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Abstract. This special issue and the two follow-up issues are dedicated to Pro-
fessor Gui-Qiang G. Chen on the occasion of his 60th birthday. Professor Gui-
Qiang G. Chen is internationally recognized as a leader in the analysis of par-
tial differential equations (PDEs) and related disciplines in mathematics and
science. He has made wide-ranging contributions, both original and signifi-
cant, to an array of research areas in mathematical analysis, partial differential
equations, mathematical physics, nonlinear science, and other disciplines, es-
pecially in the areas of nonlinear hyperbolic systems of conservation laws and
the mathematical theory of shock waves, free boundary problems in the the-
ory of supersonic and transonic flow, nonlinear degenerate and mixed-type
PDEs and their applications, entropy analysis and weak convergence methods,
singular limit problems for nonlinear PDEs, measure-theoretical analysis for
discontinuous and singular entropy solutions, stability/instability analysis of

*Corresponding author. Email addresses: feldman@math.wisc.edu (M. Feldman), xianpeng.hu®
polyu.edu.hk (X. Hu), dhwang@pitt.edu (D. Wang), weixiang@cityu.edu.hk (W. Xiang),
t.yang@polyu.edu.hk (T. Yang)



122 M. Feldman et al. / Commun. Math. Anal. Appl., 3 (2024), pp- 121-135

characteristic discontinuities for nonlinear hyperbolic conservation laws, and
convergence/stability analysis of shock-capturing methods and related numer-
ical methods, among others.
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free boundary problems, nonlinear degenerate and mixed-type PDEs, discontinuous and
singular entropy solutions, characteristic discontinuities, entropy analysis and weak con-
vergence methods, divergence-measure fields.

1 Biographic remarks

Professor Gui-Qiang G. Chen was born in Cixi City (Ningbo), Zhejiang Province,
China, in 1963. He received his BSc from Fudan University in 1982 and a PhD
from the Chinese Academy of Sciences in 1987 under the supervision of Professor
Xiaxi Ding, and was a postdoctoral fellow at the Courant Institute of Mathemati-
cal Sciences at New York University from 1987-89 under the direction of Professor
Peter D. Lax. He was appointed as Assistant Professor of Mathematics at the Uni-
versity of Chicago in 1989, Associate Professor of Mathematics at Northwestern
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University (USA) in 1994, and was promoted to Full Professor of Mathematics
in 1996 at Northwestern University (USA). In 2009, he was elected to the Statu-
tory Professor in the Analysis of Partial Differential Equations (PDE Chair) and
Professorial Fellow of Keble College, University of Oxford, and has served as the
Director of the Oxford Centre for Nonlinear Partial Differential Equations (Ox-
PDE) as successor to Professor Sir John Ball since 2018. He was also a Member
or Visiting Professor of many leading universities and institutions around the
world, especially including the Institute for Advanced Study (Princeton, USA),
Mathematical Sciences Research Institute (Berkeley, USA), the Centre for Ad-
vanced Study (Norwegian Academy of Science and Letters, Norway), Mittag-
Leffler Institute of Mathematics (Royal Swedish Academy of Sciences, Sweden),
CNRS and Ecole Polytechnique (France), Stanford University (USA), University
of Cambridge (UK), University of California at Los Angeles (USA), University
of Heidelberg (Germany), University of Minnesota-Minneapolis (USA), and Uni-
versity of Nice (France).

Throughout his career, Professor Gui-Qiang G. Chen has also been deeply de-
voted to advising, helping, and training younger mathematicians. He has trained
more than 35 PhD/DPhil students and 25 postdoctoral researchers. Many of
them have become leading mathematicians and hold academic positions across
the globe. He also served as the Director of the EPSRC Doctoral Training Cen-
tre in PDEs (UK): Analysis and Applications, during 2014-24, being responsible
for creating the training and research programs and overseeing the training, su-
pervision, and mentoring of 62 DPhil students in PDEs. He has served as the
Editor-in-Chief, as well as on the Advisory and Editorial Boards, of more than 15
leading scientific journals. Furthermore, he has served as the Chair, Organizer,
or Member of the Scientific/Organizing/Program Committees of more than 200
International Conferences, Workshops, Symposia, Summer/Winter Schools, and
Emphasis Years in more than 15 countries around the world. Since 2000, he has
delivered more than 300 plenary, keynote, distinguished, and invited talks at in-
ternational conferences, symposia, workshops, colloquia, seminars, special se-
ries, and summer/winter schools around the world.

Professor Gui-Qiang G. Chen has received numerous prestigious honors, fel-
lowships, and awards for his distinguished scientific contributions including:
The 2024 LMS Poélya Prize (London Mathematical Society, UK), Member of
Academia Europaea (elected, 2022), Fellow of the European Academy of Sciences
(elected, 2020), Fellow of the American Mathematical Society (elected, 2017), Fel-
low of the Institute of Mathematics and its Applications (elected, 2014), Turner-
Kirk Fellow of the Isaac Newton Institute for Mathematical Sciences (Cambridge,
UK, 2013-14), Fellow of the Society of Industrial and Applied Mathematics (elec-
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ted, 2012), the 2011 SIAG/ Analysis of Partial Differential Equations Prize (SIAM
2011), the Royal Society Wolfson Research Merit Award (UK, 2009), Alexander
von Humboldt Foundation Fellow (Germany, 2003), Alfred P. Sloan Foundation
Fellow (USA, 1991), Second Prize of the 1991 State Natural Science Award by the
State Council of China, First Prize of the 1989 Advances in Science and Technol-
ogy Award by the Chinese Academy of Sciences, as well as his recently awarded
higher doctorate — Doctor of Science (DSc) by the University of Oxford (UK, 2024).

This article aims to present some of Professor Gui-Qiang G. Chen’s significant
work to illustrate his contributions to nonlinear conservation laws and partial
differential equations. It is not intended as, nor does it come close to, a compre-
hensive review of all his work.

2 Existence, compactness, and convergence of exact
and approximate solutions of nonlinear PDEs via
the development of entropy analysis and weak
convergence methods

Fundamental to nonlinear hyperbolic systems of conservation laws are the prob-
lems of existence, compactness, and convergence of exact and approximate solu-
tions, which require novel ideas involving entropy analysis, weak convergence,
compensated compactness, a priori estimates, and ad hoc structural analysis of the
PDEs themselves. In all these areas, Professor Gui-Qiang G. Chen has made pro-
found contributions. For example:

The Lax-Friedrichs scheme is a numerical method for solving nonlinear hy-
perbolic conservation laws, including the isentropic Euler equations for gas dy-
namics studied first by Riemann in 1858. Chen (with Ding and Luo) in [6,73-75]
was the first to prove rigorously the convergence of the Lax-Friedrichs scheme
for the Euler equations with arbitrarily large initial data for the whole physically
relevant range of exponents y € (1,5/3]. As a result, the existence and compact-
ness of bounded entropy solutions was established for all v € (1,5/3], and the
convergence of the Godunov scheme was a corollary. Before that, the existence
of global solutions of bounded variation (BV) had been obtained, based on a con-
structive scheme due to Glimm (1965), with the restriction being either to small
initial data or to exponents <y close to 1. The existence of global bounded solutions
was proven by DiPerna (1983) for the discrete exponent v = (N+2)/N, where
N >5is odd. The convergence of the Lax-Friedrichs scheme had been established
only in the scalar case analyzed by Oleinik (1957) and others. Chen succeeded
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in establishing sophisticated and original estimates to handle the general case
v € (1,5/3] by combining compensated compactness arguments with his novel
ideas of adapting fractional derivatives, the Hilbert transform, and related tech-
niques into entropy analysis. This represented a major advance in the existence,
compactness, and convergence theory of hyperbolic conservation laws, and was
further extended to the other ranges of exponents: v >3 by Lions, Perthame and
Tadmor (1994) and y€(5/3,3) by Lions, Perthame and Souganidis (1996), and to a
class of general pressure laws in [42] (also see [35]). Chen’s work was recognized
through receiving the First Prize of the 1989 Advances in Science and Technology
Award from the Chinese Academy of Sciences and the Second Prize of the 1991
State Natural Science Award from the State Council of China.

In [14,36], Chen with his collaborators established the first compensated com-
pactness framework for sonic-subsonic approximate solutions to the two-dimen-
sional Euler equations, for both steady irrotational and rotational flows, which
may contain stagnation points. Following this framework, by carefully construct-
ing the approximate solutions, the first global existence result of two-dimensional
steady characteristic discontinuities (vortex sheets and contact discontinuities)
with large vorticity and no background solution was established in [37].

In [52], Chen (with Perepelitsa) proved that, as the viscosity vanishes, the so-
lutions of the barotropic Navier-Stokes equations converge to a solution of the
Euler equations of one-dimensional gas dynamics, thereby successfully settling
an issue that had been open since the work of Stokes (1848). This question was
difficult as there exists no natural invariant region for the Navier-Stokes solu-
tions, and convex entropy pairs may not produce signed entropy dissipation
measures. To overcome these difficulties, uniform energy-type estimates of the
Navier-Stokes solutions were first established. Then it was shown how special
features of the Euler equations can lead to the conclusion that a class of weak en-
tropy dissipation measures of the Navier-Stokes solutions is confined in a com-
pact set in Hl_ocl This in turn leads to the existence of a measure-valued solution
that satisfies a commutator relation. A careful analysis and characterization of
the unbounded support of the measure-valued solution then yields its reduction
to a Dirac mass, which in turn leads to the convergence of the Navier-Stokes so-
lutions to an entropy solution of the Euler equations with large initial data as the
viscosity vanishes.

Chen and his collaborators also established general compactness frameworks
for various important and difficult problems such as the construction of the two-
dimensional steady irrotational transonic flows in [61], hyperbolic conservation
laws with umbilic degeneracy in [38,39], and the Kolmogorov’s theory of turbu-
lence and inviscid limit of the Navier-Stokes equations in [32]. Recently, Chen
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and his collaborators further developed the ideas and approaches to construct
global solutions to the compressible Euler equations and Euler-Poisson equations
with spherical symmetry for general pressure law in [33,35,53,57,68]. The cen-
tral feature here is the possibility that waves grow as they move radially inward;
indeed there had been a long debate involving Guderley (1942) and Courant and
Friedrichs (1948) as to whether spherically symmetric solutions might concen-
trate at the origin. This problem was first solved in [53,57] where the initial data
have finite energy. In his more recent work [68], Chen (with Wang) developed
a new approach by adapting a class of degenerate density-dependent viscosity
terms including those for shallow water (Saint Venant) flows, and succeeded in
employing this approach to prove that the inviscid limit of global weak solutions
of the Navier-Stokes equations with the density-dependent viscosity terms is a
solution with relative finite energy of the Euler equations with spherical sym-
metry and large initial data of positive far-field density (with unbounded total
initial-energy). Chen’s most recent vanishing-viscosity results with related esti-
mates have led to the conclusion that there is no concentration at the origin in the
limit, even with unbounded total initial-energy, which provides an affirmative
answer to this longstanding open problem.

These new results, ideas, and approaches have also been successfully applied
to solving problems and related questions for the compressible Euler-Poisson
equations with gravitational potential and general pressure law (esp. including
the constitutive equation of white dwarf stars) in [33, 35], entropy flux-splittings
for hyperbolic conservation laws (e.g. [42]), the relativistic Euler equations (e.g.
[58]), and the Euler equations in nonlinear elastodynamics and the Gauss-Codaz-
zi-Ricci equations (e.g. [1,46,47,62,63]).

3 The first complete solution to von Neumann’s
conjectures and new approaches/techniques for
multi-dimensional transonic shocks and related
free boundary problems for nonlinear conservation
laws of mixed type

Multi-dimensional shock problems are important in many applications and fun-
damental to the mathematical multi-dimensional theory of nonlinear hyperbolic
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conservation laws™. In a series of papers, beginning with [19] in 2003, Chen
(with Feldman) introduced new ideas and developed approaches/techniques for
solving fundamental open problems involving transonic shocks and related free
boundary problems for nonlinear PDEs of mixed hyperbolic-elliptic type. In par-
ticular, in the Annals paper [22], a new approach was introduced and correspond-
ing techniques were developed to solve the global problem of shock reflection-
diffraction by large-angle wedges. This paper was awarded the 2011 Analysis
of Partial Differential Equations Prize by the Society for Industrial and Applied
Mathematics (SIAM). The SIAM Prize citation said:

“For their paper ‘Global Solutions of Shock Reflection by Large-Angle
Wedges for Potential Flow’, Annals of Mathematics, Volume 171, Is-
sue 2, 2010, in which they prove the existence and stability of a solu-
tion for the equations of two-dimensional compressible gas dynamics,
for the case of a shock reflection from a wedge. This problem, originat-
ing with the work of Ernst Mach, has long defied careful mathematical
analysis.”

On account of this significant breakthrough, the global multi-dimensional tran-
sonic shock problems can now be solved rigorously in [23,26,27]. In particular,
the first complete proof of the existence of solutions to both von Neumann’s sonic
conjecture and detachment conjecture (both proposed in 1943) was provided by
Chen and Feldman in [23]. Further results on the existence /uniqueness/stability/
optimal regularity of global solutions of the von Neumann problem for shock
reflection-diffraction, up to the detachment angle, was established through rigor-
ous analysis of the two-dimensional Euler equations for potential flow in [2,24,
26,27]).

The approaches/techniques developed by Chen and his collaborators have
been widely applied to solving other transonic shock problems and related prob-
lems involving similar difficulties for nonlinear PDEs of mixed type, which arise
in fields such as fluid dynamics, amongst others (e.g. [2,3,12,15,24-26] and the ref-
erences cited therein). These especially include the first complete solution to the
other three longstanding open problems — the Prandtl conjecture for the Prandtl-
Meyer configuration for supersonic flow onto a solid ramp up to the detachment
angle in [3], the Lighthill problem for shock diffraction in [15,25], and the two-
dimensional Riemann problem with four-shock interactions [12].

fMultidimensional Hyperbolic Problems and Computations, James Glimm & Andrew Majda
(Eds), Springer, 1991.
Supersonic Flow and Shock Waves, Richard Courant & Kurt Otto Friedrichs, Springer, 1976.
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4 Relaxation theory via entropy for nonlinear
hyperbolic systems of conservation laws

Relaxation is important in many physical situations, including gas flow near the
thermo-equilibrium, kinetic theory with a small mean-free path, and viscoelas-
ticity with vanishing memory. A relaxation theory via entropy was developed
by Chen (with Levermore and Liu) in [45,49] for the study of stability and the
singular limits of zero-relaxation time of nonlinear hyperbolic systems of con-
servation laws with relaxation. In particular, the local equilibrium approxima-
tion and its first correction for general hyperbolic systems of conservation laws
with appropriate relaxation terms were constructed. A general notion of entropy
for such systems was introduced to ensure the hyperbolicity of the local equi-
librium approximation and the dissipativity of its first correction. For general
2 x 2 strictly hyperbolic systems, the existence of dissipative entropies is implied
from the strict stability criterion that the equilibrium characteristic lies between
the frozen characteristics. The validity of the local equilibrium limit for such 2 x2
systems was then established through entropy analysis, which proved that os-
cillations did not develop in the limit. The analysis includes the construction of
suitable entropy pairs to derive energy estimates. Such energy estimates are rel-
evant for not only the compactness properties but also the deviation from the
equilibrium of solutions of relaxation systems. Moreover, the weakly nonlinear
limit for 2 x 2 systems was derived and justified through energy estimates. This
relaxation theory via entropy has recently motivated successful numerical meth-
ods, including relaxation schemes, equilibrium schemes, and kinetic schemes, for
the computation of physically relevant solutions of nonlinear hyperbolic systems
of conservation laws. Thus, Chen’s work has stimulated a whole range of new
ideas, paving the way for a wide variety of research in the highly active fields of
theoretical and numerical analysis of nonlinear PDEs.

5 Theory of divergence-measure fields and related
analysis and applications

The systematic analysis by Chen and his collaborators (e.g. [13,29, 30, 64-66]) for
divergence-measure fields (whose distributional divergences are measures) has
led to the development of a representation of the interior (respectively exterior)
normal trace of the field on the boundary of any given open set, as the limit of
classical normal traces over the boundaries of the interior (respectively exterior)
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smooth approximations of the open set, as well as to the new understanding of
other fundamental properties of these vector fields, resulting in the establishment
of the Gauss-Green formula for divergence-measure fields over any open set.
An intrinsic connection between weak entropy solutions for hyperbolic conser-
vation laws and divergence-measure fields was first observed by Chen and Frid
in [29,30]. This theory has wide applications, including to nonlinear conserva-
tion laws, continuum mechanics, measure-theoretical analysis, and the calculus
of variations. Included amongst these applications is the provision of the solution
to many longstanding open problems for non-BV entropy solutions, such as the
trace of the solution on a surface of co-dimension one, the decay and structure
of the solution, free boundary problems, and initial-boundary value problems
for nonlinear hyperbolic systems of conservation laws, as well as the first rigor-
ous equivalence proof between the bounded entropy solutions (non-BV) of the
multi-dimensional nonlinear PDE systems of balance laws and of the mathemat-
ical formulation of physical balance laws via the Cauchy flux through the consti-
tutive relations in the axiomatic foundation of continuum physics (see [66]); see
also [13,29, 64,65] and the references cited therein.

6 Kinetic theory for anisotropic degenerate
parabolic-hyperbolic PDEs of second order
and related nonlinear problems

Well-posedness theories for initial value problems are important for both the the-
oretical and the numerical analysis of all classes of time-dependent PDEs. For
nonlinear degenerate parabolic-hyperbolic PDEs, well-posedness issues are un-
derstood relatively well if the diffusion term is absent, on account of the work of
Lax (1957), Oleinik (1957), Volpert (1967), Kruzhkov (1970), and Lions, Perthame
and Tadmor (1994). They are also well-understood when the strict parabolic
degeneracy is located at isolated points (as in the porous medium equation).
In [54,55], Chen (with Perthame) developed a unified approach for dealing with
both the parabolic and the hyperbolic phases for general anisotropic degenerate
parabolic-hyperbolic PDEs (see also [17,56]). A new notion of kinetic solutions
and a corresponding unified kinetic approach was developed so that the well-
posedness theory was established. Its advantage is that the resulting kinetic PDEs
are well-defined even when the macroscopic fluxes are not locally integrable so
that L! is a natural space on which the kinetic solutions are posed. Based on
this notion, a new, simpler, and more effective approach has been developed to
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prove the contraction property of kinetic solutions in L!. A novel ingredient here
is a chain-rule-type condition — an essential difference from the isotropic case.
Moreover, this new approach was successfully employed in establishing the de-
cay of periodic solutions by recognizing the role of the nonlinearity-diffusivity of
the PDE, then exploiting time translations and the monotonicity-in-time property
of the solutions. These ideas and approaches have also been applied to solving
other nonlinear deterministic and stochastic problems, including the recent work
on the well-posedness, the continuous dependence, and the fractional BV reg-
ularity for stochastic kinetic solutions in [50], as well as the existence of invari-
ant measures for nonlinear stochastic degenerate parabolic-hyperbolic equations
in [51].

Further examples of important areas and directions of research to which Chen
has contributed include: stability of multidimensional shock waves past a wedge/
cone or in a nozzle (e.g. [8,9,18-21,24,41,71,72] and the references cited therein),
stability and instability of characteristic discontinuities (vortex sheets and contact
discontinuities) and related free boundary problems for nonlinear hyperbolic sys-
tems of conservation laws in magnetohydrodynamics, relativistic fluid dynamics,
and thermoelasticity (e.g. [37,59, 60, 67] and the references cited therein), weak
continuity theory for the Gauss-Codazzi-Ricci equations, isometric immersions
and related curvatures for connections (e.g. [11,46—48, 62, 63] and followup pa-
pers), stability and uniqueness of Riemann solutions with large oscillation (e.g.
[5,7,28,31]), comparison of entropy solutions of nonlinear hyperbolic systems of
conservation laws in the BV space (e.g. [10, 69]), nonlinear stochastic hyperbolic
PDEs of balance laws (e.g. [16, 50, 51]), global solutions with combustion phe-
nomena (e.g. [34,70]), vanishing viscosity limit with degenerate viscosities and
far-field vacuum (e.g. [4]), amongst other research areas in the analysis of nonlin-
ear PDEs and related applications.

Based on the contributions illustrated above, Chen has published more than
200 original research papers in peer-reviewed premier SCI journals, and more
than 10 research books/volumes via leading international publishers.

Professor Gui-Qiang G. Chen’s distinguished scientific achievements, inspi-
rational mentoring, exemplary humanity, along with his profound contributions
to promoting mathematics across the sciences, have profoundly influenced and
inspired us all. The papers contributed by his former students, postdoctoral fel-
lows, collaborators, and friends within the issues of this journal and other jour-
nals stand as a modest testimony and demonstration of their high appreciation
tfor Professor Chen’s scientific eminence and unfattering friendship. On the spe-
cial occasion of his 60th birthday, we wish Professor Gui-Qiang G. Chen contin-
ued success and fulfillment, in all his endeavors, for many decades to come.
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