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local Leray solutions fot the Navier–Stokes equations I

The Cauchy problem

Find ~u(t, x) (t ∈ (0,T ), x ∈ IR3) such that

∂t~u + ~u.~∇~u = ∆~u − ~∇p

div ~u = 0

~u(0, x) = ~u0



local Leray solutions fot the Navier–Stokes equations II

Helmholtz decomposition :
If ~u ∈ (L2)3, then ~u = ~v + ~w with div ~v = 0 and ~∇∧ ~w = 0.

div ~u = div ~w ~∇∧ ~w = 0 ⇒ ~w = ~∇q with q ∈ Ḣ1

Leray’s projection operator

I Helmholtz decomposition ~u = IP~u + ~∇q with div IP~u = 0
I ∆q = div ~u
I IP~u = ~u − ~∇ 1

∆div ~u

Rewriting the Cauchy problem

The Cauchy problem may be rewritten as : to find ~u such that

∂t~u + IP~∇.(~u ⊗ ~u) = ∆~u
~u(0, x) = ~u0 with div ~u0 = 0



local Leray solutions fot the Navier–Stokes equations II

Helmholtz decomposition :
If ~u ∈ (L2)3, then ~u = ~v + ~w with div ~v = 0 and ~∇∧ ~w = 0.

div ~u = div ~w ~∇∧ ~w = 0 ⇒ ~w = ~∇q with q ∈ Ḣ1
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local Leray solutions fot the Navier–Stokes equations III

Leray solutions

Let ~u0 ∈ L2 with div ~u0 = 0. ~u(t, x) (t ∈ (0,+∞), x ∈ IR3) is a
Leray solution if it satisfies Leray’s energy inequality :

~u ∈ L∞t L2
x and ~∇⊗ ~u ∈ L2

t L
2
x

∂t~u + IP(~u.~∇~u) = ∆~u
~u(0, x) = ~u0∫
IR3 |~u(t, x)|2 dx ≤

∫
IR3 |~u0(t, x)|2 dx − 2

∫ t

0

∫
IR3 |~∇⊗ ~u(s, x)|2 dx ds

� Leray solution exists (Leray 1934)

� the set of Leray solutions is compact

I the family (~un)n∈IN is (locally in t and x) uniformly bounded
in L2H1

I the family (∂t~un)n∈IN is (locally in t and x) uniformly bounded
in L2H−2

⇒ we can find a sequence nk → +∞ such that ~unk
is (locally)

convergent strongly in L2L2 and weakly in L2H1
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local Leray solutions fot the Navier–Stokes equations IV

local Leray solutions

Let ~u0 ∈ L2
uloc with div ~u0 = 0. ~u(t, x) (t ∈ (0,T ), x ∈ IR3) is a

local Leray solution if it satisfies Scheffer’s local energy inequality :

~u ∈ L∞t L2
x locally and ~∇⊗ ~u ∈ L2

t L
2
x locally

∂t~u + IP(~u.~∇~u) = ∆~u
~u(0, x) = ~u0

∂t |~u|2 = ∆|~u|2 − 2|~∇⊗ ~u|2 − ~∇.((|~u|2 + 2p)~u)− µ (µ ≥ 0)

� local Leray solution exists for T = O(‖~u0‖−2
L2

uloc
) with

(∗) sup
0<t<T

‖~u‖L2
uloc

+ ‖(
∫ T

0
|~∇⊗ ~u|2 dt)1/2‖L2

uloc
≤ C‖~u0‖L2

uloc

� the set of local Leray solutions satisfying (∗) is compact



local Leray solutions fot the Navier–Stokes equations IV
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local Leray solutions fot the Navier–Stokes equations V

Scaling :

If ~u, p solution on (0,T )× IR3 with initial data ~u0, then

λ~u(λ2t, λx), λ2p(λ2t, λx)

is solution on (0,T/λ2)× IR3 with initial data λ~u0(λx)

local Leray solutions

Let ~u0 ∈ Ṁ2,3 with div ~u0 = 0. ~u(t, x) (t ∈ (0,+∞), x ∈ IR3) is a
local Leray solution if it satisfies Scheffer’s local energy inequality :

~u ∈ L∞t L2
x and ~∇⊗ ~u ∈ L2

t L
2
x

∂t~u + IP(~u.~∇~u) = ∆~u
~u(0, x) = ~u0

∂t |~u|2 = ∆|~u|2 − 2|~∇⊗ ~u|2 − ~∇.((|~u|2 + 2p)~u)− µ (µ ≥ 0)
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local Leray solutions fot the Navier–Stokes equations VI

� local Leray solution exists with

(∗) sup
T>0

T−1/2 sup
0<t<T

sup
x0∈IR3

∫
‖x−x0‖≤

√
T
|~u(t, x)|2 dx ≤ C‖~u0‖Ṁ2,3

and

(∗∗) sup
T>0

T−1/2 sup
x0∈IR3

∫ T

0

∫
|x−x0|≤

√
T
|~∇⊗~u|2 dx dt ≤ C‖~u0‖Ṁ2,3

� the set of local Leray solutions satisfying (∗) and (∗∗) is
compact

� if C‖~u0‖Ṁ2,3
is small enough, then |~u(t, x)| ≤ D‖~u0‖Ṁ2,3

1√
t

(Caffarelli-Kohn-Nirenberg)
⇒ uniqueness for C‖~u0‖Ṁ2,3

small enough (and self–similarity if ~u0

homogeneous)
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Mild solutions

With the integral formulation, we seek ~u as a fixed point of

~v 7→ et∆~u0 −
∫ t

0
e(t−s)∆IP~∇.~v ⊗ ~v ds = et∆~u0 − B(~v , ~v)

Picard’s iterative method (a.k.a. Banach’s contraction
principle)

I on the plus side : uniqueness of the solution
I on the minus side : only for small times or small data

selfsimilar solutions

I uniqueness, existence and homogeneous data provide selfsimilar
solutions

I allowed norms : Lorentz L3,∞, Morrey–Campanato Ṁp,3, Besov

Ḃ
3/p−1,∞
p (p < +∞), Koch-Tataru BMO−1
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Approximations I : Leray

equation

∂t~uε = ∆~uε − ~∇.(ωε ∗ ~uε)⊗ ~uε − ~∇pε

I div ~uε = 0
I pε = Q(ωε ∗ ~uε, ~uε) with Q(~f , ~g) = −

∑3
i=1

∑3
j=1

∂i∂j

∆ (figj)

Local energy equality

∂t |~uε|2 = ∆|~uε|2 − 2|~∇⊗ ~uε|2 − ~∇.((~ωε ∗ ~uε.~uε + 2pε)~uε)



Approximations II : Friedrich’s mollification

equation

PN projection in Fourier variable on |ξ| ≤ 2N

∂t~uN = ∆~uN − PN

(
IP~∇.~uN ⊗ ~uN

)
~u0,N = PN~u0

→ Galerkin on bounded domains . . .

I div ~uN = 0
I pN = PNQ(~uN , ~uN)

Local energy equality

∂t |~uN |2 = ∆|~uN |2 − 2|~∇⊗ ~uN |2 − ~∇.((|~uN |2 + 2pN)~uN)



Approximations III : Beiraõ da Vega

equation

∂t~uε = ∆~uε − IP~∇.~uε ⊗ ~uε − ε∆2~uε

I div ~uε = 0
I pε = Q(~uε, ~uε)

Local energy equality

∂t |~uε|2 = ∆|~uε|2−2|~∇⊗~uε|2− ~∇.((|~uε|2 +2pε)~uε)−2ε|∆~uε|2 + . . .

· · ·+ 4ε

3∑
j=1

∂j(∆~uε.∂j~uε)− 2ε∆(|~∇⊗ ~uε|2)− 2ε∆(~uε.∆~uε)



Approximations IV : Vishik & Fursikov

equation

∂t~uε = ∆~uε − ~∇.~uε ⊗ ~uε − ε|~uε|4~uε +
1

ε
~∇(div ~uε)

I div ~uε 6= 0
I pε = − 1

εdiv ~uε

Local energy equality

∂t |~uε|2 = ∆|~uε|2 − 2|~∇⊗ ~uε|2 − ~∇.((|~uε|2 + 2pε)~uε) + . . .

−2ε|~uε|6 − 2εp2
ε − εpε|~uε|2



Approximations V

I Leray : uniqueness, energy equality, convergence to
Navier-Stokes (L2, L2

uloc , Ṁ2,3) but no scaling

I Friedrich : uniqueness, energy equality, convergence to
Navier-Stokes (L2) but no scaling

I Beiraõ da Vega : uniqueness, energy equality, convergence
to Navier-Stokes (L2; probably L2

uloc , Ṁ2,3) but no scaling

I Vishik & Fursikov : uniqueness, energy equality,
convergence to Navier-Stokes (L2; Ṁ2,3) but no scaling

I Navier-Stokes :
I no uniqueness (compactness of the set of solutions)
I no energy equality (energy inequality)
I scaling
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Approximations VI: modified Vishik & Fursikov

equation

∂t~uε = ∆~uε − ~∇.~uε ⊗ ~uε − ε|~uε|2~uε +
1

ε
~∇(div ~uε)

I no uniqueness
I scaling
I div ~uε 6= 0
I pε = − 1

εdiv ~uε

Local energy equality

∂t |~uε|2 = ∆|~uε|2 − 2|~∇⊗ ~uε|2 − ~∇.((|~uε|2 + 2pε)~uε) + . . .
· · · − 2ε|~uε|4 − 2εp2

ε − εpε|~uε|2



Convergence in the finite energy case I

∂t~uε = ∆~uε − ~∇.~uε ⊗ ~uε − ε|~uε|2~uε − ~∇pε

pε = −1

ε
div ~uε

~u0 ∈ L2

I energy equality

∂t‖~uε‖2
2 = −2‖~∇⊗ ~uε‖2

2 − 2ε‖~uε‖4
4 − 2ε‖pε‖2

2 − ε

∫
pε|~uε|2 dx

I energy inequality

‖~uε‖2
2+2

∫ t

0
‖~∇⊗~uε‖2

2 ds+ε

∫ t

0
‖~uε‖4

4 ds+ε‖pε‖2
2 ds ≤ ‖~u0‖2

2



Convergence in the finite energy case II

∂t~uε = ∆~uε − ~∇.~uε ⊗ ~uε − ε|~uε|2~uε − ~∇pε, pε = −1

ε
div ~uε

We then write ~uε = ~vε + ~wε with ~vε = IP~uε

~vε

I (~vε)ε>0 is (locally in t and x) uniformly bounded in L2H1

I (∂t~vε)ε>0 is (locally in t and x) uniformly bounded in L2H−2

⇒ we can find a sequence εk → 0 such that ~vεk
is (locally)

convergent strongly in L2L2 and weakly in L2H1

~wε

I ~wε = −ε 1
∆

~∇pε is (locally) convergent strongly in L2H1



Convergence in the finite energy case III

∂t~uε = ∆~uε − ~∇.~uε ⊗ ~uε − ε|~uε|2~uε − ~∇pε, pε = −1

ε
div ~uε

Behaviour of pε

I ∂tpε = (1 + 1
ε )∆pε + 1

ε div (~∇.~uε ⊗ ~uε + ε|~uε|2~uε)

I pε = 1
1+ε

∫ t
0 e(t−s)(1+ 1

ε
)∆(1+ 1

ε )∆
1
∆div (~∇.~uε⊗~uε+ε|~uε|2~uε) ds

I pε is bounded in LpLq for 1 < q < 3/2 and 2
p + 3

q = 4
(maximal regularity)

⇒ the weak limit ~u satisfies the local energy inequality



Convergence in the infinite energy case I.

∂t~uε = ∆~uε − ~∇.~uε ⊗ ~uε − ε|~uε|2~uε − ~∇pε, pε = −1

ε
div ~uε

The model is not good for L2
uloc : for ϕ(x) = ϕ0(x − x0) (x0 ∈ IR3)

we have

∂t

∫
|~uε|2ϕ(x) dx =

∫
|~uε|2∆ϕ(x) dx − 2

∫
|~∇⊗ ~uε|2 ϕ(x) dx +∫

(|~uε|2 + 2pε)~uε.~∇.ϕ(x) dx − 2ε
∫
|~uε|4 ϕ(x) dx −

2ε
∫

p2
ε ϕ(x) dx − ε

∫
pε|~uε|2 ϕ(x) dx

Bad term :
∫

pε ~uε.~∇.ϕ(x) dx : maximal regularity is not valid in
(LpLq)uloc

⇒ existence of ~uε can be proved only for t < Tε with
limε→0 Tε = 0 !



Convergence in the infinite energy case II.

∂t~uε = ∆~uε − ~∇.~uε ⊗ ~uε − ε|~uε|2~uε − ~∇pε, pε = −1

ε
div ~uε

Let ω(x) = (1 + |x |2)−3/4 and $(x) = (1 + |x |2)−5/4.

I ~u0 ∈ Ṁ2,3 ⇒
∫
|~u0|2 ω(x) dx < +∞.

I (local energy) we define
I α(t) =

∫
|~uε(t, x)|2ω(x) dx

I β(t) =
∫ t

0

∫
|~∇⊗ ~uε(s, x)|2ω(x) ds dx

I γ(t) =
∫ t

0

∫
ε|~∇⊗ ~uε(s, x)|4ω(x) ds dx

I δ(t) =
∫ t

0

∫
1
ε |div ~uε(s, x)|2 ω(x) ds dx

I η(t) =
∫ t

0

∫
1

ε3/2 |div ~uε(s, x)|3/2$(x) ds dx =∫ t

0

∫
|pε(s, x)|3/2$(x) ds dx

I α(t) + 2β(t) + 3
2γ(t) + 3

2δ(t) ≤ α(0) + Z

Z =
∫ t
0

∫
|~u|2∆ω ds dx +

∫ t
0

∫
|~u|2

∑3
i=1 ui∂i ω ds dx −∫ t

0

∫
2
ε div ~u

∑3
i=1 ui∂iω ds dx



Convergence in the infinite energy case III.

Z =
∫ t
0

∫
|~u|2∆ω ds dx +

∫ t
0

∫
|~u|2

∑3
i=1 ui∂i ω ds dx −∫ t

0

∫
2
ε div ~u

∑3
i=1 ui∂iω ds dx

Z = Z1 + Z2 + Z3

I |∆ω(x)| ≤ Cω(x) ⇒ Z1 ≤ C
∫ t
0 α(s) ds.

I |~∇ω(x)| ≤ 3
2ω(x)3/2 ⇒ Z2 ≤ C

∫ t
0

∫
|~uε(s, x)|3ω3/2 ds dx .

Z2 ≤ 1
4β(t) + C

∫ t
0 α(s) ds + C

∫ t
0 α3(s) ds.

I |~∇ω(x)| ≤ 3
2ω1/2$2/3 ⇒ Z3 ≤

C
∫ t
0 ‖
√

ω~uε‖3‖$2/3 1
ε div ~uε‖3/2 ds

Z3 ≤ 1
4β(t) + C

∫ t
0 α(s) ds + C

∫ t
0 α3(s) ds + Cη(t).



Convergence in the infinite energy case IV.

pε =
1

1 + ε

∫ t

0
e(1+ 1

ε
)(t−s)∆(1 +

1

ε
)∆

~∇
∆

.(~uε.~∇~uε + ε|~uε|2~uε) ds

$ ∈ A3/2 (Muckenhoupt class) ⇒ maximal regularity of the heat

kernel holds in L
3/2
t L

3/2
x ($(x) dx)

η(t) ≤ C
∫ t
0

∫ ∣∣ ~∇
∆ .(~uε.~∇~uε)

∣∣3/2
$(x) ds dx +

C
∫ t
0

∫ ∣∣ ~∇
∆ .(ε|~uε|2~uε)

∣∣3/2
$(x) ds dx

√
ωf ∈ L2,

√
ωg ∈ H1, h = 1√

−∆
(fg)

I
∫
|h|3/2$ dx ≤ C‖

√
ωf ‖3/2

2 (‖
√

ωg‖3/2
2 + ‖

√
ωg‖3/2

17
8

)



Convergence in the infinite energy case V.

‖
√

ωf ‖3/2
2 |

√
ωg‖3/2

2 ≤ 3
4κ‖

√
ωf ‖2

2 + 1
4κ3 ‖

√
ωg‖6

2

‖
√

ωf ‖3/2
2 ‖

√
ωg‖3/2

17
8

≤ κ‖
√

ωf ‖2
2 + κ‖

√
ωg‖2

6 + Cκ,q‖
√

ωg‖
186
25
2

√
ωf ∈ L2,

√
ωg ∈ H1, h = 1√

−∆
(fg)

Z ≤ β(t) + C

∫ t

0
α(s) + α3(s) + α

93
25 (s) ds

so that the control is uniform with respect to ε :

α(t)+β(t)+ 3
2γ(t)+ 3

2δ(t) ≤ α(0)+C
∫ t
0 α(s)+α3(s)+α

93
25 (s) ds



Conclusion?

PROBLEM

We have no uniqueness, so that the problem of existence of
self–similar solutions for large homogeneous initial data is still
open. . .


