutation with
at least two points x1,z9 in its support, then we obtain an extension

(IT; X)) 5V (H’ X) by defining p; = pla,, I = {id, py, pa}, ' = {id, p}
and Qb(pz)

Definition 2.3. The universal group of a permutoid (IT; X) is
I(ILX) := (Il | pg =7 if r extends p- ¢ ).

Lemma 2.4. (1) If I X) "> R (IT'; X') is a morphism, then p —
o(p) defines a homomorphism of groups
oy T(II; X)) — I(IT'; X',
and if (¢, ®) is a quotient morphism then ¢, is surjective.
(2) If I < Perm(X) then there is an epimorphism I'(Il; X) —
(IT) < Perm(X).
(3) If a non-trivial finite permutoid (I1; X') is developable, then I'(I1; X)
has a non-trivial finite quotient.

Proof. Parts (1) and (2) are immediate from the definitions. For (3),

let (IT; X) "= @ (IT'; X') be a finite complete extension. Note that if
p € Il is not idy then p(x) # x for some = € X, and hence ¢(p) # idx.

It follows that the image of ¢, is non-trivial, and so (3) follows from
(2). O

3. CAMERON PERMUTOIDS

A marked group is a pair (G, A) where G is a group and A is a
generating set. Let p be a positive integer. Let B, < G be the set of
elements that can be expressed as a word of length at most p in the
generators and their inverses, and define By, similarly. Define p; to be
the identity map on By, and for each b € B, {1} define p, : B, — By,
to be the restriction of left multiplication by b; that is, py(x) = bz. Let
[, = {p | be B,}.

Lemma 3.1. The pair (I1,; Bs,) is a permutoid. If A is finite then this
permutoid is finite.
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Proof. Each element g € GG is uniquely determined by its action by left
multiplication on any point € G. Thus, for all b,V € B,,, if bV’ lies in
B, then pyy is the unique element of II, extending py - py, and if not
then no element of II, extends py - py. Il

Definition 3.2. Given a marked group (G, A) and a positive integer
p, (I1,; Byy) is calledﬂ a Cameron permutoid. If P = (A | R) is a finite
presentation for a group G, then we write B,(P) to denote the Cameron
permutoid (IL,; By,).

Remark 3.3. It is important to note that, in order to construct B,(P)
from a finite presentation P, one needs to be able to calculate which
words of length at most p in the generators represent equal elements of
the group, and for each pair of such elements b, x, one needs to calculate
bx. This can be achieved in an algorithmic manner provided that one
has a solution to the word problem in [P|. And in order to achieve the
construction for all p > 0 and all presentations in a class 3, one needs
a uniform solution to the word problem for the groups in B.

We have arranged the definitions so that the following lemma is
obvious.

Lemma 3.4. For all presentations P = (A | R) and P’ = (A | R)
with R = R, the natural epimorphism |P| = |P’| induces a quotient

map of permutoids B,(P) @ B,(P'), where ® is the restriction of 7
to Bs, and ¢(py) = pr(s)-
If p is large enough then there is a natural isomorphism I'(B,(P)) =

|P|. In order to see this, we need the following well-known triangulation
procedure.

Lemma 3.5. Let P = (A | R) be a finite presentation, let m be an
integer greater than half the length of the longest relation in R, let B be
the set of elements of G = |P| that can be expressed as words of length
at most m in the free group F(A), let T' be the set of words w € F(B)
of length three that equal the identity in G, and let T ={(B | T). Then,
the natural map A — B < G induces an isomorphism |P| — |T]|.

Proposition 3.6. If p = 1, then there is a natural epimorphism of
groups T'(B,(P)) — |P|, and if p is greater than half the length of the
longest relator in R, this is an isomorphism.

Proof. By definition,

L(B,(P)) = <{po (b€ By,) | po,ps, = Dby if brba = bs in [P|),

where B, is the ball of radius p about the identity in |P| (with word
metric d4). The homomorphism I'(B,(P)) — |P| defined by p, — b
is onto (since p = 1 and the image of B; generates |P|). And if p is

lin recognition of the fact that Peter Cameron considered these objects in [4]



PERMUTOIDS, PSEUDOGROUPS, AND UNDECIDABILITY 5

greater than half the length of the longest relator in R, then modulo an
obvious change of notation this is the isomorphism of Lemma [3.5] O

We need one final fact.

Lemma 3.7. For all marked groups (G, A) and all positive integers
p > p' >0, there is an extension of permutoids (I1y; Bay) — (11,; Ba,)
given by the inclusion Byy < By, and the map 11, — 11, that extends
left-multiplication from B,y to B,.

Corollary 3.8. If P is a finite presentation of a finite group G then,
for all positive integers p, the permutoid B,(P) is developable.

Proof. If p is sufficiently large then B, = By, = G and II, < Perm(G)
is the subgroup consisting of left multiplications. O

Remark 3.9. A permutoid defines a pree in an obvious manner. By
definition, a pree is a non-empty set P with a partially defined binary
operation, i.e. a subset D € P x P and a map m : D — P. This termi-
nology is due to Stallings [10] (also [9]); Baer [I] had earlier used the
term add to describe such objects. Both Baer and Stallings established
criteria that guarantee a pree will embed in the associated group

G(P,m) := (P | pqg = m(p,q) for all (p,q) € D).

4. FINITE COMPLETIONS AND FINITE QUOTIENTS

In the language of permutoids, Cameron’s Conjecture (Problem
is that developability is an undecidable property.

Theorem 4.1. There does not exist an algorithm that, given a finite
permutoid (IT; X'), can determine whether or not (I1; X) is developable.

Remark 4.2. 1t is clear that the isomorphism classes of finite permutoids
form a recursive set, and a naive search will eventually find a complete
extension of a finite permutoid if such exists. The content of the above
theorem, then, is that there is no algorithm that can enumerate the
isomorphism classes of finite permutoids that do not have a complete
finite extension.

In [3] Theorem B| we constructed a recursive set of finite presenta-
tions for biautomatic groups such that there is no algorithm that can
determine which of these groups has a non-trivial finite quotient. The
class of (bi)automatic groups admits a uniform solution to the word
problem [5, pp. 32, 112]. Theorem therefore follows immediately
from [3, Theorem B] and the next proposition.

Proposition 4.3. Let B be a class of finite presentations for groups
drawn from a class in which there is a uniform solution to the word
problem. If there were an algorithm that could determine whether or
not a finite permutoid was developable, then there would be an algorithm
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that, given any presentation P € B, could determine whether or not the
group |P| had a non-trivial finite quotient.

Proof. Given P € 3, take p to be at least half the length of the longest
relator and use the solution to the word problem to construct B,(P) (cf.
Remark [3.3)). Then list representatives P for the finitely many isomor-
phism classes of the non-trivial quotient permutoids. The proposition
now follows from the claim that |P| has a non-trivial finite quotient if
and only if one of the P; is developable.

On the one hand, if one of the P; is developable then I'(P;) has a
finite quotient, by Lemma [2.4)(3), and hence, by Lemma[2.4]1), so does
I'(B,(P)), which, by Proposition , is isomorphic to |P|. Conversely,
if |P| has a non-trivial finite quotient, with presentation P’ = (A | R")
say, where R < R', then B,(P’) will be a quotient permutoid of B,(P),
and the P; isomorphic to it will be developable, by Corollary 3.8 O

Remark 4.4. The key observation that if B,(P) has a complete finite
extension then |P| has a non-trivial finite quotient is due to Peter
Cameron [4]. Note, however, that the converse to this observation does
not hold: in general B,(P) need not inject into any finite quotient of
|P|, even if such quotients exist. For instance, P may present a non-
cyclic group whose finite quotients are all cyclic, such as the example
of Baumslag [2].

5. RIGID DEVELOPMENTS AND PSEUDOGROUPS

Pseudogroups play an important role in many geometric contexts. A
pseudogroup of local homeomorphisms on a topological space X is a
collection H of homeomorphisms h : U — V of open sets of X such
that:

(1)if h: U - Vand & : U — V' are in H then h™' and the
composition A'h: =V A U") — W (V n U’) belong to H;

(2) the restriction of h to any open subset of U belongs to H;

(3) idy € H;

(4) if a homeomorphism between open subsets of X is the union of
elements of H, then it too belongs to H.

We shall concentrate on the case where X is a finite set with the discrete
topology.

A set IT of partial permutations of a set X determines a pseudogroup
denoted Hi, namely the pseudogroup generated by all restrictions of
the elements p € II. For example, the pseudogroup associated to a
Cameron permutoid (II,; By,) consists of all maps U — V, with U,V <
Bs,, that are restrictions of left-muliplications z + g.x on G.

If (IT; X) is a permutoid, then by passing from IT to Hyy one loses the
crucial condition (2) Correspondingly, Hy can always be embedded
in the pseudogroup Hp associated to a set II' of permutations of X:
take any choice of extension p’ € Perm(X) for p € II.
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A more substantial analogue of Problem in the context of pseu-
dogroups arises when one restricts attention to pseudogroups that are
rigid in the sense that maps are defined by their value at any point.

Definition 5.1. A permutoid (IT; X) is rigid if for all p # ¢ € II, there
is no x € X such that p(x) = ¢(x).

A pseudogroup H is rigid if f U g € H whenever f,g € H and
f(z) = g(x) for some x € X (equivalently, every element of H has a
unique maximal extension).

A basic example of a rigid pseudogroup is the pseudogroup G x X
associated to a free action of a group on a space X (in our case a finite
set with the discrete topology). The elements of this pseudogroup are
the restrictions of the transformations in the action. In close analogy
with Problem one would like to know, given a finite rigid pseu-
dogroup, H on X, if one can embed X in a finite set Y so that the
elements of H are restrictions of transformations of Y in a free action
of a finite group G; in other words we wish to embed H in some G x Y.
When this can be done, we say that H is developable.

Theorem 5.2. There does not exist an algorithm that can determine
whether or not a finite, rigid pseudogroup has a finite development.

The proof of this theorem is implicit in our earlier arguments; to
translate them we need the following lemma.

Lemma 5.3. Let ‘H be a rigid pseudogroup on a finite set X and let
A c H be the set of mazximal elements.

(1) (A; X) is a rigid permutoid.

(2) Hp =H.

(3) If H = Hy for some permutoid (I1; X), then the map that as-
signs each p € 11 to its maximal extension in H defines an
extension of permutoids (I1; X)) — (A; X).

(4) If H is developable, then so is (A; X) (and hence (II; X) ).

Proof. The first three items follow easily from the definitions. For
example, if p,¢ € II and ¢(z) € ran(q) n dom(p), then the unique
maximal element r € H with r(z) = pg(z) is the unique element of II
such that r extends p - q.

(4). If GxY is a finite development of H, then each maximal element
p € H is the restriction of the action of a unique p € G, so 7 = pq if r
extends p-¢q. Thus @ : X — Y and ¢(p) := h define a development of
(IT; X). O

Let G be a group with finite generating set A and let B, denote the
ball of radius r about 1 € G in the corresponding word metric. Earlier,
we considered the permutoid B,(P) = (Il,; Bs,). The associated pseu-
dogroup Hr, consists of all maps U — V, with U,V < By, that are
restrictions of left multiplications A\, : G — G.
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Proposition 5.4. Let G be a group with finite presentation (A | R),
let p > tmax{[r| : r € R} be an integer and consider the permutoid
B,(P) = (I1,; By,). The following conditions are equivalent.

(1) G has a non-trivial finite quotient;

(2) B,(P) has a quotient permutoid that is developable;

(3) B,(P) has a quotient permutoid that has a rigid finite develop-
ment;

(4) B,(P) has a quotient permutoid whose associated pseudogroup
15 rigid and developable.

Proof. We proved the equivalence of (1) and (2) in the proof of Propo-
sition [4.3] (3) implies (2), trivially, and (1) implies (3) because if @ is
a finite quotient of G, then the action of @) by left-multiplication on
itself provides a rigid development for some quotient P of B,(P).
Moreover, the rigid pseudogroup () x () associated to this action
(where @) acts on itself by left multiplication) is a development of
the pseudogroup defined by P, and therefore (1) implies (4). Finally,
Lemma [5.3(4) tells us that (4) implies (3). O

Proof of Theorem[5.2. We follow the proof of Proposition 4.3} Taking
finite presentations in a class 8 where there is a uniform solution to
the word problem but no algorithm that can determine if the groups
presented have finite quotients or not, we construct the permutoids
B,(P) as above, list the finitely many quotients of each B,(P), then
pass to the pseudogroups defined by these quotients, retaining only
those pseudogroups that are rigid (an easy check). If there were an
algorithm that could determine developability for rigid pseudogroups,
then we would apply it to the members of the resulting list and thereby
(in the light of Proposition determine which of the groups with
presentations in 3 have finite quotients. This would contradict our
choice of 3, and therefore no such algorithm exists. g

Remark 5.5. The undecidability phenomena that we have articulated
in the language of permutoids and pseudogroups can equally be ex-
pressed in the language of groupoids or inverse semigroups (cf. [§]). In
the context of inverse semigroups, Steinberg [I1] has proved a result
similar to Theorem (see also [0]). Also, instead of considering fi-
nite sets, one could consider sets of partial automorphisms of simplicial
complexes, for example.
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