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local Leray solutions fot the Navier—Stokes equations |

Find @i(t, x) (t € (0, T), x € IR3) such that

O+ 0.V = Al —Vp

diva=0

(0, x) = o



Helmholtz decomposition :

If € (L2)3, then i = V 4+ w with div v =0 and V A w = 0.
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Helmholtz decomposition :

If € (L2)3, then i = V 4+ w with div v =0 and V A w = 0.
div i = div w

VAW=0= w=Vq with g€ H!

«O» «F»r « =>»

« =

DA



local Leray solutions fot the Navier—Stokes equations Il

Helmholtz decomposition :

If &€ (L2)3, then 1= V4 w with div v =0 and VAW =0
div i = div w

VAW=0= w=Vq with g€ H!
» Helmholtz decomposition 4 = IPd + ﬁq with div IPd =0
» Ag=div u

» Pl =1 —Vidiv i




local Leray solutions fot the Navier—Stokes equations Il

Helmholtz decomposition :

If &€ (L2)3, then 1= V4 w with div v =0 and VAW =0
div i = div w

VAW=0= w=Vq with g€ H!
» Helmholtz decomposition 4 = IPd + ﬁq with div IPd =0
» Ag=div u

» Pl =1 —Vidiv i

The Cauchy problem may be rewritten as : to find & such that
Ol +PV.(T ® ) = Al

U(O,X) = U with div g =0




local Leray solutions fot the Navier—Stokes equations Il

Let dp € L? with div dp = 0. @(t,x) (t € (0, +0), x € R3) is a

Leray solution if it satisfies Leray's energy inequality :
fel®2and Voiel2l2

Ol + P(d.Vid) = Al

ﬁ(O,X) = l_jo

s [G(t,x) 2 dx < [s |To(t, x)|? dx — 2 [ [s [V ® U(s, x)|? dx ds



local Leray solutions fot the Navier—Stokes equations Ill

Let dp € L? with div dp = 0. @(t,x) (t € (0, +0), x € R3) is a
Leray solution if it satisfies Leray's energy inequality :
fel®2and Voiel2l2
Ol + P(d.Vid) = Al
l?i(O,X) = ﬁo

s [G(t,x) 2 dx < [s |To(t, x)|? dx — 2 [ [s [V ® U(s, x)|? dx ds

© Leray solution exists (Leray 1934)
o the set of Leray solutions is compact

» the family (4p)nen is (locally in t and x) uniformly bounded
in L2H1

» the family (0¢n)new is (locally in t and x) uniformly bounded
in [2H2
= we can find a sequence ny — 400 such that iy, is (locally)
convergent strongly in L*L* and weakly in Lzl‘%1




local Leray solutions fot the Navier—Stokes equations IV

—» 2
Let do € L),

with div dp = 0. @(t,x) (t € (0, T), x € R3) is a
local Leray solution if it satisfies Scheffer's local energy inequality :

i€ 212 locally and V @ @ € [2[2 locally
0, + IP(3.V 1) = Al
U(O,X) = Uo

O:ld? = Al - 2|V @ @2 — V.((|d? +2p)d) — u

(n>0)



local Leray solutions fot the Navier-Stokes equations |V

7 2
Let dg € Lu,oc

with div o = 0. @(t,x) (t€ (0, T), x e R3)isa
local Leray solution if it satisfies Scheffer's local energy inequality :

i€ 212 locally and V @ @ € [2[2 locally
0, + IP(3.V 1) = Al
U(O,X) = Uo

Orlil? = Ala2 - 21V ® G2 — V(|G + 2)d) — u

(n=>0)
¢ local Leray solution exists for T = O(HZioHZz2 ) with
uloc

)
() sup lallg, + () 190 a2, < Clayy

© the set of local Leray solutions satisfying (*) is compact
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Scaling :

If &, p solution on (0, T) x IR3 with initial data i, then

AG(A%t, Ax),

N2p(At, Ax)
is solution on (0, T/A?) x R® with initial data Aip(Ax)
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local Leray solutions fot the Navier-Stokes equations V
Scaling :

If &, p solution on (0, T) x IR3 with initial data &, then

AG(A%t, Ax),

A2p(\2t, Ax)
is solution on (0, T/A?) x IR3 with initial data Aip(\x)

Let dp € M?3 with div dp = 0. @(t,x) (t € (0,+0), x € R%) is a

local Leray solution if it satisfies Scheffer's local energy inequality :

jel®l2and V®iecl2l2
0, +P(G.VT) = Ali
ﬁ(O,X) = ljo

O.|aP = AldP — 2|V @ @]* - V.((|d? +2p)d) — u

(1 =0)

[m]
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local Leray solutions fot the Navier-Stokes equations VI

¢ local Leray solution exists with

—1/2 - 2
(%) sup T~Y2 sup sup / |d(t,x)|” dx < Clag) i3
T>0 0<t<T xpeR3 /|| x—x0||<VT

and

T
(**) sup T_1/2 sup / / !V® m2 dx dt < C||‘70HM2,3
T>0 x€R3 V0 J|x—xo|<VT

o the set of local Leray solutions satisfying () and (k) is
compact



local Leray solutions fot the Navier-Stokes equations VI

¢ local Leray solution exists with

—1/2 - 2
(%) sup T~Y2 sup sup / |d(t,x)|” dx < Clag) i3
T>0 0<t<T xpeR3 /|| x—x0||<VT

and

T
(**) sup T_1/2 sup / / !V® m2 dx dt < C||‘70HM2,3
T>0 x€R3 V0 J|x—xo|<VT

o the set of local Leray solutions satisfying () and (k) is
compact

o if iy, 05 is small enough, then [ii(t, x)| < D||g0||M2’3%
(Caffarelli-Kohn-Nirenberg)

= uniqueness for CHB‘OHMZ?, small enough (and self-similarity if do
homogeneous)



With the integral formulation, we seek & as a fixed point of

t
V- ety — / et=APV.V © v ds = et2 iy — B(V, V)
0
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Mild solutions

Vi— etAuo —

—

With the integral formulation, we seek i as a fixed point of

tAl—jo _

t
/ A PY V@V ds = e
0

B(v,V)
Picard's iterative method (a.k.a. Banach's contraction
principle)

» on the plus side : uniqueness of the solution

» on the minus side : only for small times or small data




Mild solutions
With the integral formulation, we seek i as a fixed point of

t
Vi el — / (=)APY V@ V ds = e iy — B(V, V)
0

Picard's iterative method (a.k.a. Banach's contraction
principle)

» on the plus side : uniqueness of the solution
» on the minus side : only for small times or small data

> uniqueness, existence and homogeneous data provide selfsimilar

solutions
» allowed norms : Lorentz L3:°°, Morrey—Campanato MP-3, Besov

BS/P*LOO (p < +o0), Koch-Tataru BMO~1




Approximations | : Leray

O¢lle = Al — V. (we * ) ® G — Vpe

» divi.=0

> pe = Q(we * Oc, T) with Q(F,8) = — 3

3 3 9;9;
i=12j=1 - (fig))

Ol = Ald|? = 2|V @ ie]? — V.((Be * Ue.Te + 2p) )




Approximations |l : Friedrich’s mollification

Py projection in Fourier variable on [¢] < 2N

ety = Aty — Py (IPV.ly ® Gy)
to,n = P o

— Galerkin on bounded domains ...
» div le =0

» pn = PnQ(dn, tn)

Ocliin[* = Aliin|* — 2|V @ dn|* — V.((|dn[* + 2pw)iin)

[m]
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Approximations Il : Beirad da Vega

Oilie = Al — IPV.4, ® G, — eAG,

» div id. =0
> Pe = Q(’-_iea ’-_ie)

Ot|Te|? = AlG? — 2|V @ Ge|? = V.((|Te|? + 2pe) Te) — 2€| AGe)? + . . .

3
s 4e Y 0i(Adi.0jlic) — 2¢A(|V @ iBe|?) — 2€A (i Al)
j=1

= = - 9ac



Approximations IV : Vishik & Fursikov

= — — 1 = o -
Ol = Al — V.1 ® U, — €|t |* e + EV(le Ue)

» div i, #0

> p. = —%div U,

Ol ? = Alic]? = 2|V @ ic|? — V.((|G|? + 2p)de) + - ..

_26|l‘_j€|6 - 26p€2 - 6pe|’-_ie|2
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Approximations V

> Leray : uniqueness, energy equality, convergence to
Navier-Stokes (L2, L2, _, M?3) but no scaling

uloc’
» Friedrich : uniqueness, energy equality, convergence to
Navier-Stokes (L?) but no scaling

> Beirad da Vega : uniqueness, energy equality, convergence
to Navier-Stokes (L2; probably L2, , M?3) but no scaling

uloc’
» Vishik & Fursikov : uniqueness, energy equality,
convergence to Navier-Stokes (L2; M?3) but no scaling



Approximations V

> Leray : uniqueness, energy equality, convergence to
Navier-Stokes (L2, L2, _, M?3) but no scaling

uloc’
» Friedrich : uniqueness, energy equality, convergence to
Navier-Stokes (L?) but no scaling

> Beirad da Vega : uniqueness, energy equality, convergence
to Navier-Stokes (L2; probably L2, , M?3) but no scaling

uloc’
» Vishik & Fursikov : uniqueness, energy equality,
convergence to Navier-Stokes (L2; M?3) but no scaling
» Navier-Stokes :
» no uniqueness (compactness of the set of solutions)

» no energy equality (energy inequality)
» scaling



Approximations VI: modified Vishik & Fursikov

o 1-
Ot = Al — V.1, ® U, — €| i[> + ZV(div i)

> no uniqueness
» scaling

» div d. #0

> pe = —%div U,

Oriie]? = AlGe|* — 2|V ® be]? — V(|| + 2pe) ) + - .
T — 2f|ﬁe|4 - 26P3 - 6pe|L_ie|2
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Convergence in the finite energy case |

. . = . 2 =
Otlde = Al — V.U, ® U, — €|u|“tde — V.

pe = ——div i,
€

> energy equality

Oel|Gell3 = —2[IV @ Gll3 — 2¢]|Gellz — 2] pell3 — 6/Pelflel2 dx
> energy inequality

t t
1|3 +2 / 19 @3 ds+e / 111 ds+ellpelB ds < [|dol2
0 0

[m]
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Convergence in the finite energy case Il

—

- - = —~ 12— =
Otlde = Al — V.l ® U, — €|Ue| e — VPpe,

pe = ——div i,
€
We then write U, = V. + w, with V. = P
VC

> (V.)eso is (locally in t and x) uniformly bounded in L2H?!
> (0:V.)eso0 is (locally in t and x) uniformly bounded in L2H~?2

= we can find a sequence €, — 0 such that v, is (locally)
convergent strongly in L2L? and weakly in [2H?!

> W, = —e%ﬁpe is (locally) convergent strongly in L2H?

[m]

=




Convergence in the finite energy case Ill

N o = o 25 =3
Orlde = Ale — V.l ® Ue — €|Ue| e — V pe,

1
pe = ——div i,
€
> Orpe = (1 + 1) Ape + Ldiv (V.0 ® e + €| be|*Te)

> pe = i ff 90+ (14 DAL div (V.00 T+l T ) ds
> p. is bounded in LPLY for 1 < g < 3/2 and %—1— % =4
(maximal regularity)

= the weak limit & satisfies the local energy inequality




Convergence in the infinite energy case I.

. . 1
o o o o S 25 .o
Otlde = Al — V.l ® U, — €|Ue| e — Vpe, Pe = —EdIV Ue

The model is not good for L2, _ : for ¢(x) = wo(x — x0) (x0 € R?)
we have

O [ |02p(x) dx = [|dPAp(x) dx —2 [ |V @ G| o(x) dx +
[(d? —|—2p€)fi V.p(x) dX—2€f|L7€’4 o(x) dx —
2¢ [ p? @(x) dx — € [ pe|tc|* o(x) dx

Bad term : [ p. Ue.ﬁ.go(x) dx : maximal regularity is not valid in
(Lqu)uloc

= existence of i, can be proved only for t < T, with

lime o Te=01!



Convergence in the infinite energy case Il.

0 i -Vioi S 2- O 1. .
8tu€ - AUG - v'ue @ Ue — €‘U€| Ue — vp& Pe = _Edlv Ue

Let w(x) = (1 + |x[>)73/* and w(x) = (1 + |x|?)~>/%.
> g € M?3 = i |tio|? w(x) dx < +oo0.
> (local energy) we define
» at) = [ |d.(t, x)|Pw(x) dx
(t ) fotf IV @ i.(s, x)Pw(x) ds dx
y(t) = fofdvé@ e (s, x)|[*w(x) ds dx
() fof |div G (s, x)|? w(x) ds dx
> n(t fof 63/2|(211V Ue(s, X)|3/2w(x) ds dx =
fof|Pe (s,x)[3?2w(x) ds dx

a(t) +26(t) + 37(t) + 35(t) < a(0) + Z
7= fatf |t|?Aw ds dx + fotf |2 Z?:l U6 w ds dx —
fatf %div UZ?:l u;Ojw ds dx



Convergence in the infinite energy case Ill.

Z= fgf\uFAw ds dx + [of [G? 7 uid; w ds dx —
(ff 2div i3 uidw ds dx

=0+ 2+ 73
> |Aw(x)| < Cw(x) = 21 < Cfo ) ds.
> Ww( )| < 3w(x)¥?2 =2, < Cfof]ue (s,x)[3w/2 ds dx.
< 28(t +Cf0 ds+Cf0 ) ds.
\Vw( )| < 302w?3 = Z; <
CfJ v ﬁeusuwwdiv Gell3/2 ds
< 1B(t) + C [; a(s) ds+ C [y a®(s) ds+ Cn(t).



Convergence in the infinite energy case IV.

po=— fJWWMNH}MﬁWﬁH+me$
C14¢€ ) /T AT o

@ € Asz/p (Muckenhoupt class) = maximal regularity of the heat
kernel holds in L; 3/2 3/2( (x) dx)

) < Cfof} (@..V, ‘3/2 w(x) ds dx +
Cfof|v e|d|* ‘3/2 w(x) ds dx
|
Vwf € l? Jwge H, h= %(fg)

»fwwww<wwwWW¢@W%4me%



Convergence in the infinite energy case V.

3/2 3/2
IV@f |32 Vwglls? < 25lVafl3 + llvoel

3/2 3/2 2
IV Vgl < AllVEF I3+ sll Vg E + Crallv/glls®
Vef € 12, \Jug € H', h= —A<(fg)

Z < B(t) + C/ota(s) +a3(s) + a%(s) ds

so that the control is uniform with respect to € :

a(t)+B(t) + 3v(t) +26(t) < a(0)+C [y a(s) +a 3(s)+a%(s) ds



We have no uniqueness, so that the problem of existence of
self—similar solutions for large homogeneous initial data is still
open. ..
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