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We consider the initial-boundary value problem

ve +v - Vo —divT(v,p) = f in Q" =Q x (kT, (k+ 1)T),

divy =0

(1) v-n=>0 on S =8 x (kT,(k+1)T),
v - D(v) - Ta +70-Ta =0
V|t=kr = v(KT) in {2,

() C R? is a cylindrical domain, S = 012
n — unit outward normal vector to S,
Ta, @ = 1,2, unit tangent vectors to .S,
T(v,p) = vD(v) — pI — stress tensor
D(v) = Vv + (Vv)! — dilatation tensor
v > (0 — constant viscosity coefficient

~v > 0 — slip coefficient

ke Nyg=NU{0}.



Assume that v(0), v ., (0) € H(Q), f € La(Ry, L2(2)),
fas € La(Ry; La(Q)), [If (D)l o) < N1F(0)]l2o)e™

1 f 25 )l 2o) < 1123 (0)|| Loy 6 > 0.
Assume that the quantity

1 sl Lo (o (k1)L 5 () T+ 13| Lo (kT (kD)2 (52))
+ [|v,25 (BT)| o),k € No =NU {0}

IS sufficiently small.
Then there exists a global solution to problem (1) such that

ve W Q x (KT, (k+1)T)), Vp e Ly(kT, (k+ 1)T; Ly(Q))

for any k € Nj.



Lemma 1 (the Korn ineguality)
Let Eq(v) = [D(v)[7,q)» dive = 0, v - n|s = 0 2 is not axially symmetric.
There exists ¢; = ¢1(£2, S) such that

(2) WlIFr ) < c1Ba(v).



Lemma 2 (weak solutions)
Assume f € Loo(R; Lg/5(12)), v(0) € Ly(92),  is not axially symmetric
There exists a weak solution to (1) such that

1
(3) o)L, 0) < E(CQHfHLOO(RJF;LES/5(Q)) + [[v(0) ||y () = da,

where t € R, ¢ — constant from H'(Q) C Lg(Q),

lollvoax@rey) < @l V)(If | o er, (k1) T L 5 (2)) T

(4) B
+ [[o(kT) || Ly (0)) = da,

t e (KT, (k+ 1)T].

. 1/2

2

l0llvo@x 1y, 1m)) = €855UPse(y 1) 10(E) | Lo () + (r/ VU(t>2L2(Q)dt> -
1

@ 1S always increasing positive function.



Lemma 3 Assume that v is given. Then (h,q), h = v 45, ¢ =D 25: § = [ 25,
IS a solution to the problem

hy —divT(h,q) = —v-Vh—h-Vo+g in QM
divh = 0

h-n=0, vi-D(h) To+7h -Ta =0, a=1,2, on S
=0, i=1,%, hg.=20 on ST

Ple=ir = h(KT) in Q.



Lemma 4 Let F5 = (rotf)s, h, v be given. Then y = (rotw)s IS a solution
to the problem

Xt +v-Vx—haX + havg e, — 13z, — vVAY = F3  in Q)

2
kT
X = a;V; on S7°,
o T2
X,zz =0 on SQT,
X[t=0 = X(kT) in Qa

where a;, ©+ = 1, 2, depends on the tangent and normal vectors to S; and
their derivatives.



Lemma 5 Assume v is the weak solution, h € Lo (KT, (k+ 1)T; L3(£2)),
9 € Lo(KT, (k + 1)T'; Le5(%2)), f3 € La(S2 % (KT, (k 4+ 1)T)),

h(kT) € La(£2).

Then

HhHVQO(QX(kT,t)) S 80(617 627 V? d2)(HhHLoo(kT7t§L3(Q))

(7)
9l akr s ) + 153l Lasaxkrity)) + [1MET)| Ly (0),

t e (KT, (k+ 1)T].

Lemma 6 Let the assumptions of Lemma 5 hold. Let
v € Lo(KET, (k+ 1)T; L3(£2)).
Then

(8) HhH%/QO(QX(kT,t)) < ¢(c1,Ca, V) exp(HVUH%Q(kT,(kH);LB(Q)))
9Nz g sza@) T 13l TamT 00080 T 1EEDZ, )]

t e (KT, (k+ 1)T].



Lemma 7 Assume that h € Lo (kT, (k + 1)T'; L3(€2)),

v = (v1,v2) € Lo (KT, (k + 1)T; HY(Q)) N Lo(ET, (k + 1)T; H*(2)) N
Lo( HY2(KT, (k+ 1)T)), x(kT) € Lo(S2), Fs € Lo(kT, (k + 1)T; Lg/5()).
Then solutions to (6) satisfy the inequality

HXHVO(Qx(kT,t)) < 5(HU/HLOO(kT,t;H1(Q)) T HUIHLQ(kT,t;HQ(Q)))
2
1

(9) +esllv'll Ly mzgry) + _ple, e3,da)(1+ S Al Ls )
+ (V)| B3| Ly (kL6 5 (2)) T+ [IXCET) || Lo ()

where ¢t € (KT, (k + 1)T1], c3 does not depend on T, € € (0, 1).
Let us consider the elliptic problem

V12y — V209 = X in Q' =QnN{plane : x3 = const}
(10) V12, + V20, = —hs in Q' =QnN{plane z3 = const}
v'-n' =0 on S] =51 N {plane: w3 = const},

where 2 and t are treated as parameters.



Lemma 8 Let the assumptions of Lemmas 4 and 7 be satisfied. Then for
solutions to (10) the inequality is valid

10" lva (x ere)) < ety ez, c3,d1,d2)

) [Pl Lo kT 5250y + 1+ 10 Ly 12060y + B (k, T,

where

(12) K1(k, T) = |9\l Lok, (k4+1)T;L6 5 () T 1 FB] Lo, (k1) T L 5(2)
+ | f3ll Lo (so x k7, (k+1)T)) + I1RETD) || 2o0) + [IXET) || Lo (0)

and

HU,HV21(Q><(I<T,(k+1)T)) — eSSSUPtH’U,HHl(Q)

(k+1)T Ly

| / V0121 0t
kT



Let us consider problem (1) in the form

vy — divT(v,p) = —v' - Vv —vsh + f

divv =0

(13) _ _ _ _
v-nlg=0, vn-D(W) Toa +70 - Tals =0, a=1,2,
U|t:kT — ’U(kT)

In view of imbedding

(14) 101l Lo (rry < callv' [y ery

with ¢4 iIndependent of 7', we obtain for solutions to (13) the inequality

(15) HUHWE)Q/’;)(QkT) + vaHL%(QkT) < c5(doH (K, T) + K (k, T)),

with c5; iIndependent of 7', where

(16) H(k,T) = ||h| oo kT, (k+1)T;L5 Q) T IRl 1o (4T

=)



Ky (k,T) = K1(k,T) + ¢(d1, d2)(dy + d2) + || fll, 5 v

kT
+ oDl 5 0

(17)

Increasing regularity by using the estimates

10" Vol @iy < V1] Lypem) IVl L 87

< el im0z ger, < (e, da) (H + K2)?

and
[vshl| L, rry < [Jvsll oy ey 1Rl 1o (@pr)

3

< ol 2 ery 1l 2.1 o

3

< (dy,d2)(H + K3)



we obtain the inequality

(18) HUHWg,l(QkT,t) + vaHLQ(QkT,t)
< p(di,d2)(H + K2)* + c([| fll o vry + KT || 1))

where QFt = O x (kT t).
In view of (18) we obtain for solutions to (5) the inequality

19) 1Pllyy2r qrray + IVl Ly rrry
< (@(dy1, do)H® + K3)||hll 1, rry + Ka(kT),
where
K3 = ¢(di,d2)K3 + 1 f | 2o rry + l0(ET) || 21 ()
Ky = ||gll yrry + |R(ET) || 51(0)-



Let
d(kT) = |9l| Lok, (k+ 1)T;L6 5(2) T 13l Lorer (k1) T La(52))

+ [[R(ET) || Ly(02)-

Then Lemma 6 implies
(20) 17| £y rry < exp(deH + Ka2)d(KT).

Since

H(kT) < CHhHW22,1(QkT = cX (kT)

)
we obtain from (19) and (20) the inequality

X (kT) < cp(dy,do) X3 (kT) + K3 (kT)]

(21) - exp(da X (KT) + Ka(kT))d(kT) + K4(kT).



There exists a constant A = A(k,T') such that
(22) X(kT,t) < A(k,T)

If
C[g@(dl, d2>A8 —+ K38] eXp(dQA —+ Kg)d + Ky < A.

The above inequality holds for d sufficiently small.
Next:

1. we prove the existence on each interval [T, (k + 1)T],

2. to prove global existence we have to show that A = A(T'), does not
depend on k.

Existence in [kT, (k + 1)T], k € Np.



To prove the existence of solutions we use the Leray-Schauder fixed point
theorem. For this purpose we construct the mappings

vy —divT(v,p) = —Av - Vo + f

divv =0
(23) _ _ _ _
v-n|ls =0, vn -DW) To +70 - Tals =0, a=1,2,
V=T = v(KT).
and
he — divT(h,q) = =\ -Vh+h- Vi) +g¢
divh = 0,
(24) h-ﬁ‘sl = 0, Vﬁ-D(h)-fa—l—’}/h-fa‘Sl =0, a=1,2,
hils, =0, 1=1,2, h3,x3’52 = 0,
hli—pr = h(KT),

where X € [0, 1], 7, h are treated as given.



Problems (23) and (24) imply the mappings

®y: (0,A) — (v,p),
Dy (0,h,\) — (h,q).

Let & = ((I)l, (I)Q)

Estimate (22) is the appriori estimate for a fixed point of ® for A = 1.
For A = 0 we have a unique existence of solutions to problems (23) and
(24).

It remains to show compact continuity of ®.

Let M(QF) = Lo (KT, (k + 1)T; W, (Q)), 7> 2,1 > 2.

3+
Then
[0 VO L, kT, (bt 1) T2 () < CH@Hi/l(Qw)-

Hence
O1 @ M(QF) = WrH Q) c M(QF)



where the imbedding is compact for

3 1
25 1< — 4+ —.
( ) 277+7“

In the same way compactness of &, can be shown. i
To show continuity of ® we consider (23) and (24) for v;, h;, v;, h;, 1 = 1, 2.
Then the functions

~

V=vi—vy, V=0—-0, H=h—hy, H=h —bhy,
P=pi—p2, Q@=q —¢

are solutions to the problems

Vi — divI(V, P) = —A(V - V&1 + 05 - VV),

divV =0,

V.nlg=0, vn -D(V) -7 +9V - Tals = 0,
V0i=0 =0

(26)



and
H, — divI(H,Q) = —\(H - Vo1 + ho - VV +V - Vhy + 95 - VH)

divld =0

(27) H-nlg, =0, vi - D(H) - To +vYH - Tals, =0, a=1,2,
Hils, =0, ¢ =1,2, H3|s, =0,
H|i—o = 0.

Let us consider problem (26). Then continuity of ®; follows from the
iInequalitites (A # 0)

WVl merry = IV Loy ey g nymwty, ()
3+77

< CHVHWQQJ(QICT) < CHVHW,%?}(Q’“T)

< SO(A(kaT))HVHLzr(k:T,(k—H)T;WQG_n Q) = SO(A(]‘C»T))HVHM(Q‘“T)’

3+

forr > 2,n > 2.
Similar considerations imply continuity of ®,.



To prove global existence we have to show that constant A(k,T)
appearing in (22) does not depend on k. A(k,T) depends on k by norms
[v(ET) || g1 (o) @nd [|R(ET)|| 1) only.

Therefore, we have to show that

(28) Jo((k + 1)T) || 1) < [lv(BT)| 51 (o)
and
(29) [A((k + D)) 52y < [[W(ET)| m1 )

for any k € Nj.



Multiplying (1); by divT(v, p) and integrating over 2 yields

(k+1)T
DO+ VD)0 < e [ ol ot
kT
(30) [ (k+1)T |
[ 1@ et + IPEDIE o |
kT

where ¢4 and ¢; do not depend on 7'.
By the Korn inequality

clvllae) < IRy @) < allvllae

the decay
1 £ Ol o) < e
and T sufficiently large, inequality (30) implies (28).



Similarly, we obtain

ID(A((k + DT)Z,0)
(k+1)T

< gmrester / (lo@I7 @y + IV, 0))dt
(31) kT
C (k+1)T
/ lg@®II2, et + IDRET)2, 0
kT

Then (31), the decay

l9(D)ll o) < e

and T sufficiently large imply (29).
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