Regularity results for functionals with
general growth

Lars Diening!  Bianca Stroffolini>  Anna Verde?

"Universitét Freiburg, Germany
2Universita Federico II, Napoli

Oxford, PDE seminar,February 15, 2010



o Introduction
@ The Model
@ Main Theorem

e Sketch of the proof
@ Useful Ingredients
@ Uhlenbeck trick
@ Excess decay estimate

e Further directions
@ Asymptotically convex problems
@ Quasiconvex problems
@ Systems with critical growth



Introduction

[ Jelelele}

The Model

Our

model case is:

iw) = | o(Dul)ox

@ Q C R” bounded openset, u:Q — RN
@ ¢:[0,00) — [0,00) convex function
@ ¢ C'([0,00) N C?((0, 0))

A function ue W,Lj’(Q RN)is a local minimizer for / if

I(u, sptn) < I(u+n,sptn) Vne CH(Q,RN).

Orlicz-Sobolev

o L% fc L?iff there exists K > 0 such that [ ¢(/f) dx < oo
@ W . fe W'iff f,Df € L9.
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The Model

A fundamental problem in the Calculus of Variations is the one
of identifying classes of functionals for which everywhere
C':>-regularity or even just continuity of minimizers occurs

A well known result of K. Uhlenbeck (77) states that the

C'.>-regularity holds for local minimizers if the integrand
function is of the type

f(1z1)

for a convex function f of p-growth, with p > 2.

What are suitable assumptions on ¢ that guarantee everywhere
C'-*-regularity for local minimizers?
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The Model

@ Uhlenbeck '77
@ Giaquinta-Modica ’86

@ Acerbi-Fusco 89 1<p<2

@ Marcellini '89-°96 general growth

@ Lieberman : scalar case ‘91 ; vectorial case '93
@ Mingione-Siepe '99

@ Esposito-Mingione 00 nearly linear growth
@ Fuchs-Mingione 00

@ Marcellini-Papi 06

Euler system

ue Wh> AcC' = ueCh®

without excess decay estimate!
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The Model

@ ¢(0)=0
@ ¢’ right continuous, non-decreasing
@ ¢'(0) =0, ¢'(t) > 0fort > 0, and lim;_,o, ¢'(t) = oo.

@ ¢ € C'([0,00)) N C?((0,0))
@ H1. ¢/(t) ~ t¢"(t) uniformly int > 0
@ H2. Holder continuity for ¢"

Jé]
s+ -s o< oo’ () >0

forallt > 0and s € Rwith |s| < }t.
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The Model

@ Hl.— Ay(¢,0¢*) < oo (¢* is the conjugate)

¢ € As> & dep >0 ¢(2t) < C1¢(t)

@ o(t)=1t° VYp>1
® ¢(t) = tPlog®(e + 1)
@ ¢(t) =tPloglog(e +t)
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Main Theorem

Main Theorem

Let u € W, 2(Q,R") local minimizer for

[ opulyax
Q

with ¢ like before

“excess decay estimate”

7[ V(Du>(V(Du))p|2gc<,§)“7[ V(Du) — (V(Du))al2vp < R
B J Bgr

. p

Du locally Holder continuous
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Main Theorem

Q
Q|

Q

AQ) = #(|l) 9

v(Q) ='(1Ql) U(t) = Vo' (e

The nonlinearity of the problem is inserted in V' !

AQ)-Q~ [V(Q)I ~ Q)

(A(P) — A(Q)) - (P - Q) ~ |V(P) - V(Q)

uniformly in P, Q € RN>7
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Useful Ingredients

Principal steps

@ 1. Poincaré and Caccioppoli in the Orlicz-Sobolev setting;

4

Gehring — type result

@ 2. Bernstein-Uhlenbeck trick: ¢(|Dul) is a subsolution of a
uniformly elliptic equation

4

weak Harnack inequality
@ 3. Excess decay estimate

4

conclusion using the integral characterization of
Campanato spaces.
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Useful Ingredients

Acerbi-Fusco type lemma

1 P, (| P, P
/0 ¢’(I|30‘0’)d9~¢(| 0’"’_’ 1‘) ’P0|+‘P1’>0

|Pol + [P
where Py = (1 — 6)Py + 0P;.

(A(P) ~ A(Q)) - (P - Q) ~ |V(P) - V(Q)

~|P-QF¢"(IPI+]QI)

A key ingredient is the shifted function ¢, defined for A\ > 0 by:

, &'\ + )t
A0 ==

4

¢, inherits all properties of ¢ uniformly in A
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Useful Ingredients

Higher integrability

Caccioppoli: u € V\/,L’Cd’(Q,]Ri”) local minimizer then VB with

2B c Q, R = diam(B)

|u— UoB]
][B (|Dul)dx < c][Zqu(R )l

plus
Poincaré: 3 0 < 6 <1,K = K(A, R) such that

|V — vop| 1
1, o2 < K(f, o(IDv) o)’




Sketch of the proof
[e]e]e] lo}

Useful Ingredients

Reverse Holder:3qy > 1 such that Vg € [1, ¢4]
(f. IV(u)Pad% < o(f |V(Du)d)}
J B J 2B

and
Reverse Holder for the oscillation:

‘fvou ﬁm<(fwm0wmﬁmw
2B
Using difference quotient technique: V(Du) € W'2 and

fovm2w<f V(Du)Rax
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Useful Ingredients

Marcellini and Papi proved the boundedness of the gradient of
a minimizer of an integral functional of the type

/ 9(|Dv])dx
Q

where g € W2>[0, T], VT > 0, is a convex function s.t.
9(0) = ¢g'(0) = 0 and satisfies the following:

@ H1'. Letty, H>0and 3 € (1,2). Forevery a € (1,,7—21}
n-2

n’
there exists K = K(«) such that
M\ " (t ‘\" (t
(g()) +<g()>] -k <g(>> +<g()>]
t t t t
vt > to.
H1 — H1' — Du € L};,.

Htizﬁ
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Uhlenbeck trick

Uhlenbeck trick

We use the approximated functionals Fy = |, ¢, (|Dv|)dx
I

o(|Duy]) subsolution of a problem whose coefficients satisfy
coléP <) GY(Q)s < arl¢f

ki

4
sup ¢ (|Duy) < c][ ox(|Duy|)(DeGiorgi — Nash — Moser)
B 2B I
sup ¢(|Dul) < C][ #(|Dul) ((A, Q) — Vi'(Q)is continuous)
B J 2B U

2 B

][1BV(DU)—<V( u)) 1gl* <C(SUD¢(DU)SUD¢(DU)>
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Excess decay estimate

Excess decay estimate

Using the Holder continuity of ¢" we get:
V71 € (0,1)3eo(7) € (0,1) such that

®(u, R) < ggsup ¢(|Du|) = ®(u, 7R) < cr?d(u, R)
Bpr/2

o(u, R) = fB V(Du) — (V(Du))al2dx

How to remove the “smallness " assumption?
We prove an alternative using the weak Harnack inequality.
@ Using a standard iteration tecnique, we prove that
Ja>0:VBCQ o(u,p) <c(f)*®(w,R) Vp<R
@ From Campanato characterization of Hélder continuous
functions, we get V(Du) locally Hélder continuous;
@ Using that V' Hélder continuous, we conclude:
Du locally Hélder continuous.



Further directions

@ Asymptotically convex problems
@ Quasiconvex problems
@ ¢-systems with critical growth
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Asymptotically convex problems

Given H(¢) = (1 + |£[?)% we say that f is C? asymptotically
convex if
0?f 0?H
50,37 >0 [2n (&) — 2 (6)] < elé]P2

whenever [£] > ..

Which kind of regularity we can expect for local minimizers of

/(u):/ﬂf(Du)dx?

Local Lipschitz regularity
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Asymptotically convex problems

@ Chipot-Evans 86 p = 2
Giaquinta-Modica '86 p > 2
Leone-Passarelli di Napoli-V.’07 1 < p < 2

Raymond '91, Kristensen-Taheri 03,
Dolzman-Kristensen ’05,

Dolzman-Kristensen-Zhang,
Scheven-Schmidt ‘09
@ Carozza-Passarelli-Schmidt-Verde 10
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Asymptotically convex problems

f smooth uniformly convex function with uniformly bounded
second derivatives

Classical results: smooth minimizers
Morrey, De Giorgi, Nash
en=2,N>1or
en>2N=1

Counterexamples

n> 2, N > 1= non smooth minimizers, but Lipschitz
continuous , Necas '77.

Recent results, Sverak-Yan (2002)

Using “null Lagrangian" approach, they construct
counterexamples showing that in general for n > 3 Lipschitz
continuity cannot be expected.

For n > 5 even locally unbounded minimizers.
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Asymptotically convex problems

I(u)—/f(Du)dx
Q

e f e C2(R™)
o |DPf(¢)] < cg”(|¢]), V¢ € R™\ {0}

¢"(1€N
If ue M/,:)f(Q,RN) is a local minimizer for /, then Du is locally
bounded.

sup ¢(|Dul) < c(1 + 71 4(|Dul)dx)
B J 2B

The proof is achieved comparing our minimizer with the
minimizer of the model functional for which we have the decay
estimate!
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Asymptotically convex problems

What about C' asymptotically convex problems?
Counterexample of Dolzmann, Kristensen,
Zhangn=N=2p=2

/ dist?(Vu, SO(2)),
JB

B C R? unit disc. The quasiconvex envelope F is C'
asymptotically convex; F'(¢) = 2(¢ — ¢(&)), with ¢ bounded
Lipschitz. There exists a minimizer in WJ ’Z(B, R?) with
unbounded gradient near 0 (also minimizer for F): it is
1zlog|z|? € W1BMO
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Asymptotically convex problems

Scheven-Scmidt result:
f locally bounded Borel integrand + asymptotically regular

4

Q can be decomposed into three disjoint sets:
@ Hisopenuis C" Vo
@ B, x € B, is a Lebesgue point and |Du| < L;
@ ¥ is negligible set.

H and the interior of B, are contained in the regular set, that is
dense in Q. But S(uv) [ 9B, can have positive measure!
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Quasiconvex problems

Quasiconvex problems

What about Quasiconvex functionals?
A function F : R"N — R is quasiconvex iff

/Q [F(20 + Dn) — F(zo)]dx > 0

for every z, € R™N and every n with compact support in Q.
Partial regularity for quasiconvex functionals was initiated by
Evans who considered:

(A Dn)~ 1(A) = v [+ A+ Dyl)? 2|y
JB, By

for every A € R"N and every n € C®(By,RN).
uniform strict quasiconvexity
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Quasiconvex problems

f(A+ Dn) — f(A) > v / 6" (4 + |A| + D|)|Dnf?
JB, JB,

for every A € R™N and every n € C>®(By,RN) with compact
support.

@ ;. > 0 Non degenerate case

@ ;= 0 Degenerate case
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Quasiconvex problems

Non degenerate case

Partial regularity: The basic idea is to linearize the problem
near the gradient average.
We have different methods to implement a local linearization
scheme:
@ Indirect method via blow up techniques: Morrey, Evans,
Acerbi-Fusco, Carozza-Passarelli di Napoli,
Carozza-Fusco-Mingione,...

@ A-harmonic approximation method: De Giorgi (minimal
surfaces), Duzaar-Steffen (geometric measure theory),
Duzaar-Mingione,Duzaar-Gastel-Grotowski,
Duzaar-Grotowski-Kronz,...
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Quasiconvex problems

Degenerate case

Partial regularity: When we linearize near the gradient average,

it may happen that (Du)y. - is near the origin or even 0 so that
the linearized problem loses the ellipticity!
Idea for partial regularity:

@ when Du is far from 0, then one can linearize as before;

@ when Du is near 0, then one directly compares u with
minimizers of the model case functional [, |[Dv|PdXx via
"p-harmonic approximation" due to Duzaar-Mingione
(thanks to additional structure conditions).
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Quasiconvex problems

In this context of more general growth we prove a ¢-harmonic
approximation that also in case of powers give a new
approximation in terms of the gradients

¢-harmonic approximation

é € C'([0,00)) ) C2((0, 0)) s.t. &(t) ~ t&"(t) uniformly in
t>0.Foreverye>0andf e (0,1),30 =0d(,0,¢) > 0s.t. if
ue WHe(B, R’Vys almost ¢-harmonici.e. V¢ € C3°(B,RN)

f ovunaveard <s({, (VU)dx+</>(VfHoo)>7
then the unique ¢-harmonic map h vyith h = u on 0B satisfies

(f \V(Vu) — V(Vh)|? dx) <e][‘;3g§(Vu)dx,

The proof is based on a generalization of the Lipschitz
approximation Lemma in the context of Orlicz spaces.




Further directions
O0000@0C

Quasiconvex problems

Lipschitz approximation Lemma

¢ N-function s.t. Ax(¢, ¢*) < oo, Q2 bounded domain and
u" € W) ?(Q,RN) be such that u” — 0in W,**(Q,RN). Set
Yn = ||u"|y — 0. Let O, > 0s.t. 6 — 0, 32 — 0 and p; == 2?

I

INnj > 08t 1) < Ay < it and u™ € Wy (Q,RV) st
® [[uM oo < O0p— 0, VU™ < CAnj < Cpjsa-
o {u™ £ u"CcQn ({MU">0p} U {M(Vu") >2\p})
@ whenn— oo u™ — 0 inLS(Q,RN)Vse[1,],
o u™ —~0 inW,*QRN)Vse[l,00), VU0 inL>®
o limsup, .. [ ¢(VU™xynizyny) dx < c277,
@ J¢i(— 0) s.t. VU™ xyynizumyllo < CHpiv1 + €.
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Quasiconvex problems

Acerbi-Fusco Lemma in the power case p =

. : 1
VUM X (unigmy lp < Anjl{u™ # U} < cf|lul1p < K.
So just boundedness of the above term!

Sketch of the ¢-harmonic approximation:

@ Take h solution of the homogeneous problem in a ball B
with h = uon OB'

@ Lety > 0s.t. () =fgo(|Vul) dx and X € [,2™~] for
suitable my. Take w = h—uand w, s.t. [|[wy|. < cAand
fB P(AX fwy2wy) AX < % We consider w, as test function
in both problems (almost ¢-harmonic estimate and
¢-harmonic system);

@ Monotonicity of the operator, Young’s inequality and useful
properties of w,.
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Quasiconvex problems

Let us remark the main differences with respect to the result of
Duzaar and Mingione.

@ We use a direct approach without a contradiction
argument. This allows us to show that the constants
involved in the approximation only depend on ¢.

@ We are able to preserve the boundary values of our
original function. In particular, u = h on 0B.

@ We show that h and u are close with respect to the
gradients rather than just the functions.
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Quasiconvex problems

Idea for partial regularity

@ harmonic approximation
@ interpolation inequality
@ excess decay estimate for the harmonic map h

ﬂ

@ C'“-partial regularity for minimizers of quasiconvex
functionals of this type: © > 0, ¢"

f(A+ Dn) — f(A) = v | ¢"(u+ |Al + Dn|)|Dnf>.
J B J B



Further directions

Systems with critical growth

¢p-systems with critical growth

Holder regularity

Suppose ¢ > 1 is given. Then there exists 6(n, N, ¢,c) > 0
such that if u € W'?(Q, RV) satisfies the system :

¢'(IVul)
pu— 1
/Q v VuVndx /QGndx (1)

for all n € C3°(Q2) where G € L'(Q) satisfies for a.e. x € Q
|G(x)| < co(|Vul) @)

and if u satisfies a Caccioppoli inequality and

o avunan < 4

on some ball Bg C Q, then V(Vu) is Hélder continuous on Bg
with exponent u, for suitable 1 depending on é. 6. n. N. c.




Further directions

Systems with critical growth

Principal steps

@ smallness + Caccioppoli assumption = u is almost
¢-harmonic;

@ ¢-harmonic approximation+ excess decay estimate for the
¢-harmonic map h = Morrey-type estimate for the
gradient

@ convex-hull property for the functional = u — his
continuous;

@ subtracting the equations with u — h as test function, we
conclude by using a classical iteration argument.
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