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Abstract

In a dynamical systems paradigm, many optimization algorithms are equivalent to applying
forward Euler method to the system of ordinary differential equations defined by the vector field
of the search directions. Thus the stiffness of such vector fields will play an essential role in the
complexity of these methods. We first exemplify this point with a theoretical result for general
linesearch methods for unconstrained optimization, which we further employ to investigating the
complexity of a primal short-step path-following interior point method for linear programming.
Our analysis involves showing that the Newton vector field associated to the primal logarithmic
barrier is nonstiff in a sufficiently small and shrinking neighbourhood of its minimizer. Thus,
by confining the iterates to these neighbourhoods of the primal central path, our algorithm has
a nonstiff vector field of search directions, and we can give a worst-case bound on its iteration
complexity. Furthermore, due to the generality of our vector field setting, we can perform a
similar (global) iteration complexity analysis when the Newton direction of the interior point
method is computed only approximately, using some direct method for solving linear systems

of equations.

1 Introduction

The Nesterov—Nemirovskii self-concordant barriers theory constructs a class of functions whose
associated Newton vector fields can be used to solve LP problems in polynomial time. We aim to
introduce in what follows a minimal set of conditions that a parametric family of vector fields needs
to satisfy in order to ensure that the complexity of the resulting methods can be estimated for LP.

Our approach opens the possibility that other vector fields (search directions), besides Newton, can
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be employed in interior point methods, and could make LP solvable in polynomial time. We give
some illustrative examples of vector fields that satisfy these minimal conditions. We show that the
Newton vector field of the logarithmic barriers functionals associated to a given LP falls into this
category. Then we show that an approximate Newton direction, where the approximation comes

from inexact arithmetic computations of the step, also satisfies these minimal set of conditions.

The reasoning behind the particular choice of minimal conditions for vector fields springs from
stability considerations for dynamical systems. Indeed, in a dynamical systems paradigm, many
optimization algorithms are equivalent to applying forward Euler method (with variable stepsize)
to the system of ordinary differential equations defined by the vector field of the search directions.
Since forward Euler is not A-stable, the stiffness of such vector fields will play an essential role in
the complexity of these methods. Thus well-conditioned and non-stiff vector fields should be the
focus of our attention. As we shall see, the Newton vector field of the logarithmic barrier is perfectly

well-conditioned in a sufficiently small neighbourhood of its minimizer on the central path.

In confining the polynomial complexity results mostly to algorithms employing the Newton vector
field, an implicit assumption has been created, that it is the Q-quadratic convergence properties
that this vector field has that are in part responsible for this complexity. Our results show this not
to be the case, in the sense that it is enough that the search direction vector field possesses linear

convergence to ensure polynomial complexity of the algorithm.

Notations. Throughout, let || - || denote the Euclidean norm on R™; the same notation is used for
the operator norm induced by the Euclidean norm. Also, vector components will be denoted by
subscripts, and iteration numbers, by superscripts. Furthermore, I is the n x n identity matrix and
e, the vector of all ones where its dimension can be deduced from the context. Given a vector, say

x, the diagonal matrix having the components of = as entries will be denoted by X.

2 Some useful preliminary results

Let 8 € (0,1) and
N:={zeR": |z —2'| <R}, (2.1)

for some R > 0 and 27 € R™. Letting NV denote the closure of N, we assume v : N — R", x s v(z)

is a vector field such that
i) v(r)=0cz=al
The following two results are essential to the material in this paper.

Theorem 2.1 Let v : N — R", o — v(x) be a vector field such that property i) above holds, and

also that can be expressed as

v(x) =r(z) +w(z), foralxzelN, (2.2)



where v : N — R™, z + r(x) is a radial vector field with unique stable attractor ', i. e.,
rx)y=z" —z, zeN, (2.3)
and w: N — R"™, x — w(x) is a vector field that is 3-Lipschitz continuous at zh, i e,
lw(z)|| < Blle —at, @ eN, (2.4)

where we have employed that w(z') = 0 which follows from i), (2.2) and (2.3).

We consider the iterative process

2 =2l v, 1>0, (2.5)
where x° is an arbitrary starting point in N'. Then
H‘TH_l - ‘TTH < B”xl - er”v l > 07 (26)
which provides
PeN = 2leN, 1>0, (2.7)
and
2 — 2T, as | — oo, Q-linearly with convergence factor [3. (2.8)
Furthermore, we have
[o(z)[l < (1 + B[l — 2™, 1>0. (2.9)
Thus
v(z!) = 0, as | — oo, R-linearly with convergence factor f3. (2.10)

Proof. It follows from (2.2) and (2.3) that
v(z) =2l —z+wx) and z+o(x) -2l =w(x), zeN, (2.11)
which together with (2.4), implies
lo(@)| < (1 +B)lle —2Tll, zeN, (2.12)
and
|z +v(x) — 2| < Bllz —z|, zeN. (2.13)

Now, (2.13) and (2.5) give (2.6). Also, (2.7) results from (2.6) and 5 € (0,1).

Straightforwardly, (2.9) follows from (2.12) and (2.5). Relations (2.6) and (2.9) give (2.10), which
completes the proof. O

The next corollary gives an example of a class of vector fields that satisfies the conditions of
Theorem 2.1.



Corollary 2.2 Let v : N — R", x + v(z) be a C* vector field such that property i) above holds,

and also
ii) ||I + Dv(x)|| <8, for allz € N.

Then Theorem 2.1 applies.

Proof. For any x € N, property i) provides

v(x) = /01 Du(z" + t(x — z1))(z — 2T) (2.14)
=zl —a:+/01[I+DU(xT—i—t(az—xT))(x—xT)], (2.15)
and further, from 4i) and N being convex,
o+ v() - aT|| < /01 I+ Dot + ta — s - flz — 2] (2.16)
< Bl|lz — 21| (2.17)

Thus letting r(x) := 27 — 2 and w(z) := v(x) — r(x), for any z € N, (2.17) provides that w is
(3-Lipschitz continuous vector field on NV, which further implies that the conditions of Theorem 2.1

are satisfied. O

Let f : R™ — R be a C3 strictly convex function, and let n : R* — R”™ be the associated Newton

vector field. Then, conforming to [12], at the minimizer z' of f, we have
n(z') =0 and Dn(z") = —1. (2.18)

Thus the conditions of Corollary 2.2 are satisfied by the Newton vector field in a sufficiently
small neighbourhood of z. Determining the size of this neighbourhood in the specific case of
the Newton vector field of the logarithmic barrier function for linear programming will be the focus

of a significant part of the analysis in this paper.

2.1 On parametrized families of vector fields

Let 4 C R™ be an open and convex domain. Let g > 0 and
N(@(p) :={z e R": [z —z(n)|| < pu}, (2.19)
where z(u) € R™ and p is a positive constant independent of y, such that
N(z(p) cU, for each pu > 0. (2.20)
Let (vy), > 0, be a directed and parametrized family of C! vector fields
v U =R,z —v,(x),

satisfying the following properties, for each p > 0,
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1) vu(2) =0 =z = z(p);
2) |z 4+ v (x) — z(p)] < Blle —x(w)|, for all z € N(z(n)), where 5 € (0,1) is independent of f.

The directed family (v,) will be referred to as vector fields with Linearly-Scaled Domains of At-
traction (LSDA).

Condition 2) in the definition of LSDA vector fields is equivalent to requiring that w, := v, — r,,
where 7, = x(u) — x is a radial vector field, is B-Lipschitz continuous at x(u) over N (z(p)).

Recalling Theorem 2.1, we deduce the following results concerning LSDA vector fields.

Theorem 2.3 Let (v,), pp > 0, be a family of LSDA wector fields. Let p > 0 be fized, and let
7Y € N(z(p)), where N'(z(u)) is defined in (2.19). Consider the iterative scheme

=gl fu, e, >0 (2.21)

Then
e N(x(p), 1>0. (2.22)

Also, 2t — x(p) and vu(xl) — 0, as | — oo, and the convergence is Q- and R-linear, respectively,

with convergence factor 3.

Furthermore, given & € (0,1), it takes a finite number of iterations I, indepedent of p, with

> log §
[ >1:= 2.2
- {logﬂw ’ (2.23)
to obtain an iterate z' such that
! — 2(u)|| < &pp. (2.24)

Proof. For each p, the vector field v, satisfies the conditions of Theorem 2.1 with A" := N (z(u)),
R := pp and z' := (). Thus Theorem 2.1 provides z' € N (z(u)), I > 0, and the convergence

claims concerning (z') and (v, (z')) stated above.

To give an upper bound on the number of iterations I required to generate x! satisfying (2.24), we

employ (2.6) which becomes in this case
12"t = 2(p)l| < Blla’ —2(w)ll, 1= 0. (2.25)

It follows from (2.19) and z° € N (x(u))
' — ()| < B'pp, 1> 0. (2.26)

Thus (2.24) holds provided
B <¢, (2.27)
which is in turn, satisfied when [ achieves (2.23). O

The next corollary presents a subclass of the LSDA family of vector fields, by analogy to Corollary
2.2.



Corollary 2.4 Let (v,), pp > 0, be a family of vector fields that satisfy all the conditions in the
definition of LSDA vector fields apart from condition 2), instead of which they achieve the require-

ment
2) I + Duy(x)|| < B, for all x € N(z(n)), where 5 € (0,1) is a constant independent of p.

Then (v,) is a family of LSDA vector fields (with the Lipschitz constant [ given in 2')), and thus
Theorem 2.3 holds for v,,.

When the iterates belong to a linear or affine subspace of R", we work fully in that subspace by
taking intersections of that subspace with the neighbourhood N (x()), and evaluating the reduced
Jacobians of v,,. Then the above results are preserved (this will become clearer later in the paper

when we analyse examples of LSDA vector fields).

3 A generic Short-Step Primal (ssp) interior point algorithm for

linear programming

Let a Linear Programming (LP) problem be given in the standard form
min ¢'z subject to Az =b, x>0, (P)
reR?

where m < n, b € R™, ¢ € R", and A is a real matrix of dimension m x n. Let Fp denote the

primal feasible set, i. e.,
Fp:={zeR": Az =0, x>0}, (3.1)

and Sp, the set of solutions of this problem. The dual problem corresponding to the primal problem
(P) is

max b'y subjectto Aly+s=c, s>0, (D)
(y,s)€R™ xR™

and, similarly to (3.1), we let Fp
Fp:={(y,s) eR"xR": Aly+s=¢, s>0}, (3.2)

denote the dual feasible set, and Sp, the dual solution set. Moreover, we let Fpp denote the
primal-dual feasible set, i. e., Fpp := Fp X Fp, and Spp, the primal-dual solution set, i. e.,
Sp D= Sp X SD.

We assume that there exists a primal-dual strictly feasible point w® = (2°,4°,5%) € Fpp that

satisfies
Az’ =b, ATy +s%=¢, 2°>0 and s> 0, (3.3)

and that the matrix A has full row rank. We refer to these assumptions as the IPM conditions,
and are standard assumptions in 1PM theory [23]. Let F%,, denote the set of primal-dual strictly
feasible points, and ]-'](l, the set of primal strictly feasible points.
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Let us now construct an interior point algorithm to solve (P).

Let (v,) be a directed and parametrized family of vector fields that satisfies the LSDA property 1)
(see page 5), and assume that for u > 0, their unique equilibrium points z(u) form a continuous
path P that converges to some z* € Sp and that has the property that for any u° > 0, there exists

a positive constant C' such that
|2(1) = 2(ph)|| < C(u—p*), for any 0 < pt < p < p’, (3.4)
J2(p) — a*|| < Cp, for any p® > p > 0. (3.5)

Preferably, C' should not depend on 1" (see Section 3.1). The next proposition gives sufficient
conditions for properties (3.4) and (3.5) to hold.

Proposition 3.1 Let P be continuously differentiable with respect to p, for p > 0, and x(pu) —
x* € Sp, as p — 0. Then conditions (3.4) and (3.5) are achieved if

3 lir% x(p) == x(0), (3.6)
L

and we may let C in (3.4) and (3.5) take any value such that

C > max [|z(v)| := Cp. (3.7)
v€(0,u0]

Proof. Since z(u) € C1((0, u°]), we have z(u) € C1([u™, u]), for any 0 < p* < p < p°. Thus x(p)

has bounded variation on the interval [u™, u], and the inequalities hold

() — (Il < /“ l&(W)lldv < (= p™) max @) (3.8)

wt velpt,ul

Letting u+ — 0, and recalling (3.6) and i(u) € C((0, u°]), we further deduce

() — 2% < p max [l2(v)[| < p max |lz(v)| < +oo, (3.9)
ve[0,u] ve(0,u0]

and thus, we may set C to satisfy (3.7). O

The implicit dependence of Cy and of C in (3.7) on u” and on the conditioning of the problem data

can be made explicit for particular choices of P (see for example, Section 3.1).
Returning to constructing an algorithm for (P), let us assume that a primal strictly feasible point
20 € .7:]% is available to start this algorithm, i. e.,

Az =b, 2°>0. (3.10)

Moreover, we require that 2 is close to the primal components of the path P. Thus there exists a

positive constant p such that
a® — 2(u)] < €pn, (3.11)



where £ € (0,1) is a constant chosen at the start of the algorithm.

A constant # € (0,1) is given that we employ in defining a sequence of parameters p* > 0, k > 0,

as follows
pE=0pk, kE>o0. (3.12)

Then, at the current iterate 2*, with k& > 0, we let 2¥0 := 2%, 1 := p*+1, and form
g = gkl g (2P, 1> 0. (3.13)

We compute a fixed number [ of such steps, where [ is independent of k£ and pu (see (2.23) for
example), and let %! := 2%!. We assume that the choice of vector fields (v, (z)) keeps the iterates
Pl k> 1,1 > 0, feasible with respect to the primal equality constraints, and, possibly together
with the choice of parameter p, also ensures that 2!, k >0, 1 > 0, is strictly positive (see Section

3.1). The tangency requirement (3.6) is essential for the latter condition to hold.

The algorithm terminates when u* < €, where € > 0 is a tolerance set by the user at the start of

the algorithm.
The above description of the algorithm can be summarized as follows.

A Short-Step Primal (SSP) IPM:
Let € > 0 be a tolerance parameter, and u°, a positive parameter, £ € (0,1). Also, let [ e {1,2,...},

p>0and @ € (0,1) be given constants (to be specified below). A point 2° is required that satisfies
(3.10) and (3.11). At the current iterate 2, k > 0, do:
Step 1: If u* < e, sTop.
Step 2:  Let pFt1l .= guF, 280 .= k.
Perform [ iterations of the scheme (3.13) with p := pk*!, starting
at 0. This generates an iterate %! := zF+1,

Step 3: Let k:=k+ 1. Go to Step 1. &

The value of [ , 0 and p that ensure the ssp algorithm is well-defined and has low iteration complexity
need to be determined. In particular, the neighbourhood (3.11) — to which the starting point "
of the algorithm belongs — should scale with ;*, such that the iterates would satisfy

|2 — 2 (WM < Epp T, k>0, (3.14)

In what follows, we address these issues. Firstly, we give a useful preliminary lemma.

Lemma 3.2 Consider the path P formed by the points (x(u)) that satisfy (3.4) and (3.5). Then
for any p > 0, there exists 6y € (0,1), independent of u, such that for any 0 € [0y, 1], we have

lo —z()|| < épp = lz — ()| < pu™, (3.15)



where pt := 0, £ € (0,1) and p > 0. In particular,

Ep+C
0o = : 3.16
i 22 (3.10
where C' is the complexity measure in (3.4) and (3.5).
Proof. The following identities follow from p™ = fu and (3.4)
lo =zl < llz =zl + lz(e) — 2(u")]
< Eppt (p—p)C={p+(1-0)Chpu (3.17)
Requiring that 6 € (0, 1] satisfies
0> 0 (0,1), (3.18)
where 6 is defined in (3.16), (3.17) further provides
lz —2(u)[| < phu = pu*, (3.19)

which concludes the proof. O

Let us now show that condition (3.14) is indeed sufficient for Algorithm SSP to converge and to

allow an estimation of its worst-case iteration complexity.

Theorem 3.3 Let problem (P) satisfy the IPM conditions, and let (v,,) be a directed and parametrized
family of vector fields that satisfies LSDA property 1) and also achieves (3.4) and (3.5). Apply Al-

gorithm Ssp to problem (P), and choose 0 € [0y, 1), where Oy is defined in (3.16). Assume that

(3.14) holds. Then p* — 0 and 2% — x*, as k — oo.

Furthermore, by making the choice 6 := 6y, Algorithm SSP takes at most

- 1+Cp\17". O
k= |41 —_— log — 3.20
H (o)) o 320
outer iterations to generate an iterate ok satisfying ,u'% < e, where C' is the complexity measure that
occurs in (3.4) and (3.5).

Proof. Sincef € (0,1), (3.12) implies **! — 0, as k — oo. Further, (3.14) implies (z*—z(u*)) —

k

0, and since z(u*) — 2* due to (3.5), we deduce z¥ — z*, as k — oco.

Next we obtain an upper bound on the number of outer iterations required to generate an iterate

with ¥ <e. Letting 6 := 6 in (3.12), we deduce inductively
pk <0k’ k>o. (3.21)

Thus ¥ < e provided klogfy < log(e/u°). The value (3.20) of the bound on k now follows from
(3.16). O



The iteration worst-case complexity of generating z*F with ||2* — 2*|| < € follows from the above
bound for ¥ < e, from (3.14) and (3.5), and the inequalities

lo* = 2| < fla® — 2 ()] + fa(e®) — 2|l < (€p+ O)ut. (3.22)

Thus whenever p* < ¢, we are guaranteed that the current major iterate " is within e(¢p 4 O)
of the optimum solution z*. This justifies the termination criteria of Algorithm ssp, and indicates

k

the choice of tolerance (¢/(£p + C)) that would be required on ;¥ to ensure ¥ is within e distance

from x*.

The dependence on n and other problem data in the complexity bound in Theorem 3.3 is implicitly
hidden in the term C'/p, where p depends on the particular choice and properties of the family of

vector fields (v,) and C represents a complexity measure of v(x) or/and of our problem (P).

Assuming, in addition to the conditions of Lemma 3.2, that (v,) is a family of LSDA vector fields,
the second inequality in (3.15) further provides, together with Theorem 2.3, that [ steps (see (2.23))
of the scheme (2.21) with p := p* generates a point z™ satisfying ||+ — x(u™)|| < &pu™. This is
the main argument that we employ inductively in the next theorem in order to show (3.14), which
further implies, conforming to Theorem 3.3, that Algorithm SsP is convergent and we can estimate
its iteration complexity. The inclusion (3.15), as well as the shrinking of the O(u™) neighbourhood
by £ is depicted in the left-hand side plot of Figure 1.

Theorem 3.4 Let problem (P) satisfy the 1PM conditions, and let (v,) be a family of LSDA vector
fields that also satisfies (3.4) and (3.5). Apply Algorithm sSp to problem (P), and choose 6 € [0y, 1),
where Oy is defined in (3.16). Furthermore, let

; log §
l:= 2
hog A ’ (3:23)
which is independent of k and u".
Then
2kt — 2 (pF )| <ttt k>0, 120, (3.24)

and (3.14) holds for each k > 0. Thus Theorem 3.3 holds.

Proof. We will show (3.24) and (3.14) by induction on k. Clearly, (3.24) holds for k =1 =0 due
to (3.11). The inductive argument is the same for any k& > 0. Thus let us assume that (3.24) and
(3.14) hold for some k>0 and [ =0, i. e.,

2% — 2 (uF)|| < ok, (3.25)
Then, recalling the choice of 6, (3.15) in Lemma 3.2 provides

" — 2 < pptt, (3.26)
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Figure 1: An iteration of Algorithm ssp. Outer iterations of Algorithm ssp.

or equivalently, %0 := z¥ € N (z(uF*1)). Since Theorem 2.3 applies, the inclusion (2.22) provides
that (3.24) holds for all [ > 0.

Furthermore, the same theorem gives, together with (3.26), that
2R — 2 (uF Y| < €ppFtt,  forall 1 > 1, (3.27)

where [ is defined in (2.23) or equivalently, in (3.23). Thus z*+! := 2 satisfies (3.14). O

In the case when (v,) is a family of LSDA vector fields, Figure 1 illustrates the workings of a major
iteration of Algorithm Ssp in its left-hand side plot, while the right-hand side graph shows the
shrinking ball neighbourhoods (3.11) and (3.14) as k — oco.

3.1 A choice for the path P

In this section, we show that the primal central path associated to (P) [6, 23] may be chosen as the
path P above, since it satisfies properties (3.4) and (3.5). Also, there exists a range of values (0, pg)
for p for this choice of P that ensure that the iterates of Algorithm sSSP are positive, provided the
starting point 2 is. As in this section we are only concerned with the existence of the constants C

and po.

For p > 0, consider the following strictly convex problem

n
min  fu(z):=c x— 1 logz; subject to Ax=0b, x>0, P
1 Iz
reR™ p

which has a unique solution z(u) provided the 1PM conditions are satisfied. Letting s(u); := pu/x(u);,
i€ {l,...,n}, and y(u) € R™ be the unique Lagrange multipliers of the equality constraints of
(P,), we obtain a pair (y(u),s(p)) that is strictly feasible for (D) and thus, the point w(p) :=

11



((p),y(p), s(p)) is the unique solution of the following system (of optimality conditions of (P,))

Ax(p) =

ATy(p) +s(p) = ¢
X (p)s(p) = pe,
r>0 and s>0.

(3.28)

As 1 > 0 varies, the points w(u) define the primal-dual central path (6], contained in F%,, and
continuously differentiable for g > 0. As p tends to zero, the points w(u), p > 0, converge to a
well-defined primal-dual strictly complementary solution of (P) and (D), called the analytic centre
of the primal-dual solution set denoted here by w® = (z€,y¢, s¢) [6, 26]. Thus the conditions of
Proposition 3.1 are satisfied provided (3.6) holds for (x(u)). To see this, as well as a similar property
for (s(u)), we recall in what follows, a result from literature. concerning the limiting behaviour of

the derivatives of the central path.

Let Z be an n x (n — m) matrix such that AZ = 0. Then the dual constraints ATy + s = ¢ are
equivalent to Z's = Z e, Also, let us recall here that there exists a unique partition (A,Z) of
the index set {1,...,n}, where one of the sets A and Z may be empty, such that the primal-dual

solution set Spp can be expressed as

Spp ={w* = (2",y",s") € Fpp: 2y =0 and s7 =0}, (3.29)

7

where 27 := (27 : i € A) and s} := (s} : j € Z). We call the sets A and T the strict complemen-

tarity index sets.

Lemma 3.5 [[8], Corollary 3.6, Theorem 3.8] Let problems (P) and (D) satisfy the 1PM condi-
tions, and w(p) = (x(p),y(p),s(w)), p > 0, denote the primal-dual central path. Let w(u) =
(@(),y(p), $(p)) denote its derivative with respect to p > 0. Then we have
lim0 ia(p) =(S9)te>0 and limo s7(p) = (X§)"te > 0. (3.30)
H— n—

Moreover, the limitlim, o (27(p), $.4(1)) exists and it is the unique optimal solution of the following

convex quadratic problem

1 1. 1 1. . _ ) _
min —|[[(X7) 1:171H2—|—§H(Sf4) 1SAH2 s.t. Az = —A4(S9) Le, ZJ‘—SA:—Z;(X%) Le. (3.31)

(i7,54) 2

We remark that no nondegeneracy assumption on problems (PD) was necessary for the above
Lemma to hold. Furthermore, no self-concordancy property is explicitly required either. The next

corollary follows from Lemma 3.5 and Proposition 3.1.

Corollary 3.6 Let problems (P) and (D) satisfy the 1PM conditions, and (w(p) = (x(p),y(p), s(n))),

u > 0, denote the primal-dual central path. Given u® > 0, there exist a positive constant C such

12



that

2(n) =2 < Clu—p®), ls(u) = s(uh)Il < Clu—ph), for any 0 < pt < p<p (3.32)
o) — 2% < Cp and ||s(u) = s°| < Cp,  p” > p>0.(3.33)

In particular, C' satisfies
C = max {+()] 50|} = C". (3:34)
ve(0,u0]
Proof. The properties concerning (z(u)) follow straightforwardly from Lemma 3.5 and Propo-
sition 3.1, while for (s(u)), a similar argument to the one in Proposition 3.1 may be employed
together with Lemma 3.5. O

The properties of the central path allow us to obtain a range of values for p that ensure the iterates
zFl of Algorithm SSP remain positive once the starting point 2 is chosen as such. It follows from
(3.24) that 25! > 0, k > 0,1 > 0, provided p < min{z;(p*1) : i =1, n}/uF*!, for all k > 0. Let

p = sup {,0> 0: % > p, i =1,m, for all y € (O,MO]}, (3.35)

for any (fixed) p > 0. [We remark that if we remove the condition that u < p° in (3.35), then p
may be zero since when p — 0o, z;(1)/n — 0 for i corresponding to bounded components of z:(u);
see also Theorem 3.3 in [11].] Then, recalling N (z(u)) defined in (2.19), we have

reN@(p) = x>0, forany0<p<p’and0<p<7, (3.36)

and in particular,
¥t >0, forany k>0,1>0and pe (0,7). (3.37)

It follows from (3.33) in Corollary 3.6, as well as from the definition of the central path and of
(x¢, s), that

1
C,u/fk : <uzi(p) <Cu, and c <si(p) <Cu+si, i€A, (3.38a)
1 c e .
C <zj(p) < Cp+af, and W <sj(p) <Cp, jeZ, (3.38b)
for all ;1 € (0, °], and any fixed p® > 0. Thus
7 > mi L L ! >0, forany p’>0. (3.39)
min = = , . .
= Cu0” Cpd +max(sc:ic Ay f  Cpd+|sq yH
In what follows, we assume
p € (0,p), (3.40)

and thus, (3.36) and (3.37) hold.

We remark that other choices for the path P include weighted paths, which also have the properties
in Corollary 3.6 [8, 18].
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For the remainder of the paper, we present examples of LSDA vector fields (v,(x)) that generate
algorithms that are globally convergent when applied to LP problems, and whose iteration com-
plexity we can bound using Theorem 3.4. We begin by analyzing the Newton vector field of the

logarithmic barrier functions (P,), p > 0.

4 A choice for the family (v,) of LSDA vector fields

Let w(p) = (x(p), y(p), s(w)), p > 0, denote the primal-dual central path of (P) (see Section 3.1).
Let (n,) denote the Newton vector field associated to the logarithmic barrier problem (P,), u > 0,
whose domain of values we restrict to the set .7-"1(% of primal strictly feasible points, as these are the

points of interest to us. At any such point x, the Newton step n,(z) for (P,) is the solution of the

System
V2fu(a:)nu(a:) + Viuz) = AT, (41)
Anﬂ(x) = 07
or equivalently,
-2 _ —1, _ §T
pX *ny(r) Fe—pX e = A"\, (4.2)
Any(x) =0,

where X denotes the diagonal matrix with the components of x as entries and e is the n-dimensional

vector of all 1s. Further, n,(z) has the explicit expression

nu(z) — —%{1 _ X2AT(AX?AT) T AYX2 (e — pX e (4.3)
_ —%X{I ~XAT(AXZAT) T AX (X e — pie) (4.4)
_ _% X{T - XAT(AX2AT) P AX}S (1) (2 — 2(p)), (4.5)

where to obtain the last identity, we employed ¢ = ATy(u) + s(u). It follows from (4.5) that

nu(z(p) =0, p>0. (4.6)

Furthermore, since (P,) is a strictly convex problem, x(x) is the unique equilibrium point of n,
in the set of primal strictly feasible points. Thus property 1 in the definition on page 5 of LSDA
vector fields is satisfied by (n,). Recalling (2.18), we remark that property (4.6) needed no further

mentioning, were problem (P,) unconstrained.
We let Algorithm SSPN below be Algorithm Ssp of the previous section with (n,) chosen as (v).

Algorithm SSPN:
Let € > 0 be a tolerance parameter, and u°, a positive parameter, £ € (0,1). Let Iy € {1,2,3...}

be a given constant to be specified later. Let p € (0, pg), where pg is defined in (3.39), to be possibly
further restricted. Let 6 € [, 1), where g is defined in (3.16). A point 20 is required that satisfies
(3.10) and (3.11), where x(u°) is a point on the primal central path. At the current iterate z*,
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k >0, do:
Step 1: If u* < €, sTop.
Step 2:  Let pftl .= QuF, 280 = 2F.
Perform [y iterations of Newton’s method applied to (P,) with p = pk+1 starting

at M0, This generates an iterate ghl = ght1,
Step 3: Let k:=k+ 1. Go to Step 1. &
We remark that generic short-step primal path-following PMs for LPs — in whose framework

Algorithm $SPN broadly fits — usually compute only one Newton step for each value of p [17, 23].

The second set of equations in (4.1) implies that
Alz +nu(x)] =b, € Fp, u>0. (4.7)

Since 20 satisfies (3.10), (4.7) implies that all iterates 2®! k > 0, I > 0, generated by Algorithm
SSPN remain feasible with respect to the primal equality constraints. Furthermore, choosing p in
Algorithm ssPN to take values in (0, pg), where pg is defined in (3.39), implies, conforming to the
argument at the end of Section 3.1, that z®! > 0, £ > 0, l > 0. Thus all iterates of Algorithm SSPN
are primal strictly feasible, i. e., zF! € ]-']g, k>0,1>0.

For the results of Section 3 to hold for Algorithm SSPN, which would make the latter well-defined
and provide a worst-case iteration complexity bound, it remains to show that property 2 in the
definition on page 5 of LSDA vector fields is satisfied by (n,). This may involve further restricting

the range (0, pg) that p belongs to, as we show next.

4.1 On ensuring LSDA property 2 for the Newton vector field of the log barrier

If similarly to the agreement between (4.6) and the first relation in (2.18), the second relation in
(2.18) holds for the Jacobian of n, at x(u), then this Jacobian would remain well-conditioned in
a neighbourhood of z(u), and we would only need to prove it is of size O(u). Thus let us firstly
compute the Jacobian of n,(z), z € F9.

Differentiating (4.2), we deduce

{ WX 2D, (@) + 1] — 20X N, (x) = ATDA, (48)

ADn,(x) =0,

where N, (z) is the diagonal matrix with the components of the vector n, () as entries. We obtain

the explicit expression
Dny(z) +1=X?AT(AX?AT) A+ 2[T — X?AT(AX?AT)TAIXIN, (o), (4.9)
which further gives, together with (4.6),
Dny(w(u)) + 1 = X ()2 AT (AX (1)2AT) 7 A. (4.10)
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Thus, due to the presence of the primal equality constraints, the property Dn,(z(n)) = —I in

(2.18) continues to hold only for directions in the null space of A, i. e.,
[Dny(x(pn)) + Ild =0, for d such that Ad = 0.

Moreover, considering the expression (4.10), we cannot bound it so as to ensure the requirement 2
in the definition of LSDA vector fields. Thus we introduce a change of variables so that we work in
the reduced space of the points x that satisfy the primal equality constraints. We will show that
the reduced Newton vector field of (P,) has the LSDA properties. Finally, the results in Section 3

will be applied to the corresponding “reduced” iterates and Newton vector field.

4.2 A change of variables

Since A has full row rank, the dimension of its null space N'(A) is n—m, and there exists z; € N (4),

1 = 1,n — m, orthogonal vectors such that

NA)={zeR": Az =0} ={Zu: ueR" ™} (4.11)

where the n x (n —m) matrix Z has columns z;, i = 1,n —m, and rows Z; € R"™, j = 1,n. Thus
we have
AZ =0, Z'zZ=1 |Z|=1, (4.12)

where the last two properties follow from the columns of Z being orthogonal to each other. There-

fore, we can represent any vector = satisfying Az = b as
r = Zu+ x(p), for some (unique) u € R"™™, (4.13)

where p > 0. Thus problem (P) is equivalent to

%in (ZT¢)Tu subject to  Zu > —x(p). (4.14)
ue n—m
Its dual is
max (—z(n))"s subjectto Z's=2Z"Te, s>0. (4.15)
seR™

Problem (P,) is equivalent to

n
Iﬁin fu(u) = ¢ Zu— ,uZlog (Z]u+xi(n) subject to  Zu > —x(u). (Puu)
ue n—m
i=1

If the 1PM conditions are satisfied by (P) and (D), then they also hold for the above reduced
problems. For p > 0, the solution of (P, ) is u(x) = 0. We will now “reduce” all the quantities of

interest (the Newton step, its Jacobian, etc.), to the lower dimensional space of the vectors .
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The Newton step for the (unconstrained) problem (P, ,,) is

n"(u) = —[Z'"Vfu(Zu+x(u) 22TV f(Zu + 2 (p) (4.16)

- —%[deiag@u +2(w) 22727 (e — plding(Zu+a(u)le)  (4.17)

1

= ——(Z2"X722)7'Z"(c—puX"te), where = Zu+ z(u), (4.18)
i
1

= —;(ZTX_2Z)_1ZT(3(M) —uX"le), where z=Zu+xz(p), (4.19)

and where to obtain the last identity, we employed ¢ = A"y(u) + s(u). The following relation

connects the Newton step ny, to its reduced variant nj,, and it can be easily verified,
nu(r) = Zny(u), where x=Zu+ z(n). (4.20)
Given a strictly feasible point 2 of (P), there exists a unique u° such that 20 = Zu"+ (). Letting
=2l +ny(ah), and W=l 40l (uf), 1>0, (4.21)
then it follows from (4.20) that
ot = Zu + z(p), 1>0. (4.22)

Thus, provided the starting points 2° and u" are related by (4.22), the Newton iterates are the

same in the u and x-spaces, expect for a translation.

From (4.20), we also deduce

n,(u) =0 <+= nu)=0 <= z=2() = u=u(u)=0, (4.23)

where to obtain the second equivalence, we recalled the argument in Section 4.1. It follows from
(4.23) that property 1 in the definition on page 5 of a family of LSDA vector fields is satisfied
by (nL) Now we proceed to the computation of the reduced Jacobian of n,,, in order to then show

that property 2 of LSDA vector fields is also achieved by (n},).

To calculate Dnj,(u), we differentiate (4.16) with respect to u and obtain
DIZTV? fu(Zu+ () Z]n,(u) + Z TV fu(Zu+ x(u) ZDnj,(u) = —Z V2 fu(Zu+x(n)) Z, (4.24)

and it is easy to see that
Do (u(y0)) = 1.

where u(p) = 0.
Now we want to compute D[Z V2 f,(Zu + z(p))Z]ny,(u). We have

n

ZiZZ-T . B n Zz(Zzan(u))
& wi<ﬂ>>2] = T )

2TV fu(Zu + w() 2l () =

17



which we differentiate with respect to u, while considering nz(u) to be independent of u. We deduce

Z'n" (u)

D[Z V2 f,(Zu+ z(p)) Zln, (u) = —27 " diag <(Z.T1z —|—ux-(,u))3 D= L—n) Z,

(4.26)

which further provides together with (4.24),

Z ], (u)

(Zw+ i(n))

Dnj(u) +1 = 2 (ZT(diag(Zu + x(u)))_QZ)_l 7" diag < g 1i= 1,—n> Z, (4.27)
= 2 (ZTX_ZZ>_1 Z"Ny(2)X 3 Z, with @ = Zu + 2(p), nu(z) = Znj,(u). (4.28)

The upper bound on |[Dnj,(u) + || that we will deduce in order to show property 2 of LSDA vector
fields is satisfied by (nj,) will depend on some condition numbers of problems (P) and (4.14) that

we describe next.

4.2.1 Some relevant condition numbers of our problems
Conforming to [20], let

x(Z") :=sup{|(Z"DZ)'Z"D| : D n xn positive definite diagonal matrix} < co,  (4.29)
and

X(A) := sup{||[AT(ADAT)"YAD| : D n x n positive definite diagonal matrix} < co,  (4.30)

where it is required that the matrices A and Z are full row rank, condition that is satisfied in

our case.

The two measures (4.29) and (4.30) are related as follows. We remark that the null space of A

coincides with the range space of Z, and the range space of A" with the null space of Z 7, i. e.,
N(A) =R(Z) and RAT) =N(Z"). (4.31)
Similarly, when we scale A by a positive definite diagonal matrix D'/2, we have
N(ADY?) =R(D™Y%7) and R(DY?AT)=N(zTD7/?). (4.32)
Thus the orthogonal projection matrices into N'(AD'/?) and R(D~/27)

Pyrapiszy =1 — D'?AT(ADAT)"'AD'/?, (4.33)
Prpis2gy:=D"?2(2"D'2)Z" D72, (4.34)

represent the same linear operator (the projection operator). Moreover, we can show these matrices

coincide by proving that their image coincides on all the vectors in R", because A and Z have full
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row and column rank, respectively. Thus, further multiplying (4.33) and (4.34) on the right by
ZTD'Y2, and on the left by D=2, we obtain the identity

(Zz"D'2) 1 Z2"D 1t =ZT[I - DAT(ADAT)14], (4.35)
where we also employed Z'Z = I. Thus taking norms in (4.35), we obtain

I(z"D'Z)"'Z2"D7H < || 27| [1+ [ DAT(ADAT) A, (4.36)
< 127 1+ x(A)), (4.37)

where the second inequality follows since transposition of matrices preserves their two-norm. Fur-

ther, we employ the bound
12T < Vamax{||Zi]| : i = T,n} < v/n, (4.38)

and pass to the supremum over positive definite diagonal matrices on the left-hand side of (4.36),

to deduce
X(ZT) < V/n(1+x(A)). (4.39)

The upper bound py defined in (3.39) occurs naturally in Algorithm sspPN. It depends, however,
on another condition number of our problem, [|s%]|, or equivalently, ||s°||. In the remainder of
this subsection, we relate it to the condition number X (A), in the case when (P) has a unique

nondegenerate solution. Let us recall that since (3¢, s°) is a dual solution, it satisfies
A;yc +s4=ca and A}yc =c7t. (4.40)

Moreover, when (P) has a unique nondegenerate solution, the matrix A7 must be nonsingular, and
we obtain the expression

sG=ca— (A7 AQ) Ter (4.41)
Now Lemma 3 in [20] implies ||(Az) ' A|| < X(A), and since A7 A 4|l < A7 A|, we deduce the

following bound

1AZ Al < X(A), (4.42)
which provides, together with (4.41),
[sall < fleall +x(A)llezl, (4.43)
or equivalently,
8%l < [1+X(A)] - el (4.44)

It follows from (3.39)

1 1

= > = 5 445
PO Tl TSl = T+ L x(A) - el ! )

and we may further restrict the range of admisible values for p in Algorithm SSPN to (0, p1) when

(P) has a unique nondegenerate solution (see Corollary 4.2).

Now we return to computing bounds on the Jacobian of the reduced Newton direction.
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4.2.2 Ensuring LSDA property 2 for the reduced Newton vector field of the log barrier

The next lemma gives the promised bound on the Jacobian of the reduced Newton vector field,

implying that (n,(u)), satisfies the LSDA properties.

Theorem 4.1 Let problem (P) satisfy the 1PM conditions. Let u and po be positive arbitrary
parameters, such that 0 < p < 1%, and x satisfies

Ax=b and x€ N(x(n)), (4.46)

where N(z(p)) is defined in (2.19), and p € (0, pg), where pg is given in (3.39). Then

1D () + 1] < 21+ X(4) (447)
where u is related uniquely to x by the relation Zu = x — x(p).
In particular, letting
Ni(0) :={u e R*™™ : ||u|l < pu}, (4.48)
where p is chosen such that
0 < p < pol2v/n(L +X(A)] ™, (4.49)

then the reduced Newton vector fields (nj,(u)) satisfy the LSDA properties in the neighbourhoods N (0).
Proof. Relation (4.28) may be written equivalently
Dnj(u)+1=2(Z"X?2)"'ZT X ?|Ny(x)X ' Z, with & = Zu+2(p), nu(x) = Zn],(u). (4.50)

We have already established at the end of Section 3.1 that the condition (3.39) on p implies that
x satisfying (2.19) is positive. Thus it follows from (4.29)

1D (w) + 11| < 2(Z )1Z)) - |1 X " (@) < 2x(Z DX ()], (4.51)

where in the last inequality we employed || Z|| = 1. To evaluate the length of X ~'n,(z), we return

to the expression (4.5), and deduce
XIny() = —— {1 - XAT(AX?AT) L AX}S () — ().
o

Recalling (4.33), I — XAT(AX2AT)"1AX is the matrix of the orthogonal projection into the null
space of AX, and thus, ||[I — XAT(AX2AT)"'AX|| < 1. Tt follows from (2.19) and (4.46) that

1X~ ()] < pllS(u)]- (4.52)
The inequalities (3.38) and (3.39) finally provide

X n(@)|| < plCu® + [[S%] = ﬁ, (4.53)

20



which, together with (4.39) and (4.51), implies (4.47).

To show the second part of the theorem, recall that (4.23) implies the first condition in the definition
of LSDA vector fields is satisfied by (n},).

To prove condition 2, let u € N (0). Then z := Zu + x(u) satisfies € N (x(1)), since || Z] < 1.
Furthermore, the choice (4.49) of p implies p < pg since Y(A) > 0. Thus the conditions of the first
part of the theorem are satisfied, providing the bound (4.47) holds. This, together with (4.49),
imply [|Dnj,(u) + I|| < 1 and bounded away from 1. We conclude the second LSDA requirement
(see page 5) is achieved by (n},). O

Employing (4.45), the expression of the bound in (4.47) can be uniformly described in terms of
only one condition number — X (A) — by expressing the results in terms of p; rather than pg, as

the following corollary states.

Corollary 4.2 In the conditions of Theorem 4.1, assume additionally that (P) has a unique non-
degenerate solution and that p in (2.19) satisfies 0 < p < p1, where p1 € (0, po| is defined in (4.45).
Then we have

1D () + I < 2v/m(1 + x(A))p—”l, (4.54)

where u is related uniquely to x by the relation Zu = x — x(u).
In particular, choosing p > 0 in (4.48) such that

P1
2y/n(1+%x(4))°

p < (4.55)

and letting
8:=2v/n(1 +x(4)) L

D
P1
then the reduced Newton vector fields (nj,(u)) satisfy the LSDA conditions in the neighbourhoods
N(0), with the above constants.

(4.56)

Proof. The proof follows from (4.45) and Theorem 4.1. O
"

LSDA vector fields in the neighbourhoods (4.48), Theorem 2.3 applies (directly) to (nj,) and the

u-iterates in (4.21). In the next theorem, we employ this result to deduce a variant of Theorem 2.3

In the conditions of the second part of Theorem 4.1 or of Corollary 4.2, since (n],) is a family of

for the x iterates and the (full) Newton vector field (n,). This will provide us with a suitable value

for the number of inner iterations [y required by Algorithm SSPN.

4.3 Determining the inner iterations Iy required by Algorithm SSpN

Theorem 4.3 Let problem (P) have a unique nondegenerate solution and satisfy the 1PM condi-
tions. Let p and pg be positive arbitrary parameters, such that 0 < p < u°, and let 2° satisfy
(4.46), where 0 < p < po with

pa = p12n(1 +X(A)] ", (4.57)
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where py is defined in (3.39). Consider the sequence (z!), 1 > 0, generated according to the first

recurrence in (4.21).

Then ' — z(u) and (n,(z')) — 0 R-linearly, as | — oo, and the convergence factor is

3= 2n(1 +X(A))p/p1. (4.58)

Furthermore, given & € (0,1), there exists In, indepedent of p, where

. log (€ - n—1/2
iy | (4.59)
log
such that
|2 — 2(p)|| < Epp, 1> Iy (4.60)

In particular, letting & :== 1/2 and p := pa/(2y/n), then § =1/(2yn) and Iy = 1.
Proof. We define the following neighbourhoods in the u-space
NG(0) = {u € R : |lull < pu}, (4.61)

where p := y/np. Thus it follows from (4.57) that p satisfies

~ P1
P < S i+ X)) (4.62)

which is condition (4.55). Then Corollary 4.2 applies and gives that (n],) is a LSDA family of vector

fields in the neighbourhoods N 1 (0).

Furthermore, for z°, there exists a unique u® such that 2° = Zu® + z(u). Thus |[u°] < || Z7]| -
2 — z(p)|| < /nljz® — z(p)|]. Since z° is assumed to satisfy (4.46), it follows that ||u°| <
Vnpp = pp, and u¥ € NJ(O) Starting from this u”, we define recurrsively the sequence (u') by
™t =l +n,(u), I > 0, which is the second relation in (4.21). It follows from the first paragraph
of this proof that the conditions of Theorem 2.3 hold for this sequence (u') and the LSDA vector
fields (n},). It follows that

ul — u(p) =0 and nz(ul) — 0, Q- and R-linearly, respectively, as | — oo, (4.63)

and the convergence factor is 3 defined in (4.58).

Recalling (4.21) and (4.22), we deduce

' — z(w) < ']l < Valla' = z(u)], (4.64)

and the first inequality, together with (4.63), implies 2! — () R-linearly, with convergence factor
3. Similarly, (4.20), (4.63) and ||Z|| < 1 imply n,(z') — 0 R-linearly, with convergence factor £.

Now, concerning the complexity of shrinking the neighbourhoods of (), recall that u® € N, (0)
implies ||u°|| < pu = /npp. Let
£:=¢/vne(0,1). (4.65)
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Then the second part of Theorem 2.3 provides that

lul|| < Epp = Epp, 1>1, (4.66)
where [ := {log £/ log ﬁ—‘ It follows from (4.65) and the first inequality in (4.64) that [ = Iy, where
the latter is given in (4.59), and (4.60) holds for [ > [y. O

To summarize, we have now specified the choice of constants in Algorithm SSPN: the size p must
belong to (0, p2), where ps is defined in (4.57) and it satisfies po < p1 < pp; the number of inner
iterations [y to be performed on each major iteration is given in (4.59). We remark that to satisfy
the condition on p, it is sufficient to let p := [ypa for some [y € (0,1). Then, B = By, where 3 is
defined by (4.58). In particular, by changing p, 3 can be adjusted to take any value in (0,1). This
in turn, will determine Iy (also by the choice of £). We remark however, that a small Iy leads to

a large number of outer iterations k (recall the value of 6y in (3.16) and its dependence on p).

Please note that the assumption that (P) has a unique nondegenerate solution can be removed if
we use Theorem 4.1, instead of Corollary 4.2. Then, however, the complexity results will depend

not only on X(A), but also on the condition number ||s¢||.

4.4 The worst-case outer iteration complexity of Algorithm ssSpN

Now we return to analysing the overall convergence and iteration complexity of Algorithm SSPN,
when applied to (P). Theorem 4.3 implies that every outer iteration of the algorithm will perform
[y inner iterations where [y is prescribed by (4.59). In the next theorem, we investigate the number
of outer iterations required to obtain an approximate solution of (P). It is, in fact, a straightforward
employment of the general Theorem 3.3, in the particular context of the family of Newton vector

fields (n,) of the parametrized and constrained logarithmic barrier.

Theorem 4.4 Let (P) satisfy the 1PM conditions and assume that it has a unique nondegenerate
solution x€. Let Algorithm SSPN be applied to (P), where we perform iN inner Newton iterations
for each ¥, with Iy prescribed by (4.59), and where p € (0, p2), with py defined in (4.57). Then

2% — (1) < Epu®, k>0, (4.67)
and piF — 0, zF — 2 =0, as k — .

Furthermore, by making the choice 0 := 6y, Algorithm SSPN takes at most kn outer iterations,

where

ky =

B =¢)

to generate an iterate kN satisfying MEN < ¢, where C is the complexity measure introduced in

o= [+ TANOman(OU, 0+ RNl 1), w6s)

Lemma 3.6 and where we can view B as an arbitrary constant in (0,1), but connected to p via

p= 5/)2 and may dependent on n (see below). Since £ is a user-chosen parameter, it follows that

~ - 0
- <n<1 T R(A)CH max{CuO, (1 +%(A))]lc] } log %) | (4.69)
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Proof. The conditions of Theorem 3.3 are satisfied. This theorem provides (4.67), and the con-
vergence properties of (%) and (2%). Furthermore, relation (3.20) gives a value for ky, where
now p = fps and C occurs in Lemma 3.6. It is possible to simplify the expression of the inverse
logarithm in (3.20) by returning to the expression (3.12) and (3.16) and writing u* = 05.° as

0

k
= <1 (1= 5)0) 10 < = (1=n(C )Mk,

N C+p
Thus an alternative value for ky is [(C/p+1)log(u/€)/(1 —&)]. Then replacing p = Bpa, p2 from
(4.57), and p; from (4.45), in this latter expression for ky, we deduce (4.68). O

In the conditions of theorems 4.3 and 4.4, if 3 is a constant in (0,1), independent of n, then these

theorems provide

~

0
Iy =O(logn) and ky =0 <n(1 +%(A)C max{Cu®, (1 4+ x(A))]|c|/} log %) . (4.70)

If B depends on n, for example, B := O(nP), with p > 0, then the same theorems give the estimates

~

0
In=0(1) and ky=0 <n1+p(1 +%(A)C max{Cu®, (1 4+ x(A))]|c|/} log %) . (4.71)

5 Conclusions

A minimal set of conditions was introduced that a vector field needs to satisfy in order for the
resulting discrete dynamical system to have a provable worst-case iteration complexity for LP. We
then showed that the Newton vector field of the logarithmic barrier, as well as an approximation

of this field due to inexact arithmetic, satisfy these conditions.
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