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Introduction

The focusing cubic nonlinear Schrodinger equation in R3+1 is

1000 + A = — [y, (0) given.

It is H'/2 critical, with scaling given by

U(x, 1) = a(ax, o’t).
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Well-posedness

Most important estimates for the solution of the linear equation
i0x) + A = 0 on R3:

> ||¥(t)]|2 = ||(0)]|2 (unitarity of the evolution)
> [[9(t)|loo < Ct=3/2|1(0)||1 (L* — L decay)

> [x(x)DY2p||2 < C[[4(0)]|2 (local smoothing)
|

[l 26 < Cll1(0)[2 (endpoint Strichartz estimates).

Small H'/2 data = global dispersive solutions.

Large H'/2 data = local well-posedness in the critical sense; the time
of existence depends on the profile, not only on the norm
(Cazenave-Weissler 1988).

Short proof: consider an interval [0, T] on which ||L/JHL[20YT],_5 is sufficiently

small; apply a fixed point argument.
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Finite-time blowup

Conserved quantities:
M) = [ 06x, ) dx (mass)
EL(0] = [ 51700 0 = g1t )i d (energy),
Ply(t)] = Re/ Y iV dx (momentum).
R3

Finite-time blowup can occur (for E < 0; Glassey 1977). Virial identity:

o | [ it oF ax = ol - [ et ax < c <o
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Solitons
The equation also admits soliton-type solutions:

(. t) = € (x, ),
where
~Ap+ = ¢’
Ground states are solitons characterized by ¢ > 0. They are unique up to
symmetries (Coffman '72, Kwong '89), strictly positive, radially

symmetric, smooth, and exp. decaying (Berestycki-Lions '80s); the
Derrick—Pohozaev identity holds:

o(x, @) = ad(ax,1).

The equation is invariant under the eight-dimensional Lie group of
symmetry transformations generated by:
1. Galilean coordinate changes:
f(x,t) — ei(vx_t|v|2)f(x —2tv — D, t).
2. Complex phase change: f(x, t) — e"7f(x,t).
3. Scaling: f(x, t) — af(ax,a?t).
Applying these to the ground state, we obtain an eight-parameter family

of solutions, also caIIed solitons.
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Stability of solitons

Are solitons stable under small perturbations?

Berestycki—Lions and Berestycki—Cazenave showed in the '80s that
blow-up can occur for arbitrarily small perturbations of ground state
solitons.

The linearized Hamiltonian evolution has two kinds of instabilities:

> linear, corresponding to the soliton manifold itself
» exponential, corresponding to two exponentially unstable modes.
The first kind is recoverable, the second one is not.
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Energy trapping

Below the level of the ground state ¢, energy and mass determine the
behavior of the solution by energy trapping: Kenig-Merle H1,
Duyckaerts—Holmer—Roudenko H'/2,

M1V [3 < MgIE[]

either
MIJIE[] < M[$]E[¢] = { or M) V93 > M[g|E[4].

Two cases ensue — plus three more if we allow for equality.
1. %) disperses to zero, has finite Strichartz norm
2. 1 blows up in finite time, both as t — co and as t — —o0
3'. 4 is the soliton, ¥ = ¢

4'. 1) converges exponentially fast to the soliton on one side, disperses
on the other

5'. 1 converges exponentially fast to the soliton on one side, blows up
in finite time on the other.

However, these quantities are only defined for H! solutions.
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Main result

There exists a H/2 codimension-one centre-stable real-analytic manifold
N for the equation, locally near the soliton manifold.
A solution that starts on N/

1. exists globally for positive time

2. stays on the manifold for infinite positive time and finite negative
time

3. is asymptotically stable: decomposes into a moving soliton (that
converges to a final state as t — oo) and an error term that scatters
like the solution of the free Schrodinger equation.

The solution depends analytically on the initial data.

This result is new for the scaling-invariant norm.

Another codimension-one stable manifold can be constructed for

t — —oco. Their intersection is a codimension-two manifold of solutions
stable both at +o00 and at —oc.
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Figure: Solutions to the 3D cubic NLS near the soliton
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Brief history

1989 Bates—Jones proved that the space of solutions decomposes into an
unstable and a centre-stable manifold, for a large class of semilinear
equations.

2000 Gesztesy—Jones—Latushkin—Stanislavova proved that the result of
Bates—Jones applies to the semilinear Schrodinger equation.

2004 Schlag proved that, for initial data on a codimension-one submanifold of
W11 N W12, the solution exists globally in time and decomposes into a
soliton and a dispersive term.

The space W11 N W12 is not invariant. To ask the question of
invariance one needs to weaken the norm to ¥%/2+¢.

2007 Global existence and centre-stable manifold in ¥ = (x)~3/4=¢[2 ) H3/4+¢
2008 Current result.
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Description of the manifold

The manifold is the graph of an analytic function defined on a small ball
in a codimension-nine linear subspace of H'/2, to which we then apply
the symmetry transformations, recovering eight codimensions.

For some soliton ¢ and Schwartz functions f(¢), 1 < k <9,

No(9) = {ro € H2 | (r0, fu(9)) = O, [Iro| s/ < €}

is a small ball in a codimension-nine linear subspace of H/2. To this we
add the constant ¢ and a quadratic correction, obtaining

N(@) ={v € H2 | = ¢+ 10+ h(r)f*, 1o € No(o)}-

h(rp) is real-analytic, meaning it has a Taylor series expansion.
The full manifold is given by

N= J N@).

¢ soliton
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Sketch of the proof

The given equation is
i0eh + DY + [Py = 0.

We seek solutions ¢ = w(w(t)) + r, where w(x(t)) is a moving soliton
whose movement is described by the modulation path 7

m(t) = (a(t), T(t), vi(2), Di(t)),
w((1))(x) = e’CXg(x — y(t), (1))

0(t,x) = v(t)x — /0 (Jv(s)|? = a?(s)) ds + I'(t)
y(t) = 2/0 v(s) ds + D(t).

We obtain yet another nonlinear equation in r, which we then linearize.
Imposing orthogonality conditions that give rise to modulation equations,
we arrive at the system
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iR+ Huo(t)R=F, F=—iloR+ N(R°, Wy0) — Nyo(R°, Wiyo)
f = 40%|Weo |32 ((R, (dn =5 (Wio)) ) — i(N(R®, W), Z(Wio))), f € {a, T}
'2- = 2||W7T°||2_2(<R7 (dTrEf(W'fro))fr% - ’<N(RO7 W'fr”)v:f( 7T°)>)’ fe {Vkv Dk}'

Here R = (r) W, = (W”> etc. and
5 W

A +2|wyo(t)? (wo(2))?
Hﬂo(f) = < ( ( ))2 A\ — 2|Wﬂ.0(t)2)

N(RO,W,ro):< [P0 = (r)?Wro — 2|r°Pw, )

[rO2r0 + (r0)? wiro + 2| r°PW o

LoR=40% Y | Waolly (R, (dx=p(Wyo))7®) O Wi

fea,l
+20 ) [[Waollz (R, (drZ¢(Wio)) i) O Wi,
fe{vik,Dc}
Nio (RO, Wro) = 40® > [[Weo 3 2i(N(R®, Wio), Z(Wio)) O Wieo
fe{a,l
+20) 0 [[Waolly 2i(N(R®, Weo), Z¢(Weo)) O Wieo.
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Contraction argument

We solve the linearized equation first and then use a contraction
argument to obtain a solution of the nonlinear equation.
We show that a sufficiently small neighborhood of zero in

X ={(R,m)| Re LHY2N 12WY/25 7 c 1}

is stable under the solution map. Then we prove that, for solutions of
small X norm, the solution map acts as a contraction in

Y ={(Z,7) |e7*Z(t) € LPHY? N 12WL/28 etPr(t) € L1},

for some small p > 0.

For analyticity, we show that each derivative is well-defined in a
polynomially weighted space in time and that these weights are uniformly
bounded by an exponential.
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The potential is given as a function of the soliton w, which has an
oscillation and a translation movement. We perform a transformation
that eliminates both:

t
r(x, t) = g(t)z(x,t) = e/ Jo (@ (5) V() ds (X — 2/ v(s) ds),
0

w(x, t) = g(t)w,(x, t),
wy(x, t) = VO g(x — D(t), a(t)).

Importantly, note that g, is not a symmetry transformation. The natural
symmetry transformation to consider is the one that takes w(m(t)) to
e ¢(x,1). However, it gives rise to commutation terms that we cannot

control, e.g.
a(xV)r.

g is the closest equivalent we can afford, keeping the desirable features
with less problematic commutator terms.
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Spectrum of the Hamiltonian

The linearized Hamiltonian is, up to conjugation by a time-dependent
unitary operator,

A —1+42¢? #?
H - 2 2 |-
—¢ ~A+1-2¢
o(H) consists of three components:
1. the a.c. part (—oo, —1] U[1, x0)
2. one pair of imaginary eigenvalues tio
3. the generalized eigenspace at zero (Ker(H) # Ker(H?2)).

This description depends on ingredients that have been proved
numerically by Demanet-Schlag and Marzuola—Simpson.
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Let Z be a solution of the linearized equation, subject to this
transformation. We decompose it into Riesz projections on the three
components of the spectrum:

7 =P.Z+PyZ+ PpZ.

We need to control each component in the Strichartz norm, with half a
derivative.
1. In the zero eigenspace, PyZ can grow polynomially in t. The
method of modulation (Soffer—Weinstein) fixes that.
2. The imaginary eigenspace component P;,,Z is exponentially
unstable. This requires passing to a stable submanifold (Schlag).

3. Concerning the a.c. spectrum projection, we prove Strichartz
estimates, for a time-dependent potential (this is the main new
ingredient of the proof).
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The imaginary component

The potential instability due to P;,,Z is dealt with as follows:

Lemma

Consider the equation <2§3> - (g _OO_> (2%3) = (ggg) )

where f € L1 N L>. Then x is bounded on [0, c0) if and only if
% (0) = —/ e (t) dt.
0

This leads to a unique choice of x;(0) that makes x bounded.

Since x here stands for P;,,Z, this is our codimension-one submanifold
condition.

We then get exponential decay for P;,Z.
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The zero eigenspace component

To bound the zero eigenspace component, we impose the orthogonality
condition

Po(t)(2(t)) = 0 <= (Z(t), 030 W(t)) = O,

where O W (t), for F running over the parameters of W, span the
tangent space at W to the soliton manifold. This leads to a system of
eight modulation equations for the path 7 of the form

7= Lpo(7°, Z) + Nypo(7°, Z2°).

At t = 0, imposing this condition leads to the loss of eight codimensions.
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Strichartz estimates for the a.c. part

Rather than proving Strichartz estimates for constant H, we have to do
so for a time-dependent equation:

i0tZ — iv(t)VZ 4+ at)osZ + HZ = F, Z(0) given.

Here

_ _ A—/,L 0 W1 W2
n=rorv= (20" 0 ) ()

Treating iv(t)VZ — a(t)o3Z as a perturbation and moving this term to
the right-hand side leads to the requirement

(tha(t) € L,
which is too strong (vV is worse, hopeless by this method). We only have
&, v e L
Strichartz estimates in this regime are the essence of the proof.
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History

Goldberg-Schlag: t—3/2 decay estimates for the high energy part.
Erdogan—Schlag: L? boundedness of the evolution, an analysis in the
presence of threshold resonances or eigenvalues.

Schlag: t~3/2 decay estimates, nonendpoint Strichartz estimates.

B.: Endpoint Strichartz estimates.

Cuccagna—Mizumatchi: All the above follow from wave operator
estimates.

Cuccagna obtained, using wave operators, a “manifold” for the 1D NLS,
for even initial data.

The current problem: Cuccagna's approach also works (it was my initial
approach as well), but only for even initial data.
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Time-dependent Strichartz estimate

Theorem
Consider the equation

i0:Z — iv(t)VZ + A(t)osZ + HZ = F, Z(0) given,

_ _ A—,LL 0 _ Wl W2
H=Ho+V, Ho—( 0 AJr,LL)’V_(WQ Wl).

Assume that V is sufficiently smooth and decaying, ||Allsc and ||v||« are
small, and H has no embedded eigenvalues or resonances at the
thresholds. Then

1PeZl e oo < C(IZO sz + 1Flly o ayirnsrs ).

X

Here P, is the projection on the continuous spectrum of H.
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Concluding the proof

M. Beceanu

We obtain global asymptotically stable solutions for initial data on a
codim-9 submanifold of H*/2. One imaginary eigenvalue accounts for one
codimension; the orthogonality condition accounts for the other 8.
Letting the symmetries of the equation act (transversally) on the codim-9
manifold, we recover 8 codimensions, obtaining a codim-1 manifold N
Points on the manifold are characterized by two properties:

1. being close in norm to solitons

2. the existence of a global asymptotically stable solution having them
as initial data.

Both properties are preserved by the nonlinear evolution. Therefore, N is
invariant under the nonlinear evolution.
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. Beceanu

Thank you for your attention!
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