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We are concerned with free boundary problems arising from the analysis of multidimen-
sional transonic shock waves for the Euler equations in compressible fluid dynamics.
In this expository paper, we survey some recent developments in the analysis of multi-
dimensional transonic shock waves and corresponding free boundary problems for the
compressible Euler equations and related nonlinear partial differential equations (PDEs)
of mixed type. The nonlinear PDEs under our analysis include the steady Euler equa-
tions for potential flow, the steady full Euler equations, the unsteady Euler equations for
potential flow, and related nonlinear PDEs of mixed elliptic-hyperbolic type. The tran-
sonic shock problems include the problem of steady transonic flow past solid wedges, the
von Neumann problem for shock reflection—diffraction, and the Prandtl-Meyer problem
for unsteady supersonic flow onto solid wedges. We first show how these longstanding
multidimensional transonic shock problems can be formulated as free boundary prob-
lems for the compressible Euler equations and related nonlinear PDEs of mixed type.
Then we present an effective nonlinear method and related ideas and techniques to solve
these free boundary problems. The method, ideas, and techniques should be useful to
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analyze other longstanding and newly emerging free boundary problems for nonlinear
PDEs.
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1. Introduction

We are concerned with free boundary problems arising from the analysis of mul-
tidimensional transonic shock waves for the Euler equations in compressible fluid
dynamics. The purpose of this expository paper is to survey some recent develop-
ments in the analysis of multidimensional (MD) transonic shock waves and cor-
responding free boundary problems for the Euler equations and related nonlinear
partial differential equations (PDEs) of mixed type. We show how several MD
transonic shock problems can be formulated as free boundary problems for the
compressible Euler equations and related nonlinear PDEs of mixed-type, and then
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present an efficient nonlinear method and related ideas and techniques to solve
these free boundary problems.

Shock waves are steep wavefronts, which are fundamental in high-speed fluid
flows (e.g. [8, 9 20, 35, 52| 53] [63] O], 93], 104} [T05] 110]). Such flows are governed
by the compressible Euler equations in fluid dynamics. The time-dependent com-
pressible Euler equations are a second-order nonlinear wave equation for potential
flow, or a first-order nonlinear system of hyperbolic conservation laws for full Euler
flow (e.g. [21l 351 52 B3]). One of the main features of such nonlinear PDEs is
that, no matter how smooth the given initial data start with, the solution develops
singularity in a finite time to form shock waves (shocks, for short) generically, so
that the classical notion of solutions has to be extended to the notion of entropy
solutions in order to accommodate such discontinuity waves for physical variables,
that is, the weak solutions satisfying the entropy condition that is consistent with
the second law of thermodynamics (cf. [35], [52] 53] [73]).

General entropy solutions involving shocks for such PDEs have extremely com-
plicated and rich structures. On the other hand, many fundamental problems in
physics and engineering concern steady solutions (i.e. time-independent solutions)
or self-similar solutions (i.e. the solutions depend only on the self-similar variables
with form % for the space variables x and time-variable t); see [35] [52] [53] [63]
and the references cited therein. Such solutions are governed by the steady or self-
similar compressible Euler equations for potential flow, or full Euler flow. These
governing PDEs in the new forms are time-independent and often are of mixed
elliptic-hyperbolic type.

Mathematically, MD transonic shocks are codimension-one discontinuity fronts
in the solutions of the steady or self-similar Euler equations and related nonlinear
PDEs of mixed elliptic-hyperbolic type, which separate two phases: one of them
is supersonic phase (i.e. the fluid speed is larger than the sonic speed) which is
hyperbolic; the other is subsonic phase (i.e. the fluid speed is smaller than the
sonic speed) which is elliptic for potential flow, or elliptic-hyperbolic composite
for full Euler flow (i.e. elliptic equations coupled with some hyperbolic transport
equations). They are formed in many physical situations, for example, by smooth
supersonic flows or supersonic shock waves impinging onto solid wedges/cones or
passing through de Laval nozzles, around supersonic or near-sonic flying bodies, or
other physical processes. The mathematical analysis of shocks at least dates back
to Stokes [102] and Riemann [96], starting from the one-dimensional (1D) case. The
mathematical understanding of MD transonic shocks has been one of the most chal-
lenging and longstanding scientific research directions (cf. [35] 47, EIH53, [63], [65]).
Such transonic shocks can be formulated as free boundary problems (FBPs) in the
mathematical theory of nonlinear PDEs involving mixed elliptic—hyperbolic type.

Generally speaking, a free boundary problem is a boundary value problem for
a PDE or system of PDEs which is defined in a domain, a part of whose bound-
ary is a priori unknown; this part is accordingly named as a free boundary. The
mathematical problem is then to determine both the location of the free boundary
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and the solution of the PDE/system in the resulting domain, which requires to
combine analysis and geometry in sophisticated ways. The mathematical analy-
sis of FBPs is one of the most important research directions in the analysis of
PDEs, with wide applications across the sciences and real-world problems. On the
other hand, it is widely regarded as a truly challenging field of mathematics. See
[13, 141 [40, 54, [60] [70] and the references cited therein.

Transonic shock problems for steady or self-similar solutions are typically for-
mulated as boundary value problems for a nonlinear PDE or system of mixed
elliptic-hyperbolic type, whose type at a point is determined by the solution,
as well as its gradient for some cases. For a system, the type is more compli-
cated and may be either hyperbolic or mixed-composite elliptic-hyperbolic (also
called mized, for the sake of brevity when no confusion arises). General solutions
of such nonlinear PDEs can be nonsmooth and of complicated structures (e.g.
[I°7HT9] 211 351 [63] [r21, (751 (78] [08], [99] TT51 [T17] ), so that even the uniqueness issue has
not been settled in many cases. However, in many problems, especially those moti-
vated by physical phenomena, the expected structures of solutions are known from
experimental /numerical results and underlying physics. The solutions are expected
to be piecewise smooth, with some hyperbolic/elliptic regions separated by shocks,
or sonic curves/surfaces of continuous type-transition (i.e. the type of equations
changes continuously in the physical variables such as the velocity and density). In
this paper, we present the problems in which the hyperbolic part of the solution
is a priort known, or can be determined separately from the elliptic part, in some
larger regions. Then the problem is reduced to determine the region in which the
underlying PDE is elliptic, with the transonic shock as a part of its boundary and
the elliptic solution in that region. In other words, we need to solve a free boundary
problem for the elliptic phase of the solution, with the transonic shock as a free
boundary. Since the type of equations depends on the solution itself, the ellipticity
in the region is a part of the results to be established. We remark that, in some
other problems involving shocks, FBPs also need to be solved in order to find the
hyperbolic part of the solution, which is beyond the scope of this paper.

For several problems under our discussion that follows, the PDEs involved are
single second-order quasilinear PDEs, whose coefficients and types (elliptic, hyper-
bolic, or mixed) depend on the gradient of the solution. In the other problems, the
PDEs are first-order nonlinear systems, whose types are hyperbolic or composite-
mixed elliptic-hyperbolic, and are determined by the solution only. In all the prob-
lems, the PDEs (or parts of the systems) are expected to be elliptic for our solu-
tions in the regions determined by the free boundary problems. That is, we solve
an expected elliptic free boundary problem. However, the available methods and
approaches of elliptic FBPs do not directly apply to our problems, such as the varia-
tional methods of Alt—Caffarelli [I] and Alt—Caffarelli-Friedman [2H4], the Harnack
inequality approach of Caffarelli [T0HI2], and other methods and approaches in
many further works. The main reason is that the type of equations needs to be first
controlled in order to apply these methods, which requires some strong estimates a
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priori. To overcome the difficulties, we exploit the global structure of the problems,
which allows us to derive certain properties of the solution (such as the monotonic-
ity) so that the type of equations and the geometry of the problem can be controlled.
With this, we solve the free boundary problem by the iteration procedure.

Note that the existence of multiple wild solutions for the Cauchy problem of the
compressible Euler equations has been shown; see [50, [71] and the references cited
therein for both the isentropic and full Euler cases. In this paper, we focus on the
solutions of specific structures motivated by underlying physics; for these solutions,
the uniqueness can be shown for all the cases as we discuss in what follows. Since
we are interested in the solutions of specific structures, we construct the solution
in a carefully chosen class of solutions, called admissible solutions. This class of
solutions needs to be defined with two somewhat opposite features: the conditions
need not only to be flexible enough so that this class contains all possible solutions
of the problem which are of the desired structure, but also to be rigid enough to
force the desired structure of the solutions with the sufficient analytic and geometric
control such that the expected estimates for these solutions can be derived, so that
eventually a solution can be constructed in this class by the iteration procedure.
In order to define such a class, we start with the solutions near some background
solutions:

(i) To make sure that the solutions obtained are still in the same desired structure
via careful estimates, which is the structure of transonic shock solutions in our
application.

(ii) To gain the insight and motivation for the structure and properties of the
solutions that are not near the background solution but have the required
configuration to form the conditions on which the a priori estimates and fixed
point argument are based.

In several problems, we consider only the solutions near the background solution,
as in Secs. Pl and Blin what follows. In the other problems, say in Secs.[d and B, we
carry out both steps described above and construct admissible solutions which are
not close to any known background solution.

Furthermore, we emphasize that the elliptic and hyperbolic regions may be
separated not only by shocks, which are discontinuity fronts of physical variables
such as the velocity and the density, but also by sonic curves/surfaces where the
type of equations changes continuously in the physical variables, as pointed out
earlier. This means that the ellipticity and hyperbolicity degenerate near the sonic
curves/surfaces. This presents additional difficulties in the analysis of such solutions.
Moreover, the sonic curves/surfaces may intersect the transonic shocks (see e.g.
Fig. @ point Py) so that, near such points, the analysis of solutions is even more
involved.

The organization of this paper is as follows: In Sec. 2l we start with our pre-
sentation of MD transonic shocks and free boundary problems for the compressible
Euler equations for potential flow in a setup as simple as possible, and show how
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a transonic shock problem can be formulated as a free boundary problem for the
corresponding nonlinear PDEs of mixed elliptic-hyperbolic types. Then we describe
an efficient nonlinear method and related ideas and techniques, first developed
in [29], with focus on the key points in solving such free boundary problems through
this simplest setup. In Sec. Bl we describe how they can be applied to establish the
existence, stability, and asymptotic behavior of 2D steady transonic flows with
transonic shocks past curved wedges for the full Euler equations, by reformulating
the problems as free boundary problems via two different approaches. In Sec. Ml
we describe how the nonlinear method and related ideas and techniques presented
in Secs. BH3] can be extended to the case of self-similar shock reflection/diffraction
for the compressible Euler equations for potential flow, including the von Neu-
mann problem for shock reflection—diffraction and the Prandtl-Meyer problem for
unsteady supersonic flow onto solid wedges, where the solutions have the sonic arcs
in addition to the transonic shocks. In Sec. 5, we discuss some recent developments
in the analysis of geometric properties of transonic shocks as free boundaries in the
2D self-similar coordinates for compressible fluid flows with focus on the convexity
properties of the self-similar transonic shocks obtained in Sec. [l

2. Multidimensional Transonic Shocks and Free Boundary Problems
for the Steady Euler Equations for Potential Flow

For clarity, we start with our presentation of MD transonic shocks and free boundary
problems for the compressible Euler equations in a setup as simple as possible, and
show how a transonic shock problem can be formulated as a free boundary problem
for the corresponding nonlinear PDEs of mixed elliptic-hyperbolic type. Then we
describe a method, first developed in [29], with focus on the key points to solve
such free boundary problems through this simplest setup.

The steady Euler equations for potential flow, consisting of the conservation law
of mass and the Bernoulli law for the velocity, can be written as the following second-
order nonlinear PDE of mixed elliptic-hyperbolic type for the velocity potential
¢ :RY - R (i.e. u= Dy is the velocity):

div(p(|Dg|*)Dyp) = 0 (2.1)

by scaling so that the density function p(¢?) has the form:

pla*) = (1 - %_1412) o : (2.2)

where v > 1 is the adiabatic exponent and D := (0, ..., 0y,) is the gradient with
respect to x = (z1,...,24) € R%
Equation ([Z1]) can be written in the non-divergence form

d

1,j=1
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where the coefficients of the second-order nonlinear PDE (23] depend on D, the
gradient of the unknown function ¢. The nonlinear PDE ([2.1]), or equivalently (2.3)
for smooth solutions, is strictly elliptic at Dy with |De| = ¢ if

p(¢?) +2¢°0' (¢%) > 0, (2.4)

and is strictly hyperbolic if

p(q®) +24°0'(¢*) <. (2.5)

In fluid dynamics, the elliptic regions of Eq. (ZI) correspond to the subsonic flow,
the hyperbolic regions of 1) to the supersonic flow, and the regions with p(¢?) +
2¢%p'(¢%) = 0 for ¢ = |Dy| to the sonic flow.

2.1. Steady transonic shocks and free boundary problems

Let © C R? be a domain (i.e. simply connected open subset). A function ¢ €
Whoo(Q) is a weak solution of 1)) in Q if

(i) [Dp(x)] < /2/(y—1) ae. x € Q, that is, the physical region so that
p(|Dp(x)]?) is well defined via (22) for a.e. x € Q;
(ii) for any test function ¢ € C§°(Q),

| #1Do)De - Deax ~0. (2.6)

We are interested in the weak solutions with shocks (i.e. the surfaces of jump
discontinuity of Dy of the solution ¢ with codimension one) satisfying the physical
entropy condition that is consistent with the Second Law of Thermodynamics in
Continuum Physics. More precisely, let Q7 and Q= be open nonempty subsets of
Q such that

QTN =¢, QTUQ =0

and S := 9NT\OQ. Let ¢ € WH°(Q) be a weak solution of 1)) so that ¢ €
C%(Q*) N CY(QF) and Dy has a jump across S.

We now derive the necessary conditions on S that is a C'-surface of codimension
one. First, the requirement that ¢ is in W1°°(Q) yields curl(Dg) = 0 in the sense
of distributions, which implies

vl =p,; onds, (2.7)
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where

= Dp* — (Dp* -v)v

are the trace values of the tangential gradients of ¢ on S in the tangential space
with (d — 1)-dimension on the Q¥ sides, respectively, and v is the unit normal to
S from Q7 to QF. Then, we simply write o, := X on S and choose

pt=p" onS (2.8)

to be consistent with the W1 *-requirement of ¢.
Now, for ¢ € C§°(£2), we use [2.0) to compute

0— (/2+ /Q) (ID?) Dy - DC dx

—— [ elDePIDe v Cart sy [ p(DeP)Dp v Cant
o+ o

- /s (— o(IDe* YD v+ p(IDe™ ) D™ - w)¢ A,

where H? ! is the (d—1)-D Hausdorff measure, i.e. the surface area measure. Thus,
the other condition on &, which measures the trace jump of the normal derivative
of ¢ across S, is

p(IDe™?)e) = p(IDe™|?)p, on'S, (2.9)

where ¢ = Dp® - v are the trace values of the normal derivative of ¢ along S on
the QF sides, and

p(ID*?) = <1 (|saf|+|¢f|2))“,

respectively.

Conditions ([2:8))-(29) are called the Rankine-Hugoniot conditions for potential
flow in fluid dynamics. On the other hand, it can also be shown that any ¢ €
C%(QF) N CH(QF) that is a C2-solution of @I in QF, respectively, such that Dy
has a jump across S satisfying the Rankine-Hugoniot conditions (2:8)—(23]), must
be a weak solution of ([ZI]) in the whole domain . Therefore, the necessary and
sufficient conditions for ¢ € C?(Q*F) N C'(QF) that is a solution of I in QF,
respectively, to be a weak solution of (2.]) in the whole domain {2 are the Rankine—
Hugoniot conditions ([2.8))—(2.9]).

For given K > 0, consider the function

D (p) = (K 721p2)“p for p € [0, /2K /(7 — 1)]. (2.10)
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Then @i € C([0, /2K /(v —1)]) and
Pr(p) >0 forpe(0,\2K/(y—1)), Pk(0)=Px(v2K/(y—1)) =0,

(2.11)
0< ®(p) < K77 for p e (0,p5,.), (2.12)
(D/K(p) <0 for p S (pf'(()nim 2K/(’Y - 1))7 (213)
<I>/I/<(p) <0 forpe (0,pE ], (2.14)

where

Pronic = V/2K/(y+1). (2.15)
By direct calculation, condition (Z4)) is equivalent to @/ (g) > 0, and condition

(Z3) is equivalent to @/ (¢) < 0. Thus, using (ZI2)—(ZI3]), we obtain that PDE 21))
is strictly elliptic at Dy if |De| < pl .. and is strictly hyperbolic if |[Dp| > pl. . .
where we have used notation (Z.15]).

Suppose that ¢(x) is a solution satisfying

|DSD| < p;onic =V 2/(7 + 1) in Q+a |D(p| > p;onic in Q_v (216)
and
Dp*-v>0 onS, (2.17)

besides (28] and (Z3)). Then (z) is a transonic shock solution with transonic shock
S that divides the subsonic region QT from the supersonic region Q. In addition,
p(x) satisfies the physical entropy condition (see [52]; also see [53] [73]):

p(IDe™ ) < p(|De™* %), (2.18)

which implies, by (ZI7), that the density p increases in the flow direction; that is,
the transonic shock solution is an entropy solution. Note that Eq. (Z1]) is elliptic
in the subsonic region Q7 and hyperbolic in the supersonic region Q™.

For clarity of presentation of the nonlinear method, first developed in [29], we
focus first on the free boundary problem in the simplest setup, while the method
and related ideas and techniques have been applied to more general free boundary
problems involving transonic shocks for the nozzle problems and other important
problems, some of which will be discussed in Secs. BHol

Let (x',z4) be the coordinates of R? with x’ = (z1,...,74_1) € R?"! and
rq € R. From now on, in this section, we focus on Q := (0,1)?"! x (=1,1) for
simplicity, without loss of our main objectives.

Let ¢= € (plic, V2/(v—1)) and ¢y (z) := ¢ z4. Then ¢y is a supersonic
solution in Q. From II)-@I4), there exists a unique ¢* € (0, pl, ;.) such that

(1- ”T‘%qﬂ?)”ll o= (1- ’VT‘l(q-)?)wll PR ET)
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In particular, ¢* < ¢~. Define g (x) := ¢*z4 in Q. Then the function

po(x) = min(g] (x), g (%)) (2.20)

is a transonic shock solution in ©, in which Qy = {x4 <0} NQ and Qf = {zq >
0} N Q are the supersonic and subsonic regions of ¢g(x), respectively. Also, the
boundary condition: (¢g), = 0 holds on 9(0, 1)~ x [—1,1].

We start with perturbations of the background solution ¢g(x) defined in (Z:20).
We use the following Holder norms: For « € (0,1) and any non-negative integer k,

|DPu(x) — DPu(y)|

)

koo = Y sup [DPu(x)|, [ulreq= »  sup

\ﬁ|:}’cz€Q |m:kx,y€ﬂ,x;£y |X - Y|a
k
Jullkoo = [ulj00, llullkeso = lullkoe+ [ulkao, (2.21)
7=0

where B = (B, ...,04), 3 > 0 integers, DP = 8511 ---af;, and |B| =01+ -+ Ba.
Then the transonic shock problem can be formulated as the following problem:

Problem 2.1. Given a supersonic solution o~ of @I) in §, which is a C*<-
perturbation of g :

le™ —¢gllzan <o (2.22)
for some a € (0,1) with small o > 0 and satisfies
0, =0 ond0,1)4 1 x[~1,1], (2.23)
find a transonic shock solution ¢ in ) such that
o=9 inQ :=0Q\QF,

where Q7 == {x € Q : |Dp(x)| < pl i} is the subsonic region of ¢, which is the
complementary set of the supersonic region of ¢ in , and

(0, ¢2,) = (97, 905,)  on (0,1)71 x {1},
v =pF on (0,1)41 x {1}, (2.24)
Y =0 on 9(0,1)471 x [-1,1].

Since ¢ = ¢~ in Q7, |De| < pl .. <|De™|in QF, |Dp~| ~ dp,0™ > Pl e in
Q, and it is expected that QT = {zg > f(x')} NQ and |Dg| ~ 9,0 < ply e in QT
with (Z8]) across the transonic shock & = {xq = f(x’)} N, then ¢ should satisfy

p(x) < p (x) for x €. (2.25)

This motivates the following reformulation of Problem 2] as a free boundary prob-
lem for the subsonic (elliptic) part of the solution.
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Problem 2.2 (Free Boundary Problem). Find ¢ € C(Q) such that

(i) ¢ satisfies 228) in Q and 224]) on 0Q;
(ii) ¢ € C>*(QF) is a solution of @) in QF = {x € Q : (x) < ¢~ (x)}, the
non-coincidence set;
(iii) the free boundary S = 0QT N Q is given by x4 = f(x') for x' € (0,1)?7! so
that QF = {xg > f(x) : 2’ € (0, 1)1} with f € C**([0,a]?"1);
(iv) the free boundary condition ([Z9) holds on S.

In the free boundary problem (Problem [22]) above, phase ¢~ is not required
to be a solution of ([2J) and ¢ is not necessary to be subsonic in QT although
we require the subsonicity in Problem 2.]so that the free boundary is a transonic
shock.

It is proved in [29] that, if perturbation = — ¢, is small enough in C*%, then
the free boundary problem (Problem 2:2]) has a solution that is subsonic on Q7T so
that Problem [2.1] has a transonic shock solution. Furthermore, the transonic shock
is stable under any small C?®-perturbation of o~.

Theorem 2.1 (Im]) Let (]+ € (Ovpionic) and q € (pbl'oniu 2/(7_1)) sat-
isfy I9). Then there exist positive constants oo, C1, and Cy depending only on
(qT,d,7v) and Q such that, for every o < oo and any function o~ satisfying [222)—
@23), there exists a unique solution ¢ of the free boundary problem, Problem 2.2]
satisfying

le — ¢d 2,00+ < Cio

and |Dg| < pl .. in QF. Moreover, Q* = {zq > f(x)} NQ with f : R - R
satisfying

| fll2.0.ra-1 < Cao, Dy f(x')=0 on 9(0,1)% 1

that is, the free boundary S = {(x',xq) : x4 = f(x'),x' € R71}NQ is in C> and
orthogonal to 0$) at their intersection points.

In particular, we obtain

Corollary 2.1. Let ¢* be as in Theorem 21l and let o¢ be the constant defined
in Theorem 21 If ¢~ (x) is a supersonic solution of ZI) satisfying (Z22])—(223])

with ¢ < og, then there exists a transonic shock solution ¢ of Problem 211 with
shock S = {(x/,x4) : za = f(X'),x' € R} N Q such that ¢ and f satisfy the
properties stated in Theorem 211

Indeed, under the conditions of Corollary[2.1] solution ¢ of Problem 2-2lobtained
in Theorem 2] along with the free boundary S = {(x',z4) : x4 = f(X'),x' €
RI-1} N Q, forms a transonic shock solution of Problem 21}

The following features of Eq. ([Z1]) and the free boundary condition (29) are
employed in the proof of Theorem 211
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(i) The nonlinear equation (ZII) is uniformly elliptic only if [Dp| < pl ;. — € in
Q7 for some & > 0.
(ii) |DoT| = (| ]? + |le-]?)'/? on S is subsonic only if ¢, is sufficiently small.
(iii) The free boundary condition (29) is uniformly non-degenerate (i.e. o, — @5
is bounded from below by a positive constant on S) only if ¢, > pEK . +e on
S for some € > 0 with K =1 — 1% [, |2

By ([222)), these conditions hold if, for any x € S, the unit normal v(x) to S is
sufficiently close to being orthogonal to {xq = 0}.

2.2. A nonlinear method for solving the free boundary problems
for nonlinear PDEs of mized elliptic—hyperbolic type

We now describe a nonlinear method and related ideas and techniques, developed
first in [29], for the construction of solutions of the free boundary problems for
nonlinear PDEs of mixed elliptic-hyperbolic type, through Problem [2Z2] as the sim-
plest setup. We present the version of the method that is restricted to this setup.
The key ingredient is an iteration scheme, based on the non-degeneracy of the free
boundary condition: the jump of the normal derivative of solutions across the free
boundary has a strict lower bound. Since the PDE is of mixed type, we make a
cutoff (truncation) of the nonlinearity near the value related to the background
solution in order to fix the type of equation (to make it elliptic everywhere) and, at
the fixed point of the iteration, we remove the cutoff eventually by a required esti-
mate. The iteration set consists of the functions close to the background solution —
in the C®“-norm in the present case. Then, for each function from the iteration
set, the non-degeneracy allows of using one of the Rankine-Hugoniot conditions,
equality (2.8]), to define the iteration free boundary, which is a smooth graph. In
domain QT determined by the iteration free boundary, we solve a boundary value
problem with the truncated PDE, the condition on the shock derived from the other
Rankine-Hugoniot condition (Z9) by a truncation (similar to the truncation of the
PDE) and other appropriate modifications to achieve the uniform obliqueness, and
the same boundary conditions as in the original problem for the iteration problem
on the other parts of the boundary of the iteration domain. The solution of this
iteration problem defines the iteration map. We exploit the estimates for the itera-
tion problem to prove the existence of a fixed point of the iteration map, and then
we show that a fixed point is a solution of the original problem.

In some further problems, we look for the solutions that are not close to a known
background solution. Some of these problems, as well as the corresponding versions
of the nonlinear method described above, are discussed in Sec. @l A related method
for the construction of perturbations of transonic shocks for the steady transonic
small disturbance model was proposed in [I6], in which the type of equation depends
on the solution only (but not on its gradient) so that the ellipticity can be controlled
by the maximum principle; also see [15].
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2.2.1. Subsonic truncations — shiffmanization

In order to solve the free boundary problem, we first reformulate Problem as
a truncated one-phase free boundary problem, motivated by the argument intro-
duced originally in [T0T], now so-called the shiffrmanization (cf. [74]); also see [4l, pp.
87-90]. This is achieved by modifying both the nonlinear equation (ZII) and the
free boundary condition (Z9]) to make the equation uniformly elliptic and the free
boundary condition non-degenerate. Then we solve the truncated one-phase free
boundary problem with the modified equation in the downstream region, the modi-
fied free boundary condition, and the given hyperbolic phase in the upstream region.
By a careful gradient estimate later on, we prove that the solution in fact solves
the original problem. We note that, for the steady potential flow equation 21I), the
coefficients of its non-divergent form (23]) depend on D¢, so the type of equation
depends on D.

We first recall that the ellipticity condition for (Z1I) at |Dy| = ¢ is (24)), which
is equivalent to

() >0, (2.26)
where @ (p) is the function defined in (2I0). By ZI2)-(213), inequality (226

holds for ¢ € (0, plic)-

The truncation is done by modifying ®1(¢) so that the new function <i>1(q) sat-
isfies (2.26)) uniformly for all ¢ > 0 and, around ¢, ®;(¢) = ®1(g). More precisely,
the procedure consists of the following steps:

(1) Denote € := M. Let y = cog+c1 be the tangent line of the graph of y =
(bl(Q) at q = p;onic —¢&. Thenv uSing m7M7 we obtain Co = (I)ll (p;onic 75) > 0.
Define @4 : [0,00) — R as

~ (I)l(q) if 0 < q <p;onic_€’
®1(q) = (2.27)
cog+c1 ifg>pl .. —¢,
which satisfies ®; € C*1([0, 00)).
(2) Define

p(s) = for s € [0, 0). (2.28)

Then p € C11([0,00)) and
pa*) = p(g®) 10 <q<plope—e (2:29)
By (2I2) @Id) and the definition of ®; in (Z27),
0 < co = ) (Piomic — =) < P1(q) = Ala®) +2¢°F(¢*) < C for g € (0,00)
for some constant C' > 0. Then the equation
L := div(p(|Dg[*) D) = 0 (2:30)

is uniformly elliptic, with ellipticity constants depending only on ¢* and ~.
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(3) We also do the corresponding truncation of the free boundary condition
@9):

p(IDel*)pw = p(|De™ ) Dp™ v on S. (2.31)

On the right-hand side of [231]), we use the non-truncated function p since p # p

on the range of |Dy~|?. Note that ([Z31]), with the right-hand side considered as
a known function, is the conormal boundary condition for the uniformly elliptic

equation (Z30).

(4) Introduce the function:

ui=@ —p.
Then, by ([Z25)), the problem is to find u € C(Q) with u > 0 such that
(i) u € C**(QF) is a solution of

div A(Du,x) = F(x) in QT := {u > 0} N Q (the non-coincidence set),

(2.32)
A(Du,x) -v =G(v,x) onS:=90M\dQ, (2.33)
and the boundary condition on 92 determined by ([224) and ¢~ (x):
u=0 on (0,1)%71 x {~1},
u=p" —ps on (0,1) 1 x {1}, (2.34)
uy =0 on 9(0,1)41 x [-1,1],

where v is the unit normal to S towards the unknown phase and
A(P,x) = p(|Dp™ (x) = P|*)(Dp™ (x) = P)
= A(|De”™ (x)]*)Dp™ (x) for P € RY,
F(x) = —div(p(|De~ (x)]*) D™ (x)),
G(v,x) = (p(|De™ (x)I*) = p(ID¢™ (x)*)) D™ (x) - v.

Note that condition ([2:23]) has been used to determine the third condition in

2.39).
(ii) The free boundary S := 90T NQ = {z4 = f(x/) : X' € (0,1)97 1} so that QT =
{xg > f(x')}NQ with f € C%([0,a]?"1) and Dy f = 00on 9((0, 1)1 x[-1,1]).

2.2.2. Domain extension

We then extend domain  of the truncated free boundary problem in Sec. [Z2]]
above to domain ()., so that the whole free boundary lies in the interior of the
extended domain. This is possible owing to the simple geometry of the domain, as
considered in this section.
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Note that, for a function ¢ € C2*(Q) with Q := (0,1)?"! x (=1, 1) satisfying
¢y, =0 on d(0,1) "t x [-1,1], (2.35)
we can extend ¢ to R9~! x [—1,1] so that the extension (still denoted) ¢ satisfies
b€ CPaRIN X [-1,1))
and, forevery m=1,...,n—1,and k=0,£1,+2,...,

A1, Bm—1,k — 2, Tt 1y Td) = (X1, oy B 1,k + 2, T 1y -+ Td),
(2.36)

that is, ¢ is symmetric with respect to every hyperplane {z,, = k}. Indeed, for
k= (ki1,...,kq—1,0) with integers k;,j = 1,...,d — 1, we define

d(x+ k) =o(m(w, k1), ... ,n(xg_1,ka_1),2q) for x € (0,1)4! x [-1,1]
with

t if k is even,
n(t, k) =
1—1¢ if kis odd.

It follows from (2:36) that ¢(x’, z4) is 2-periodic in each variable of (x1,...,24-1):
O(x +2em) = d(x) forx e R x[-1,1], m=1,...,d—1,

where e, is the unit vector in the direction of x,,.

Thus, with respect to the 2-periodicity, we can consider ¢ as a function on
Qe 1= T4 x [~1,1], where T?"! is a flat torus in d — 1 dimensions with its
coordinates given by cube (0,2)9~!. Note that (Z30]) represents an extra symmetry
condition, in addition to ¢ € C*%(T4~! x [~1,1]), and (Z386)) implies (Z35).

Then we can extend ¢~ in the same way by 223)), that is, o~ € C%%({,)
satisfies (2.30]). Note that <ng can also be considered as the functions in €2, satisfying
(Z36), since ¢ (x) = g2 in R x [~1,1] which are independent of x'.

Therefore, we have reduced the transonic shock problem, Problem 2.2] into the
following free boundary problem.

Problem 2.3. Find u € C(Q.) with u > 0 such that

(i) v € 02’0‘(@) is a solution of 232) in QF = {u(x) > 0} N Q., the non-
coincidence set;

(ii) the first two conditions in Z34)) hold on 00, i.e. w =0 on Qe N {x, = =1}
and

u=¢ —@f on QN {z, =1} (2.37)

(iii) the free boundary S = 00T N Q. is given by xq = f(x') for x' € T so that
O ={zg > f(X) : X' € T} with f € C%(T41);
(iv) the free boundary condition (Z33)) holds on S.
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As indicated in Sec. [l one of the main difficulties for solving the modified free
boundary problem, Problem 23] is that the methods presented in the previous
works for elliptic free boundary problems do not directly apply. Indeed, Eq. ([232))
is quasilinear, uniformly elliptic, but does not have a clear variational structure,
while G(v, x) in the free boundary condition (Z33]) depends on v. Because of these
features, the variational methods in [I 3] do not directly apply to Problem
Moreover, the nonlinearity in our problem makes it difficult to apply the Harnack
inequality approach of Caffarelli in [T0HI2]. In particular, a boundary comparison
principle for positive solutions of elliptic equations in Lipschitz domains is unavail-
able in our case that the nonlinear PDEs are not homogeneous with respect to
(D?u, Du,u) here. Therefore, a different method is required to overcome these dif-
ficulties for solving Problem 23]

2.2.3. Iteration scheme for solving free boundary problems

The iteration scheme, developed in [29], is based on the non-degeneracy of the free
boundary condition: the jump of the normal derivative of a solution across the free
boundary has a strictly positive lower bound.

Denote ug := ¢~ — . Note that ug satisfies the nondegeneracy condition:
Op,uo = ¢~ — gt > 0 in Qe. Assume that (Z22) holds with o < q}?ﬂ# Let a
function w on Q. be given such that ||w — (¢~ — <paL)ch,a(m) < qifo‘ﬁ, which

implies that w satisfies the nondegeneracy condition: 0, ,w > 4 ;‘ﬁ > 0 in €.
Define domain Q% (w) := {w > 0} C Q. Then

OF(w) = {zg> f(x') : X' € T4},
S(w) == 09T (w)\0Qe = {24 = f(x') : X € T}

with f € C%%(T9~1). We solve the oblique derivative Problem (Z32)-(Z33) and
@37 in QF (w) to obtain a solution u € C*(Q+(w)). However, u is not identically
zero on S(w) in general, so that u is not a solution of the free boundary problem.
Next, the estimates for Problem (232)-(233) and (Z37) in QF(w) show that |Ju —
(p~ — ‘pg)HC%a(m) is small. Then, we extend u to the whole domain €, so that
[|lu—(p~ — gpa')HCg,a(m) is small. This defines the iteration map: w — wu. The fixed
point © = w of this process determines a solution of the free boundary problem,
since u is a solution of ([Z32)—(233)) and Z37) in QO (u), and u satisfies u = w > 0
on QF(u) = QH(w) := {w >0} and u = w = 0 on § := IV (w)\INe. Then it
remains to show the existence of a fixed point. Since the right-hand side of the free
boundary condition ([Z33) depends on v, we need to exploit the structure of our
problem, in addition to the elliptic estimates, to obtain the better estimates for
the iteration and prove the existence of a fixed point. More precisely, the nonlinear
method can be described in the following five steps:
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(1) Iteration set. Let M > 1. Set

K = {w € C>*(Qe) : w satisfies Z30) and |w — (¢~ — @7 )[2,0.0. < Mo},
(2.38)

where g (x) = ¢Tx4. Then Ky is convex and compact in C?#(€,) for 0 < 8 < a.
Let w € Kyy. Since g~ > g7, it follows that, if

po O —d (2.39)
= 10(M + 1)’
then combining (2:22]) and (Z38) with (239) implies
- _ gt
Wa, (x) > % > 0. (2.40)

By the implicit function theorem, QT (w) := {w(x) > 0} N Q has the form
O (w) ={zg > f(x) : X' €T '}, [[flloare—: SCMo <1,  (241)

where C' depends on ¢~ — ¢™, and the last inequality is obtained by choosing small
o. The corresponding unit normal on S(w) := {xg = f(x')} is

(7Dx/f(xl)v 1)

V(X/) _ c C«l,a(r]rdfl;gdfl)
V1+ Do f(x)

with

HV - V0||1’Q,Rd71 < CMO’, (242)
where v is defined by

D(p- — +

v = “"27“"{1) = (0,...,0,1)7. (2.43)
ID(eq — 0 )l

Also, v(+) can be considered as a function on S(w). Since Q1 (w) = {w(z) > 0} NQ,,
from the definition of f(x’) in [24I]), it follows that, for x € S(w),
Dw(x)
v(x)= ——+.
| Dw(x)|
By the definition of Ky, and ([239) with [222]), v(x) can be extended to Q. via
formula (244]) and

(2.44)

v —voll1,0,0, < CMo (2.45)

with C = C(¢™,q™). Motivated by the free boundary condition [2.31]), we define a
function G, on :

Gu(x) = (p(| D™ (x)|*) = A(I1De™ (x)|*)) Do~ (x) - v(x), (2.46)
where v(+) is defined by (Z44).
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We now solve the following fixed boundary value problem for u in domain QF (w):

divA(Du,x) = F(x) in Q" :={w > 0}, (2.47)
A(Du,x) v = Gy(x) on S(w) = Q" (w)\0Qe, (2.48)
u=¢ —q" on{rg=1}=00" (w)\S(w), (2.49)

and show that its unique solution u can be extended to the whole domain 2, so
that u € K.

(2) Existence and uniqueness of the solution for the fixed boundary value
problem (Z:47)—(2:49]). We establish the existence and uniqueness of solution u
for Problem (ZAT)-(243J) and show that u is close in C%%(QF (w)) to the unper-
turbed subsonic solution = — gp{f: For M > 1, there is 09 > 0, depending only on
(M, q*,d,~,Q), such that, if o € (0,00), ¢~ satisfies (Z22), and w € Ky, there
exists a unique solution u € C*(Q+(w)) of Problem (247)(Z49) satisfying (Z30)

and

”u - (SD_ - @3)”2,&,9*(71}) S CO’, (250)

where C depends only on (q*,d,v,) and is independent of M, w € Ky, and
o€ (0,0’0).

To achieve this, it requires to combine the existence arguments with careful
Schauder estimates for nonlinear oblique boundary value problems for nonlinear
elliptic PDEs, based on the results in [61], 80, 8T, [103] and the references cited
therein. Moreover, the independence of C' from M is achieved by employing a can-
cellation based on the structure in (248)) with the explicit expressions of A(Du,x)
and G, (x) and on the Rankine-Hugoniot condition for the background solution.

(3) Construction and continuity of the iteration map. We now construct
the iteration map by an extension of the unique solution of (ZZ7)—-(249), which
satisfies ([250]), and show the continuity of the iteration map: Let w € Ky, and let
u(x) be a solution of Problem ([Z4T)([Z49) in domain QT (w) established in Step 2
above. Then u(x) can be extended to the whole domain €, in such a way that this
extension, denoted as P, u(x), satisfies the following two properties:

(i) There exists Cy > 0, which depends only on (¢, d,~, Q) and is independent of
(M, o) and w(x), such that

[Pwu— (¢~ = ¢g) 20,9, < Coo. (2.51)

(ii) Let B € (0,a). Let w; € Ky converge in C?#(Q) to w € Kpr. Let u; €
C**(QF (w;)) and u € C**(QF(w)) be the solutions of Problems (247 (243
for w;(z) and w(x), respectively. Then Py, ,u; — Pyu in C25(Qs).
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Define the iteration map J : Ky — C%(Q.) by
Jw = Pyu, (2.52)

where u(x) is the unique solution of Problem (Z4T7)—-(249) for w(x). By (ii), J is
continuous in the C?>#(Q,)-norm for any positive 8 < a.

Now we denote by wu(x) both the function u(x) in Q7 (w) and its extension
Puu(x). Choose M to be the constant Cy from (ZEI). Then, for w € Ky, we see
that u := Jw € Ky if o > 0 is sufficiently small, depending only on (¢, d,~, ),
since M is now fixed. Thus, (252]) defines the iteration map J : Ky — Ky and,
from (@351)), J is continuous on KCps in the C?#(Q,)-norm for any positive 3 < a.

(4) Existence of a fixed point of the iteration map. We then prove the
existence of solutions of the free boundary problem, Problem

First, in order to solve Problem 23] we seek a fixed point of map .J. We use the
Schauder fixed point theorem (cf. [6I, Theorem 11.1]) in the following setting:

Let o > 0 satisfy the conditions in Step 2 above. Let 8 € (0, «). Since £, is a
compact manifold with boundary and K, is a bounded convex subset of C%%(Q,),
it follows that KCps is a compact convex subset of C%7(€),). We have shown that
J(Kar) € K, and J is continuous in the C?#(Q,)-norm. Then, by the Schauder
fixed point theorem, J has a fixed point ¢ € Ky;.

If u(x) is such a fixed point, then

(x) := max(0, u(x))

is a classical solution of Problem 23] and S(u) is its free boundary.

It follows that ¢ := ¢~ — @ is a solution of Problem 2.2] provided that o is small
enough so that (Z50) implies that |Dy| = |D(p~ —u)| < pl ;. —& on QF(u), where
€= w defined in Sec. 2.2.1. Indeed, then (229) implies that ¢(x) lies in the
non-truncated region for Eq. (Z30). Note also that the boundary condition ¢, =0
on 9(0,1)471 x [~1,1] is satisfied because u and ¢~ satisfy @.36) on T¢~! x [-1,1].

For such values of o, if ¢~ (x) is a supersonic solution of (2.I]) satisfying the con-
ditions stated in Problem 1] the defined function ¢(x) is a solution of Problem 211
Indeed, [Dig| = [D(¢~ —@)] < plopge — on XH(¢) 1= {p < ¢~} = {ilx) > 0} since
@ =wuon QT (@) and |Dp| = |[Dp~| > pl .. on Q\ QT (¢), Eq. @) is satisfied in
both Q7 () and Q\Q*(¢), and the Rankine-Hugoniot conditions (2.3)-(29) are
satisfied on & = 90T () \IN.

This completes the construction of the global solution. The uniqueness and
stability of the solution of the free boundary problem are obtained by using the
regularity and nondegeneracy of solutions.

Remark 2.2. For clarity, in this section, we focus on the simplest setup of the
domain as Q = (0,1)471 x (—1,1), which can be extended directly to Qr =
H?;ll(o,aj) x (=1, R) for any R > 0, then to Q. = H‘j;ll(o,aj) x (—1,00) by
analyzing the asymptotic behavior of the solution when R — oo, as well as to
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Q =R x (—1,00); see [29H31]. See also [46] for the extension to the isentropic
Euler case.

If the hyperbolic phase is C'°°, then the solution and its corresponding free
boundary in Theorem 2.]] are also C°°. Furthermore, our results can be extended
to the problem with a steady Cl*®-perturbation of the upstream supersonic flow
and/or general Dirichlet data h(x’),x’ € R4™1 at x4 = 1 satisfying

A= &g l1.ari-1 < Co for a € (0,1).

Also, the Dirichlet data in Problem may be replaced by the corresponding
Neumann data satisfying the global solvability condition.

The global uniqueness of piecewise constant transonic shocks in straight ducts
modulo translations was analyzed in [41] [58].

Remark 2.3. The domains in the setup of Problems 2.1-2.2 have also been
extended to MD infinite nozzles of arbitrary cross-section in [32]; also see [112] [114]
and the references cited therein for the 2D case with the downstream pressure exit.
For the analysis of geometric effects of the nozzles on the uniqueness and stability
of steady transonic shocks, see [7, [42] [76] [86] [87] and the references cited therein.

Remark 2.4. The iteration scheme can also be reformulated in a way such that
the free boundary normal v is unknown in the iteration by replacing the known
function w in (244)) by the unknown w, that is, by replacing v(x) in 244 via
Du(x)
v(x) Dux)]’ (2.53)
Note that ([2353) coincides with (244) at the fixed point u = w, i.e. defines the
normal to S. Using expression (Z53) for v in the iteration boundary condition, we
improve the regularity and structure of the boundary condition; in particular, it is
made independent of the regularity and constants in the iteration set. This is useful
in many cases, see e.g. [33]. Moreover, this allows us to obtain the compactness of
the iteration map, which has been used in [35].

This nonlinear method and related ideas and techniques described above for
free boundary problems have played a key role in many recent developments in the
analysis of MD transonic shock problems, as shown in Secs. BHE in what follows.

3. Two-Dimensional Transonic Shocks and Free Boundary Problems
for the Steady Full Euler Equations

We now describe how the nonlinear method and related ideas and techniques pre-
sented in Sec. [2 can be applied to establish the existence, stability, and asymptotic
behavior of 2D steady transonic flows with transonic shocks past curved wedges for
the full Euler equations, by reformulating the problems as free boundary problems,
via two different approaches.
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The 2D steady Euler equations for polytropic gases are of the form (cf. [35][52]):
div(pu) = 0,

div(pu @ u) + Vp =0, (3.1)

() o

where u = (u1, u2) is the velocity, p the density, p the pressure, and F = %|u|2 +e
the total energy with internal energy e.

Choose pressure p and density p as the independent thermodynamical variables.
Then the constitutive relations can be written as

(e,T,5) = (e(p,p), T(p, ), S(p, p))

governed by

p

TdS = de — —dp,

p
where T" and S represent the temperature and the entropy, respectively. For a
polytropic gas,
p p

S=S(p,p)=cyln(—),

(v = Dewp’ Kp
(3.2)

e=6(p,p)=( T=T(pp) =

v =1)p’

where v > 1 is the adiabatic exponent, ¢, > 0 the specific heat at constant volume,
and x > 0 any constant under scaling.
System ([BI]) can be written as a first-order system of conservation laws:

92, F(U) +85,G(U) =0, U= (u,p,p) €R. (3-3)
Solving det(AVy F(U) — VyG(U)) = 0 for A, we obtain four eigenvalues:
—1Ver/lul?2 = ¢2
S A R L R A e e ST ¥

uy u? — 2

c= ﬁp (3.4)

is the sonic speed of the flow for a polytropic gas.

where

The repeated eigenvalues A\; and )y are real and correspond to the two linear
degenerate characteristic families which generate vortex sheets and entropy waves,
respectively. The eigenvalues A3 and A4 are real when the flow is supersonic (i.e.
[u] > ¢), and complex when the flow is subsonic (i.e. Ju| < ¢) in which case the
corresponding two equations are elliptic.

For a transonic flow in which both the supersonic and subsonic phases occur in
the flow, system (B.I)) is of mixed-composite hyperbolic-elliptic type, which consists
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of two equations of mixed elliptic-hyperbolic type and two equations of hyperbolic
type (i.e. two transport-type equations).

In the regimes with plu| > 0, from the first equation in (BI]), in any domain
containing the origin, there exists a unique stream function 1 such that

Dip = (—puz, pur)  with 4(0) = 0. (3.5)
We use the following Lagrangian coordinate transformation:
(@1, 22) = (y1,92) = (21, ¥ (21, 22)), (3.6)

under which the original curved streamlines become straight. In the new coordinates
v = (y1,y2), we still denote the unknown variables U (x(y)) by U (y) for simplicity of
notation. Then the original Euler equations in (3.1]) become the following equations

in divergence form:
1
puL Y1 U1 Y2

(U1+L) _ (1&) —0, (3.8)
pul 1 u1 Y2

(u2)y1 TPy, = 0, (39)

<%|u|2 - ﬁ) = 0. (3.10)
Y1

One of the advantages of the Lagrangian coordinates is to straighten the streamlines

so that the streamline may be employed as one of the coordinates to simplify the

formulations, since the Bernoulli variable is conserved along the streamlines. Note

that the entropy is also conserved along the streamlines in the continuous part of

the flow.

3.1. Steady supersonic flow onto solid wedges
and free boundary problems

For an upstream steady uniform supersonic flow past a symmetric straight-sided
wedge (see Fig. [I):

W= {x = (z1,72) € R? : |2a| < x1 tan by, z; > 0} (3.11)

whose angle 6., is less than the detachment angle 69, there exists an oblique shock
emanating from the wedge vertex. Since the upper and lower subsonic regions do
not interact with each other, it suffices to study the upper part. More precisely,
if the upstream steady flow is a uniform supersonic state, we can find the corre-
sponding constant downstream flow along the straight-sided upper wedge boundary,
together with a straight shock separating the two states. The downstream flow is
determined by the shock polar whose states in the phase space are governed by
the Rankine-Hugoniot conditions and the entropy condition; see Fig. [Il Indeed,
Prandtl in [95] first employed the shock polar analysis to show that there are two

2230002-22



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

MD transonic shock waves and FBPs

,
/
,’weak shock

/

U2

strong shock
uy = uy tan 6% 7
’
—"'_,,— uy = up tan 63, /
_ up = up tanf, > //

w1 /// /

Fig. 1. The shock polar in the u-plane and uniform steady (weak/strong) shock flows (see [22]).

possible steady oblique shock configurations when the wedge angle 6., is less than
the detachment angle §¢ — The steady weak shock with supersonic or subsonic
downstream flow (determined by the wedge angle that is less or larger than the
sonic angle #%)) and the steady strong shock with subsonic downstream flow, both
of which satisfy the entropy condition, provided that no additional conditions are
assigned at downstream. See also [9] 22| 52| [92] [95] and the references cited therein.

The fundamental issue — whether one or both of the steady weak and strong
shocks are physically admissible — has been vigorously debated over the past seven
decades (cf. [22 [52] B8], [100L 108 [109]). Experimental and numerical results have
strongly indicated that the steady weak shock solution would be physically admissi-
ble, as Prandtl conjectured in [95]. One natural approach to single out the physically
admissible steady shock solutions is via the stability analysis: the stable ones are
physical. See [52], [T08], [T09]; see also [88] [100].

A piecewise smooth solution U = (u, p, p) € R* separated by a front S := {x :
x9 = o(x1),21 > 0} becomes a weak solution of the Euler equations (3I) as in
Sec. 2] if and only if the Rankine—Hugoniot conditions are satisfied along S:

o' (x1)[pu1] = [pus],

o' (z1)[puf + p] = [puruz],

o' (1) [purug] = [pud + pl, (3.12)

o' (1) [pul (E+ g)} _ [,m (E+ g)]

where [ -] denotes the jump between the quantities of two states across front S as
before.

Such a front S is called a shock if the entropy condition holds along S: The
density increases in the fluid direction across S.

For given state U™, all states U that can be connected with U~ through the
relations in ([BIZ) form a curve in the state space R?*; the part of the curve whose
states satisfy the entropy condition is called the shock polar. The projection of the

shock polar onto the u-plane is shown in Fig. [[l In particular, for an upstream
uniform horizontal flow U, = (ujy,0,p, oy ) past the upper part of a straight-
sided wedge whose angle is 6,,, the downstream constant flow can be determined by

2230002-23



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

G.-Q. G. Chen & M. Feldman

the shock polar (see Fig.[I]). Note that the downstream flow must be parallel to the
wedge, and the upstream flow is parallel to the axis of wedge, so the angle between
the upstream and downstream flow is equal to the (half) wedge angle. According to
the shock polar, the two flow angles (or, equivalently, wedge angles) are particularly
important.

One is the detachment angle #¢ such that line us = u; tan @l is tangential to
the shock polar at point 7" and there is no intersection between line us = w1 tan Oy,
and the shock polar when 6,, > 6% . For any wedge angle 6,, € (0,60%), there are two
intersection points of line uy = u; tan 6y, and the shock polar: one intersection point
is on arc TH which determines velocity u% = (ui®, u5?) of the downstream flow
corresponding to the strong shock, and the other intersection point is on arc TQ
which determines velocity u™* = (u}¥*, uy’*) of the downstream flow corresponding
to the weak shock. Thus, for any wedge angle 6y, € (0,6%), the shock polar ensures
the existence of two attached shocks at the wedge: strong versus weak.

Since each point on the shock polar defines a downstream flow that is a constant
state, we can use ([34) to compute its sonic speed ¢y and then determine whether
this downstream state is subsonic or supersonic. It can be shown that there exists
the unique point S on the shock polar so that all downstream states are subsonic
for the points on HS\{S}, supersonic for the points of SQ\{S}, and sonic for
the state at S. Moreover, S lies in the interior of arc T'Q). Then, denoting by 65,
the angle corresponding to point S, we see that 65, < 6. The wedge angle 6% is
called the sonic angle. Point T" divides arc HS, which corresponds to the transonic
shocks, into the two open arcs T'S and TH; see Fig. [l The nature of these two
cases, as well as the case for arc SQ, is very different. When the wedge angle 0y, is
between 65, and 64, there are two subsonic solutions (corresponding to the strong
and weak shocks); while, for the wedge angle 6, is smaller than 6%, there are one
subsonic solution (for the strong shock) and one supersonic solution (for the weak
shock). Such an oblique shock Sy is straight, described by xo = spz1 with sg as its
slope. The question is whether the steady oblique shock solution is stable under a
perturbation of both the upstream supersonic flow and the wedge boundary.

Since we are interested in determining the downstream flow, we can restrict
the domain to the first quadrant; see Fig. 2l Fix a constant upstream flow Uy,
a wedge angle 6, € (0,0%), and a constant downstream state U;” which is one
of the downstream states (weak or strong) determined by the shock polar for the
chosen upstream flow and wedge angle. States U; and USL determine the oblique
shock @9 = spz1, and the transonic shock solution Uy in {x : 1 > 0, 2o > 0}\W
such that Up = U, in Q5 = {x € R? : 23 > spx1,21 > 0} and Uy = Uy in
Qg = {x € R? : x1tanfy, < my < sox1,71 > 0}; see Fig. [l We refer to this
solution as a constant transonic solution (U, , Ug").

Assume that the perturbed upstream flow U; is close to U, (so that U,
is supersonic and almost horizontal) and that the perturbed wedge is close to a
straight-sided wedge. Then, for any suitable wedge angle (smaller than the detach-
ment angle), it is expected that there should be a shock attached to the wedge
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Fig. 2. The leading steady shock xo = o(z1) as a free boundary under the perturbation (see [22]).

vertex; see Fig.2l We now use a function b(x1) > 0 to describe the upper perturbed
wedge boundary:

OW = {x € R? : x9 = b(x1), z1 >0} with b(0) = 0. (3.13)
Then the wedge problem can be formulated as the following problem.

Problem 3.1 (Initial-Boundary Value Problem). Find a global solution of
system BI) in Q := {x2 > b(x1),x1 > 0} such that the following conditions hold:
(i) Cauchy condition at x1 = 0:
Uley=0 = Uy (22). (3.14)
(ii) Boundary condition on OW as the slip boundary:
u-vylow =0, (3.15)
where vy, is the outer unit normal vector to OW .

Note that the background shock is the straight line given by zo = o¢(z1) with
oo(z1) = sox1. When the upstream steady supersonic perturbation U, (z2) at
x1 = 0 is suitably regular and small under some natural norm, the upstream steady
supersonic smooth solution U~ (x) exists in region Q7 = {x : x5 > Px1,2; > 0},

beyond the background shock, and U~ in Q7 is still close to U, .
Assume that the shock-front S to be determined is

S={x:x=0(x1), 1 >0} with ¢(0) =0 and o(z1) > 0 for z; > 0.
(3.16)
The domain for the downstream flow behind § is denoted by
Q={xecR?: b(zx;) <z <o(x1),21 > 0}. (3.17)

Then Problem [3] can be reformulated into the following free boundary problem
with S as a free boundary.

Problem 3.2 (Free Boundary Problem; see Fig. ). Let (U, ,U;) be a con-
stant transonic solution for the wedge angle 0y, € (0,0%) with transonic shock
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So := {2 = oo(x1) : 1 > 0} for oo(x1) := sox1. For any upstream flow U~
for system B)) in domain Q~ which is a small perturbation of Uy, and any wedge
boundary function b(x1) that is a small perturbation of by(x1) = x1 tan by, find a
shock S as a free boundary xo = o(x1) and a solution U in Q, which are small
perturbations of So and Uy respectively, such that

(i) U satisfies BI) in domain .
(ii) The slip condition BID) holds along the wedge boundary.
(iii) The Rankine—Hugoniot conditions in BI2)) as free boundary conditions hold
along the transonic shock-front S.

There are three subcases based on UgL : For a weak supersonic shock Sy given by UgL
corresponding to a supersonic state on arc SQ, we denote the problem by Problem
B2A(WS); for a weak transonic shock Sy given by UO+ corresponding to a subsonic
state on arc TS, we denote the problem by Problem B2(WT); finally, for a strong
transonic shock Sy given by U0+ corresponding to a subsonic state on arc TH, we
denote the problem by Problem B2(ST).

In general, the uniqueness for the initial-boundary value problem (Problem [3.1])
is not known (as it is a problem for a nonlinear system of a composite elliptic—
hyperbolic type), so it may not yet be excluded that Problem [B] has solutions
which are not of steady oblique shock structure, i.e. are not solutions of Problem [3.2]
On the other hand, the global solution of the free boundary problem (Problem [3.2])
provides the global structural stability of the steady oblique shock, as well as more
detailed structure of the solution.

Supersonic (i.e. supersonic—supersonic) shocks correspond to arc SQ which is a
weaker shock (see Fig. [[l). The local stability of such shocks was first established
in [64] [79, O7]. The global stability of the supersonic shocks for potential flow
past piecewise smooth perturbed curved wedges was established in [I16]; also see
[45], 48], [49] and the references therein. The global stability and uniqueness of the
supersonic shocks for the full Euler equations, Problem B2WS), were solved for
more general perturbations of both the initial data and wedge boundary even in
BV in [39] [43].

For transonic (i.e. supersonic—subsonic) shocks, the strong shock case corre-
sponding to arc TH was first studied in [48] for the potential flow (see Fig. ).
In [57], the full Euler equations were studied with a uniform Bernoulli constant
for both weak and strong transonic shocks. Because the framework is a weighted
Sobolev space, the asymptotic behavior of the shock slope or subsonic solution was
not derived. In [IT3], the Holder norms were used for the estimates of solutions
of the full Euler equations with the assumption on the sharpness of the wedge
angle, which means that the subsonic state is near point H in the shock polar, by
Approach I introduced first in [23] which is described in Sec. 3.2 in what follows. In
[24], the weaker transonic shock, which corresponds to arc TS, was first investigated
by Approach I as described in Sec. in what follows. Then, in [25], the weak
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and strong transonic shocks, which correspond to arcs TS and TH, respectively,
were solved, by Approach II which is described in Sec. B.3] so that the existence,
uniqueness, stability, and asymptotic behavior of subsonic solutions of both Prob-
lem B2IWT) and Problem B2(ST) in a weighted Holder space were obtained.

We now describe two approaches for the wedge problem, based on the nonlinear
method and related ideas and techniques presented in Sec. 2l First, we need to
introduce the weighed Holder norms in the subsonic domain €2, where €2 is either
a truncated triangular domain or an unbounded domain with the vertex at origin
O and one side as the wedge boundary. There are two weights: One is the distance
function to origin O and the other is to the wedge boundary OW. For any x,x’ € €2,
define

50

X

=min(]x|,1), 0% = min(dy,dy,), &y := min(dist(x,0W), 1),

= min(dy, &3 ),

X UX

W
x,x’

Ax = x|+ 1, Axx :=min(Ax, Ax), N dist(x,0W) 4+ 1
Ax,x/ = min(lx, Zx/).
Let a € (0,1) and l1,l2,71,72 € R with 413 > 72, and let £ > 0 be an integer.

Let k = (k1, ko) be an integer-valued vector, where ki, ko > 0, |k| = k1 + ko, and
= 0F19F2 We define

€1 T2

[f](’h ;0)(v2;0W) _ sup { 50 o 6w)max{k+'yg ,0} AllAngrlekf( )|} (318)

k5,05 (11, 12);2
\k\
1;0 ;0 o q W max [} 1A «
[f]gya (l)l(?/;) S;/V) Sl}pg {(5x,x’)’ya (5x,x’) (et +72,0}AL,X/A;2’:/IC+
x,X €
x#x’|k|=k
[DXf(x) — DXf(x'))|
X Py , (3.19)
k
1;0 ;OW 1;0 ;OW 1;0 ;OW
I e = U + Msa (3:20)
i=0
where 3 = max{vy; +min{k+ 3, =72}, 0} for 8 € [0, 1). Similarly, the Hélder norms
for a function of one variable on Rt := (0,00) with the weight near {0} and the
decay at infinity are denoted by || f H](Jii(g)R .
For a vector-valued function f = (f1, fa,..., fn), we define
(11:0)(2:0W) _ N | 4. (1:0)(12:0)
I e = Il e
Let
k,a;(ly,12) (71;0) (v2;0W)
C('n ;0)( 722 8W {f HfHkA,Ya;(h]zz);Q < OO}' (3.21)

The requirement y; > 2 in the definition above means that the regularity up
to the wedge boundary is no worse than the regularity up to the wedge vertex.
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When v; = 79, the §°-terms disappear so that (y1,0) can be dropped in the
superscript. If there is no weight (72, 0W) in the superscript, the d-terms for the
weights should be understood as (62)™ax{k+71.0} and (§2)maxiktety,0} in [BIN)
and (BI9), respectively. Moreover, when no weight appears in the superscripts of
the seminorms in (BI8) and (BI9), it means that neither §° nor 6% is present.

For a function of one variable defined on (0,0c0), the weighted norm || f||§j;i?g),R+

is understood in the same as the definition above with the weight to {0} and the
decay at infinity.

In the study of Problem B2l for a transonic solution (U, , Uy ) with wedge angle
Ow, the variables in U are expected to have different levels of regularity. Thus, we
distinguish these variables by defining

U‘VO
U =u-72,p), Uy=(w,p) withw= e (3.22)
where v = (—sinfy,cosfy) and 70 = (cosby,sinfy). We note that, for the

solutions under our consideration, the denominator in the definition of w is strictly
positive, since it is a positive constant for the background solution.

Note that U;fy = (Jug |, pg) and Uy = (0, pBL) are the corresponding quantities
for the background subsonic state. Moreover, /¥ is the interior (for {9) unit normal
to W, and 79 is the tangential unit vector to 9Wy, where 9W, and Qg are defined
by BI3) and @I7) for the background solution (U, ,Uy), i.e. u- 7% and u- 9
are the components u; and us of u in the coordinates rotated clockwise by angle
Ow, so that the background downstream flow becomes horizontal.

Theorem 3.1 ([25]). Let (U, ,Uy") be a constant transonic solution for the wedge
angle 0y, € (0,0%). There are positive constants o, 3,Co, and e, depending only on
the background states (U, ,U), such that

(i) If (Uy,Ug") corresponds to the state on arc TS, and

_ a;0)
U~ = Ug llzas1p0ps0- + 10— tan 6|50, o0 <e, (3.23)

then there exist a solution (U,o) of ProblemB2A(WT) and a function U™ (x) =
(u$°,0,p, p°)(x) = Z°°(—z18inby + 29 co8by) with Z< : [0,00) — R* of
form Z> = (21,0,p¢, z4) such that Uy and Uy defined by B22) satisfy
00 (XBW —;0)(—1—a;0W
102 = Ul sy + 102 = U g s dgope
—a;0 a;0
+o" - SOHQ,@;(&B);W + 1282 = U2 50,000

_ a;0
< Co(lU™ = Uq llz.as048,010- + 0" — tanfy ||1a(1)+ﬁ) mt),  (3:24)

oo |

where we have denoted U = (u™ - 70, p>) = (u$° cos by, p>°) and Z5° =

(21 cos by, 24).

2230002-28



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

MD transonic shock waves and FBPs

(i) If (Uy,Uy) corresponds to the state on arc TH and
_ _ —a—1;0
1T~ = Uy Il2,as8.010- + 1 — tan 8IS 2500 <, (3.25)

then there exists a solution (U,o) of Problem B2\ST) such that Uy and Us
defined by B22) satisfy

(—1—a;0W (—1—e;0 (—1—e;0)
102 = Uiblls o’ + 102 = Ul siopn + 11" — solls iz
_ _ —1—a;0
< Co(|U™ = Up lla.asiaya- + 16 = tan OIS L0 )- (3.26)

The solution (U,o) is unique within the class of solutions for each of Prob-
lem B2A(WT) and Problem B2A(ST) when the left-hand sides of B24) for Prob-
lemB2(WT) and B28) for ProblemB2(ST) are less than Coe correspondingly.

The dependence of constants «, 3, Cy, and € in Theorem B.lis as follows: a and
3 depend on (U, , Uy") but are independent of (Co, ¢), Cy depends on (U, Uy, a, 8)
but is independent of €, and € depends on all (U, Uy, «, B, Co).

The difference in the results of the two problems is that the solution of Prob-
lem B2(WT) has less regularity at corner O and decays faster with respect to |x|
(or the distance from the wedge boundary) than the solution of Problem B2[(ST).

Note that part (i) of Theorem[3lgives the asymptotics of solution U as |x| — oo
within €2, and U is an asymptotic profile. Moreover, the convergence of Us to
Us® = Uy as |x| — oo is of polynomial rate |x|~(®+1) that is faster than the
convergence rate of Uy, which is [x|~?. However, as 2o — 00, both U; and Uy decay
to U1+0 and UQB, respectively, with the decay rate x5 (8 +1), which can be seen by
combining the estimates of the first and last terms on the right-hand side of (3.24))
for Uy. Part (ii) of Theorem [l does not give the asymptotic limit of U; as |x| — oo,
while Uy converges to U with the decay rate |x|=7. Also, as z2 — oo, both Uy
and Uy decay to Ul and Uy, respectively, with the rate x5 # for part (ii).

Furthermore, for both parts (i) and (ii) of Theorem Bl the asymptotic profile
in the Lagrangian coordinates is given in Theorem

3.2. Approach I for Problem 3.2(WT)

We now describe Approach I for solving Problem B2\WT). We work in the
Lagrangian coordinates introduced in (B.6]). From the slip condition ([B.I3]) on the
wedge boundary OW, it follows that W is a streamline so that W becomes the
half-line £1 = {(y1,92) : y1 > 0,y2 = 0} in the Lagrangian coordinates. Let
S = {y2 = 6(y1)} be a shock-front. Then, from Eqs. B1)—B.I0), we can derive the
Rankine-Hugoniot conditions along S:

o || = -[ 2], (3.27)

puUl (75}
&' (1) {ul + i} =- [@] (3.28)
puUl Uy
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&' (y1)[uz] = [p], (3.29)

Lo 2l ]
—|u|* + —————| =0. 3.30
[2| | (y—1p (3.50)
The background shock-front in the Lagrangian coordinates is Sy = {y2 = s1y1}
with s1 = pdufy(so — tanfy) > 0.
Without loss of generality, we assume that, in the Lagrangian coordinates, the
supersonic solution U~ exists in domain D™ defined by

- ) s1
D™ = {y PY2 > 5L Y > 0}- (3.31)
For a given shock function (y1), let
D; ={y : y2>6(y1), y1 >0}, (3.32)
Dy = {y : 0<y2 <&(y1), 1 > 0}. (3.33)

Then Approach I consists of three steps:

(1) Potential function ¢(y). We first use a potential function to reduce the full
Euler equations B1)—@I0) to a scalar second-order nonlinear elliptic PDE in the
subsonic region. This method was first proposed in [23] in which the advantage of
the conservation properties of the Euler system is taken for the reduction.

More precisely, since pu; # 0 in either the supersonic or subsonic region, it
follows from (B7) that there exists a potential function of the vector field (%2, -L)

17 pur

such that

u9 1 .
D¢ =(—,—) with ¢(0) =0. 3.34
6= (2, - with 0(0) (330
Equation (3I0) implies the Bernoulli law:
1o P
Ly — B(ys), 3.35

where ¢ = |u| = \/u? +u3, and B = B(yz2) is completely determined by the
given incoming flow U~ at the initial position Z because of the Rankine-Hugoniot
condition (B30).

From Eqs. (320)—-BI0), we find

<[%)y1 —0, (3.36)

p = A(y2)p” in the subsonic region Dj. (3.37)

which implies

With Egs. 34) and 31), we can rewrite the Bernoulli law [B33]) as
2
+1 ~
2 ——Ap"t = Bp*. 3.38
P p (3.38)
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In the subsonic region, ¢ = |u| < ¢ = %. Therefore, the Bernoulli law (B35
implies
4 _ 2(v-1)B
prTl s L 3.39
AT )A (539

Condition ([339) guarantees that p can be solved from ([B38]) as a smooth function
of (D¢, A, B).

Assume that A = A(y2) has been determined. Then (u,p, p) can be expressed
as functions of D¢:

u:( 1 ¢yl

= D 7A7B ) )
P p( ¢ ) PDys PPy,

), p=Ap, (3.40)

since B = B(yz) is given by the incoming flow.

Similarly, in the supersonic region D™, we employ the corresponding variables
(¢p—, A7, B) to replace U™, where B is the same as in the subsonic region because
of the Rankine-Hugoniot condition (B30I).

We now choose B9 to derive a second-order nonlinear elliptic equation for ¢
so that the full Euler system B.7)—(BI10) is reduced to the following nonlinear PDE
in the subsonic region:

(N' (D¢, A,B)). + (N*(D¢,A,B)) =0, (3.41)

Y1 Y2

where (N1, N?)(D¢, A, B) = (ua,p)(D¢, A, B) are given by

1 ) On
NUDoAB) = o 55 A(ya) Blya)) (3.42)

N%(D¢, A, B) = A(y2) (p(D¢, A(y2), B(y2))) .

Then a careful calculation shows that

2

2,2
1 2 1 2 _ Cpuy
Nqﬁy1 N%2 — Nd,yquﬁy1 =2 2

>0 (3.43)

in the subsonic region with pu; # 0. Therefore, when ¢ is sufficiently close to ¢
(determined by the subsonic background state U;") in the Cl-norm, Eq. (A1) is
uniformly elliptic, and the Euler system B27)—(@I0) is reduced to the elliptic equa-~
tion ([B4I) in domain Ds, where & is the function for the free boundary (transonic
shock).

The boundary condition for ¢ on the wedge boundary {y2 = 0} is derived from

the fact that ¢(y1,y2) = x2(y1,y2) by BI)—-E0) and [B34). Then, recalling that
OW = {x : 22 = b(x1),z1 > 0} in the x-coordinates which is {y : y2 = 0,y > 0}
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in the y-coordinates and using y; = x1 by ([B.0), we obtain

¢(y1,0) = b(y1). (3.44)

The condition on S is derived from the Rankine-Hugoniot conditions (3.27)—(3.29).
Condition [B27) is equivalent to the continuity of ¢ across S:

[¢]ls =0, (3.45)
which, by B34), gives
) =~ 2,5 (00)) (3.46)
[6y.]
Replacing 6'(y1) in B28)-B29) by (B:46) and using 337 give rise to the condi-
tions on S:
GO AU™) = 0] |+ A 0| - BullAP 6] =0, (347
Y2
H(D, A, UT) = [9y,]IN"] + [6y,][N?] = 0. (3.48)

We now combine the above two conditions into the boundary condition for (B:41])
by eliminating A. Taking the partial derivative of G and H with respect to A,
respectively, and making careful calculation, we have

_ Na 2 _ 2
Ga [¢y1] + ¢y2 NA [¢y2]¢y1 NA

¢y1
2
uzp” (¢ + Vc_l) 1 pr 1 5 —u?\ [us
=% o |7 | T2 Uy + —| < Oa
up(c® — ¢?) puL up(c® — q?) v—1 Uy

and

Hy = N}4[¢y1] +Nf4[¢y2] =

2
v p" g [us P (¢ + ﬁ) 1 0
y—1c¢2— ¢ oo 2 _ 2 —1 >0

pu
since [p%l] < 0 and u; is close to 0. Therefore, both Eqs. (347) and (3:48) can be

solved for A to obtain A = ¢g1(D¢, U~ ) and A = go(D¢, U ™), respectively. With
these, we obtain our desired condition on the free boundary (i.e. the shock-front)

9D, U™ ) := (92 — g1)(Dp,U™) = 0. (3.49)

Then the original free boundary problem, Problem [3.2] is reduced to the following
free boundary problem for the elliptic equation (B4T]).

uy C

Problem 3.3 (Free Boundary Problem). Seck (6,¢, A) such that ¢ is a solu-
tion of the elliptic equation (BAI) in the region with the fized boundary condition

BA44) and conditions B4D) and BAT)-B49) on S.

(2) Hodograph transformation and fixed boundary value problem. In order
to solve the free boundary problem, we employ the hodograph transformation so
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that the shock-front becomes a fixed boundary by using the free boundary condi-
tions (B.45]) and (B349). This allows us to find ¢ for each A from an appropriately
chosen set. After that, we only need to perform an iteration for the unknown func-
tion A to satisfy (B.47)—(B48]).

Note that the expected solutions in Theorem Blsatisfy that ||U — Uy || () <
Coe. Then, denoting by ¢ the potential function (B:34]) for the subsonic background
state USL , we obtain that ¢ is close to (bg in C! on the closure of the subsonic region.
On the iteration, we consider (and eventually obtain) solutions U for which the same
property holds. Thus, we assume that ¢ is close to (;53' in C1(Dg) in what follows;

see (B33).
We now extend the domain of ¢~ from D~ to the first quadrant D™ U Ds. Let
1

¢0_ = — Y2,
Po Uag

which is the potential function (8.34)) for the supersonic background state U . Then
¢~ is close to ¢y in C! (D-) since U~ is close to Uy in L* (and in the stronger
norm; see Theorem B.I)). We can extend ¢~ into D~ UDs so that it remains close
to ¢y in C! on the closure of D~ UDs. We then use the following partial hodograph
transformation:

(Y1,92) = (21, 22) = (@ — &, ¥2). (3.50)

+
Note that 9y, (¢4 — ¢y ) = % > 0 by using [B34), where (uy, us,) is the velocity

of the background subsonic state U;” and the fact that uy, = 0 has been used.
Since ¢ and ¢~ are close to qﬁg and ¢, in the C L_norm respectively, transformation
(B50) is invertible, so that y; is a function of z := (21, 22): y1 = p(2).

Let

MY (D¢, A, U™) = N' (D¢, A, B) + N*(D¢, A, B) 04

[¢y1] 7
2
22D, A,u7) = LDEAD),
[6y,]
and
— . _ 1 _ 22 _
M (D%%A»Z) = _Mz<ay1¢ (SDaZQ) + 90_’ 8y2¢ (SDaZQ) - i ,A,U (@322))

for i = 1,2. Then equation (341]) becomes

—1 —2

(M (Dgp,(p,A,z))Z1 + (M (Dgp,(p,A,z))Z2 =0. (3.51)

Note that

1
®=

1 —2 1 — —2 2 2 1 2 1 32
MtpleSOn o Z(M 2 + Mﬂozl) - [¢y1] (N¢y1N¢y2 o (N¢y2) ) > 07

which implies that Eq. (851 is uniformly elliptic, for any solution ¢ that is close
to ¢ (determined by B50) with ¢ = ¢) in the C'-norm.
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Under transform ([B.350]), the unknown shock-front S becomes a fixed boundary,
which is the zo-axis, where we have used that ¢ is close in C! to qﬁg in Ds and to
¢y in ﬁ in order to conclude that ¢ is Lipschitz across S from ([3:34) and then
that ¢ = ¢~ on S but ¢ # ¢~ in Ds\S. Along the zo-axis, condition (49) is now

g(DSD’ SO,Z) = §<ay1¢_ (SD’ 22) + (,OL 6y2¢_ (S0722) - Pz ) U_(S0722))

’
Z1 Z1

0 on {z; =0, 2z > 0}. (3.52)

We also convert condition (348]) into the z-coordinates: Along the zo-axis:

H(Dy,p, A, z)

1 2 _
= H(ay1¢7 (907 22) + 30_7 8y2¢7 (907 22) - i 7A7 U ((107 22)) =0.

zZ1 Z1

(3.53)

The condition on the z;-axis can be derived from ([B:44) as follows: Restricted
on zz = 0, the coordinate transformation (B50) becomes

21 = b(y1) — ¢—(y1,0).
Then y; can be expressed in terms of 21 as y; = 5(21) so that ¢(z1,0) = y1 becomes
©(21,0) = b(z1) on Ly := {22 =0, z, > 0}. (3.54)

Therefore, the original wedge problem has now been reduced to the following
problem on the first quadrant Q.

Problem 3.4 (Fixed Boundary Value Problem). Seek (p, A) such that ¢ is
a solution of the second-order nonlinear elliptic equation (BRI in the unbounded
domain Q with the boundary conditions B.52) and BE4), and such that (B5E3)
holds.

(3) Solution to the fixed boundary value problem — Problem 3.4l Through
the shock polar, we can determine the values of U at the origin so that A(0) is fixed,
depending on the values of U~ (0) and b'(0). Then, we solve (8.53)) to obtain a unique
solution A = h(z, ¢, D¢) that defines the iteration map.

This is achieved by the following fixed point argument. Consider a Banach space

X ={A: A®0)=0,[A4 % < oo}

La;(1+8);R*+
Then we define our iteration map J : X — X through the following.
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First, we define a smooth cutoff function x on [0, c0) such that

1 for0<s<1,
x(s) =
0 for s> 2.

Set
A(0) := t(w(0),1(0)) forw=U"—-Ug, (3.55)

where ¢ is a function determined by the Rankine-Hugoniot conditions (341)(B-48]).
Then we define w;(z2) as

wy(22) 1= A + (t(w(0),¥'(0)) — A ) x(22), (3.56)
where Af = irf

()7

Consider any A = A(z3) so that A — w; € X satisfying

—a);{0
14— AT o < Coe (3.57)

for some fixed constant Cy > 0. With this A, we solve Eq. B.51]) for ¢ = ¢4 in the
unbounded domain Q with the boundary conditions (352) and (B.54]), and with
the asymptotic condition ¢ — ¢> as x — oo, where the limit is understood in the
appropriate sense, ©*° is the solution of

21 = (0 = ¢7)(¢™, 22), (3.58)
with ¢ = u—?toyl + I(y2), and I(y2) is determined by the Bernoulli law ([B.38)), via
)

+o1
replacing ¢ and p by their asymptotic values ¢ and p>(y2) = (%) 7 and noting

that B = B(y2) is determined by the upstream state U . More specifically, we show
the existence of a solution ¢ of BAI)-B52) and (B54) in the set:

Ss={p:lle- <p°°||é_a1(_ﬁa()))% <6} for sufficiently small § > 0,

which is a compact and convex subset of the Banach space:

ooH(—l—O/);ﬁl

2,0‘/;(5/)0);(@ < OO} Wlth 0 < O/ < and 0 < ﬂ/ < ﬂ

B={¢:ll¢e—¢

For ¢ € %5, Eq. B&]) is uniformly elliptic if § > 0 is small. This allows us to
solve the problem for ¢ = ¢4 € 35 by the Schauder fixed-point theorem if the
perturbation is small, i.e. if £ is small in (357) and the conditions of Theorem [B1]
Then, with this ¢ = @4, we solve (B353) to obtain a unique A that defines the
iteration map J by J(A —w;) == A — w;.

Finally, by the implicit function theorem, we prove that J has a fixed point
A — wy, for which A satisfies (3.57]).

For more details for this approach, see [23[24]. This approach can also be applied
to ProblemB2[ST); see [I13] for the case when the wedge angle is sufficiently small.
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3.3. Approach 11 for Problem 3.2(ST) and Problem 3.2(WT)

We now describe the second approach, Approach II. It allows us to handle both
cases in Theorem Bt Problem B2(WT) and Problem B2(ST). In particular, for
Problem BZ2(WT), this approach yields a better asymptotic decay rate, as stated
in (324)).

It is convenient to rotate the x-coordinates clockwise by the wedge angle 0,, so
that the background downstream flow becomes horizontal, as discussed in the para-
graph before Theorem[3.Il We still use the same notations in the rotated coordinates
when no confusion arises; in particular, we write x = (z1,22) and u = (uy,u2) in
the rotated basis. Then, in the new coordinates,

% = —tanby, U, = (ujy, —ujptanby, py, po)s Ul = (ufy, 0, pd, pi).

(3.59)

0

0 V) ie up =u-12

Since the velocity components (u1, uz) are now in the basis (73, V3,

and up = u - VY, we see that, by (322,
U = (u1,p), U= (w,p) withw=% (3.60)

Ui

in the new coordinates. Furthermore, we obtain from (B13)) and 323) or (B25])
with small € that, in the rotated coordinates,

OW = {x €R? : x5 = byot(21), brot(0) = 0}, (3.61)

and function byt (1) satisfies the estimates in (3.63) or ([B.63) that follows, respec-
tively, with Ce instead of £ when ¢ is small, where C' depends only on b(-). For the
background solution, byet,0 = 0, i.e. OW) is the positive x-axis.

We construct a solution with a shock-front S expressed as (B.10]) in the rotated
coordinates with a function &(x1). The background shock is expressed as Sy :=
{za = do(x1) : 21 > 0} for 6o(x1) := Sox1, where 39 = tan(arctan sg — 6y,). Then
the subsonic region of the solution has the form:

Q={x€R? : byot(21) < 22 < 5(21), 21 > 0}. (3.62)

We can assume that the upstream steady supersonic smooth solution U~ (x) exists
in region O~ = {x : %“:1:1 < x9 < 28px1,x1 > 0}, beyond the background shock,
but is still close to Uj . Moreover, in part (i) of Theorem [BI] U is independent
of 1 and U = Z°° in the rotated coordinates.

More specifically, we establish the following theorem in the rotated coordinates.

Theorem 3.2 ([25]). Let (U ,Uy"), given by @53), be a constant transonic solu-
tion for the wedge angle 0y € (0,0%). There are positive constants a, 3,Cy, and ¢
depending only on the background states (Uy UJ) such that

(i) If (Uy ,U") corresponds to the state on arc TS and

_ _ —a;0
HU - UO H2,a;(1+5,0);9* + ||b;ot||§,a;(1)+g);R+ <g, (3-63)
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then there exist a solution (U,&) of Problem B2A(WT) and a function
U™ (22) = (u5°(22),0,p5, p™ (22))
so that Uy and Uy defined by B22) satisfy

0o ;0 ;0 a;0
107 — U1 o e + 102 = UK IS 5006 0™

:(148,0):Q
~ ~ —a;0 foe) —a;0
+ 116" = Follgasinsayr + IUF° = Uiblls o syo.c0)
— a;0
< CO(HU - UO H2 a;(143,0);Q2— + ”b ot”§ a;(l)Jrﬁ);R+)7 (364)

where US® = (ug®, p™).
(ii) If (Uy,Uy) corresponds to the state on arc TH, and

_ _ a—1;0
10~ = U5 ll2.asa.0p- + [iollseoiayime <& (3.65)

then there exists a solution (U, &) of ProblemB2(ST) so that Uy and Us defined
by B22) satisfy
1—a;0W) + | (=1=;0) (—1—;0)

( - -
U1 — U10||2 :(0,8):0 +|Us — U20||2,a;(g,0);g + HU/ - 50”27@;(5);R+

1—a;0
< Co(IU™ = Ug llz.astaria- + [1blosllS sy )- (3.66)

The solution (U,d) is unique within the class of solutions for each of Prob-
lem B2AWT) and Problem B2(ST) when the left-hand sides of (B24) for Prob-
lemB2(WT) and B28) for ProblemB2(ST) are less than Coe correspondingly.

Clearly, Theorem [B.1] follows from Theorem if ¢ is small so that, from the
estimates of ¢ in (3.64) or ([3.66]), the shock remains a graph of C! function: x5 =
o(x1) after rotating the coordinates back.

To prove Theorem B:2] we work in the Lagrangian coordinates ([B.Gl) defined
for the rotated coordinates x = (x1,232). Then, as in the previous case, using the
fact that the wedge boundary OW is a streamline due to the slip condition (15
on OW, we obtain that, in the present Lagrangian coordinates, OW becomes the
half-line:

El = {(y17y2) YL > anQ = 0}

The background shock-front Sy is now given by So = {y2 = s1y1,5y1 > 0} with
51 = pgufoéo. We can assume that, in the Lagrangian coordinates, the supersonic
solution U~ exists in domain D~ defined by B3I]). Shock S is given by y» =
&(y1) for y; > 0, where function ¢ differs from the one in Approach I because the
Lagrangian coordinates are now defined differently. The supersonic region D and
the subsonic region Dy of the solution are given by [B3.32) and ([B33)), respectively,
with the present function &.

We first present the existence and estimates of the solution in the Lagrangian
coordinates.
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Theorem 3.3. Let (U, US') be a constant transonic solution for the wedge angle
0w € (0,09). There are positive constants o, 3,Co, and & depending only on the
background states (U ,Uy") such that, if OW in B61) and U~ satisfy

(ii) @B63) for Problem B2(WT),
(ii) B68) for Problem B2(ST),

then there exist a transonic shock Sp = {y2 = &(y1), y1 > 0} and a subsonic
solution U = Ul(y) of BA)-BIQ) in Ds, satisfying the Rankine—Hugoniot con-
ditions BZ0)-B30) along Sp with U~ expressed in the Lagrangian coordinates
in D; and the slip condition wp, = b, as well as there exists a function
U (y2) = (u°(y2), 0,8, p=(y2)), such that Ul(y) satisfies the following estimates:

(i) For ProblemB2(WT),

oo ;L) ;0 1—o;Ly
10 = US| i oy, + 102 = Uslls i 0y ™)
~ —a;0 0 —a;0
+ll6" - 51”5@;(&-5)%* + U - Uf;)Hé ou(ll-ﬁ);R+
_ _ a;0
< Co(IlU™ = Ug Iy s 4 g.0pms + Ibol\ oty sy ); (3.67)

(ii) For Problem B2(ST),

o) 1—asLy) 1—a;0
10 = Uy ||2a(ﬁ0)}D> + |U2 - nga 50)%%
1—a;0) 1—o;0
+ |6’ _81”2a(ﬁ e U — OHga B)R)+
— 1—a;0
< Co(IU™ = Ug lgsasoymy + 1Brotll5 asgmyis ) (3.68)

where U (y2) = (u§°(y2), p° (y2))-

The solution U is unique within the class of solutions for each of Problem B2(WT)
and Problem B2(ST) when the left-hand sides of [BET) for Problem B2(WT) and
BE5]) for Problem B2(ST) are less than Coe correspondingly.

We remark that function U*°(y2) can be understood as the asymptotic limit of
U(y) as y1 — oo.

Now we describe the proof of Theorem [3.3] which is the main part of Approach
II. Rewrite system B7)-BI0) into the following nondivergence form for U =

(u,p,p) € R:

AU, +BU)U,, =0, (3.69)
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where
- ; ; LA
PU% pruy
_ P L P
AU) = pui puy pPPur |,
0 1 0 0
w" "y ¥ o
i (y=1p  (v—1)p?
1 )
2o~ 0 0
uy uy
puz P U2,
B(U) = ’LL% Ul uy .
0 0 1 0
0 0 0 0]

Solving det(AA — B) = 0 for A, we obtain four eigenvalues:
A1 =X2=0 (real),

cp ; . .

Aj = —m(cw + (=1)u1\/c® — ¢%i) for j =3,4 (complex),
where ¢ = y/u? + u3 < ¢ in the subsonic region and i = \/—1. The corresponding
left eigenvectors are

11 = (0,0,0, 1), 12 = (7PU1,U1,U2,71),

p(yp — pui) YpPus p Ypus

I34 = ( 3.4 , —(ug + ————) g4 — ————,
(v = 1)puy (v = Duy (v = 1)pus (v = Duy
% — U234, A3.4).

0
Then

(i) Multiplying Eq. (3:69) from the left by 1; leads to the same Eq. (8I0). This,
together with the Rankine—Hugoniot condition ([B.30), implies the Bernoulli
law (B35) to be held in both supersonic and subsonic domains, as well as
across the shock-front. Therefore, B(y2) can be computed from the upstream
flow U~. If up is a small perturbation of quO, then uwy > 0. Therefore, we can

solve (B38) for uy:

2(B — 22
u = GD7 ith w = 22, (3.70)

V14 w? uy
(ii) Multiplying system ([B.69) from the left by 1 also gives (B.30]).
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(iii) Multiplying Eq. (3:69) from the left by 13 and separating the real and imaginary
parts of the equation lead to the elliptic system:
Drw + hDp =0,

(3.71)
D]’LU - hDRp = O,

Zpu cpu1y/ c2—q?
where DR = 8y1 + )\Rc’)yz, D[ = /\183,2, /\R = —szu%, )\[ = 7@71@ y and
h— /2 —q2

cpu?

Therefore, system B.7)—(3.10) is decomposed into B.70)—-B. 7).

We solve this problem by iteration. Given U~ that is close to U as defined in
Theorem B3] we solve the problem for U in the Lagrangian coordinates. However,
since U is not known, we cannot directly solve Problem B2(WT) for U satisfy-
ing (B67), or Problem B2[ST) for U satisfying ([B.68]). Instead, we solve Problem
B2(ST) for U that is close to U,” as in (3.26), and Problem B2Z(WT) for U in
similar norms with appropriate growths, but using these norms in the Lagrangian
coordinates (more precisely, the z = (z1, z3)-coordinates defined by (B75) in what
follows). Note that these norms are weaker than the ones in ([B.67)) or (B:63]), respec-
tively; in particular, they do not determine any limit for Uy = (uy, p) as |y| — oo
within the subsonic region. On the other hand, these norms determine that (w, p)
have the limit: (0, pg ) at infinity within the subsonic region; this asymptotic con-
dition is sufficient to make the iteration problem well-defined (in fact, we use only
the asymptotic decay of w) and to obtain the existence and uniqueness for the iter-
ation problem. After the unique solution U of the problem stated in Theorem [B:3]is
obtained by iteration, we identify U;° = (p™°, u3°) and show the faster convergence
of (p,u1) to (p°°,us°), which lead to (B.G7) and (BEG8), respectively. Note that, in
the estimates discussed above, U — U (rather than U itself) lies in the weighted
spaces ([B21)). For this reason, it is convenient to perform the iteration in terms of

(SUl :Ul_Ul—i(_J’ 6U2:U2—U2—B, (56’2&—&0:&—81y1, (372)

where U; and U, are defined by (B:60]). Then, we follow the steps below to solve
this problem.

(1) Introduce a linear boundary value problem for the iteration. For a
given shock-front &, the subsonic domain D7 is fixed, depending on 6. We make the
coordinate transformation to transform the domain from D? to D, where D = D%
with 6¢(y2) = s1y1 is the domain corresponding to the background solution:

D= {y 0<y2 < Slyl} (373)
with 0D = £, U Lo, where
L1 ={(y1,y2) : 11 >0,y2=0}, Lo ={(y1,92) : y1 > 0,92 = s1y1}. (3.74)

This transformation is
y = W1,y2) — 2= (21,22) = (y1,92 — 66 (y1)), (3.75)

2230002-40



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

MD transonic shock waves and FBPs

where 66(y1) = 6(y1) — d0(y1). In the z-coordinates, £; corresponds to OW, and Lo
corresponds to 9S. Also, U(y) becomes Us(z) depending on &. Then the upstream
flow U~ involves an unknown variable explicitly depending on &:

U, (z) =U (21,22 + 6(21)), (3.76)

o

where U™ is the given upstream flow in the y-coordinates. Equations B71]) in D
in the z-coordinates are as follows:
BR’LU + hﬁ[p =0,
~ ~ (3.77)
D[’w — hDRp = 0,

where Dg = 0., + (Ag — 06”)d., and D; = A\;.,. Since Uy is a constant vector
and wy = 0, the same system holds for (§p, dw), where we have used notation
(B72). Moreover, since the iteration: (6U,dw) — (8U, ) is considered, we use
U := U 46U to determine the coefficients in B.77) and (65, 0w) for the unknown
functions. Thus, we have

Dré® + hD6p = 0,

_ _ (3.78)

D6 — hDpdp = 0.
We use system ([B78]) in D as a linear system for the iteration.

In the z-coordinates, the Rankine-Hugoniot conditions [B27)-330) keep the
same form, except that 6/ (y;) is replaced by ¢'(21) and U~ is replaced by U, along
line zo = s121. Among the four Rankine-Hugoniot conditions, (3:30) is used in the
Bernoulli law. From condition (3:29)), we have

&/(Zl) = [u[jj’}u] (Zl, 8121), (379)

which is used to update the shock-front later. Now, because of [B10), we can use
U = (w,p, p) as the unknown variables along z; = s121. Using ([B.79) to eliminate

&' in conditions (B27)-B.28)) gives

G1(U;,0) == [p] [;TJ + [w][uiw] = 0, (3.80)
Go(U;,U) == [p] [ul + p]%J + [pw][uiw] = 0, (3.81)

on Lo. We use conditions (80)-(BR1]) to define the linear conditions for the itera-
tion: U — U such that, at a fixed point U = U, these iteration conditions imply that
the original conditions ([B.80)—(B31) hold. Specifically, we define the conditions:

VoGi(Uy, UF) - 00 = VuGi(Uy, UF) - 60 — Gi(U5,T) on Ly (3.82)
for ¢ = 1,2, which can be written as

bil&b + blg(Sﬁ + blgéﬁ = gi(Ug, ﬁ) on £2, (383)
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where (bil,big,big) = VUG1<U0_a UJ) and
g:(U;,U):=VyGi(Uy,Uf) - 6U — G;(U;,U)  fori=1,2.

Since there are two conditions in [B.83]), i = 1,2, we can eliminate §p to obtain

oW + b16p =gz on Lo, (384)
where
b12bo3 — bogb b —b
by = 12023 22 137 g3 = 2391 1392 (3.85)
b11bag — b21b13 b11bag — b21b13
with

b11b23 — b21b13

. Py po (1 vpg >)
bl (s + i (G + ooy ~©
Note that the shock polar is a one-parameter curve determined by the Rankine—
Hugoniot conditions. If p is used as the parameter, by Eq. [8.84]), we obtain that
dw = —by16p + g3(dp), which shows that —b;dp is the linear term and g3(dp) is the
higher order term. We know from Fig. Bl that w(p) is decreasing in p on arc TH
and increasing on T'S. Therefore, it is easy to see that

by > 0 corresponds to the state on arc TH, by <0 to TS,
and b; = 0 at the tangent point 7T (3.86)

This difference in the sign of b; is the reason for the different rates of decay at
infinity and near the origin in the two different cases (i) and (ii) of Theorems 3]
and

DA

0

Fig. 3. The shock polar in the (w, p)-variables (cf. [25]).
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It can be checked that

+ YPg
bz = [po] < + ) < 0.
(Pg )2@0 (v = Dlpg ) (ug)?
Thus, condition ([B:83]) for ¢ = 1 can be rewritten as

5[) = g4 — bQCS’lZ) — b35[) on EQ, (387)

where g4 = bngs,bg Ib’i; and b3 = Zl;ﬁ'

We note that conditions B84)-B.8T) are equivalent to conditions (F83]) for
i = 1,2. The boundary condition on £; comes from the slip condition (BI5) on
OW. Specifically, using 315 and (B61), we obtain that w = b, on OW. Then, in
the z-coordinates, this must hold on £;. Also, for the background solution, b,o; = 0
by B%61). Then, we prescribe

dw="bl,, on L. (3.88)

(2) Design the iteration map Q and prove the existence of a fixed point
for Q. We perform the iteration in terms of dUy, kK = 1,2, and 66 as defined by
B2), in the z-coordinates defined in (B75). In fact, for &, we only need &’ since
&(0) = 0, i.e. the shock is attached to the wedge vertex. Note also that 66" = ' —s;.
We thus denote V = (Uy, Uy, 66") and perform the following iteration: 6V — §V.
For a given §V, we determine V := §V + V. Then we find V by solving the linear
system (B78)) in D with the boundary conditions ([B.84]) and ([3.8])), to determine
(w,p) and then determine w; from B70) and p from (B30) (which holds in the
z-coordinates without change), and the boundary condition ([3.87). The final step
is to use solution (du1,dp,dw,dp) and U, defined by [B.7Z6) on the right-hand side
of B9) to update §6’. This defines the iteration map Q from V to V, except that
we discuss in what follows how the boundary value problem for (B78) with the
boundary conditions (B:84]) and ([B.88)) is solved in D.

As we discussed above, we perform the iteration in the spaces from [B.68]) for
Problem[B2|(ST) and similar norms with appropriate growths for ProblemB2(WT),
expressed in the z-coordinates ([B.70). We focus below on the case of Problem
B2(WT), since the other case is similar.

For 7 > 0, define

T a; L 1=y L
21 = {U HU||20¢(011)+5)]D>+ ||’UZI||2a(1+lﬁ)1)D < }7
T a;0 1—a;L4) - ;0
S5 ={v ol st < mh By ={v s IS gy < T (3:89)

X7 ={(0U4,6Us,86") : 6Uy € X7 x X7, §Uz € ¥ x X7, 66" € ¥}
The condition on v,, in 37 is added for technical reasons.
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It remains to discuss how we find (61, 5p) € %5°° x %50 that solves B78) in
D with the boundary conditions (3.84)) and (3.88)). From system (B.78]), we obtain

 Ap—0d6 (Ar —06")2 + A2,
I PR Viouy -
(0D)2y = *h—/\l((sw)zl - T(&U)Q- (3.91)

Now, differentiating and subtracting the equations, we eliminate dp to obtain a
second-order PDE for dw of the form

2

> (aij (69)2,)=, =0, (3.92)

i,j=1

where the coefficients are computed explicitly from B90)—-(39T)). Note that, at the
subsonic background solution ([3.59]), we have

Aro =0, Aro>0, ho>0,

where the left-hand sides are constants and d6g = 0. Then, computing the coeffi-
cients at the background solution, Eq. (8:92]) becomes

1 N -
/\_I()((Sw)ZIZI + AIO(aw)Z2Z2 =0,

that is, the equation is uniformly elliptic. Then, for the coefficients computed at
(ULl + 86U, Usy + 06Uz, 56") for (6Uy,8Us, 66") € X%, Eq. [B02) is uniformly ellip-
tic if  is small. This allows us to obtain the unique solution 6 € £5°¢ of (B02) in D
with the boundary conditions ([Z84) and (388). Note that the inclusion dw € £°°
involves the asymptotic condition at infinity, which makes the boundary value prob-
lem well-defined and allows us to prove the uniqueness. After dw is determined, we
determine dp by the zo-integration from (B9 with the initial condition (B34,
where it can be shown that b; # 0. Then we show that dp € 25‘)5. This completes
the definition of the iteration map.

The iteration set for Problem BZ(WT) is X¢¢. We first show that Q(X¢) C
¥.C0¢ when ¢ is small, and then obtain a fixed point by the Schauder fixed-point
theorem, via showing that ¥¢°¢ is a compact subset in the Banach space defined
by replacing « via o’ € (0, @) in the norms used in the definition of X7 and showing
that map @ is continuous in this norm.

(3) Asymptotic limit of the fixed point in the y-coordinates. Let
(8U1,8Uy,86") € £¢°¢ be a fixed point of the iteration map, and let (U, Us,6") =
(U + 60U, Uspy + 8Us, 66”).

We change from the z— to y-coordinates by inverting (B.75])
z:=(z1,22) =y = (y1,y2) = (21, 22 + 06(21)).
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Since d6' € Egoa, then both [B75) and its inverse are close to the identity map
in 02%(Ds;R?) and C%%(D;R?), respectively. Then it follows that, in the y-
coordinates, (6Uy,0Us, 66") € $2C0¢ if ¢ is small, where

T —a; L 11— L

21 = {U : HU”;Q;(O»ll)Jrﬁ);Da + ”Uh”é,a;(lJrlﬁ),l);]D)& < T}7

T —a;0)(—1—a L

85 = {v s ol el o < b, (3.93)

ST = {(6U1,0U,06") : 6U, € ] x X7, Uy € B3 x B3, 66" € X3}

In particular, this leads to the estimates of the second and third terms on the
left-hand side of (B.67)).

Note that, if v € X3, then v — 0 as |y| — oo in D, with decay rate [y|~(#+1).
However, for v € ¥7, no asymptotic limit as |y| — oo in Dy is defined.

Then, from @E59)-(B60), it follows that Us = (w,p) — (0,pg) as [y| — oo in
D; however, for Uy = (uy, p), the limit is not determined by space X7, and (uq, p)
does not converge to (ujy, pd ) in general, as we see in what follows. Thus, we have
to determine the limiting profiles (u$°(y2), p°°(y2))-

To determine p™(ys2), we first obtain B30) from B7)—(EI0), which implies
B31). Since 5(y1) is determined, then A(y2) in (B37) is determined by the
upstream state U~ (y) from the Rankine-Hugoniot conditions (B27)—(330). Then,
noting that p — pg°, we obtain formally
+o\ Y
0 ) as |y| — oo in Ds.

o v [P
p— p>(y2) = <A(y2)

Similarly, we use ([B.70) to obtain

+
ur — ui®(y2) = \/2<B(y2) - ”%) as [y| — oo in Dj.

Defining U (y2) = (u$°(y2), 0, pa , p°>°(y2)), we can show that the estimates of the
first and the last terms on the left-hand side of (3.67]) hold. This completes the
argument for case (i) of Theorem

Case (ii) is handled similarly. Note that the slower decay at infinity for case (ii),
i.e. |y|=?, is from the elliptic estimates, even if the faster decay at infinity in (3.25)
is required. The reason for the difference in the rates for cases (i) and (ii) is (B.86).

(4) Return to the x-coordinates. We obtain Theorem B2ldirectly from Theorem
by changing the coordinates. Recall that, when the Lagrangian coordinates are
defined for Theorem B3] we have used the rotated coordinates x in [B6]); see the
discussion in the paragraph before Theorem

From the estimates in Theorem [B.3] it follows that, in the Lagrangian coordi-
nates, |U — Uy | < Ce in Ds, where C depends only on (U; ", Uy"). Thus, the same is

2230002-45



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

G.-Q. G. Chen & M. Feldman

true in the x-coordinates in 2. Then it follows from B.E)-(B.0) and (3.59) for posi-
tive ujy, and p{ that the change of coordinates x — y given by (B.6)) is bi-Lipschitz.

Then ([B.66]) follows from ([B.G8]) directly.
Similarly, the estimates of the second and third terms on the left-hand side of

B54) follow from (B67)) directly. In order to obtain the estimates of the remaining
terms on the left-hand side of ([B.64]), we need to identify U (x2).

Note that, on shock S, using ([B.6]) and the estimate of the third term on the
left-hand side of ([B.64]), we see that, for small ¢,

Orsth = pu-vs > puf -vs, — Ce > %pua' ‘vs, > 0.
Recall also that ¢(0) = 0 by (&H). Then, for each ya > 0, there exists a unique
X (yg) = (2% (y2), 28 (y2)) € S such that ¥ (x"(y2)) = yo and

||Xin||02,a([0,oo)) <C, (x™) >C"1>0 on]0,00).
From this and &3)), it follows that, for each yo > 0,

QN {x : p(x) =y} = {(z1,25(z1592)) : 31 > 2 (32)},

where 23 (+; y2) is the solution of the initial value problem for the differential equa-
tion:
Oy 5 (715 2) = wlzy, 23(1592)),
v o (3.94)
w3 (1 (v2); y2) = 23 (2),

where w = 2 (cf. (8.60)). Since we have obtained the estimate of the second term
on the left-hand side of ([B24]), using (3.59), we have

|DFw(x)| < Coe(1 +[x))"'7 inQ, fork=0,1,2. (3.95)

In particular, for each yo > 0 and £ =0,1,2,

/. |DRw(xy, 23 (21;y2))|de; < Coe/ (1+z) 17 Pda; < Ce. (3.96)
=" (y2) 0
Applying this with k& = 1, we conclude that lim,, . 25(z1;y2) exists for each
y2 > 0, which is denoted as 25°(ya2).

Recall the structure of Q in [B.62), where byot(z1) — 0 and 6(x1) — oo as
21 — oo by [B63) and the estimate of the third term in (3.64]). Differentiating
@) twice with respect to y» and using the C?-estimate of x* and (B30, we
obtain that ||25(21; ) [|c2((bye; (21),5(1))) < C for each z; > 0. From this, we have

x5(21;-) — 25°(-) in C* on compact subsets on [0, 00) as z1 — oo, (3.97)

with [[25°[|¢2(j0,00)) < C. Also, by a similar argument, using the C?%“_regularity
of x' and the estimate of w in the second term in (B:64), we obtain that x5° €
C2([0,00)).
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Furthermore, for the background solution, the potential functions v, of Uy,
e of Uy, and vy of the transonic shock solution (U, ,U") in {z1 > 0,
x9 > 0} are as follows:

Yo (x) = pg ugg(er — zatanby), ¥f (x) = pgufpzs,

Py (x)  if zo < Sy,
Po(x) =
’L/JSL(X) if 2o > sxy,
by using ([B59), where vy is Lipschitz. Then, estimating ¢ — ¢ in Q~ via (363)
(where the polynomial decay is of degree —(1 + ) so that the calculations similar
to (B396]) can be used) and using the Rankine-Hugoniot conditions on S, we obtain

(™) = (x")'] < Ce o [0,00),
where xI'(y2) = #(1,50) that is the corresponding function x™ of the back-
0 10
ground solution.

Denote by x5 (z1;y2) the corresponding function x3(x1;y2) of the background
solution. Then

xao(x15Y2) = % on r1 > % for each yo > 0.
Po U1p Po U1050

Thus, 25, (x1; y2) is independent of 1, so that x5 (x1;y2) = 255 (y2). Then, denoting
9(z13y2) = 25(213Y2) — T30 (Y2),

we see that g satisfies
0z, 9(z15y2) = w(z1, 25(T15Y2)),

lg(21 (y2); y2)| < Ce.

From this and @006)-@B37), we obtain that [(x5°)" — (255)'| < Ce, where
(235) (y2) = (239)"(y2) = p+1 —. Therefore, we have
0 Y10

(3.98)

oo/

(x2 ) 2 2/)6’_“1’_0 on [0,00),
if € is small. In particular, noting that 25°(0) = 0 since OW is a streamline corre-
sponding to ¥ = 0 and lim,, o brot(21) = 0 by B63), we obtain x5°([0,0)) =
[0,00). Then there exists the inverse function y3 : [0,00) — [0,00) to 25°(-) such
that y3 € C%*([0,00)) with y3(0) =0 and (y3)’ > & > 0.

Finally, defining U (z2) = U (y3(x2)), we obtain ([B.64) from BLT).

For more details, see [25].

Remark 3.1. For the global stability of weak transonic shocks for the 3D wedge
problem, see [206] 28]; also see the instability phenomenon for strong transonic shocks
for the 3D wedge problem in [77]. For the global stability of conical shocks for the

MD conic problem, see [27] for the transonic shock case and [38, 49, [82] for the
supersonic shock case.
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4. Two-Dimensional Transonic Shocks and Free Boundary Problems
for the Self-Similar Euler Equations for Potential Flow

In Secs. Bland B we have discussed the free boundary problems for steady transonic
shock solutions of the compressible Euler equations. Now we discuss free boundary
problems for time-dependent solutions.

Time-dependent solutions with shocks of the Cauchy problem for the compress-
ible Euler system may exhibit non-uniqueness in general; see [50, [7T] and the ref-
erences cited therein. On the other hand, many fundamental physical phenomena,
including shock reflection/diffraction, are determined by the time-dependent solu-
tions of self-similar structure; moreover, the uniqueness can be established in a
carefully chosen class of self-similar solutions with shocks. In this section, we focus
on this case; more precisely, we describe transonic shocks and free boundary prob-
lems for self-similar shock reflection/diffraction for the Euler equations for potential
flow.

The 2D compressible potential flow is governed by the conservation law of mass
and the Bernoulli law for the density function p and the velocity potential @ (i.e.
u=Vao):

Aip + Vs - (pVx®) = 0, (4.1)
1
0® + 5|Vx®|* + h(p) = B (4.2)

for t € RT := (0,00) and x € R?, where B is the Bernoulli constant, and h(p) is
given by

y—1 _
h(p) d for the adiabatic exponent v > 1. (4.3)
5 -
By (@2)-3), p can be expressed as
1
P(0:2,Vx®) = h™ (B = 0@ — 5|Vx®[). (4.4)

Then system (I)—-([£2) can be rewritten as the following second-order nonlinear
wave equation:

0ip(0;®, V®) + Vs - (p(0:D, V5 @)V ®) = 0 (4.5)

with p(0;®, Vx®) determined by (£4]).
Note that Eq. (@) is invariant under the self-similar scaling

liiJ
(t,x) — (at,ax), P& — — for a#0, (4.6)
o
and thus it admits self-similar solutions in the form of
B(t,x) = to(€) for & = ? (4.7)

Then, the pseudo-potential function
1
ol&) = 9(6) — 5l
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satisfies the following equation:

div(p(|De|?, ) D) + 2p(|Dpl*, ) =0 (4.8)
for

pIDoP ) = (Bo = (1) (5106 +0)) (49)

where By = (v — 1)B + 1, and the divergence div and gradient D are with respect
to & € R2.
Equation (48] written in the non-divergence form is

(C2 - S0?1)(105151 - 290519052905152 + (C2 - 90?2)905252 + 2¢° — |D(p|2 =0, (4'10)
where the sonic speed ¢ = ¢(|Dy|?, ) is determined by

(Dol o) = 51 1De ) = Bo— (= 1) (3IDe +0). ()

Another form of (£I0), which uses both the potential ¢ and the pseudo-potential
®, is
<C2 - (pg1)¢51§1 - 29051 (23 ¢€1§2 + (C2 - (pgg)¢€2€2 =0. (4'12)

Equation (L8] is a nonlinear PDE of mixed elliptic-hyperbolic type. It is elliptic
at £ if and only if

Dl < c(IDgf, ) at &, (4.13)

and is hyperbolic if the opposite inequality holds. This can be seen more clearly
from the rotational invariance of (10, by fixing € and choosing coordinates ({1, &2)
so that & is along the direction of Dp(&).

Moreover, from (@I0)-@IIl), Eq. (@8] satisfies the Galilean invariance prop-
erty: If ¢(€) is a solution, then its shift p(& — &) for any constant vector & is also
a solution. Furthermore, p(&) + const. is a solution of (L8] with adjusted constant
B correspondingly in ([£9) and (£11)).

One class of solutions of (@8] is that of constant states that are the solutions
with constant velocity v € R2. This implies that the pseudo-potential of a constant
state satisfies Dy = v — £ so that

ol€) = —3 el +v £+ C, (114)

where C is a constant. For such ¢, the expressions in (£9) and (@IT]) imply that
the density and sonic speed are positive constants p and ¢, i.e. independent of &.
Then, from (24) and (14, the ellipticity condition for the constant state is

€ —v| < e

Thus, for a constant state v, Eq. ([&38) is elliptic inside the sonic circle, with center
v and radius ¢, and hyperbolic outside this circle.
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We also note that, if density p is a constant, then the solution is a constant
state; that is, the corresponding pseudo-potential ¢ is of form (@I4]).

Since the problem involves transonic shocks, we have to consider weak solutions
of Eq. ([@8), which admit shocks. As in [33], the weak solutions are defined in the
distributional sense in a domain A in the £&—coordinates.

Definition 4.1. A function ¢ € VVlicl(A) is called a weak solution of (L) if
(i) Bo— (v = 1)(51D¢l> +¢) > 0 ae. in A,

(ii) (p(ID¢l?, 0), p(IDp]?, )| D) € (Li,.(A))?,
(iii) For every ¢ € C°(A),

/A (p(1Dol%, ) Do - D¢ — 2p(|Dp[2, )C)dE = 0. (4.15)

A shock is a curve across which D is discontinuous. If A* and A~ (:= A\A¥)
are two nonempty open subsets of a domain A € R? and S := AT NAis a
C'-curve where Dy has a jump, then ¢ € C'(AT US) N C?(AT) is a global weak
solution of @X) in A if and only if ¢ is in W™ (A) and satisfies Eq. @S) and the
Rankine-Hugoniot condition on S:

p(ID¢I?, ) D - vlasns = p(ID¢l, 9) Do - v|a- s (4.16)
Note that the condition ¢ € W,°(A) requires that

PA+NS = PA-NS> (4-17)

which is consistent with curl(Dy) = 0 in the distributional sense.

A piecewise smooth solution with the discontinuities is called an entropy solution
of ([A3) if it satisfies the entropy condition: density p increases in the pseudo-flow
direction of Dpp+ns across any discontinuity. Then such a discontinuity is called a
shock.

4.1. The von Neumann problem for shock reflection—diffraction

We now describe the von Neumann problem for shock reflection—diffraction, pro-
posed for mathematical analysis first in [I06HI08]. When a vertical planar shock
perpendicular to the flow direction z; and separating two uniform states (0) and
(1), with constant velocities ug = (0,0) and u; = (u3,0) and constant densities
po < p1 (state (0) is ahead or to the right of the shock, and state (1) is behind the
shock), hits a symmetric wedge:

W= {(z1,22) : 22| < x1 tanby,z1 > 0}

head-on at time ¢t = 0, a reflection—diffraction process takes place when ¢ > 0. Then
a fundamental question is what types of wave patterns of reflection—diffraction
configurations may be formed around the wedge. The complexity of reflection—
diffraction configurations was first reported by Mach [90] in 1878, who first observed
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Incident Shock

P, Py

Fig. 4. Supersonic regular shock reflection—diffraction configuration.

Incident Shock

P Ps

Fig. 5. Subsonic regular shock reflection—diffraction configuration.

two patterns of reflection—diffraction configurations: Regular reflection (two-shock
configuration; see e.g. Figs. @HA]) and Mach reflection (three-shock/one-vortex-sheet
configuration); also see 8,35, 52} [104]. The issues remained dormant until the 1940s
when John von Neumann [I06HIOS|, as well as other mathematical/experimental
scientists (cf. [8, B3] 52] 63, 104] and the references cited therein), began exten-
sive research into all aspects of shock reflection—diffraction phenomena, due to its
importance in applications. It has been found that the situations are much more
complicated than what Mach originally observed: The Mach reflection can be fur-
ther divided into more specific sub-patterns, and various other patterns of shock
reflection—diffraction configurations may occur such as the double Mach reflection,
the von Neumann reflection, and the Guderley reflection; see [8], 5], [52], (63, [65] [T04]
and the references cited therein. Then the fundamental scientific issues include:

(i) Structures of the shock reflection—diffraction configurations.

2230002-51



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

G.-Q. G. Chen & M. Feldman

(ii) Transition criteria among the different patterns of shock reflection—diffraction
configurations.

(iii) Dependence of the patterns upon the physical parameters such as the wedge
angle 6y, the incident-shock-wave Mach number, and the adiabatic exponent
v > 1.

In particular, several transition criteria among the different patterns of shock
reflection—diffraction configurations have been proposed, including the sonic con-
jecture and the detachment conjecture by von Neumann [T06H108].

A careful asymptotic analysis has been made for various reflection—diffraction
configurations in [67H69] B3] [84] [04], and the references cited therein; also see [63].
Large or small scale numerical simulations have been also performed; cf. [8] 63 [TT1]
and the references cited therein. However, most of the fundamental issues for
shock reflection—diffraction phenomena have not been understood, especially the
global structure and transition between the different patterns of shock reflection—
diffraction configurations. This is partially because physical and numerical exper-
iments are hampered by many difficulties and have not yielded clear transition
criteria between the different patterns. In particular, numerical dissipation or phys-
ical viscosity smear the shocks and cause boundary layers that interact with the
reflection—diffraction patterns and can cause spurious Mach steams; cf. [TT1]. Fur-
thermore, some different patterns occur when the wedge angles are only fractions of
a degree apart, a resolution as yet unreachable even by sophisticated experiments
(cf. [8,89]). For this reason, it is impossible to distinguish experimentally between
the sonic and detachment criteria clearly, as pointed out in [8]. In this regard, the
necessary approach to understand fully the shock reflection—diffraction phenomena,
especially the transition criteria, is via rigorous mathematical analysis. To achieve
this, it is essential to formulate the shock reflection—diffraction problem as a free
boundary problem and establish the global existence, regularity, and structural
stability of its solution.

Mathematically, the shock reflection—diffraction problem is a 2D lateral Riemann
problem in domain R2\W.

Problem 4.1 (Two-Dimensional Lateral Riemann Problem). Piecewise
constant initial data, consisting of state (0) with velocity ug = (0,0) on {z1 > 0}\W
and state (1) with velocity uy = (uy,0) on {x1 < 0} connected by a shock at 1 = 0,
are prescribed at t = 0. Seek a solution of the Euler system ([EI)-E2) fort > 0
subject to these initial data and the boundary condition V® -v =0 on OW.

In order to define the notion of weak solutions of Problem [£.]], it is noted that
the boundary condition can be written as pV® - v = 0 on 0W, which is spatial
conormal to Eq. (£H). Then we have

Definition 4.2 (Weak Solutions of Problem [4.1]). A function ® € Wlicl (Ry x
(R?2\W)) is called a weak solution of Problem Il if ® satisfies the following
properties:
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B — (0@ + 3|V ®|2) > h(0+) ace. in R x (R2\IV).
(ii) For p(0:®, Vx®) determined by (@4,

(p(0:®, [ Vx®[*), p(0:®, [Vx®[*)| V@) € (Lioe (R4 x RE\W))?.
(iii) For every ¢ € C°(R x R?),

[ [ (090 + p(0r. 90 Ve - V) dxa
0 JrR:u\W

[ b0 x)ax =
R2\ W

where

po for |za] > x1 tanfy and x1 > 0,
pli=o =
p1 for xp <O.

Remark 4.3. Since ¢ does not need to be zero on JA, the integral identity in
Definition [£2is a weak form of Eq. (@A) and the boundary condition pV® - v =0
on OW.

Remark 4.4. A weak solution is called an entropy solution if it satisfies the entropy
condition that is consistent with the second law of thermodynamics (cf. [35] (2]
[53, [73]). In particular, a piecewise smooth solution is an entropy solution if the
discontinuities are all shocks.

Note that Problem [Ilis invariant under scaling ([£8]), so it admits self-similar
solutions determined by Eqs. (8] with (£3]), along with the appropriate boundary
conditions, through [{@7). We now show how such solutions in self-similar coordi-
nates & = (£1,&2) = ¥ can be constructed.

First, by the symmetry of the problem with respect to the &;-axis, we consider
only the upper half-plane {€&» > 0} and prescribe the boundary condition: ¢, = 0
on the symmetry line {{2 = 0}. Note that state (1) satisfies this condition. Then
Problem [ T]is reformulated as a boundary value problem in the unbounded domain:

A=RI\{¢ : [&] < & tanby, & > 0}

in the self-similar coordinates € = (&1, &2), where R2 := R?*N{& > 0}. The incident
shock in the self-similar coordinates is the half-line Sy = {£; = £9} N A, where

2(c? — @) prug
& = L= , 4.18
NG DE - 418

which is determined by the Rankine-Hugoniot conditions between states (0) and (1)
on Sy. Then, Problem [A] for self-similar solutions becomes the following problem:

Problem 4.2 (Boundary Value Problem). Seek a solution ¢ of Egs. [@L38)-
E3) in the self-similar domain A with the slip boundary condition Dy - v|gpn = 0
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and the asymptotic boundary condition at infinity:

o for & > &), & > & tanb,,
o—p= uhen |¢] — o,

p1 for& <&, & >0,

where po = — %€ and p1 = —3[€]* + u1 (& — &Y).

A weak solution of Problem is obtained by the following modification of
Definition It (@I5)) is now required to hold for all ¢ € C°(R?). As discussed in
Remark 3] with such a choice of function ¢, the integral identity (ZIH) includes
both Eq. ([£38) and the boundary condition of conormal form: pDy-v = 0 on OA. A
weak solution is called entropy solution if it satisfies the entropy condition: density
p increases in the pseudo-flow direction of Dy|s+ns across any discontinuity curve
(i.e. shock).

Now we describe the more detailed structure of the regular reflection—diffraction
configurations as shown in Figs. @HAl If a solution has one of the regular shock
reflection—diffraction configurations, and if its pseudo-potential ¢ is C! in the sub-
region ) between the wedge and the reflected shock, then, at Py, it should satisfy
both the slip boundary condition on the wedge and the Rankine-Hugoniot condi-
tions with state (1) across the flat shock S; = {¢1 = @2}, which passes through
point Py where the incident shock meets the wedge boundary. Define the uniform
state (2) with pseudo-potential @5 (&) such that

p2(Po) = p(Po), Dya(Po) = lim  Dp(P).
PPy, PEQ

Then the constant density ps of state (2) is equal to p(|Dyp|?, ¢)(P) defined by
E3):
p2 = p(|Dp2l*, 02)(Po).

From the properties of ¢ discussed above, it follows that Do - v = 0 on the wedge
boundary and the Rankine-Hugoniot conditions (@I6)—(ZI7) hold on the flat shock
S1 = {1 = p2} between states (1) and (2), which passes through Py. In particular,
o satisfies the following three conditions at Py:

Do vy =0, @2=01, p(|Dp2|?,p2)Dps-vs, = p1Dg1 - vs,,

for vs, = (pE=2, (4.19)

where v, is the outward normal to the wedge boundary.

The entropy solution ¢, correspondingly state (2), can be either supersonic or
subsonic at Fy. This determines the supersonic or subsonic type of regular shock
reflection—diffraction configurations. The regular reflection solution in the super-
sonic region is expected to consist of the constant states separated by straight
shocks (cf. [99] Theorem 4.1]). Then, when state (2) is supersonic at Py, it can
be shown that the constant state (2), extended up to arc PPy of the sonic cir-
cle of state (2) between the wall and the straight shock PyPy C S separating it
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from state (1), as shown in Fig. [ satisfies Eq. (£8)) in the region, the Rankine-
Hugoniot condition (AI0)—-({IT) on the straight shock Py Py, and the slip boundary
condition: Dy - vy, = 0 on the wedge Py Py, and is expected to be a part of the reg-
ular shock reflection—diffraction configuration. Then the supersonic regular shock
reflection—diffraction configuration in Fig. [4] consists of three uniform states (0),
(1), (2), and a non-uniform state in domain Q = P; P,P; Py, where Eq. (L8) is
elliptic. The reflected shock PyP; P> has a straight part PyP;. The elliptic domain
Q is separated from the hyperbolic region Py Py P, of state (2) by the sonic arc P, P,
which lies on the sonic circle of state (2), and the ellipticity in {2 degenerates on
the sonic arc Py P;. The subsonic regular shock reflection—diffraction configuration
as shown in Fig. [l consists of two uniform states (0) and (1), and a non-uniform
state in domain Q = Py P, P3 where the equation is elliptic, and ¢ o(FPo) = @2(Fo)
and D(gja)(Fo) = D2 (Fo).

For the supersonic regular shock reflection—diffraction configurations in Fig. [
we use I'sonic, I'shock, 'wedge, and I'sym for the sonic arc Py Py, the curved part of the
reflected shock Py P», the wedge boundary P3P, and the symmetry line segment
P> Ps, respectively.

For the subsonic regular shock reflection—diffraction configurations in Fig. [B]
Pshocks I'wedge, and I'sym denote Py P, PyPs, and P, Ps, respectively. We unify the
notations with the supersonic reflection case by introducing points P; and P, for
the subsonic reflection case as

Py =Py, Pi:=PF, Tenic:={P} (4.20)

5 is called normal reflection. In this case,

the incident shock normally reflects from the flat wall; see Fig. [l The reflected
shock is also a plane {&; = &}, where & < 0.
From the discussion above, it follows that a necessary condition for the existence

The corresponding solution for 6, =

of a regular reflection solution is the existence of the uniform state (2) with
pseudo-potential ¢, determined by the boundary condition Dys - v = 0 on the

&2 A
Reflected Location of
shock (2 ) ? incident shock
/
/
e -
R
3o < —
SoF —
=
/
(1) =
/
/
/
-
/
L >
& 0 & &1

Fig. 6. Normal reflection configuration (cf. [35]).
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wedge and the Rankine-Hugoniot conditions (AI6)-IT) across the flat shock
S1 = {p1 = @2} separating it from state (1), and satisfying the entropy condi-
tion pa > p1. These conditions lead to the system of algebraic equations (@I9) for
the constant velocity us and density ps of state (2). System (ZI9) has solutions
for some but not all of the wedge angles. More specifically, for any fixed densities
0 < po < p1 of states (0) and (1), there exist a sonic angle 63, and a detachment
angle 69 satisfying

™

0<0$<0§V<2

such that the algebraic system (ZI9) has two solutions for each 6, € (#%, ), which

wr 92
become equal when 6y, = 63. Thus, for each 6, € (6, %), there exist two states
(2), called weak and strong, with densities py°* < p5"°"%. The weak state (2) is
supersonic at the reflection point Py(y) for 6y, € (65, 5 ), sonic for 6, = 65, and

subsonic for 6, € (62,65 for some 6%, € (64,63 ]. The strong state (2) is subsonic

at Po(by) for all 0y, € (65, F).

There had been a long debate to determine which of the two states (2) for
fw € (63,%), weak or strong, is physical for the local theory; see [8| [35, 52] and
the references cited therein. It was conjectured that the strong shock reflection—
diffraction configuration would be non-physical; indeed, it is shown in [33] [35]
that the weak shock reflection—diffraction configuration tends to the unique nor-
mal reflection in Fig.[G but the strong reflection—diffraction configuration does not,
when the wedge angle fy, tends to 7. The entropy condition and the definition
of weak and strong states (2) imply that 0 < p; < p§ea* < p5"°"® which shows
that the strength of the corresponding reflected shock near Py in the weak shock
reflection—diffraction configuration is relatively weak, compared to the other shock
given by the strong state (2).

If the weak state (2) is supersonic, the propagation speeds of the solution are
finite, and state (2) is completely determined by the local information: state (1),
state (0), and the location of point Py. That is, any information from the reflection—
diffraction region, particularly the disturbance at corner Ps, cannot travel towards
the reflection point Py. However, if it is subsonic, the information can reach P,
and interact with it, potentially altering the subsonic reflection—diffraction con-

figuration. This argument motivated the following conjecture by von Neumann

in [106, [107).

The Sonic Conjecture: There exists a supersonic reqular shock reflection—
diffraction configuration when 6y, € (6 ) for 63 > 0. That is, the supersonicity

s T
w2
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of the weak state (2) implies the existence of a supersonic reqular reflection solution,
as shown in Fig. [

Another conjecture is that the global regular shock reflection—diffraction con-
figuration is possible whenever the local regular reflection at the reflection point is
possible.

The von Neumann Detachment Conjecture: There exists a reqular shock
reflection—diffraction configuration for any wedge angle 0y, € (6%, %). That is, the
existence of state (2) implies the existence of a reqular reflection solution, as shown
in Figs. [H5l

It is clear that the supersonic/subsonic regular shock reflection—diffraction con-
figurations are not possible without a local two-shock configuration at the reflection
point on the wedge, so the detachment conjecture is the weakest possible criterion
for the existence of supersonic/subsonic regular shock reflection—diffraction config-
urations.

From now on, for the given wedge angle 6, € (6%, %), state (2) represents
the unique weak state (2) and 9 is its pseudo-potential. We now show how the
solutions of regular shock reflection—diffraction configurations can be constructed.
This provides a solution to the von Neumann conjectures for potential flow. Note
that state (2) is obtained from the algebraic conditions described above, which
determine line &; and the sonic arc Py Py, when state (2) is supersonic at Py, and
the slope of Tshock at Py (arc Py Py on the boundary of € becomes a corner point Fp)
when state (2) is subsonic at Py. Thus, the unknowns are domain  (or equivalently,
the curved part of the reflected shock T'spock) and the pseudo-potential ¢ in Q. Then,
from ([@I6)—(@IT), in order to construct a solution of Problem 2] of the supersonic
or subsonic regular shock reflection—diffraction configuration, it suffices to solve the
following problem.

Problem 4.3 (Free Boundary Problem). For 6, € (6%,%), find a free bound-
ary (curved reflected shock) Tshock € AN{& < &1p, } (Dshock = PLPe in Fig. l and
Fihock = PoPs in Fig. B) and a function ¢ defined in region Q0 as shown in Figs.

EHE] such that

(i) Equation [E8) is satisfied in Q, and the equation is strictly elliptic for ¢ in
Q\Fsonim
(il) ¢ =1 and pDy - vs = p1 D1 - vs on the free boundary Typock,

(iil) ¢ = 2 and Dy = Dy on Py Py in the supersonic case as shown in Fig. [ and
at Py in the subsonic case as shown in Fig. d
(iv) Dy - vy =0 on I'yedge, and Dy - Vgym = 0 on Tsym,

where Vg, Uy, and Vsym are the interior unit normals to € on I'shock, I'wedge, and
Dsym, respectively.

2230002-57



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

G.-Q. G. Chen & M. Feldman

Indeed, if ¢ is a solution of Problem [1.3] we define its extension from 2 to A by
setting

o for & > &) and & > & tanfy,
p=1< ¢ for& <& and above curve PyPy P, (4.21)
w9 in region Py P Py,

where we have used the notational convention ([{20)) for the subsonic reflection case,
in which region Py P, Py is one point and curve Py P P is PyPs; see Figs. @HDl Also,
€9 used in ([@2)) is the location of the incident shock (cf. (EIS))), and the extension
by 21 is well-defined because of the requirement that Tgpoek € AN {1 < &1, }
in Problem

Note that the conditions in Problem[Z3|ii) are the Rankine-Hugoniot conditions
@EI8)-@ID) on I'spock between g and ¢;. Since [gpock is a free boundary and
Eq. (@38) is strictly elliptic for ¢ in Q\Tsonic, then two conditions — the Dirichlet
and oblique derivative conditions — on I'ghock are consistent with one-phase free
boundary problems for nonlinear elliptic PDEs of second order (cf. [IL [3]).

In the supersonic case, the conditions in Problem [13|(iii) are the Rankine-
Hugoniot conditions on I'sonic between ¢ and 9. Indeed, since state (2) is sonic
on Cyonie, then it follows from (@I6)—(@I7) that no gradient jump occurs on Iyopie-
Then, if ¢ is a solution of Problem [£.3] its extension by (£2I]) is a weak solution of
Problem From now on, we consider a solution of Problem [£.3] to be a function
defined in A by extension via [{2I]).

Since Tsonic s not a free boundary (its location is fixed), it is not possible in
general to prescribe two conditions given in Problem [3)(iii) on T'sonic for a second-
order elliptic PDE. In the iteration problem, we prescribe the condition: ¢ = ¢ on
Tsonic, and then prove that Dy = Dy on I'sonic by exploiting the elliptic degeneracy
on I'yonic, as we describe in what follows.

We observe that the key obstacle to prove the existence of regular shock
reflection—diffraction configurations as conjectured by von Neumann [106] [107] is
an additional possibility that, for some wedge angle 62 € (6 %), shock Py P, may
attach to the wedge vertex Ps, as observed by experimental results (cf. [I04] Fig.
238]). To describe the conditions of such an attachment, we note that

2001 ' =) 1

pP1 > po, Ul = (pl - po)
Pt Pp

Then it follows from the explicit expressions above that, for each pg, there exists
p°¢ > po such that

up <ec1 if p1 € (po, p°l; w1 > 1 if pr € (p°,00).

If w1 < ¢, we can rule out the solution with a shock attached to the wedge
vertex. This is based on the fact that, if u; < ¢1, then the wedge vertex P3 = (0,0)

2230002-58



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

MD transonic shock waves and FBPs

lies within the sonic circle B, ((u1,0)) of state (1), and T'spock does not intersect
B, ((u1,0)), as we show in what follows.

If uy > ¢1, there would be a possibility that the reflected shock could be attached
to the wedge vertex as the experiments show (e.g. [104, Fig. 238]).

Thus, in [33], B3], we have obtained the following results.

Theorem 4.1. There are two cases:

(i) If po and p1 are such that u; < ¢, then the supersonic/subsonic regular
reflection solution exists for each wedge angle 0y € (6, 5). That is, for each
Ow € (02, Z), there exists a solution ¢ of Problem 3] such that

wo 9
b(t,x) =t (x)+|X|2 [ XeAt>0
X) = — —_— or —
’ AT o TR

with

S <pgl S0y <‘Dt + %vacbf)) -

is a global weak solution of Problem[d1]in the sense of Definition L2l satisfying
the entropy condition; that is, ®(t,X) is an entropy solution.

(i) If po and py are such that uy > cy, then there exists 62, € [05,%) so that
the regular reflection solution ewists for each wedge angle 0y € (0%, %), and the
solution is of self-similar structure described in (i) above. Moreover, if 02 > 0%
then, for the wedge angle Oy, = 0%, there exists an attached solution, i.e. ¢ is

a solution of Problem @3] with P, = Ps.

The type of regular shock reflection—diffraction configurations (supersonic as in
Fig. [ or subsonic as in Fig. B) is determined by the type of state (2) at Py:

(a) For the supersonic and sonic reflection cases, the reflected shock PPy is C%-
smooth for some « € (0,1) and its curved part Py Py is C* away from Py. The
solution ¢ is in CL*(Q) N C>(Q), and is C1'1 across the sonic arc which is
optimal; that is, ¢ is not C? across sonic arc.

(b) For the subsonic reflection case (Fig. B, the reflected shock PyPs and solution
@ in Q is in CY* near Py and Py for some o € (0,1), and C* away from
{Py, P5}.

Moreover, the regular reflection solution tends to the unique normal reflection (as
in Fig. ) when the wedge angle 0y, tends to 3. In addition, for both supersonic and
subsonic reflection cases

2 < p <@ in . (4.22)

Furthermore, ¢ is an admissible solution in the sense of Definition . what
follows, so that ¢ satisfies further properties listed in Definition L8l

Theorem [Tlis proved by solving Problem 3] The first results on the existence
of global solutions of the free boundary problem (Problem [L3]) were obtained for
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the wedge angles sufficiently close to % in [33]. Later, in [35], these results were
extended up to the detachment angle as stated in Theorem [l For this extension,
the techniques developed in [33], notably the estimates near the sonic arc, were the

starting point.

Case I. The wedge angles close to 7. Let us first discuss the techniques in
[33], where we employ the approach of Chen—Feldman [29] to develop an iteration
scheme for constructing a global solution of Problem [£3] when the wedge angle
fy is close to 5. For this case, the solutions are of the supersonic regular shock
reflection—diffraction configuration as shown in Fig. [l The general procedure is
similar to the one described in Sec. [2Z.22] which can be presented in the following

four steps:

(1) Fix 60y, sufficiently close to 7§ so that various constants in the argument
can be controlled. The iteration set consists of functions defined on a region D,
where D contains all possible 2 for the fixed 6,. Specifically, an important property
of the regular shock reflection—diffraction configurations is (£22]), which implies
that Q C {p2 < @1}; that is, Q lies below line S; passing through Py and P; in
Fig. @l Note that, when 6, is close to 7, this line is close to the vertical reflected
shock of normal reflection in Fig.[6l Then D is defined as a region bounded by Sy,
Tsonic = P1 Py, I'yedge = P3Py, and the symmetry line & = 0. The iteration set is a
set of functions ¢ on D, defined by ¢ > 3 on D and the bound of norm of ¢ — 9
on D in the scaled and weighted C?® space defined in ([Z38) in what follows. Such
functions satisfy

iy
o = e2llcram) < C(g - 9w),

which is small when § — 6, <1, and

o = 2l craBan (Fuomie)) < O

However, ¢ — ¢2llc1a@Ban. (ru,e)) 18 D0t small even if 7 — 6, is small; the reasons
for that will be discussed in what follows.

Given a function ¢ from the iteration set, we define domain Q(¢) := {¢ < ¢1}
so that the iteration free boundary is Iypock(®) = 9Q($) N D. This is similar to
[41]), and the corresponding non-degeneracy similar to (Z40) in the present case is

e, (91 — g2 — &) > % in D if ¢l and g — 0, are small.

Then, we define the iteration equation by using form (£12) of Eq. (£8]), by making
an elliptic truncation (which is somewhat different from Step 1 in Sec. 22]) and
substituting ¢ in some terms of the coefficients of ([£I2]). The iteration boundary
condition on Tgheck () is an oblique derivative condition obtained by combining two
conditions in Problem [£3(ii) and making some truncations. On I'sopic, we prescribe
@ = 2, i.e. one of two conditions in Problem [3|iii). On I'yedge and Isym (), we
prescribe the conditions given in Problem E3|iv). The iteration map: ¢ — ¢ is
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defined by solving the iteration problem to obtain ¢ and then extending ¢ from
Q(¢) to D.

The fundamental differences between the iteration procedure in the shock
reflection—diffraction problem and the previous procedures on transonic shocks in
the steady case in Secs. 2l and Bl (such as [29] [30} 32, 112] and follow-up papers)
include:

(i) The procedures on steady transonic shocks in Secs.[2and Blare for the perturba-
tion case. In particular, the ellipticity of the iteration equation and the removal
of the elliptic cutoff are achieved by making the iteration set sufficiently close
to the background solution in C* or a stronger norm. For the regular reflection
problem, this cannot be done because of the elliptic degeneracy near the sonic
arc.

(ii) Only one condition on T'sonie can be prescribed; however, both ¢ = ¢y and
Dy = Dysy on TI'yonic are needed to be matched to obtain a global entropy
solution. This is resolved by exploiting the elliptic degeneracy on I'sonic.

(2) In order to see the elliptic degeneracy on I'sonic more explicitly, we fix the
wedge angle 6, and the corresponding pseudo-potential po = <pg0‘v) of the weak
state (2), and rewrite Eq. (£I0) in terms of the function

Y=
in the following coordinates flattening I'sonic:
x=ca—1, y=~0-—"04, (4.23)

where (r,60) are the polar coordinates centered at Oz = uy of the sonic circle of
state (2). Then

Q. = QNN (Tsonic) C {z >0} for small € > 0, Tsonic C {2 =0}.

In what follows, we always assume that ¢ € C*(Q.) as in Theorem ET] for the
supersonic case. Then, by the conditions in Problem [3[(iii) and the definition of 4,

=0 on Dyonic, (4.24)
Dy =0 on Igpic. (4.25)

Moreover, we a priori assume that solution ¢ satisfies ({22 in Q to derive the
required estimates of the solution; with these estimates, we then construct such a
solution and verify that it satisfies (£22]). The heuristic motivation of ([@22]) is the
following: From Figs. @HD] it appears that Typock (and hence ) is located below line
Sy, i.e. in the half-plane {¢1 > p2}. Thus, = @1 > @2 on Fghoek, and ¢ > @2 = @
on Tgonic- Also, the potential functions ¢ and ¢y of states (1) and (2) are linear
functions, thus they satisfy Eq. (£12]) with coefficients determined by ¢, considered
as a linear equation for ¢. Taking into account the inequalities on I'gpocx and gonic
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noted above, and the oblique boundary conditions on I'yedge and I'sym, we obtain
(#£22) by the maximum principle. Then, from [@22]), we have

>0 inQ. (4.26)

Even though the previous argument is heuristic, the fact that it comes from the
structure of the problem allows us to include the condition that ¢ > 0 in the
definition of the iteration set and close the iteration argument for constructing
the solutions within this set.

Equation (ZI0) in 2 NN;(Tsonic) for ¢ in the (z,y)-coordinates (£23)) is

(2:17 - (’Y =+ 1)% + Ol)"/}mc + 02"/)9034 + <é + 03) wyy - (1 + 04)"/)90 + 05% = 07
(4.27)

where

2 1 -1 1
O1(DY, ¢, x) = *i—z + 727; (22 — Y2 )he — 702 <¢ + 2es —2)? ¢§),

02 (Dwa wa .T) = - 2(¢;2?;202;;E2)wy 5

04(DY,v,2) = 2ea =)~ (1= 1) (4+ (ca ~ 00 + 502 )

Y+ o
R

O4(DY, Y, ) = p 1_ - (x _ 762 (@b + (c2 — )b + §¢§ + 2@(_71)(6)21{7; 7)2 >>7

_ _2(¢z +ca — x)Yy

O5(Dy, 1, x) = (e — 1) (4.28)
Since ¢ € CH1(Q,), it follows from ([@24])-(@28) that |¢(z,y)| < Cx? and

[Dy(z,y)| < Cx in Q, (4.29)
so that

|O1(DY,2p, )| < Nlz|?,  |Op(Dp,¢,x)| < Njz| fork=2,...,5. (4.30)

Using ([£30]), we can show that O (D, 1, x) are small perturbations of the leading
terms of equation [@27)) in Q. = QNN (Tsonic). Also, if [@29) holds, Eq. [@27)) is
strictly elliptic in Q.\Tsonie if

2p

1 4.31
v+1 ( )

wm<$7y) <

for o € (0,1), when ¢ = &(p, N) is small. For 6y, close to 7, it can be shown that

any solution of Problem [£3] (with some natural regularity properties) satisfies that,
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for any small § > 0,

1
[ (2, )| < S iix in Q. for small £ = £(9), (4.32)

which verifies [@3I) with any p € (,1) (e.g. with p = 2) if § is correspondingly
small.

(3) The iteration equation near I'yopic is defined based on the above facts. The

iteration set Kp; used in [33] is such that every 1) = ¢ — o € Ky satisfies ([@24)
and (£29) for some C,e > 0. Then, the iteration equation for ¢ is

wz ) ) 1 b
<2x —(y+ Dan(—=) + O ) s + OSV1pyy + S O )by
— (140 ), + O, =0, (4.33)
where the cutoff function n € C°°(R) satisfies || < ﬁ, 7 >0, and n(s) = s if
[s] < ﬁ, and some other technical conditions. The terms O,(Cw), k=1,...,5 are

obtained from Oy by substituting 1& into certain terms in ([@28]) and performing the
cutoff in the remaining terms, so that estimates (£30) hold. Then (£33)) is strictly
elliptic in ﬁg\m for small €, and its ellipticity degenerates on I'gonic. Since the
solution of Problem HJ satisfies Eq. (@Z7) and inequality (@32) with § = 1 in
Q. for small ¢, then it satisfies BEq. @33) in Q. with ¢) = ¢. Indeed, we have the

estimate: |1, | < ﬁx, so that xn(wf) = 1),; and the cutoffs in the terms of Ol(;ﬁ)
are removed similarly.
We also note that the degenerate ellipticity structure of Eq. (£33) is the follow-

ing: Writing ([{33)) in the form

2 2
> Ay(D, v, 2)Dijth + Y Ai( Db, 2)Ditp = 0 (4.34)
i,j=1 i=1

with Ajp = Aoy, we see that, for any &€ = (&1, &) € R,

2 & §1&2 2 L2
>‘|€| S All(p7 va); + 2A12(p7 va)m + A22(p7 va)€2 S X|€| (435)

for all (p,z) € R? x R and x € (0,¢).

We consider solutions of [{33]) in Q. satisfying ([@24]) and (£26). Since condi-
tion (27 cannot be prescribed in the iteration problem as discussed above, we
have to obtain ([@28]) from the estimates of the solutions by exploiting the elliptic
degeneracy. The estimates of the positive solutions of ([@33]) with [@24]) in Q. are
based on the fact that, for any 6 > 0, the function

1+
—
2(v+1)
is a supersolution of ([£33) in Q. if ¢ = () is small; that is, N (ws) < 0 in Q,

where N/ (+) denotes the operator determined by the left-hand side of ([@33)). Using

ws(z,y) =
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this, the boundary conditions on I'shoek and I'yedge, and ([@26]), we obtain by the
comparison principle that

0<v¢ <Cx? inQ,, (4.36)

where ¢ and C' are uniform with respect to the wedge angles near 7. Note that —w;
is not a subsolution of ([£27) so that it cannot be used to bound ¢ from below.
Thus, property ([26]), which is derived from the global structure of the solution,
is crucially used in this argument. Then, in ([36]), the upper bound is from the
local estimates near I'sonic, while the lower bound is from the global structure of
the problem.

In particular, (Z30) implies that Dy = 0 on Tsonic, which resolves the issue
described in (ii) above. Furthermore, from ([@34]), using the non-isotropic parabolic
rescaling corresponding to the elliptic degeneracy (£35) of Eq. (£33]) near x = 0,
we obtain the estimates in the appropriately weighted and scaled Holder norm in
., which also imply the uniform C'! estimates

|D*)| < C in Q.. (4.37)

More precisely, we denote this norm by H1b||ép;r§)2€ and define it as follows: Denote

z = (z,y) and z = (Z,¢) with z,% € (0,2¢) and
00" (2.2) = (jo — & + max(a, 2)ly —3P) "
Then, for ¢ € C?(Q.) N CHY(Q.) written in the (x,y)-coordinates, we define

[, = > sup (a"272(980ly(2))),

0<kt1<2 z€Q,
ar . Lo k1o 05040 (2) — D70,1(2)]
[w]g,)a,glg — Z sup m1n<$k+l/2 27$k+l/2 2) y =5 : Y :
kol ZEEQe 2FE o0 " (2,2)
ISP, = ], + WIS,

(4.38)

Now we obtain the required estimates in the norm in ([£38]), under the assump-
tion that ([@36) holds in Qo.. For every zg = (70,%0) € Q:\I'sonic (50 that
xo € (0,¢]), we define

R = {0 lo—aol < 2 -l < X2 hne

Note that dist(Rz,, [sonic) = %xo > 0. We rescale the rectangle in ([@39) to the
unit square Q1 = (—1,1)%

zo xo
Qg ) .= {(S,T) €Q1: (wo+ 1—057 Yo + 10

@T) € Q} (4.40)
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and define the scaled version of v in the (S, T)-coordinates in ngO):

@T) for (S,7) € Q). (4.41)

1 T
(#0) (5, T) := — 23
w ( ’ ) I(Q)w<$0 + 10 , Yo + 10

Note that this rescaling is non-isotropic with respect to the two variables x and y.

By (36]), we have

Hw(z”)H < C for any zg = (70, 50) € Q\sonic- (4.42)

L@ =
Rewriting Eq. @33) in terms of ¢(*) in the (S, T)-coordinates and noting the
degenerate ellipticity structure {35), we find that 1(?0) satisfies a uniformly elliptic
equation in ngO) with the ellipticity constants and certain Holder norms of the
coefficients independent of zg. We also rescale the boundary conditions on I'gpock N
082 and I'ywedge N OS). in a similar way, when zg is on the corresponding part of the
boundary. Then, we apply the local elliptic C?*-estimates for 1)(%0) in ngo) in the
following cases:

(i) Interior rectangles Ry, i.e. all zg such that Q(ZO) (21 holds,

(ii) Rectangles R,, centered on the shock: zg € Tshock N 092,
(ili) Rectangles R,, centered on the wedge: zp € I'yedge N OS2,

where, in the last two cases, we use the local estimates for the corresponding bound-
ary value problems. Using (£42]), we obtain

(|| < (C with C independent of z,

o2, a(Q(ZO))

where Qﬁz/%) ng()) N ( 3. 3)°. Rewriting in terms of 1/1 in the (w y)-coordinates
(par)

C in norm (Z38), which also implies the C''+!-estimates ([Z31).

Remark 4.5. Note that w(ZO)(S, T) = 1t5%ea(z0 + 125, yo + ‘/RT) It follows
that || D21/~ cannot be made small by choosing the parameters, e.g. choosing ¢
small or 6, close to g

Remark 4.6. The above argument, starting from (£39), is also used for the
a priori estimates of the positive solutions of ([@2Z7)-E28) with condition (£24]),
satisfying ([£.29) and the ellipticity condition (£31]) with some u € (0,1). Note that

(@24), @29)), and ¢ > 0 imply ([@30]), which is used in the argument.

Remark 4.7. Remark applies only to the positive solutions of ([E27) with
condition ([@24)). For the negative solutions of (L27)) with condition (£24]), the
equation is uniformly elliptic up to {x = 0} and, similar to Hopf’s lemma, the
negative solutions have linear growth: ¢ (z,y)| > &z, in a contrast with (Z3G).
This feature is used in the proof of certain geometric properties of the free boundary
for the wedge angles away from 7, where we note that ¢ — ¢ <0 by [@22).
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(4) In order to remove the ellipticity cutoff in [£33), i.e. to show that the fixed
point solution of (A33]) (i.e. with ¢» = v) actually satisfies (£27]), we need to show
that |1),| < +1)x as we have discussed right after ([33]). Combining ([£37)) with
Dy =0 on I‘bomc, we obtain that |Dy(z,y)| < Cx in Q., Wthh does not remove

the ellipticity cutoff, unless we show the explicit bound C' < However, this

bound does not follow from the estimates discussed above (cf. (Rzaark [45).

Note that the only explicit solution we know is the normal reflection for 0, = 7,
for which ¢ = (2 , le. v = 0 in Q. Also, the analysis in [5] has shown that
the solutions of Problem A3l for the supersonic regular shock reflection—diffraction
configuration satisfy that, for small ¢,

by ~ % in Q. N {(z,y) : dist((z,9), Tsnoa) > vV},

but
Dy =o(x) in Q. N{(x,y) : dist((z,y), Tshock) < 22}

This shows that the convergence of solutions ¢(®) of Problem @3lto ¢(%) as 0y, —
2~ does not hold in C? up to the sonic arc Tsonic (but holds in C'1%) after mapping
Q) to a fixed domain for all 6,,. Moreover, the difference between the behaviors
of D near I'shock and away from Igpocx within . shows that there is no clear
background solution such that the appropriate iteration set would lie in its small
neighborhood in the norm sufficiently strong to remove the ellipticity cutoff in
([@33) by the smallness of the norm. Then, in order to remove the ellipticity cutoff
for the fixed point of the iteration, we derive an equation for v, in ). and boundary
conditions on I'shoek N {2 < €} and Iyedge N {x < €}, and prove that
4
U S 3"

from this boundary value problem, if the wedge angle 6y, is sufficiently close to 7.
The estimate from below

4
3(v+1)"
is proved from the global setting of Problem [.3] under the same condition on 0.
This use of the local and global structure is similar to that in the proof of ([30]).

Note that, in this argument for the wedge angles near 7, the non-perturbative
nature of the problem is seen only in the estimates of the solution near Igopic,

Yy > —

specifically in the fact that D% on I'yonic does not tend to zero as 6,, — 5- The
free boundary T'ghock in this case is near S;(6y), and also close to the reflected
shock of the normal reflection as in Fig. 6 which is the vertical line S;(%). Also,

Hcpfgpg)”v) o) < C(5 —0y), which is small. Thus, away from I'sopic, the argument
is perturbative for the wedge angles near 5. In the case of general wedge angles in
Theorem [£1], the free boundary T'specx is no longer close to a line, its structure is
not known a priori, thus the study of geometric properties of the free boundary is

a part of the argument.
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Case II. General wedge angles up to the detachment angle. For the general
case and the proof of Theorem[LT], we follow the approach introduced in [35]. Similar
to the case of wedge angles near 7
the class of solutions satisfying ¢ > 0 in ) and established the existence of such
solutions, for the general case, we define a class of admissible solutions, make the

where we have restricted our consideration to

necessary a priori estimates of such solutions, and then employ these estimates to
prove the existence of solutions in this class. Our motivation for the definition of
admissible solutions is from the following properties of supersonic regular reflection
solutions ¢ for the wedge angles close to 7; or more generally, for the supersonic
regular reflection solutions ¢ satisfying that ||p — SOéOW)Hcl(Q) is small: If (3]
is strictly elliptic for ¢ in Q\Tsonic, then ¢ satisfies (@2Z) and the monotonicity

properties:

O, (01 — ) <0, D(p1 —¢)-es, <0 inQfores, = Uli‘(;—gl. (4.43)

We now present the outline of the proof of Theorem [£.1] in the following four
steps:

(1) Motivated by the discussion above, for the general case, we define the admis-
sible solutions as the solutions of Problem F3] (thus the solutions with weak regular
reflection—diffraction configuration of either supersonic or subsonic type) satisfying
the following properties.

Definition 4.8. Let 6, € (65, Z). A function ¢ € C%!(A) is an admissible solution
of the regular reflection problem if ¢ is a solution of Problem 3] extended to A by
(@Z1) (where PyPy Py is a point in the subsonic and sonic cases) and satisfies the

following properties:

(i) The structure of solutions:

o If |Dyy(FPy)| > co, then ¢ is of the supersonic regular shock reflection—
diffraction configuration shown in Fig. @ and satisfies that the curved part
of reflected-diffracted shock I'gpock is C? in its relative interior; curves I'gnock,
Psonic, 'wedge, and I'syr, do not have common points except their endpoints;
2 € CO,l(A) n Cl(A\(SO U POP1P2)) and 2 S Cl(ﬁ) N Cg(ﬁ\(m @]
{P2, Ps})).

o If [Dpa(Py)| < c¢a, then ¢ is of the subsonic regular shock reflection—
diffraction configuration shown in Fig. [l and satisfies that the reflected—
diffracted shock Tshoer is C? in its relative interior; curves I'shock, I'wedges
and Tsym do not have common points except their endpoints; ¢ € C%1(A)N
CH(A\(So UTsnock)) and ¢ € C1(Q) N C*(Q\{ Py, P3}).

Moreover, in both the supersonic and subsonic cases, the extended curve

ISt = Donook U{Po} UT . I8 C' in its relative interior, where Lok

is the reflection of I'gpock With respect to the &;-axis.

(ii) Equation (@) is strictly elliptic in Q\Tsonic, i-e. |Dy| < c(|Dp|?, ¢) in
ﬁ\Fsonic-
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(iil) Opp1 > Oup > 0 on Tghock, where v is the normal to Tgpock, pointing to the
interior of €.
(iv) Inequalities hold:

w2 < p<p in Q. (4.44)

(v) ([#43) is satisfied, where vector eg, is defined as the unit vector parallel to S;
and pointing into A at Py for the general case.

Note that [@43]) implies that
D(p1 —p)-e<0 in Q for all e € Cone(eg,,es, ), (4.45)

where Cone(eg,, es,) = {aeg, +bes, : a,b > 0} with e¢, = (0,1). Note that e, and
es, are not parallel if 6y # 5.

(2) To prove the existence of admissible solutions for each wedge angle in The-
orem (1] we derive uniform a prior: estimates for admissible solutions with any
wedge angle 6y, € [0S + o, %] for each small o > 0, show the compactness of this
subset of admissible solutions in the appropriate norm, and then apply the degree
theory to establish the existence of admissible solutions for each 6y, € [0S + o, 3],
starting from the unique normal reflection solution for 6, = 7. To derive the a pri-
ori estimates for admissible solutions, we first obtain the required estimates related
to the geometry of shock I'shock and domain €2, as well as the basic estimates of
solution . We prove

(a) The inequality in ([Z45) is strict for any e € Cone(eg,, es, ). Combined with the
first inequality in (@44 and the fact that ¢ = @1 on Iypock, this implies that
Ishock is a Lipschitz graph with a uniform Lipschitz estimate for all admissible
solutions.

(b) The uniform bounds on diam(£2), [|¢||co.1(q), and the directional monotonicity
of ¢ — 9 near the sonic arc for a cone of directions.

(¢) The uniform positive lower bound for the distance between the shock and the
wedge, and the uniform separation of the shock and the symmetry line (that
is, I'shock is away from a uniform conical neighborhood of I'sy, with vertex at
their common endpoint Ps).

(d) The uniform positive lower bound for the distance between the shock and the

sonic circle Be, ((u1,0)) of state (1), by using the properties described in Remark

7l This allows us to estimate the ellipticity of (L8] for ¢ in Q (depending on

the distance to the sonic arc P; Py for the supersonic regular shock reflection—

diffraction configuration and to Py for the subsonic regular shock reflection—
diffraction configuration).

Estimate ([@29) holds in the supersonic case, by using the monotonicity of

1 = @ — @9 near the sonic arc in a cone of directions shown in (b) and the

conditions on I'yopie in Problem [A3]

—~
@
~
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The results of (a)—(c) are obtained via the maximum principle, by considering
Eq. (£12) as a linear elliptic equation for ¢ and using the boundary conditions on
Tshocks sonicy I'wedge, and I'sym in Problem and (LZ4)-(#45). The results of
(c), combined with (a), show the structure of Q which allows us to perform the
uniform local elliptic estimates in various parts of {2: the interior, near a point
P in a relative interior of I'shock, I'wedge, and I'sym, and locally near corners P,
and Ps.

Based on estimates (a)—(d), we show the uniform regularity estimates for the
solution and the free boundary in the weighted and scaled C*“ norms away from
the sonic arc in the supersonic case and away from Py in the subsonic case, i.e. in
Q\Qe, for any small € > 0, for some « € (0,1). The equation is uniformly elliptic
in this region, with the ellipticity constant depending on e. Thus, the estimates
depend on ¢.

(3) In what follows, we discuss the estimates near T'sonic (respectively, near Py
in the subsonic/sonic case), i.e. the estimates in Qg. for some e, independent of
bw € [0 + o, %], which allows us to complete the uniform a priori estimates for
admissible solutions with wedge angles 6y, € [#% + o, Z]. We obtain the estimates
near Isonic (or Py for the subsonic reflection), i.e. in Qa, in scaled and weighted
C?% for  and the free boundary I'spock N 0o, by considering separately four cases
depending on % at Py:

(i) Supersonic: % >1+9,

|Dea| 1,
C2 -

)
(ii) Supersonic (almost sonic): 1 < % <149,
(iii) Subsonic (almost sonic, including sonic): 1 — § <
)

(iv) Subsonic: % <1-9,

for small 6 > 0 chosen so that the estimates can be obtained. The choice of §
determines ¢.

For cases (i)—(ii), Eq. (£8) is degenerate elliptic in  near P, P, in Fig. @l For
case (iii), except the sonic case W = 1, the equation is uniformly elliptic

in Q, but the ellipticity constant is small and tends to zero near Py in Fig. [l as

(6w)
Doy “(Po)| _, 17, i.e. as the subsonic angles 6, tend to the sonic angle. Thus,

for c;;es (i)—(iii), we exploit the local elliptic degeneracy, which allows us to find a
comparison function in each case, to show the appropriately fast decay of ¢ — o
near Py Py for cases (i)—(ii) and near P, for case (iii); furthermore, combining with
appropriate local non-isotropic rescaling to obtain the uniform ellipticity, we obtain
the a priori estimates in the weighted and scaled C*“-norms. In cases (i)(ii), the
norms are [A38). For case (iii), we use the different norms to obtain the estimates
that imply the standard C?®-estimates. To obtain these estimates, for case (i), we
use the argument developed in [33] and described above (see Remark [.0]), where
the ellipticity estimate (£31)) follows from the estimates described in (d) above

2230002-69



Bull. Math. Sci. 2022.12. Downloaded from www.worldscientific.com
by UNIVERSITY OF OXFORD on 04/08/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

G.-Q. G. Chen & M. Feldman

and ([Z29) obtained in (e). These estimates hold in Q. with ¢ < (length(Isonic))?
because the rectangles R, ) defined by [@.39) do not fit into 2 for larger o, which
means, for example, that R, y0) N wedge 7 0 for (w0, y0) € Fshock N OS2 with 9 >
C(length(Tsonic))? if C is fixed and length(I'sonic) is small, because the length of the
y-side of Rzo,y0) 18 \{—TOO, and Ighock and I'yedge are smooth curves that intersect

(6w)
Tsonic transversally. However, length(T'sonic) tends to zero, as W — 17,

i.e. when the supersonic wedge angle tends to the sonic angle. Thus, a different
argument, involving an appropriate scaling, is employed for case (ii) in order to
keep ¢ uniform for all 6, € [0 + 6, Z]. Another version of that argument (with
a different scaling) is applied for case (iii). For both cases (ii)—(iii), we need to
use smaller rectangles than those for case (i), but this requires stronger growth
estimates than (E36]) to obtain a bound in C1! from the corresponding weighted
and scaled estimates. We obtain such growth estimates by using the conditions
of cases (ii)—(iii) for sufficiently small §. For case (iv), the equation is uniformly
elliptic in €2 for the admissible solution, where the ellipticity constant is not small,
and the estimates are more technically challenging than those for cases (i)—(iii).
This can be seen as follows: For all cases (i)—(iv), the free boundary has a lower
a priori regularity in the sense that only the Lipschitz estimate of ['ghock is obtained
in (a) above; however, for case (iv), the uniform ellipticity combined with oblique
boundary conditions does not allow a comparison function that leads to the fast
decay of ¢ — 2| near Py. Thus, we prove the C*-estimates of D(¢ — 2) near Py,
by deriving the equations and boundary conditions for two directional derivatives
of ¢ — o near Py, and performing the hodograph transform to flatten the free
boundary.

(4) In order to prove the existence of solutions, we perform an iteration, which
is an extension of the iteration process used in [33]. First, given an admissible
solution ¢ for the wedge angle 6y, we map its elliptic domain Q(¢, ) to a unit
square @ = (0, 1)? so that, for the supersonic case, the boundary parts Ushock, 'sonics
I'wedge, and I'sym are mapped to the respective sides of @), and the other properties of
this map are satisfied. For the subsonic case, the map is discontinuous at Py = I'sonic
(mapping the triangular domain to a square). Moreover, we define a function u on
@ by expressing u := ¢ — (ﬁg)””) in the coordinates on (), where @20””) is a function
determined by 6,, and equals to (s near I'yonic; we skip the complete technical
definition here. For appropriate functions u on @) and the wedge angle 6, this map
can be inverted, i.e. the elliptic domain Q(u,fy,) and the iteration free boundary
Tshock (4, By ) can be determined, and a function @wf) on Q(u, by) is defined by
expressing u in the coordinates on Q(u, fy,) and adding @ge‘v)
from the admissible solution ¢ with the elliptic domain 2 as described above, then
Qu,0y,) = Q and o(»%) = ¢ in Q. Moreover, the map: Q(u,6y) — Q and its
inverse satisfy certain continuity properties with respect to (u,6y). The iteration

so that, if u is obtained

is performed in terms of the functions defined on ). The iteration set consists of
pairs (u, 0y ), where u is in a weighted and scaled C*® space on @, denoted as ce
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(its definition is technical, so we skip it here), and satisfy

(1) lullgz.e < M(fy), where M(fy) is defined explicitly, based on the a priori
estimates discussed above.

(i) Qu,0y), Tshock(u, by ), and ) on Q(u,6,,) satisfy some geometric and
analytical properties.

The iteration map: (4, 6y) — (u,0y) is defined by solving the iteration problem
on Q(u,fy) and then mapping its solution ¢ to a function w on (. This mapping
includes additional steps, compared to the one described above. Specifically, we
modify the iteration free boundary by using the solution ¢ of the iteration problem
so that, in the mapping: (¢,0y) — u, the resulting function u on @ keeps the
regularity obtained from solving the iteration problem. This yields the compactness
of the iteration map. We prove that, for a fixed point (u,fy,) of the iteration map,
©(0%) on Q(u, fy) is an admissible solution. We use the degree theory to establish
the existence of admissible solutions as fixed points of the iteration map for each
bw € [0S + 6, %], starting from the unique normal reflection solution for 6, = Z.
The compactness of the iteration map described above is necessary for that. The
a priori estimates of admissible solutions discussed above are used in the degree
theory argument in order to define the iteration set such that a fixed point of
the iteration map (i.e. admissible solution) cannot occur on the boundary of the
iteration set, since that would contradict the a priori estimates. With all of these
arguments, we complete the proof of Theorem 1l This provides a solution to the
von Neumann’s conjectures.

More details can be found in [35]; also see [33].

4.2. The Prandtl-Meyer problem for unsteady supersonic flow
onto solid wedges

As we discussed in Secs. Bl and Bl steady shocks appear when a steady supersonic
flow hits a straight wedge; see Fig. [ Since both weak and strong steady shock
solutions are stable in the steady regime, the static stability analysis alone is not
able to single out one of them in this sense, unless an additional condition is posed
on the speed of the downstream flow at infinity. Then the dynamic stability analy-
sis becomes more significant to understand the non-uniqueness issue of the steady
oblique shock solutions. However, the problem for the dynamic stability of the
steady shock solutions for supersonic flow past solid wedges involves several addi-
tional difficulties. The recent efforts have been focused on the construction of the
global Prandtl-Meyer reflection configurations in the self-similar coordinates for
potential flow.

As we discussed earlier, if a supersonic flow with a constant density pg > 0 and
a velocity ugp = (u10,0), uig > ¢o = c(po), impinges toward wedge W in BII)),
and if 6y, is less than the detachment angle #¢, then the well-known shock polar
analysis shows that there are two different steady weak solutions: the steady weak
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shock solution ® and the steady strong shock solution, both of which satisfy the
entropy condition and the slip boundary condition (see Fig. [I]).

Then the dynamic stability of the weak transonic shock solution for potential
flow can be formulated as the following problem.

Problem 4.4 (Initial-Boundary Value Problem). Given v > 1, fix (po,u10)
with uig > co. For a fired 0y, € (0,0%), let W be given by BII). Seek a global
entropy solution ® € Wli’coo (Ry x (R2\W)) of Eq. @3X) with p determined by (&)
and B = u% + h(po) so that ® satisfies the initial condition at t = 0:

(9, ®)|e=0 = (po,ur0w1)  for x € RAW, (4.46)
and the slip boundary condition along the wedge boundary OW:
V@ - vylow =0, (4.47)

where Uy, s the exterior unit normal to OW .

In particular, we seek a solution ® € WL°(Ry x (R2\W)) that converges to
the steady weak oblique shock solution ® corresponding to the fized parameters
(po, u10,7,0w) with p = h=(B—L|V®|?), when t — oo, in the following sense: For

any R > 0, ® satisfies
Tim [[(Vx®(t,) = Vs, plt,) = D)l 22 (maconw) = 0 (1.48)

for p(t,x) given by ([E4).

Since the initial data functions in (Z46) do not satisfy the boundary condition
#4T), a boundary layer is generated along the wedge boundary starting at ¢ = 0,
which forms the Prandtl-Meyer reflection configurations; see [6] and the references
cited therein.

Note that the initial-boundary value problem, Problem [£4] is invariant under
scaling ([L0). Thus, we study the existence of self-similar solutions determined by
Eq. (A8) with [@3) through (@1).

As the upstream flow has the constant velocity (u19,0), noting the choice of B
in Problem 4] the corresponding pseudo-potential g has the expression of

1
wo = —§|§|2 + u10é1 (4.49)

in self-similar coordinates & = ¥, as shown directly from ([@I4)). Note also the
symmetry of the domain and the upstream flow in Problem 4] with respect to

the x1-axis. Problem [£4] can then be reformulated as the following boundary value
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problem in the domain:

A=RI\{€ : & < & tanby, & > 0}

in the self-similar coordinates &, which corresponds to domain {(¢,x) : x €
R2\W, t > 0} in the (¢,x)-coordinates, where R2 = {£ : & > 0}.

Problem 4.5 (Boundary Value Problem). Seck a solution ¢ of Eq. (£]) in
the self-similar domain A with the slip boundary condition:

D(p . I/|5A =0 (4.50)
and the asymptotic boundary condition:
w—o—0 (4.51)

along each ray Ry := {& = &cot 0,8y > 0} with 0 € (O, ) as & — oo in the
sense that

im0 = @ollore\s,0) = 0- (4.52)

In particular, we seek a global entropy solution of Problem 5] with two types
of Prandtl-Meyer reflection configurations whose occurrence is determined by the
wedge angle 6y, for the two different cases: One contains a straight weak oblique
shock Sy attached to the wedge vertex O and connected to a normal shock S;
through a curved shock Tshock When 6y, < 6%, as shown in Fig. [} the other contains
a curved shock I'gpock attached to the wedge vertex and connected to a normal shock
S1 when 65 < 6, < 0@, as shown in Fig. B in which the curved shock Tgpoci 18
tangential to the straight weak oblique shock Sy at the wedge vertex.

To seek a global entropy solution of Problem .5 with the structure of Fig. [ or
Fig. Bl one needs to compute the pseudo-potential function ¢ below Sy.

Given My > 1, p1 and u; are determined by using the shock polar as in Fig. [Ilfor
steady potential flow (note that the shock polar is now different from the one for the
full Euler system but has the same shape as in Fig.[I). Similar to those in Sec. 3.1,
in the potential flow case, for any wedge angle 6y, € (0,65,), line us = u; tan 6, and
the shock polar intersect at a point uy with |ui| > ¢; and w11 < uq9; while, for any
wedge angle 6, € [65,,60%), they intersect at a point u; with u1; > u1q and |uy| < ¢y,

where w14 is the uy—component of the unique detachment state uq when 6, = 03\,.

51

Dsnoek- 1"2 Q

Fig. 7. Self-similar solutions for 0y € (0,65,) in the self-similar coordinates & (cf. [6]).
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Fig. 8. Self-similar solutions for 6y € [65,,09) in the self-similar coordinates & (cf. [6]).
The intersection state u; is the velocity for steady potential flow behind an oblique
shock Sy attached to the wedge vertex with angle 6,,. The strength of shock &y is
relatively weak compared to the other shock given by the other intersection point
on the shock polar, hence we call Sy a weak obliqgue shock, and the corresponding
state uy is a weak state.

We also note that states u; depend smoothly on w9 and 6y, and such states
are supersonic when 6, € (0,65) and subsonic when 6y, € [¢5,6).

Once u; is determined, by (£I7) and ([EZ9), the pseudo-potential 1 below the
weak oblique shock &y is

o1 = —5leP +ui € (1.5

Similarly, by (@I6)-@I7) and @A9)-@50), the pseudo-potential ¢y below the

normal shock &y is of the form:
1
g02:—§|£|2+u2-§+k2 (4.54)

for constant state up and constant ks; see ([@I4). Then it follows from ([@9) and
(E53)—(54) that the corresponding densities p; and po are constants, respectively.
In particular, we have

. o1
P = oyt 4 2 —— (ufo — [wi) for k=1,2. (4.55)

Denote I'yedge := OW N IA. In what follows, we define the sonic arcs Tl =

sonic
PPy in Fig. [Mand T2 ,. = PP on Figs. [[H8 The sonic circle dB,, (u1) of the
-1
uniform state ¢; intersects line Sy, where ¢; = p; 2 by ([@II). For the supersonic
case Oy, € (0,65,), there are two arcs of this sonic circle between Sy and I'yedge inn A.

We denote by T'L . the lower arc (i.e. located to the left from another arc) in the

orientation in Fig. [l Note that I'! tends to point O as 0, " 63, and is outside

sonic
of A for the subsonic case 6y, € [05,,60%). Similarly, the sonic circle 9B, (uz) of the
a1
uniform state o intersects line &1, where co = p,? . There are two arcs of this
circle between S; and the line containing I'yeqge. For all 0y, € (0,605), the upper arc
(i.e. located to the right of the other arc) in the orientation in Figs. [[H8] is within

A, which is denoted as I'2

sonic*
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Then Problem 3] can be reformulated into the following free boundary problem.

Problem 4.6 (Free Boundary Problem). For 6, € (0,60), find a free boundary
(curved shock) Tshock and a function @ defined in domain Q, as shown in Figs. [TH8]
such that ¢ satisfies

(i) Equation (&) in ,

(11) ¥ = ¥o and pD()O “Vs = POD<PO *Vs 0N Fshock7
(iii) ¢ = ¢ and Dp = Dp on T} . UT2 . when Oy € (0,6%) and on T2 ;.
when Oy, € [65,,0) for ¢ := max(p1, 2),

W wW

(iv) Dy vy =0 on I'yedge,

u{0}

where vs and vy, are the unit normals to Uspock and I'wedge pointing to the interior
of Q, respectively.

1 ) . .
sonic and the opposite inequality
This justifies the requirements in Problem [L6(iii) above.

Remark 4.9. It can be shown that ¢; > @92 on I'
holds on I'?

sonic*

Remark 4.10. Similar to Problem [43] the conditions in Problem [£.0](ii)—(iii) are
the Rankine-Hugoniot conditions ([EI6)-@IZ) on Tspoek and T . U T2 . or
2 .. U{O}, respectively; see the discussions right after Problem E3

Let ¢ be a solution of Problem such that Typock is a Cl-curve up to its
endpoints and ¢ € C*(Q). To obtain a solution of Problem H from ¢, we consider
two cases.

For the supersonic case 6y, € (0,6%), we divide region A into four separate
regions; see Fig. [l We denote by Sp geq the line segment OP; C Sy, and by S seq
the portion (half-line) of S; with left endpoint P» so that Sy C A. Let Qg be
the unbounded domain below curve Sy geg U I'shock U S1,seg and above T'yedge (S€€
Fig. [). In Qs, let 21 be the bounded domain enclosed by SO,Fbl,OHiC, and I'yedge-
Set Qo := Qs\Qq U Q. Define a function ¢, in A by

®o in A\QS,
(pl in Ql,
Ox = (4.56)
P in Fbl'onic uQu Fz'onic?
o in Qo

By Problem E6](ii)-(iii), ¢« is continuous in A\Q2s and C' in Qs. In particular, ¢,
is C! across 'l . . UTZ . . Moreover, using Problem E6|(i)(iii), we obtain that ¢,
is a global entropy solution of Eq. (£8)) in A.

For the subsonic case 0, € [65,,02), region Q; UTL .. in ¢. reduces to one point

W UwW

{O}; see Fig. B The corresponding function ¢, is a global entropy solution of Eq.

3 in A.
The first unsteady analysis of the steady supersonic weak shock solution as the
long-time behavior of an unsteady flow is due to Elling-Liu [56], in which they
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succeeded in establishing a stability theorem for an important class of physical
parameters determined by certain assumptions for the wedge angle 6y, less than the
sonic angle 6% € (0,0%) for potential flow.

Recently, in [6], we have removed the assumptions in [56] and established the
stability theorem for the steady (supersonic or transonic) weak shock solutions as
the long-time asymptotics of the global Prandtl-Meyer reflection configurations for
unsteady potential flow for all the admissible physical parameters even up to the
detachment angle 4 (beyond the sonic angle 65 < 6).

To achieve this, we solve the free boundary problem (Problem [L0]), involving
transonic shocks, for all the wedge angles 6, € (0,6%) by employing the techniques
developed in [35], described in Sec. ET] above. Similar to Definition FE8] we define
admissible solutions in the present case.

Definition 4.11. Let 6, € (0,69). A function ¢ € C%'(A) is an admissible solu-
tion of Problem if ¢ is a solution of Problem extended to A by ([@50) and
satisfies the following properties:

(i) The structure of solutions is as follows:

o If 0, € (0,65, then ¢ has the configuration shown in Fig. [[such that Tshock
is C? in its relative interior, p € C%1(A) N C(A\(So seg U Tshock U St seg)),
and o € CL(Q)NC2Q\ (TL . uTl2 . ))NC3Q).

sonic sonic
o If 0, € [05,09), then ¢ has the configuration shown in Fig. B such that

Tahock is C? in its relative interior, p € C%1(A) N C(A\(Tshock U St seg)),
and ¢ € CL(Q)NCHQ\ {0} UT2Z _..))NC3(N).

sonic

(ii) Equation @) is strictly elliptic in Q\(TL ;. UT2 ), ie [Dy| < c(|Dgl?, »)
in O \ (Fbl'onic U 1_‘52'0nic)'

(iil) dppo > Opp > 0 on Tgpoek, where v is the normal to Tgpoek, pointing to the
interior of €.

(iv) The inequalities hold:
max{p1, 2} < 9 <o in Q. (4.57)
(v) The monotonicity properties hold:
D(po—¢)-es, >0, D(po—¢)- -es, <0 inQ, (4.58)

where es, and eg, are the unit vectors along lines Sp and S; pointing to the
positive & -direction, respectively.

Similar to (£45]), the monotonicity properties in ([{A58]) imply that

D(p1—¢p)-e<0 in Qforallec M» (4.59)
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where Cone(—eg,,es,) = {—aes, +bes, : a,b > 0}. We note that eg, and eg,
are not parallel if 6y, # 0. Then, we establish the following theorem.

Theorem 4.12. Lety > 1 and uip > co. For any 0y, € (0,05), there exists a global
entropy solution ¢ of Problem [0l such that the following regularity properties are
satisfied for some o € (0,1):

i) If O € (0,65, the reflected shock Spses U I'shock U S1.sex 18 C>-smooth, and
( ) w ;Seg ;Seg

p € CH(Q) N O (D lpie T2 00))-
(i) If O € [65,09), the reflected shock Tgnock U Slseg is C1® near O and C*°

away from O, and p € CH*(Q)NC=(Q\({O}UTZ ).

sonic
Moreover, in both cases, p is CY1 across the sonic arcs, and Tspock 15 C in its
relative interior.
Furthermore, ¢ is an admissible solution in the sense of Definition 11l so ¢
satisfies further properties listed in Definition 111

We follow the argument described in Sec. [l so that, for any small § > 0, we
obtain the required uniform estimates of admissible solutions with wedge angles
0y € [0,09 —§]. Using these estimates, we apply the Leray—Schauder degree theory
to obtain the existence for each 6, € [0,0< — §] in the class of admissible solutions,
starting from the unique normal solution for 6y, = 0. Since d > 0 is arbitrary, the
existence of a global entropy solution for any 6y, € (0,6%) can be established. More
details can be found in [6]; see also [35].

The existence results in [0] indicate that the steady weak supersonic/transonic
shock solutions are the asymptotic limits of the dynamic self-similar solutions, the
Prandtl-Meyer reflection configurations, in the sense of (£52) in Problem 4.5 for
all f, € (0,0%) and all y > 1.

On the other hand, it is shown in [6l [55] that, for each v > 1, there is no self-
similar strong Prandtl-Meyer reflection configuration for the unsteady potential
flow in the class of admissible solutions. This means that the situation for the
dynamic stability of the strong steady oblique shocks is more sensitive.

5. Convexity of Self-Similar Transonic Shocks and Free Boundaries

We now discuss some recent developments in the analysis of geometric properties
of transonic shocks as free boundaries in the 2D self-similar coordinates for com-
pressible fluid flows. In [36], we have developed a general framework for the analysis
of the convexity of transonic shocks as free boundaries. For both applications dis-
cussed above, the von Neumann problem for shock reflection—diffraction in Sec. @1l
and the Prandtl-Meyer problem for unsteady supersonic flow onto solid wedges
in Sec. 2 the admissible solutions satisfy the conditions of this abstract frame-
work, as shown in [36]. For simplicity, we present below the results on the convexity
properties of transonic shocks for these two problems (without discussion on the
abstract framework).
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For the regular shock reflection—diffraction configurations, we recall that, for
admissible solutions in the sense of Definition 8] the inequality in (£45]) is shown
to be strict for any e € Cone(eg,, es, ). From this, it is proved that, for admissible
solutions, the shock is a graph in the coordinate system (.5, 7") with respect to basis
{e, et} for any unit vector e € Cone(eg,, es, ), where e* is the unit vector orthogo-
nal to e and oriented so that Tp, > Tp,, and we have used notation (Sp, Tp) for the
coordinates of point P. That is, there exists fo € C*((Tp,,Tp,)) N C*([Tp,, Tp,])
such that

FShOCk = {(57 T) S = fe(T)v TPz <T< TP1}7
Qn {Tp2 <T< Tpl} C {S < fe(T)},

where we have used the notational convention (£20)) in the subsonic/sonic case.

Since the convexity or concavity of a shock as a graph depends on the orientation
of the coordinate system and €2 will be shown to be a convex domain (corresponding
to the concavity of fe in (B1I)), we do not distinguish them and instead use the
term converity for either case below. Then we have the following theorem:

(5.1)

Theorem 5.1 (Convexity of transonic shocks for the regular shock
reflection—diffraction configurations). If a solution of the von Neumann prob-
lem for shock reflection—diffraction is admissible in the sense of Definition[d8] then
its domain ) is convex, and the shock curve Usnock 1S a strictly convex graph in the
following sense: For any e € Cone(eg,, es, ), the function fe in (B.)) satisfies

g <0 on (TngTPl)-

That is, Ushock @S uniformly convex on any closed subset of its relative interior.

Moreover, for the solution of Problem[43 extended to A by [@21]), with pseudo-
potential p € CY(A) satisfying Definition EL8|(i)—(iv), the shock is strictly conver
if and only if Definition 8(v) holds.

For the Prandtl-Meyer problem for unsteady supersonic flow onto solid wedges,
the results are similar. We first note that, based on ([@19) (which is strict for
e € Cone(—eg,, es,)) and the maximum principle, it is proved that, for admissible
solutions in the sense of Definition [I1] the shock is a graph in the coordinate
system (S, T') with respect to basis {e, et} for any unit vector e € Cone(—es,, es, ),
i.e. (B1) holds, with feo € C°((Tp,,Tp,)) NCY([Tp,, Tr,]), where we have used the
notational convention P; = Py for the subsonic/sonic case 0y, € [65,,0%).

W YW

Theorem 5.2 (Convexity of transonic shocks for the Prandtl-Meyer
reflection configurations). If a solution of the Prandtl-Meyer problem is admis-
sible in the sense of Definition EI1] then its domain § is convex, and the
shock curve Tgnock s a strictly convex graph in the following sense: For any
e € Cone(—eg,, es,), the function fe in [B1) satisfies

fg <0 on (TngTPl)-

That is, Ushock @S uniformly convex on any closed subset of its relative interior.
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Moreover, for the solution of Problem extended to A by ([E50Q) (with the
appropriate modification for the subsonic/sonic case) with pseudo-potential ¢ €
CYL(A) satisfying Definition BII(i)—(iv), the shock is strictly convex if and only if
Definition IIv) holds.

Theorems indicate that the curvature of I'yock
B fe(T)
(1+ (f4(1))?)
has a positive lower bound on any closed subset of (T'p,, Tp, ).
Now we discuss the techniques developed in [36] by giving the main steps in the

proofs of Theorems B.IH52l While the argument in [36] is carried out in a more
general setting, we focus here on the specific cases of the regular shock reflection—

3/2

diffraction and Prandtl-Meyer reflection configurations; see [36] for the results in
the more general setting and the detailed proofs.
For the von Neumann problem, define

¢=¢— @1
For the Prandtl-Meyer problem, define

¢ = — ¥o-

Then, in both cases, ¢ = 0 on Tghock. From this, using Definition [£8](iii) for the
regular reflection—diffraction case and Definition TTIiii) for the Prandtl-Meyer
reflection case, it follows that, in both problems, ¢ < 0 in  near I'gpock. Since
Tshock 1s the zero level set of ¢, the conclusion of Theorems on the strict
convexity of I'shock is equivalent to the following: ¢~ > 0 along tho k> Where tho ok
is the relative interior of I'gpock. Also, denote by Con the cone from (Z48) for the
von Neumann problem and the cone from (£359) for the Prandtl-Meyer problem.

First, we establish the relation between the strict convexity/concavity of a por-
tion of the shock and the possibility for Je¢, with e € Con, to attain its local
minimum or maximum with respect to € on that portion of the shock. More pre-
cisely, on a portion of “wrong” convexity on which fJ > 0 (equivalently, ¢ < 0),
be cannot attain its local minimum relative to €. Then, assuming that a portion
of the free boundary has a “wrong” convexity f27 > 0, we show that ¢e for e € Con
attains its local minimum relative to I'shock on the closure of that portion. As we
discussed above, it cannot be a local minimum with respect to . Starting from
that, through a nonlocal argument, with the use of the maximum principle for
Eq. ([@I2), considered as a linear elliptic PDE for ¢, in 2, and the boundary con-
ditions on various parts of 9f2, we reach a contradiction, which implies that the
shock is convex, possibly non-strictly, i.e. fJ < 0 on (Tp,,Tp,), or equivalently,
Or+ > 0 on gock. Extending the previous argument with use of the real analytic-
ity of T'%, . ., We improve the result to the locally uniform convexity as in Theorems
0. [Ho. 2
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Furthermore, with the convexity of reflected—diffracted transonic shocks, the
uniqueness and stability of global regular shock reflection—diffraction configurations
have also been established in the class of admissible solutions; see [37] for the details.

The nonlinear method and related ideas, techniques, and approaches that we
have presented above for solving MD transonic shocks and free boundary prob-
lems should be useful to analyze other longstanding and newly emerging problems.
Examples of such problems include the unsolved MD steady transonic shock prob-
lems for the full Euler equations (including steady detached shock problems), the
unsolved MD self-similar transonic shock problems (such as the 2D Riemann prob-
lems and the conic body problems) for potential flow, as well as the longstanding
open transonic shock problems for both the isentropic and the full Euler equa-
tions; also see [35]. Certainly, further new ideas, techniques, and methods are still
required to be developed in order to solve these mathematically challenging and
fundamentally important problems.
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