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Two ways to consider the stress:
Global feature (intensity dispersion ratio) (Berlyand)

Local feature
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Conductivity Equations (free space)

H': an entire harmonic function (in particular, H (z) = a - x).

( 2
< V-(X(Rd \ B1 U B2) + ZUjX(Bj))VU =0 inRY,
j=1

w(z) — H(z) = O(|z|'™%) as |z| — oo.

\

Equivalently,
)
Au =0 in R*\ (0B1 U 0By),
u|+:u|_ onc?Bj, 7=12,
Y ou ou
EJF:%‘@_ on 9B;, j = 1,2,

uw(z) — H(z) = O(|z|™1) as |x| — oo.

N
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Equations (bounded domain)

/

V-(X(Q\Bl U Baz) —I-Zajx(Bz-))Vu =0 in Q,

< =1

\u:f on 0f2.
(Au=0 in Q\ (9B1 UBs,),
’LL|_|_ = ’LL|_ on aBj, _] — ].,2,
\ ou ou
$+:aj$_ on0B;, j =1,2,
yn O




IVaul|oo

stimate ||Vu||oo on a bounded region including B, and B> as € — 0 where

e = dist (B1, B2).



Problem: Estimate ||Vu||o, on a bounded region including B, and B> as ¢ — 0 where

e = dist (Bl, Bg)

If 0 is bounded, then || Vu|| () < C regardless of e. (Li-Vogelius ARMA 00,
Bonnetier- Vogelius SIMA 00).

Extended the results to the linear (isotropic) elasticity (Li-Nirenberg CPAM 03).

Computation of electric field in the presence of closely located circular inclusions
(Cheng-Greengard, STAP 98)
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Problem: Estimate ||Vu||o, on a bounded region including B, and B> as ¢ — 0 where

e = dist (Bl, Bg)

If 0 is bounded, then || Vu|| () < C regardless of e. (Li-Vogelius ARMA 00,
Bonnetier- Vogelius SIMA 00).

Extended the results to the linear (isotropic) elasticity (Li-Nirenberg CPAM 03).

Computation of electric field in the presence of closely located circular inclusions
(Cheng-Greengard, STAP 98)

Problem: What happens if o; degenerates to either oo or 0? (Babuska)

Motivation:

Estimates of the stress in the composites when grains are very close to each other.

Computation of the electromagnetic field in the presence of close inclusions29, 2009. oxford - p. 77



Equations (o; = 0 or c0)

(Au:O in Q\ B; U Ba,
8_u

ov m
\uzf on 0.

=0 ondBj, j=1,2,

L\




Equations (o; = 0 or oco)

(Au:O in Q\ B; U Ba,
8_u

ov m
\uzf on 0.

=0 ondBj, j=1,2,

L\

(Au=0 in Q\ By U Ba,
u = \j(constant) ondB;, j =1,2,

_/\\




Equations (o; = 0 or c0)

1] — 02 = O.

u°° in H' as o; — 00 (00 = 0 or c0) (Friedman-Vogelius, ARMA 88)



Equations (o; = 0 or c0)

1] — 02 = O.

u°° in H' as o; — 00 (00 = 0 or c0) (Friedman-Vogelius, ARMA 88)

o

170 oo SCO-2+].

(K-Seo, IP 99)



Equations (o; = 0 or c0)

= 02 — O.

u°° in H' as o; — 00 (00 = 0 or c0) (Friedman-Vogelius, ARMA 88)

%
g2 +1

U o < C (K-Seo, IP 99)

Does u” — u’® in W as o; — ¢ uniformly in €? (0B, is as smooth as one

Che)



There have been some works (not rigorous) showing that when o0 = oo

C
IVul[re > —

Ve
(Budiansky-Carrier JAM 84, Keller JAM 93, Markenscoff CM 96).

See Milton "The theory of composites" 10.10 for related works.
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lusions
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2,let B; = B(Z;,rj), the disk centered at Z, and of radius r;.
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Forj = 1,2,let B, = B(Z;,r;), the disk centered at Z; and of radius ;.
Suppose 01 = 02 = o and r1 = r2 = r (for this presentation)
Let X, 3 = 1, 2, be the point on 0B, closest to the other disk.

Let € := dist(B1, B2) and let 1) and T, j = 1, 2, be the unit normal and tangential
vector fields to 0B, respectively.
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lusions

stimates (Math. Annalen 05, JMPA 07)

d € is sufficiently small, then

(X), vV (X))

RN

Ca||VH| Lo (o)

VA

< [Vullpoe(o\(B1UB2)) < =1,2,



Blow-up Estimates (Math. Annalen 05, JMPA 07)

If o > 1 and e is sufficiently small, then

: (J) . Hl|l;~
Cl|<VH£XJ)7V (XJ)H < ||VUHLOO(Q\(81UBQ)) < CQ”Y HL (9)7 = 1,2,
st Ve s tV5
If o < 1, then
: (4) : Hll 7 oo
Cl|<VH(XJ)7T (XJ)>| < HVU’HLOO(Q\(BlLJBQ)) < C'QHv HL (Q)’ — 1,2,
e e
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Blow-up Estimates (Math. Annalen 05, JMPA 07)

If o > 1 and e is sufficiently small, then

: (J) . H| ;o
Cl|<VH£XJ)7V (XJ)H < ||VUHLOO(Q\(81UBQ)) < CQ”Y HL6 (9)7 = 1,2,
st Ve s tV5
If o < 1, then
: (3) (v . C Hll + oo
AUEH )T CON < | 9ul ooy < ZEEZD 29
o+ o+ V/E

If » = €, No blow-up.
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ect conductors in 2D

(Yun, SIAP 07). B1 and B2 are convex ‘with proper locations’, o = oo, and
x. Then,

Ce
NG

luloB, — ulos,| > C1ve, |[[Vul L= <



uctors in 3D

nvex perfect conductors (o0 = c0)
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uctors in 3D

nvex perfect conductors (o = 00)

(Au =0 in Q\ B; U Bay,
§ u = A\j(constant) ondB;, j = 1,2,
u=f on 0f2.

conditions:

do = 0.
_|_

[ o
dB; v




uctors in 3D

/
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Perfect conductors in 3D

v, [ 9 9w _
6B, 81/ 6B1 81/ 6B1 81/
A1 v + A2 Ouz Jvo = 0.
6B 81/ 6Bo (91/ 6B1 81/
Suppose 0B, is given locally by
g = P1(x’) + % and x4 = —a(x’) — % 2| < 4.
Then, the blow-up rate is "determined" by
/ . dx’
o |<s Y1(2') +P2(z') +e

(Bao-Li-Yin, ARMA to appear)
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Perfect conductors in 3D

Theorem 2 (Bao-Li-Yin, ARMA to appear). If 0B1 and OB2 are strictly convex, then

1
|Vullpee < C||fllc2(0) 9 d=3,

e|Ine|’
1
) d247
\ €
and
r 1
— d=2
\/E17 )
|Vul|Le > C|QLf]] 4 L d=3
€| In €
L
\ €
where

_ [ 9w %_/ oS
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uctors in 3D

d1(z’) + o (a’) = 2’|, m > 1,
OW-Uup rate is

e /2™(2D), € ™(3D).



uctors in 3D

1(2) + () = |2/ [*7, m> 1,
OW-Uup rate is
e /2™(2D), € ™(3D).

ons have lower blow-up rate!



uctors in 3D

Lim-Yun (o = 0o0): Bi and Bs are balls in R?. Let A be a solution to

(Au=0 inR?Y\ B, UBs,

u(z) = O(|lz|' ™) as|z| — oo,

\

u = k; (constant) ondB;, j =1,2,

@da =1, @da = —1.
\J 3B, 31/ 8B1 al/




Perfect conductors in 3D

A work of Lim-Yun (6 = oo): B; and Bs are balls in R%. Let h be a solution to

(Au=0 inR?\B;UB;,

u(z) = O(Jz|'~%) as|z| — oo,

/s

u = k; (constant) on 0B;j, j =1,2,

@da =1, @da = —1.
\J OB, 8V 0B1 8V
)\1—)\2: %Hd()‘— @Hda
6B1 (9V 8Bo (9V
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A work of Lim-Yun (¢ = c0): B and Bs are balls in R%. Let A be a solution to

(Au=0 inR?\B;UB;,

u(z) = O(Jz|'~%) as|z| — oo,

7\

u = k; (constant) on 0B;j, j =1,2,

@da = @da = —1.
\JoB; aV 0B1 aV
)\1 — )\2 p— %HCZO' — %HCZO‘
6B1 (9V 8Bo (9V

Lim-Yun constructed such an h when B; and B> are balls in R? and obtain the same result

for balls (independent work).
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A work of Lim-Yun (¢ = c0): B and Bs are balls in R%. Let A be a solution to

(Au=0 inR?\B;UB;,

u(z) = O(Jz|'~%) as|z| — oo,

7\

u = k; (constant) on 0B;j, j =1,2,

@da = @da = —1.
\JoB; aV 0B1 aV
)\1 — )\2 p— %HCZO' — %HCZO‘
6B1 (9V 8Bo (9V

Lim-Yun constructed such an h when B; and B> are balls in R? and obtain the same result

for balls (independent work).

In 2D,

1
h(x) = %(log [z — P1| —log |z — Pa)).
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lusions

(VH(X;), TV (X;))] C2||[VH ||z (2)

- < IVullzee(\(B1UBy)) < :
T T

te 1s optimal in terms of €, but not in terms of H.




Decomposition Theorem (preprint)

Theorem 3. Suppose o < 1. Let P the middle point of X1 X2 and T’ be the unit vector
orthogonal to X1 X5. Let

Hy(x):=(VH(P) -T)(T-(x—P)), H(zx)= Hs(x)+ H-(x).

and
U= Us + Ur

where us and u, are the solutions corresponding to Hs and H,, respectively. Then

C’1VH8(P) 2T CQVHS(P)-T
€ € 7

o + \/j o+ \/j

T T

|IVUur||loo < C (independent of €).

and

A similar estimate for the case o > 1.
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lusions with nonzero permittivity

ity of the inclusion is not zero, 1.e., coefficient is given by o + 2w, then current
e the inclusion even if o = 0. Hence, a reduced blow-up is expected.



Circular Inclusions with nonzero permittivity

If permittivity of the inclusion is not zero, 1.e., coefficient is given by o 4 2w, then current
flows inside the inclusion even if 0 = 0. Hence, a reduced blow-up is expected.

In fact, if H(x) = ¢T" - (x — P), then
C4 C

== V|| Lo (@\(B1UB,)) < =
a+|w,u|+\/; 0+|w,u|—|—\/;
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The solution w is represented as

u(z) = H(z) + Sp, [p1](z) + Spy[p2](z), = € R’

where
200 —1) = (e —1\" 0 | m o—1 ]
o =TS (T) g (R - S|
200 —1) = (o —1\" 0 | m o—1 ]
= ———— R I — R H|
e o+ 1 Z_ <0+1> ov(2) _(Rl 2)"( o+ 1 1) |88,

R;, 7 = 1,2, be the reflection with respect to 0B}, i.e.,

0. Ay
Bi(%) = \]X — Z;j|?

—I—Zj j:1,2.
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for computation (Preliminary report)

tial representation:

u(z) = H(z) + S, [Y1](z) + S, [¥2](z), z €R,

1 ” oS oOH
pl T RE T E3

Aw e i 0B1 ("pl) . 4 0B1
- | as 1 . | oH
831 ol X5, v v

i 0Bo Z 0Bo




Implications for computation (Preliminary report)

Layer potential representation:

u<x> — H(:C) + 831 Wl](fl?) + 832 [¢2]<CU>, T € RQ,

with
Ky, 252 oH
2 ov 9B, W1 ov 9B,
A= s 1 ~ | om
== ST+ Ky, | \P2 ——
ov 9B 2 ov 585

Decomposition theorem says that the operator A on L?(0B1) x L?(0Bz2) has a very small

singular value (of order /€) of rank 1!
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Some apparent problems

™ Most questions have not been answered.
W Blow-up rate for insulating case (o = 0) in 3D?
™ Dependency on o and the scale?

= Asymptotics as the distance tends to zero? (This is of particular importance for

computation.)

™ Anisotropic case when one of the eigenvalue degenerates?
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Thank You!
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