
Operads and their Algebras

Severin Bunk

ZMP Seminar, Hamburg, 15/11/18

Contents

1. Introduction 1
1.1 Different realisations of algebraic structures 1
1.2 Algebraic structures up to homotopy 2
1.3 Relations of different algebraic structures 2
1.4 Physics 2

2. Topological operads 3
2.1 The definition of operads in Top 3
2.2 Algebras over operads in Top∗ 5

3. Operads in other symmetric monoidal categories 7
3.1 Examples of operads and algebras 7
3.2 Relating structures: homology 8
3.3 Generators and relations 8
3.4 Further examples: Lie, Poisk, BV 9

1 Introduction

1.1 Different realisations of algebraic structures

A unital algebra is a vector space A ∈ Vect, together with morphisms

eA : k→ A , µA : A⊗A→ A ,

specifying the unit element and the multiplication. The unitality and the associativity of these data
are encoded in the commutativity of the diagrams

k⊗A A⊗A A⊗ k A⊗A⊗A A⊗A

A A⊗A A

eA⊗1A

µA

1A⊗eA µA⊗1A

1A⊗µA µA

µA

A unital topological monoid is a topological space X together with maps

eX : ∗ → X , µX : X ×X → X ,

and the unitality and associativity conditions correspond to the exactly analogous diagrams as above,
namely

∗ ⊗X X ⊗X X ⊗ ∗ X ⊗X ⊗X X ⊗X

X X ⊗X X

eX⊗1X

µX

1X⊗eX µX⊗1X

1X⊗µX µX

µX
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with A replaced by X and k by ∗, as well as linear maps replaced by continuous maps. Similarly, a
(unital) differential graded R-algebra is a chain complex A• of R-modules together with chain maps
and compatibilities of the above type, with k replaced by the complex (R→ 0→ 0→ . . .).

We can thus see already with these simple examples that the same algebraic structures implemented
on different objects can yield structures of very different flavours. For example, a unital associative
monoid in the category of sets is what is usually just called a ‘unital associative monoid’, but a
unital associative monoid in the category of groups (or monoids) is an abelian group (monoid) by the
Eckmann-Hilton argument!

Many categories have a notion of monoid internal to them. While the explicit forms of these
monoids may be very different, their algebraic structure is yet the same – see the diagrams above!
Thus, we should abstract the notion of an algebraic structure from its concrete realisations; this leads
to the theory of operads.

1.2 Algebraic structures up to homotopy

Operads provide a canonical framework to manipulate algebraic structures abstractly. In particular, in
environments where there is a notion of homotopy, or weak equivalence, the theory of operads provides
means of replacing an algebraic structure, such as an associative product, by one that satisfies its
axioms not strictly, but only up to coherent equivalence.

We will not discuss this formalism in general, but we will see the above example explicitly below:
we will encounter operads encoding a strictly associative unital (binary) product, and we will encounter
operads that encode a (binary) product that is unital and associative up to coherent homotopy.

1.3 Relations of different algebraic structures

One of the most important features of operads (certainly so for this seminar) is that they elegantly
allow us to relate different algebraic structures, even ones in different categories (see next subsection).
Some beautiful examples come from algebra and topology: we will see that if a topological space X
carries an algebraic structure, taking the graded vector space H•(X) of singular homology groups yields
a graded vector space with certain other algebraic structure. The picture becomes even richer when
we instead take the singular chain complex C•(X) of X – here structures up to coherent homotopy
will appear frequently.

1.4 Physics

In physics [BBZB+18], the crucial concept is that products of local operators in (topological) field
theories vary in a certain way under varying the insertion points/cycles of the operators. In two
dimensions, for instance there are continuous families of insertions that yield non-trivial ‘monodromy’.
This already yields a non-trivial family of products of two operators, which will of course induce even
more non-trivial families of products of n operators.

The goal of the paper is to figure out how the topological means of combining insertion points
manifest themselves on the algebraic side of the fields and observable algebras. We want to under-
stand out how algebraic operations on configurations of (insertion) points, dictated by topology, yield
algebraic operations on spaces/chain complexes of fields. We will show the basic of such a transfer in
Theorem 3.3.
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The following talks will work further towards understanding the conceptual ideas behind our guiding
reference [BBZB+18]. In this talk, we will gather the mathematical tools to understand algebraic
structures and their relations abstractly: we will introduce operads and their algebras.

2 Topological operads

We will start by considering operads in the category Top∗ of pointed topological (CGH) spaces, since
this is where we have been lead to considering them in Walker’s talk. We point out right here that
operads make sense in any symmetric monoidal category (V,⊗, u). For now, we fix

(V,⊗, u) = (Top∗,×, ∗) .

After seeing the definitions and the first examples, we will the use different choices for V, such as vector
spaces Vect, graded vector spaces VectZ, or (co)chain complexes Ch• or Ch•.

2.1 The definition of operads in Top

Definition 2.1 ([CG17, Definition A.3.1], [May72, Defintion 1.1]) A (symmetric) operad in
Top consists of the following data:

(1) a family {On}n∈N0 of topological spaces of n-ary operations, with O0 = ∗,
(2) a Σn-action on On, permuting the n arguments of n-ary operations, which we write as (µ, σ) 7→

µ ∗ σ,
(3) for every n ∈ N and j1, . . . , jn ∈ N a multi-composition morphism

cn;j1,...,jn : On ×
(
Oj1 × · · · × Ojn

)
→ Oj ,

where j :=
∑n

i=1 ji,

(4) a unit element e : O0 → O1.

These data are subject to the following conditions:

(1) the composition morphisms are equivariant:

On ×
(
Oj1 × · · · × Ojn

)
On ×

(
Ojσ(1) × · · · × Ojσ(n)

)

Oj Oj

(−∗σ)×σ−1
∗

cn;j1,...,jn cn;jσ(1),...,jσ(n)

−∗σ(j1,...,jn)

Here, σ(j1,...,jn) permutes blocks of lengths j1, . . . , jn. Moreover,

On ×
(
Oj1 × · · · × Ojn

)
On ×

(
Oj1 × · · · × Ojn

)

Oj Oj

1×(−∗τ1)×···×(−∗τn)

cn;j1,...,jn cn;j1,...,jn

−∗(τ1⊕···⊕τn)
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(2) Compositions are associative:

On ××n
a=1

(
Oja ××ja

b=1Oia,b
) (

On ××n
a=1Oja

)
××n

a=1×ja
b=1Oia,b

On ××n
a=1Oib Oj ××n

a=1×ja
b=1Oia,b

Oi

1××na=1 cja,(ia,1),...,(ia,ja )

∼=

cn;j1,...,jn×1

cn;i1,...,in cj;(i1,1),...,(in,jn )

for all n ∈ N, j1, . . . , jn ∈ N, i1,1, . . . in,jn ∈ N, with j :=
∑n

a=1 ja, with ib :=
∑ja

a=1 ia,b, and with
i :=

∑n
b=1 ib.

(3) Unitality:

On ×On0 On ×On1 O0 ×On O1 ×On

On On

1×en

∼=
cn;1,...1

e×1

∼=
c1;n

Remark 2.2 The first equivariance condition in an example: for n = 2, j1 = 3 and j2 = 2, and the
non-trivial permutation σ ∈ Σ2, we have(

(a, b, c, d, e) 7→ µ2
(
µ3(a, b, c), µ2(d, e)

)) (
(a, b, c, d, e) 7→ µ2

(
σ
(
µ2(a, b), µ3(c, d, e)

)))
(

(a, b, c, d, e) 7→ µ2
(
µ3(c, d, e), µ2(a, b)

)) (
(a, b, c, d, e) 7→ µ2

(
µ3(c, d, e), µ2(a, b)

))
Further, the asymmetry in the unit diagrams arises from the fact that we can operate with n units on
the inputs of an n-ary operation, but we can only operate with one unit on the one output of an n-ary
operation. /

Definition 2.3 A morphism f : O → P of operads in Top is a family {fn : On → Pn}n∈N0 of mor-
phisms in Top which intertwine the compositions and units.

Example 2.4 A very simple example of an operad is

Comn := ∗ ∀n ∈ N0

with the trivial Σn-action. The unit and all composition morphisms are trivial. It encodes a single
n-ary operation in every degree. Thus, by the composition maps, any n-ary operation in Com can
be built in a unique way from composing the binary operation! That is, Com encodes the algebraic
structure of a single commutative and associative product. Though simple, Com is a very important
example, called the commutative operad.1 /

1This is the terminal object in the category of topological operads, which implies that an algebra over Com is
canonically an algebra over any other operad.
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Example 2.5 Another, more involved, operad is

Assn := Σn ∀n ∈ N0

with the Σn-action given by right multiplication. The compositions are given by the block inclusions
Σj1 × · · ·×Σjn ↪→ Σn. Thus, we have two different binary operations that are related to each other by
the flip σ ∈ Σ2. Furthermore, any n-ary operation can be obtained by reordering from any other n-ary
operation, and any given n-ary operation can again be written as compositions of one of the binaries. As
there is no reordering in compositions, all of these compositions must result in the same n-ary operation
– there aren’t any more! – so that the binary products are, in particular, associative. Therefore, we
see that Ass encodes the algebraic structure of a single associative multiplication. Correspondingly,
this operad is called the associative operad. /

Example 2.6 ([May72]) We already know an example of an operad in Top from Walker’s talk: we
have

A∞,n = E1,n := Emb
( n⊔
i=1

D1, D1
)
,

where the space on the right-hand side is the space of embeddings of n intervals into one interval such
that the n intervals have disjoint images and such that their images do not intersect the boundary
{0, 1} ⊂ [0, 1]. The Σn-action permutes the ‘little intervals’. The composition maps correspond to
composing embeddings of discs.

Note that all connected components of E1,n are contractible. As Walker has shown last time,
this A∞- or E1-operad encodes families of binary operations that are related to each other by either
permuting arguments, or by continuous paths. Here, there are non-identical ways of composing the
binary operations, but the resulting n-ary operations are again connected by continuous paths.

Observe that
π0(E1) = Ass ,

where we take the connected components levelwise. This is one instance of the fact that E1 resolves
the algebraic structure encoded by Ass by homotopical information. /

2.2 Algebras over operads in Top∗

Our motivation for introducing operads above has been the idea that these should be objects that
encode algebraic structures. Thus, consider an operad O in Top∗, and let us work out what it means
for a topological space X ∈ Top∗ to carry the algebraic structure defined by O.

We would like to understand the elements µn ∈ On as n-ary operations on X, i.e. as maps
χn(µn) : Xn → X. Here, χn is tells us how the abstract datum of the n-ary operation µn ∈ On
is realised on X. In order to make this precise, we first consider the following important example:

Example 2.7 We would like to consider the collection of all possible n-ary operations on X ∈ Top∗.
This is the space(!)

Endn(X) := Top∗(X
n, X) ∀n ≥ 0 ∈ Top∗ .

It carries a continuous right action of Σn by permuting the factors on the source side. The unit is
given by eX = 1X . Moreover, there are natural composition maps

cn;j1,...,jn : Endn(X)×
( n

×
a=1

Endj1(X)× · · · × Endjn(X)
)
−→ Endj(X) .

5



These data in fact define an operad, the so-called endomorphism operad of X. /

A realisation on X of the abstract operations encoded by O then just amounts to specifying which
abstract operation should be realised as which actual operation on X:

Definition 2.8 Let O be a topological operad. An algebra over O is a pair (X,χ) of a topological
space X ∈ Top∗ and a morphism of topological operads

χ : O → End(X) .

Remark 2.9 This procedure works whenever we have an operad defined in a symmetric monoidal
category V, and our algebra-to-be lives in a symmetric monoidal category C that is enriched over V.
Here we take C = V = Top∗, the category of compactly generated Hausdorff spaces. /

The information of {χn : On → Top∗(X
nX)}n∈N0 is equivalent to specifying continuous maps

χan : On ×Xn → X , χan(µn;x1, . . . , xn) 7→ χn(µn)(x1, . . . , xn) .

The maps χan then have to satisfy a translated version of the compatibility relations that the χn have
to satisfy.

Example 2.10 Consider a morphism

χ : Ass→ End(X) .

At level zero, we obtain nothing interesting:

∗ = Ass0 Top∗(X
0 = ∗, X) ∼= ∗ .χ0

At level one, we have an endomorphism

Ass1 = ∗ Top∗(X,X) ,
χ1(∗)

but the unitality of the operad implies that χ1 = χ1 ◦ e = eX = 1X . This comes from the commutative
diagram

(O0 = ∗) (∗ = End0(X))

O1 End1(X)

e eX

χ1

that is part of the definition of a morphism of an operad.

At level two, we obtain two operations on X from

χ2 : Ass2 = {(0, 1), (1, 0)} −→ Top∗(X
2, X) ,

corresponding to products (x0, x1) 7→ µX(x0, x1) and (x0, x1) 7→ µX(x1, x0). From our arguments in
Example 2.5 we know that this product will be associative and the only algebraic structure induced
on X. Thus, Ass-algebras in Top∗ are exactly unital topological monoids. /

Example 2.11 We have already seen another example of an algebra over an operad last time: the
(based) loop space

ΩX := Top∗(S1, X)
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is an A∞-algebra, or, equivalently, an E1-algebra. The maps

χan : E1,n × (ΩX)n −→ ΩX

takes an embedding of ([0, 1]1 t . . . t [0, 1]n) ↪→ [0, 1] of n intervals with disjoint images (not hitting
{0, 1} ⊂ [0, 1]), and an n-tuple of based loops (γ1, . . . , γn) in X to the loop that is obtained by letting
the image of [0, 1]i parameterise γi, for i = 1, . . . , n, and extending this to a map S1 → X by extending
with the constant map to the basepoint (picture). Walker has shown us last time that E1 was built
exactly such that this operation is associative up to coherent(!) homotopy. /

3 Operads in other symmetric monoidal categories

We have already pointed out that the definition of an operad makes sense in any symmetric monoidal
category (V,⊗, u). A similar statement holds true for algebras over operads (cf. Remark 2.9). One
replaces the product × by ⊗ and the point ∗ by the unit object u in Definition 2.1 and obtains the
definition of an operad in a generic symmetric monoidal category (V,⊗, u).

Remark 3.1 It is important that V is symmetric monoidal, because otherwise we would encounter
things such as ‘µ2(x0, x1) 6= µ2(σ

−1 ◦ σ(x0, x1))’. /

Similarly, if C is a symmetric monoidal category enriched in V, then the (enriched) endomorphism
operad of any object X ∈ C will be an operad in V, and we can define O-algebras in C for any operad
O in V: these simply consist of an object X ∈ C and a morphism

χ : O → EndV(X)

of operads in V.

This is possible, in particular, in the categories sSet of simplicial sets, Vect of vector spaces, VectZ
of graded vector spaces, and Ch• or Ch• of (co)chain complexes (over any ring(?)). Note that these
categories are all enriched over themselves.

3.1 Examples of operads and algebras

Example 3.2 We can straightforwardly define the associative and commutative operads in Vect,
VectZ, and Ch• or Ch• – we only need to remember that the monoidal unit is k in these cases (living
in degree zero in the latter cases).

(1) The commutative operad in Vect has

ComVect
n := k ∀n ∈ N0 .

Compositions are given by multiplication.
(2) The associative operad in Vect has

AssVectn := k[Σn] ∀n ∈ N0 ,

with the canonical Σn-action. Compositions are given by multilinear extension of the composition
maps on Ass.

(3) We can view these operads as operads in VectZ of Ch• or Ch• by putting the above spaces in degree
zero, and letting all other levels of On be trivial (for Ch• or Ch•, the differentials are trivial as
well). /
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3.2 Relating structures: homology

The following principle will be crucial for the next (two) talks, and inspires much research in algebraic
topology:

Theorem 3.3 ([Sin13, Proposition 6.2]) The homology H•(O;k) of any topological operad O is
an operad in graded vector spaces (and hence also in Ch• or Ch•). Further, for any algebra X over a
topological operad O, the homology H•(X;k) is an algebra over the operad H•(O;k) in VectZ.

Sketch of proof. This follows from applying the Künneth Theorem: it yields a natural morphism (in
general not an isomorphism!) of graded vector spaces

H•(X;k)⊗H•(Y ;k)→ H•(X × Y ;k).

Applying this to the composition morphisms of an operad O in Top∗ then produces an operad structure
on the graded vector spaces H•(On;k). The same strategy also yields the statement about algebras.

Proposition 3.4 (1) The homology (with coefficients in k) of the topological commutative operad is
the commutative operad:

H•(Com;k) = ComVectZ .

(2) The homology of the topological associative operad is the associative operad:

H•(Ass;k) = AssVectZ .

(3) The homology of the topological A∞ = E1 operad is the associative operad

H•(E1;k) = AssVectZ .

Sketch of proof. Claims (1) and (2) both follow from the fact that the level spaces of the respective
operads are discrete. Statement (3) follows from the fact that E1,n ∼= Confn([0, 1]) ' Σn, so that
H•(E1,n;k) ∼= k[Σn] is concentrated in degree zero – here the Künneth morphisms from Theorem 3.3
are isomorphisms, and no mixing of degrees can possibly happen in the product maps.

Remark 3.5 One can in fact take homology with arbitrary coefficients here, but k is the coefficient
ring that will be of particular relevance in the following talks. /

These are just the easiest cases – much richer and more interesting examples will be presented to
us next time by Vincentas. He will step by step add levels of commutativity to the operad E1 – the
resulting operads are very important, and also encode the understanding of multiplying observables
in [BBZB+18].

3.3 Generators and relations

In this section, we will outline how one can build operads in Vect (and thus in VectZ and Ch• or Ch•)
by giving generators and imposing relations. In this way, one can start from algebraic structures and
obtain operads that encode them. Here we closely follow [CV05, Section 2.1.5].

Remark 3.6 This does not just work in vector spaces – generalisations to symmetric monoidal cate-
gories that have certain colimits are possible. /
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Definition 3.7 Let O be an operad in Vect.

(1) An ideal in O is a family {In ⊂ On}n∈N0 of Σn-invariant subspaces with the property that whenever
at least on of the arguments of a composition cn;j1,...,jn(x1,1, . . . , xn,jn) is in I, then so is the result,
i.e. cn;j1,...,jn(x1,1, . . . , xn,jn) ∈ Ij.

(2) Given an ideal I ⊂ O, then the quotient operad O/I is the operad with n-th level On/In, an
composition morphisms induced from those of O.

We first wish to define the free operad generated by a given collection of n-ary operations for any
n ∈ N. Note that, if we provide, for instance, a binary operation µ2, an n-ary operation µn and an
m-ary operation µm, we need to have an (n+m)-ary operation that should be cn+m;n,m(µ2;µn, µm) =

µ2 ◦ (µn, µm). Moreover, in the absence of relations, for any n-ary operation, we obtain another,
different, n-ary operation µn ∗ σ for any permutation σ ∈ Σn.

Let S := {Sn}n∈N0 be a collection of sets, with S0 = ∗. We need to extend this collection to
an operad under the above modifications. For n ∈ N, let Treen be the set of planar rooted (exactly
one outgoing edge) trees with n leaves (incoming external edges) with a bijection of its leaves to
n := {1, . . . , n}. Note that all edges are directed towards the root, and that Treen carries a canonical
Σn action that permutes the labels of the leaves.

For an (internal) vertex v of a tree T , let in(v) denote the number of edges incoming to v. We
think of a vertex v of a tree T as an in(v)-ary operation, and of any edge incoming to v as an insertion
into that operation. Let V (T ) denote the set of all inner vertices of T ; this is graded by the number
in(−) of incoming edges. Each such vertex v needs to be labelled by an in(v)-ary generator, i.e. an
element from Sn. Thus, all possible n-ary operations generated by S form the set

Fn(S) :=
⊔

T∈Treen

SetZ
(
V (T ), S

)
,

where SetZ denotes the category of graded sets. In order to obtain something in Vect, we set

FVect
n (S) :=

⊕
T∈Treen

k
[
SetZ

(
V (T ), S

)]
.

Note that there always exists a distinguished planar rooted labelled tree T∅ with no vertex – it
generates a copy of k in FVect

1 (S).

Proposition 3.8 Given a graded set S, the collection FVect(S), together with the element T∅ as the
unit, the Σn-action of relabelling n labelled leaves, and grafting of trees as composition, defines an
operad in Vect.

Definition 3.9 Let {Rn ⊂ Sn}n∈N be a family of subsets. Let I(R) ⊂ FVect(S) be the ideal generated
by R under the Σn-actions and grafting. The operad FVect(S)/I(R) is the operad with generators S
and relations R.

3.4 Further examples: Lie, Poisk, BV

We can now write down operads for loads of algebraic structures, basically by finding generators and
relations for these structures. This may seem tautological at first, but in fact it is often desirable not
to compare individual algebraic objects, but rather algebraic structures abstractly, i.e. on the level of
operads – see for instance Theorem 3.3 and the upcoming talks.
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Example 3.10 The associative operad AssVect is generated by S2 = {µ2}, Sn = ∅ for n 6= 2, 0, and
has a single relation given by the associativity condition. (Note that we actually need associativity for
all permutations of three arguments, but this is already guaranteed by dividing out the ideal generated
by R). We can also view AssVect as an operad in VectZ, where its algebras are the graded k-algebras,
or we can view it in Ch• or Ch•, where its algebras are the k-dgas. Analogous statements hold true for
ComVect. /

Example 3.11 There is an operad Lie in Vect, whose algebras are exactly the Lie algebras. It is
generated by a single binary operation µ2 = [−,−] and the relations encoding antisymmetry and the
Jacobi identity. Note that we can also view Lie as an operad in Ch• or Ch•, where its algebras are dg
Lie algebras. /

Example 3.12 Let k ∈ N (or even Z, theoretically?). A Poisson k-algebra is a chain complex A,
together with a commutative, associative product − ·− : A⊗A→ A of degree zero, and a Lie bracket
{−,−} : A⊗A→ A of degree 1−k; that is,

{−,−}l :
⊕
p+q=l

Ap ⊗Aq → Al+1−k

such that for any a ∈ A, the map {a,−} is a derivation for − · −.
These algebras are algebras over an operad in graded vector spaces (hence in Ch• or Ch•) generated

by − · − in Poisk,0 and {−,−} ∈ Poisk,1−k, under the relations indicated above.

Poisson 2-algebras are also called Gerstenhaber algebras. /

Example 3.13 (1) The smooth functions on a Poisson manifold, and in particular on any symplectic
manifold, form a Poisson algebra concentrated in degree zero (which is, in this terminology, a
Poisson 1-algebra).

(2) For any associative algebra A, its Hochschild cohomology HH•(A;A) with coefficients in itself, has
the structure of a Gerstenhaber, or Poisson 2-algebra [LV12, Proposition 13.3.1].

/

Theorem 3.14 (Hochschild-Kostant-Rosenberg-Theorem) Let M be a manifold. There is an
isomorphism of Gerstenhaber alegbras (or, equivalently, Poisson 2-algebras)

HH•
(
C∞(M,R);C∞(M,R)

) ∼= Γ(M,Λ•TM)

of the Hochschild cohomology of the algebra of smooth functions on M and the Gerstenhaber algebra of
smooth polyvector fields on M with the Schouten-Nijenhuis bracket. The latter is the extension of the
Lie bracket to polyvector fields by imposing the Leibniz rule in each argument.

Note that the differential on the chain complexes on both sides are trivial here.

Example 3.15 A BV algebra, or Batalin-Vilkovisky algebra is a differential graded commutative
algebra2 A (ComVect-algebra in Ch•) together with a degree-1 morphism ∆: A→ A[1] satisfying

∆2 = 0 ,

∆(abc) =
(
∆(ab)

)
c+ (−1)|a| a∆(bc) + (−1)(|a|−1)|b| b∆(ac)

− (∆a)bc− (−1)|a| a(∆b)c− (−1)|a|+|b| ab(∆c) ∀ a, b, c ∈ A .
2There seems to be some ambiguity in the literature: sometimes one just uses a graded algebra, i.e. trivial differential.
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Setting
[a, b] := ∆(ab)− (∆a)b− (−1)|a| a(∆b) ∀ a, b ∈ A ,

we see that a BV algebra is equivalently Gerstenhaber algebra with a degree-1 derivation ∆ for [−,−]

and where the bracket measures precisely the failure of ∆ to be a derivation of the (graded!) commu-
tative product. Note that a BV algebra is not the same as a dg Gerstenhaber algebra with differential
∆, because ∆ is not a derivation for − · −.

Again, this algebraic structure is described by an operad BV in VectZ, obtained from either the
operations (− · −,∆) and their relations, or the operations (− · −,∆, [−,−]) and their relations. /

Theorem 3.16 (e.g. [CG17, Section 4.1.1]3) Let M be an m-manifold with a volume form ω; this
induces isomorphisms

ιω : Γ(M,Λ•TM) −→ Ωm−•(M)

of C∞(M)-modules. Then, the operation ∆ := ι−1ω ◦d ◦ ιω enhances the Poisson 2-algebra of polyvector
fields on M to a BV algebra (with trivial differential).

Remark 3.17 In deformation quantization, Costello-Gwilliam use the Beilinson-Drinfeld operad BD
which differs from the BV operad BV. They view BV a quantum version of BV – it is an operad in dg
modules over R[[~]]. For a brief outlook on the BV formalism in operad language and further literature
in this direction, we refer to [LV12, CG17]. /

Remark 3.18 The BV operad and its algebras appear frequently in theories related to two-dimensional
conformal/topological field theory (string field theory, string topology, CFTs, TCFTs, . . . ). There, a
topological operad of Riemann surfaces with n incoming punctures and one outgoing puncture plays
a fundamental role. The reason that BV appears in such theories is that this Riemann surface operad
is strongly related to a 2-dimensional version of the operad of little intervals, or ‘one-disks’, and this
structure on the geometry induces a BV algebra structure on the fields, but I won’t tell you how –
that’s the appetiser for Vincentas’ talk in two weeks. /
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