DIVERGENCE-MEASURE FIELDS AND HYPERBOLIC CONSERVATION LAWS

GUI-QIANG CHEN AND HERMANO FRID

Abstract. We analyze a class of L1 vector fields, called divergence-measure fields. We establish the Gauss-Green formula, the normal traces over subsets of Lipschitz boundaries, and the product rule for this class of L1 fields. Then we apply this theory to analyze L1 entropy solutions of initial-boundary value problems for hyperbolic conservation laws and to study the ways in which the solutions assume their initial and boundary data. The examples of conservation laws include multidimensional scalar equations, the system of nonlinear elasticity, and a class of m�m systems with affine characteristic hypersurfaces. The analysis in L1 also extends to Lp.

1. Introduction

In this paper we analyze a class of L^∞ vector fields, called divergence-measure fields, defined in some domain of R^N . This class of L^∞ vector fields especially includes the class of BV vector fields and shares some important features with it, although there are essential differences between them. Our main motivation for studying the divergence-measure fields is from hyperbolic conservation laws to analyze the behavior of weak entropy solutions in L^∞, determined by the Lax entropy inequality for convex entropy-entropy flux pairs in the sense of distributions. For this purpose, we establish the Gauss-Green formula, the normal traces, and the product rule for the divergence-measure fields. Then we apply this theory to establish a general framework for L^∞ entropy solutions of initial-boundary value problems for hyperbolic systems of conservation laws in several space variables, and to study the ways in which the solutions assume their initial and boundary data. We also discuss some examples of conservation laws and show that L^∞ weak entropy solutions satisfying (4.7)-(4.9) behave as one expects, when approaching the boundary. The existence of normal traces of the divergence-measure fields and the way through which we obtain the normal traces are the decisive tools for our applications given here. This theory has been also applied to studying the asymptotic behavior and uniqueness of L^∞ entropy solutions of conservation laws in [4].

Some results in this paper were announced in [3].

Definition 1.1. Let D ⊂ R^N be an open set. For F ∈ L^∞(D; R^N ), set

|div F |(D) = sup { ∫ D F · ∇ϕ dx | ϕ ∈ C^1_0 (D; R), |ϕ(x)| ≤ 1, x ∈ D } . (1.1)

1991 Mathematics Subject Classification. Primary: 35L65, 46E30, 35L50, 26B20; Secondary: 35L67, 26B12.

Key words and phrases. Divergence-measure fields, hyperbolic conservation laws, Gauss-Green Theorem, normal traces, product rule, initial-boundary value problems. 1

Definition 1.2. We say that F is a divergence-measure field over D if F ∈ L^∞(D; R^N ), |div F |(D) < ∞. (1.2)

We define DM(D) as the space of divergence-measure fields over D. In particular, if F ∈ DM(D), then div F is a Radon measure over D.

Remark 1.1. This class of vector fields was first considered by Anzellotti [1]. We emphasize that the notion of normal traces introduced here has a different point of view from that in [1], in which a related notion of normal traces was introduced as a representation function of a linear functional, in a more abstract fashion. However, the extended Gauss-Green formula (Theorem 2.2 below) coincides, which means that both notions are consistent. Our new notion has the advantage of providing essential information about the normal trace in certain hypersurface from the knowledge of the normal traces in its neighboring hypersurfaces. This advantage is made possible by introducing deformations, which are important not only for our definition of the normal traces, but also for all the applications of this theory here and in [4]. Compare the discussions here with those in Anzellotti [1].

Remark 1.2. The L^∞ assumption on F in Definitions 1.1-1.2 can be relaxed. Many results in this paper also hold for F ∈ L^p replacing F ∈ L^∞.

Theorem 1.1. Let D ⊂ R^N be an open set. Let {F_j } be a sequence of fields in DM(D) converging in L^1_{loc}(D; R^N ) to a field F . Then

|div F |(D) ≤ lim inf_{j→∞} |div F_j |(D).

Proof. Let ϕ ∈ C^1_0 (D), |ϕ(x)| ≤ 1. Then ∫ D F · ∇ϕ dx = lim_{j→∞} ∫ D F_j · ∇ϕ dx ≤ lim inf_{j→∞} |div F_j |(D).

Corollary 1.1. Under the norm ‖F ‖_{DM} = ‖F ‖_L∞ + |div F |(D), DM(D) is a Banach space.

Proof. Let {F_j } be a Cauchy sequence in DM(D). Since L^∞ is complete, there exists a field F ∈ L^∞(D; R^N ) such that F_j → F in L^∞. By Theorem 1.1, one has

|div F |(D) ≤ lim inf_{j→∞} |div F_j |(D),

which implies F ∈ DM(D). Furthermore, for any ε > 0, we use Theorem 1.1 again and the fact that |div (F_j − F_k)|(D) → 0, when j, k → ∞, to find

|div (F_j − F )|(D) ≤ lim inf_{k→∞} |div (F_j − F_k )|(D) < ε,

for sufficiently large j. Therefore, F_j → F in DM(D).

Another consequence of Theorem 1.1 is given in the following proposition, which is in the line of analogous results known in the theory of BV functions (compare with Proposition 1.13 of [15]).

Proposition 1.1. Suppose {F_j } is a sequence in DM(D) such that F_j → F in L^1_{loc}(D) and lim_{j→∞} ∫ D |div F_j | = ∫ D |div F |. Then, for every open set A ⊂ D, ∫ Ā∩D |div F | ≥ lim sup ∫ Ā∩D |div F_j |. (1.3) In particular, if ∫ ∂A∩D |div F | = 0, then ∫ A |div F | = lim_{j→∞} ∫ A |div F_j |. (1.4) Proof. Let B = D − Ā. Then, by Theorem 1.1, ∫ A |div F | ≤ lim inf_{j→∞} ∫ A |div F_j |, ∫ B |div F | ≤ lim inf_{j→∞} ∫ B |div F_j |. On the other hand, we have ∫ Ā∩D |div F | + ∫ B |div F | = ∫ D |div F | = lim_{j→∞} ∫ D |div F_j |

≥ lim sup j→∞ ∫ Ā∩D |div F_j | + lim inf_{j→∞} ∫ B |div F_j |

≥ lim sup j→∞ ∫ Ā∩D |div F_j | + ∫ B |div F |, and then (1.3) follows.

We will use the so-called positive symmetric mollifiers ω : R^N → R satisfying ω(x) ∈ C^∞_0 (R^N ), ω(x) ≥ 0, ω(x) = ω(|x|), ∫ R^{N ω(x) dx = 1, supp ω(x) ⊂ B1 ≡}

{x ∈ R^N | |x| < 1}. A standard example of such mollifiers is: ω(x) = { 0, |x| ≥ 1, C exp

(_1 |x|2−1 ) , |x| < 1, where C is the constant such that ∫ R^{N ω(x) dx = 1. We denote ωε(x) = ε−N ω( x}ε^)

and F_ε = ω_ε ∗ F , that is, F_ε(x) = ε^{−N} ∫ R^{N ω} (x − y ε ) F (y) dy = ∫ R^{N ω(y)F (x + εy) dy.} We will use some well-known properties of the mollifiers. In particular, we recall that, for any f(x), g(x) ∈ L^1(R^N ), ∫ R^{N fεg dx =} ∫ R^{N fgε dx.} (1.5)

We now establish a fact for DM fields, which is analogous to a well-known property of BV functions.

Theorem 1.2 (Approximation by C^∞ functions). Let F ∈ DM(D). Then there exists a sequence {F_j } in C^∞(D; R^N ) such that lim_{j→∞} ∫ D |F_j − F | dx = 0, lim_{j→∞} ∫ D |div F_j | dx = |div F |(D).

Proof. The proof is similar to the one for BV functions (e.g. [15]). Let ε > 0. There exists an M > 0 such that |div F |(D − D_k) < ε, where k = 0, 1, 2, · · · , and

D_k = { x ∈ D | dist(x, ∂D) > 1 M + k } ⋂ { x ∈ R^N | |x| < M + k }. Consider the sets Ω_1 = D_2 and Ω_i = D_{i+1} − D̄_{i−1}, i = 2, 3, · · · . Let {φ_i} be a partition of the unity subordinate to the covering {Ω_i}, that is,

φ_i ∈ C^∞_0 (Ω_i), 0 ≤ φ_i ≤ 1, ∞∑ i=1 φ_i = 1.

Let ω be a positive symmetric mollifier. For every index i, one can choose ε_i ∈ (0, ε) such that supp ω_{εi} ∗ (F φ_i) ⊂ D_{i+2} − D̄_{i−2}, (D_{−1} = ∅)

(1.6) ∫ D |ω_{εi} ∗ (F φ_i) − F φ_i| dx < ε/2^i, (1.7) ∫ D |ω_{εi} ∗ (F · ∇φ_i) − F · ∇φ_i| dx < ε/2^i. (1.8) Finally, let

F_ε = ∞∑ i=1 ω_{εi} ∗ (F φ_i). It follows from (1.6) that the sum defining F_ε is locally finite. Hence F_ε ∈ C^∞(D; R^N ), and {F_ε} is uniformly bounded. Moreover, since F =^∞ ∑ i=1 F φ_i, one has ∫ D |F_ε − F | dx ≤ ∞∑ i=1 ∫ D |ω_{εi} ∗ (F φ_i) − F φ_i| dx < ε, that is, F_ε − F → 0 in L^1(D; R^N ) when ε → 0. Theorem 1.1 indicates |div F |(D) ≤ lim inf_{ε→0} |div F_ε|(D).

(1.9) Let now ϕ ∈ C^1_0 (D), |ϕ| ≤ 1. One has ∫ D F_ε · ∇ϕ dx = ∞∑ i=1 ∫ D ω_{εi} ∗ (φ_iF ) · ∇ϕ dx = ∞∑ i=1 ∫ D φ_iF · ∇(ω_{εi} ∗ ϕ)dx. Thus ∫ D F_ε · ∇ϕ dx = ∫ D F · ∇(φ_1ω_{ε1} ∗ ϕ) dx + ∞∑ i=2 ∫ D F · ∇(φ_iω_{εi} ∗ ϕ) dx

− ∞∑ i=1 ∫ D (ω_{εi} ∗ ( F · ∇φ_i) − F · ∇φ_i ) ϕ dx, from the identity^∞ ∑ i=1 ∇φ_i = 0. Since |φ_iω_{εi} ∗ ϕ| ≤ 1, one obtains ∫ D F · ∇(φ_1ω_{ε1} ∗ ϕ) dx ≤ |div F |(D). The fact that the intersection of more than any three of the sets D_k is empty yields ∞∑ i=2 ∫ D F · ∇(φ_iω_{εi} ∗ ϕ) dx ≤ 3|div F |(D − D_0) < 3ε. Therefore, we obtain ∫ D F_ε · ∇ϕ dx ≤ |div F |(D) + 4ε, and hence |div F_ε|(D) ≤ |div F |(D) + 4ε. (1.10)

Thus (1.9) and (1.10) give the desired result.

2. Gauss-Green Formula and Normal Traces

The main difference between DM fields and BV fields is that the former may have much worse behavior. One obvious example of such a DM field in R^2 is (v(x − y), v(x − y)), where v is any function in L^∞(R).

Our motivation for studying this class of fields comes from the entropy inequality in distributional sense, characterizing admissible solutions for hyperbolic systems of conservation laws. In this case, applying Schwartz’s lemma on nonnegative distributions [26], one concludes that, if u(t, x) ∈ L^∞((0, T ) × R^n; R^m) is an entropy solution of a hyperbolic system of conservation laws in (0, T ) × R^n, then, for any entropy-entropy flux pair (η, q), q = (q^1, · · · , q^n), of the system, the field (η(u(t, x)), q(u(t, x))) is in DM((0, T ) × V ), for any bounded open set V ⊂ R^n. As we will see, for such a field, one can define its normal traces through Lipschitz hypersurfaces and extend the Gauss-Green Theorem.

Given F ∈ DM(D), we fix a precise representative F^∗ for F . We choose this precise representative as follows. By the definition of the sequence F_j in the proof of Theorem 1.2, it is clear that the C^∞ field sequence F_j converges a.e. in D. Actually, given an element in the class F (characterized by equality almost everywhere), they converge pointwise to this member of the class F at all its Lebesgue points. Denote by F a specific member in this class.

Let N be a Borel set of measure zero containing the set of all points that are not Lebesgue points of this specific member F . We define

F^∗(x) = { F (x), x ∈ D − N , 0, x ∈ N . In particular, F^∗ is Borel measurable, since it is a pointwise limit of C^∞ functions in D − N . We will drop * and simply denote F^∗ = F .

Definition 2.1. Let Ω be an open subset in R^N . We say that ∂Ω is a deformable Lipschitz boundary provided that the following hold.

(i): For each x ∈ ∂Ω, there exist r > 0 and a Lipschitz mapping γ : R^{N−1} → R such that, upon rotating and relabeling the coordinate axes if necessary, Ω ∩ Q(x, r) = { y ∈ R^N | γ(y_1, · · · , y_{N−1}) < y_N } ∩ Q(x, r), where Q(x, r) = { y ∈ R^N | |y_i − x_i| ≤ r, i = 1, · · · , N }. We denote by γ̃ the map y → (y, γ(y)).

(ii): There exists a map Ψ : ∂Ω × [0, 1] → Ω̄ such that Ψ is a homeomorphism bi-Lipschitz over its image and Ψ(·, 0) ≡ I, where I is the identity map over ∂Ω. Denote ∂Ω_τ ≡ Ψ(∂Ω × {τ}), τ ∈ [0, 1], and denote Ω_τ the open subset of Ω whose boundary is ∂Ω_τ . We call Ψ a Lipschitz deformation of ∂Ω.

Definition 2.2. We say that the Lipschitz deformation is regular if lim τ →0+ DΨ_τ ∘ γ̃ = Dγ̃, in L^1_{loc}(B),

(2.1)

where γ̃ is a map as in condition (i) of Definition 2.1, and Ψ_τ denotes the map of ∂Ω into Ω, given by Ψ_τ (x) = Ψ(x, τ). Here B denotes the greatest open set such that γ̃(B) ⊂ ∂Ω.

Remark 2.1. It should be recognized that bounded domains with smooth boundaries (say, C^2) have always regular deformable Lipschitz boundaries. Indeed, since there is an everywhere defined (say, outward) normal unit field ν(r), one can define the deformation Ψ(y, τ) = y − ετν(y), which satisfies all the required conditions for sufficiently small ε > 0.

Remark 2.2. Conditions (i)-(ii) of Definition 2.1 are also verified for the star-shaped domains and for the domains whose boundaries satisfy the cone property. For the former, there exists a point y_0 ∈ Ω such that, for any y ∈ ∂Ω, one has y+θ(y_0 −y) ∈ Ω for θ ∈ (0, 1) and can then define Ψ(y, τ) = y +^τ_2 (y_0 − y). For the latter, there exists a vector v_0 ∈ R^N such that, for any y ∈ ∂Ω and any 0 < s ≤ 1, one has y + sv_0 ∈ Ω and then takes Ψ(y, τ) = y + τv_0. In both cases, the deformation is regular.

Remark 2.3. It is also clear that, if Ω is the image through a bi-Lipschitz map of a domain Ω̄ with a (regular) Lipschitz deformable boundary, then Ω itself possesses a (regular) Lipschitz deformable boundary.

Lemma 2.1. Let F ∈ DM(D). Assume that {F_j } is the sequence in C^∞(D; R^N ) given by Theorem 1.2. Let Ω ⊂ D be an open set with a deformable Lipschitz boundary and a Lipschitz deformation Ψ of ∂Ω. Then there exists a set T ⊂ [0, 1] with meas ([0, 1] − T ) = 0 such that, for all τ ∈ T , F_j converges to F , H^{N−1}-almost everywhere in ∂Ω_τ .

Proof. Let N be the null set in the definition of the precise representative of F and V = Ψ(∂Ω × [0, 1]). Let h : V → [0, 1] be the Lipschitz function given by h(y) = τ if y ∈ ∂Ω_τ . We extend h to all R^N by setting h(y) = 0, for y /∈ Ω, and h(y) = 1, for y ∈ Ω − V. Let Jh(y) denote the Jacobian of h at y. By the Coarea Formula for Lipschitz functions (see [13, 14]), one has 0 = ∫ R^{N χN ∩V (y)Jh(y) dy =} ∫_1 0 dτ ∫ h^−1(τ ) χ_N (ω) dH^{N−1}(ω). Thus, for almost all τ ∈ (0, 1), one must have

H^{N−1}(N ∩ ∂Ω_τ ) = ∫ h^−1(τ )

χ_N (ω) dH^{N−1}(ω) = 0.

Lemma 2.2. Let F ∈ DM(D). Let Ω ⊂ D be an open set with a deformable Lipschitz boundary and a Lipschitz deformation Ψ of ∂Ω. Then, there exists a countable set J ⊂ (0, 1) such that |div F |(∂Ω_τ ) = 0, for every τ ∈ (0, 1) − J .

Proof. Since ∂Ω_{τ1} ∩ ∂Ω_{τ2} = ∅, if τ_1 ≠ τ_2, τ_1, τ_2 ∈ (0, 1), then, for each n ∈ N, the cardinality of the set

{ τ ∈ (0, 1) : |div F |(∂Ω_τ ∩ B(0; n)) > 1/n }

must be finite, because |div F | is a Radon measure.

Theorem 2.1. Let F ∈ DM(D). Let Ω ⊂ D be an open set with deformable Lipschitz boundary. Let Ψ be a Lipschitz deformation of ∂Ω. Let T , J ⊂ (0, 1) be as in Lemmas 2.1-2.2, and T^∗ = T − J . Then, for every τ ∈ T^∗ and all ϕ ∈ C^1_0 (R^N ), ⟨div F |_{Ωτ} , ϕ⟩ = ∫ ∂Ω_τ ϕ(ω)F (ω) · ν_τ (ω) dH^{N−1}(ω) − ∫ Ω_τ F (y) · ∇ϕ(y) dy, (2.2)

where ν_τ is a unit outward normal field defined H^{N−1}-almost everywhere in ∂Ω_τ .

Proof. It suffices to consider the case where Ω is bounded. Take the sequence F_j ∈ C^∞(D; R^N ) given by Theorem 1.2. Let τ ∈ T^∗ and take n ∈ N such that τ > 1/n. The classical Gauss-Green formula gives ∫ Ω_τ

ϕ div F_j dy = ∫ ∂Ω_τ ϕ(ω)F_j (ω) · ν_τ (ω) dH^{N−1}(ω) − ∫ Ω_τ F_j (y) · ∇ϕ(y) dy, (2.3)

for any ϕ ∈ C^1_0 (R^N ). Since τ ∈ T , the right-hand side of (2.3) converges to the right-hand side of (2.2) when j → ∞, where Lemma 2.1 is used for the convergence of the first term. Now, for j large enough, one has

F_j (x) = ω_j ∗ (F φ_j )(x), for x ∈ Ω_{1/n},

(2.4)

where ω_j (x) = ε^{−N}_j ω(^x_{εj} ), ω is a symmetric mollifier, ε_j → 0 as j → ∞, and φ_j ∈ C^∞_0 (D) satisfy φ_j (x) = 1, for x ∈ Ω_{1/n}. We denote by μ^j the divergence of the right-hand side of (2.4). Then μ^j = div F_j over C_0(Ω_{1/n}), and

μ^j ⇀ div F, as j → ∞, in M(Ω_{1/n}).

(2.5)

Now, viewed as (signed) Radon measures over R^N , it is clear that μ^j is a sequence uniformly bounded in M(R^N ). Consider a Jordan decomposition of μ^j as μ^j = μ^j_+ − μ^j_−, with nonnegative Radon measures μ^j_+ and μ^j_−. That is, μ^j_± ( supp μ^j_− ∩ supp μ^j_+ ) = 0, |μ^j | = μ^j_+ + μ^j_−.

Since μ^j_+ and μ^j_− are uniformly bounded in M(R^N ), passing to a subsequence if necessary, we may assume that there exist μ_+, μ_− ∈ M(R^N ) such that

μ^j_+ ⇀ μ_+, μ^j_− ⇀ μ_−, in M(R^N ).

In particular, we must have μ_+ − μ_− = div F in M(Ω_{1/n}), because of (2.5). Let μ = μ_+ + μ_−. We claim that μ(∂Ω_τ ) = 0. Indeed, let A_{iδ} = Ω_{τ −iδ} − Ω_{τ +iδ}, i = 1, 2, with 1/n < τ − 2δ < τ + 2δ < 1. Hence, μ_±(A_δ ) ≤ lim sup_{j→∞} μ^j_±(A_δ )

≤ lim sup j→∞ |div F_j |(A_δ )

≤ |div F |(Ā_δ ) (by Proposition 1.1) ≤ |div F |(A_{2δ} ) → 0, as δ → 0.

Therefore, for τ ∈ T^∗, we have (see, e.g., [13]) μ^j_+(Ω_τ ) → μ_+(Ω_τ ), μ^j_−(Ω_τ ) → μ_−(Ω_τ ), as j → ∞.

Consequently, for τ ∈ T^∗,

div F_j (Ω_τ ) = μ^j_+(Ω_τ ) − μ^j_−(Ω_τ ) −→ μ_+(Ω_τ ) − μ_−(Ω_τ ) = div F (Ω_τ ), as j → ∞. More generally, the same arguments lead to (ϕ div F_j )(Ω_τ ) → (ϕ div F )(Ω_τ ), as j → ∞,

(2.6) for τ ∈ T^∗ and any ϕ ∈ C^1_0 (R^N ). This means that the left-hand side of (2.3) converges as j → ∞ to the left-hand side of (2.2), for τ ∈ T^∗.

Now we use (2.2) to define the normal trace of F through ∂Ω so that (2.2) holds for τ = 0, that is, the Gauss-Green formula holds for any open set Ω ⊂ D with Lipschitz deformable boundary. Specifically, given an outward unit normal field ν defined H^{N−1}-almost everywhere in ∂Ω, we define F · ν as a Radon measure over ∂Ω (actually an element of L^∞(∂Ω)) in the following way. Using a Lipschitz deformation Ψ for ∂Ω, we may regard any function ϕ ∈ C_0(∂Ω) as an element of C_0(∂Ω_τ ) through the mapping ϕ → ϕ ∘ Ψ^{−1}_τ . And, conversely, we may regard any element of C_0(∂Ω_τ ) as an element of C_0(∂Ω) through the inverse mapping ϕ → ϕ ∘ Ψ_τ . Now, since F · ν_τ is defined H^{N−1}-almost everywhere on ∂Ω_τ , for τ ∈ T^∗ with T^∗ given by Theorem 2.1, we may regard F · ν_τ as either a Radon measure over ∂Ω_τ or a Radon measure over ∂Ω. We then define F · ν|_{∂Ω} = w- lim_{τ →0 τ ∈T ∗} F · ν_τ , in M(∂Ω).

(2.7) We justify (2.7) in the following theorem.

Theorem 2.2 (Gauss-Green Formula for DM Fields). Let F ∈ DM(D) and Ω ⊂ D be an open set with deformable Lipschitz boundary. The limit in (2.7) exists when F · ν_τ are regarded as Radon measures on ∂Ω through the formula ⟨F · ν_τ , ϕ⟩ ≡ ∫ ∂Ω_τ ϕ(Ψ^{−1}_τ (ω))F (ω) · ν_τ (ω) dH^{N−1}(ω),

(2.8)

where Ψ_τ : ∂Ω → ∂Ω_τ is given by Ψ_τ (ω) = Ψ(ω, τ). This definition for F · ν over ∂Ω yields the following Gauss-Green formula:

⟨div F |_Ω, ϕ⟩ = ∫ ∂Ω ϕ(ω)F (ω) · ν(ω) dH^{N−1}(ω) − ∫ Ω F (y) · ∇ϕ(y) dy, (2.9)

for any ϕ ∈ C^1_0 (R^N ), where, in the first integral, we use the formal notation F (ω) · ν(ω) dH^{N−1}(ω) ≡ F · ν for the normal trace measure justified in (i) below.

The normal trace measure F · ν has the following properties:

(i): F · ν does not depend on the particular Lipschitz deformation for ∂Ω and is absolutely continuous with respect to H^{N−1} | |_{∂Ω};

(ii): If ∂Ω ⊂ D and |div F |(∂Ω) = 0, the density of F · ν coincides with the function F · ν, H^{N−1}- a.e. in ∂Ω, whenever H^{N−1}(∂Ω ∩ N ) = 0, where N is the null set in the definition of the precise representative of F ;

(iii): Denote also F · ν the corresponding density. Then F · ν ∈ L^∞(∂Ω) and, for some C > 0, ‖F · ν‖_L∞_{(∂Ω)} ≤ C‖F ‖_L∞_{(Ω)}. (2.10)

If there exists a regular deformation Ψ of ∂Ω, then we may take C = 1 and

F · ν = w^∗ − ess lim_{τ →0+}(F · ν_τ ) ∘ Ψ_τ , in L^∞(∂Ω).

(2.11)

Proof. Let ϕ be any function in C^1_0 (R^N ). Take τ → 0 in (2.2), with τ ∈ T given in the proof of Theorem 2.1. Using the Dominated Convergence Theorem in the lefthand side for the measure div F and the sequence of functions χ_{Ωτ} ϕ, converging pointwise to χ_Ωϕ, and in the right-hand side for the Lebesgue measure and the sequence χ_{Ωτ} ∇ϕ · F , one sees that the first term on the right-hand side of (2.2) must converge as τ → 0. Since ϕ|_{∂Ωτ} in (2.2) can be substituted by ϕ|_{∂Ω} ∘Ψ^{−1}_τ with an error that goes to 0 when τ → 0, one sees that the limit in (2.7) exists if ϕ is the restriction of a function in C^1_0 (R^N ). Since the set of such functions is dense in C_0(∂Ω) and the measures in ∂Ω, given by F · ν_τ as in (2.8), are uniformly bounded, this limit exists for all ϕ ∈ C_0(∂Ω). Now, we can take τ → 0 in (2.2) to obtain the Gauss-Green formula (2.9).

For assertion (i), the fact that F · ν does not depend on the particular deformation for ∂Ω is a direct consequence of (2.9), since the latter does not involves the deformation. For the remaining part of (i), we must prove that |F · ν|(A) = 0 provided that A ⊂ ∂Ω is a Borel set such that H^{N−1}(A) = 0. Since |F · ν| is a Radon measure over ∂Ω, it suffices to prove this fact in the case where A is compact. Given ε > 0, we can cover A with a finite number, J, of balls B_i = B(x_i; r_i) with radius

r_i < ε such that H^{N−1} ( ∪^J_{i=1}B_i ⋂ ∂Ω ) < ε. Now, for any ϕ ∈ C_0 ( ∪^J_{i=1}B_i ∩ ∂Ω ) , ∫ ∂Ω_τ ϕ(Ψ^{−1}_τ (ω))F (ω) · ν_τ (ω) dH^{N−1}(ω) ≤ ε‖ϕ‖ ‖F ‖ Lip(Ψ)^{N−1}. Thus ⟨F · ν, ϕ⟩ ≤ Cε‖ϕ‖ ‖F ‖, with C = Lip(Ψ)^{N−1}, and then |F · ν|(A) ≤ |F · ν|(∪^J_{i=1}B_i ∩ ∂Ω) ≤ Cε‖F ‖. Taking ε to 0 gives the expected result.

Regarding assertion (ii), if ∂Ω ⊂ D, |div F |(∂Ω) = 0, and H^{N−1}(N ∩ ∂Ω) = 0, using the same arguments as in the proof of Theorem 2.1, we can prove that the Gauss-Green formula holds in the usual sense, i.e., with F · ν given by the very scalar product of the restriction of F over ∂Ω and the outward unit field ν normal to ∂Ω, both defined H^{N−1}-a.e. on ∂Ω. Indeed, taking the sequence of C^∞ vector fields F_j approaching F in D, given by Theorem 1.2, for j large enough we have

F_j (x) = ω_j ∗ (F φ_j )(x), for x ∈ Ω,

(2.12)

where ω_j (x) = ε^{−N}_j ω(^x_{εj} ), ω is a symmetric mollifier, ε_j → 0 as j → ∞, and φ_j ∈ C^∞_0 (D) satisfy φ_j (x) = 1, for x ∈ Ω. Defining μ_j and μ as in the proof of Theorem 2.1 and following the same lines, this time taking A_δ = {x ∈ D : dist (x, ∂Ω) < δ}, for δ sufficiently small, we arrive at

(ϕ div F_j )(Ω) → (ϕ div F )(Ω), as j → ∞,

and so we can get (2.9) from the classical Gauss-Green formula for F_j , with F · ν satisfying the assertion.

Let us consider assertion (iii). For any ω_0 ∈ ∂Ω and r > 0, sufficiently small, out of a countable set, one has | | | | | | 1 H^{N−1} (B(ω_0; r) ∩ ∂Ω) ∫ B(ω0;r)∩∂Ω F · ν dH^{N−1}(ω) | | | | | |

= lim_{τ →0} | | | | | | 1 H^{N−1} (B(ω_0; r) ∩ ∂Ω) ∫ Ψ_τ (B(ω0;r)∩∂Ω) F · ν_τ dH^{N−1}(ω) | | | | | | ≤ ‖F ‖_∞Lip(Ψ)^{N−1}.

(2.13)

Then, from the Radon-Nikodym Theorem on the differentiation of measures [13], we get the first part of assertion (iii). Identity (2.11) follows from the area formula (see [14]). Indeed, if ϕ ∈ L^1(∂Ω) and B = supp ϕ ⊂ graph γ, with γ as in condition (i) of Definition 2.1, then ∫ ∂Ω F (ω) · ν(ω)ϕ(ω) dH^{N−1}(ω) = lim_{τ →0+} ∫ ∂Ω_τ F · ν_τ ϕ ∘ Ψ^{−1}_τ dH^{N−1}(ω) = lim_{τ →0+} ∫ γ̃^−1(B) (F · ν_τ ) ∘ (Ψ_τ ∘ γ̃) ϕ ∘ γ̃ JΨ_τ ∘ γ̃ dL^{N−1}(ω) = lim_{τ →0+} ∫ B (F · ν_τ ) ∘ Ψ_τ ϕ dH^{N−1}(ω), which is the desired conclusion, where we have used the area formula [14] and (2.1). Here, Jf denotes the Jacobian of the Lipschitz map f (see [13, 14]). The fact that we can take C = 1 in inequality (2.10), in this case, follows immediately from (2.11). This concludes the proof.

Remark 2.4. It is important to observe that, in general, one cannot define the trace for each one of the components of a DM field over any Lipschitz boundary, as opposed to the case of BV fields. This fact can be easily seen through the example provided by the DM field F (x, y) = (sin^1_{x−y} , sin^1_{x−y} ); it is impossible to define any reasonable notion of trace over the line x = y for the component sin^1_{x−y} . Nevertheless, the unit normal ν_τ to the line x − y = τ is the vector (−1/ √ 2, 1/ √ 2) so that the scalar product F (x, x − τ) · ν_τ is identically zero over this line. Hence, we find that F · ν ≡ 0 over the line x = y and the Gauss-Green formula implies in this case that, for any ϕ ∈ C^1_0 (R^2), 0 = ⟨div F |_{x>y}, ϕ⟩ = − ∫ x>y F · ∇ϕ dxdy. This identity could be also directly obtained by applying the Dominated Convergence Theorem to the analogous identity obtained from the classical Gauss-Green formula for the domain { (x, y) | x > y + τ } when τ → 0.

As a corollary of the extended Gauss-Green formula, we have the following proposition.

Proposition 2.1. Let Ω ⊂ R^N be a bounded open set with Lipschitz boundary and F_1 ∈ DM(Ω), F_2 ∈ DM(R^N − Ω̄). Then

F (y) = { F_1(y), y ∈ Ω, F_2(y), y ∈ R^N − Ω̄

(2.14)

belongs to DM(R^N ), and ‖F ‖_{DM(}RN_) ≤ ‖F_1‖_{DM(Ω)} + ‖F_2‖_{DM(}RN_−¯_{Ω)} + ‖F_1 · ν − F_2 · ν‖_L∞_{(∂Ω)}H^{N−1}(∂Ω). Proof. Obviously, F ∈ L^∞(R^N ; R^N ) and ‖F ‖_L∞_(RN_) ≤ ‖F_1‖_L∞_{(Ω)} + ‖F_2‖_L∞_(RN_−¯_{Ω)}.

Now, choosing ϕ ∈ C^1_0 (R^N ) such that |ϕ| ≤ 1 and using the Gauss-Green formula, we have ∫ R^N F · ∇ϕ dy = ∫ Ω F_1 · ∇ϕ dy + ∫ R^N −^¯Ω F_2 · ∇ϕ dy

= − < div F_1|_Ω, ϕ > − < div F_2|RN_−¯_Ω, ϕ > + ∫ ∂Ω {F_1 · ν − F_2 · ν}ϕ dH^{N−1}(ω) ≤ |div F_1|(Ω) + |div F_2|(R^N − Ω̄) + ‖F_1 · ν − F_2 · ν‖_L∞_{(∂Ω)}H^{N−1}(∂Ω).

Hence, by the definition of the DM norm in Corollary 1.1 and that of |div F |(R^N ) in Definition 1.1, we conclude the desired result.

3. Product Rule Theorem 3.1. Let g ∈ BV (D) ∩ L^∞(D) and F ∈ DM(D). Then gF ∈ DM(D). Moreover, if g is also Lipschitz over any compact set in D, div (gF ) = gdiv F + F · ∇g.

(3.1) Proof. Let F_j be as in Theorem 2.1. Let g_j be the analogous sequence for g. We have ∫ D |div (g_j F_j )|dx = sup { ∫ D g_j F_j · ∇ϕdx | ϕ ∈ C^1_0 (D), |ϕ| ≤ 1 }

≤3‖g‖_∞ sup { ∫ D F_j · ∇ϕdx | ϕ ∈ C^1_0 (D), |ϕ| ≤ 1 }

+ 3‖F ‖_∞ sup { ∫ D ∇g_j · ϕdx | ϕ ∈ C^1_0 (D; R^N ), |ϕ| ≤ 1 } ≤3{‖g‖_∞|div F_j |(D) + ‖F ‖_∞‖∇g_j ‖_∞}. Here in the first inequality we just divided g_j by its L^∞ norm, which is less than 3‖g‖_∞ by the construction, and then we considered g_j ϕ/‖g_j ‖_∞ as a test function. We similarly handle F_j to obtain the second term in the right-hand side of the same inequality. Hence, for any ϕ ∈ C^1_0 (D) with |ϕ| ≤ 1, one has ∫ D gF · ∇ϕ dx = lim ∫ D g_j F_j · ∇ϕ dx ≤ 3{‖g‖_∞|div F |(D) + ‖F ‖_∞‖∇g‖_∞}, and |div (gF )|(D) < ∞. Since gF ∈ L^∞(D; R^N ), one has gF ∈ DM(D). Now Theorem 1.2 implies that div F_j ⇀ div F as Radon measures over D. Hence, if g is Lipschitz over all compact sets contained in D, then gdiv F_j + F_j · ∇g ⇀ gdiv F + F · ∇g, in M(D). On the other hand, clearly div (gF_j ) ⇀ div (gF ) in the sense of distributions. Taking the limit in the identity

div (gF_j ) = gdiv F_j + F_j · ∇g

in the sense of distributions and using the fact that C^∞_0 (D) is dense in C_0(D), we obtain (3.1).

In fact, one may refine the above result and prove that (3.1) holds a.e. in the general case, not only for local Lipschitz functions. In this case, we must take the absolutely continuous part of ∇g. To show this, we establish a preliminary result, which is of interest in itself.

Proposition 3.1. Let F ∈ DM(D) and A ⊂ D be a Borel measurable set such that H^{N−1}(A) = 0. Then |div F |(A) = 0.

Proof. Since there are Borel measurable sets D_+ and D_−, D_+ ∪ D_− = D, such that div F is a nonnegative measure over D_+ and a nonpositive measure over D_−, one may assume A ⊂ D_+ and hence |div F |(A) = (div F )_+(A) = div F (A). Also, since (div F )_+ is a Radon measure, it suffices to prove the assertion for any compact A. Now, for any ε > 0, we can find a finite number, J, of balls of radius less than ε such that A ⊂ ∪^J_{i=1}B(x_i; r_i) and ∑_J i=1 r^{N−1}_i < ε, since H^{N−1}(A) = 0. Now we may apply the Gauss-Green formula (2.9) with Ω = Ω_ε ≡ ∪^J_{i=1}B(x_i; r_i) and any function ϕ in C^1_0 (R^N ) that identically equals one over Ω̄_ε. Then |div F (Ω_ε)| ≤ ‖F ‖_∞H^{N−1}(∂Ω_ε) ≤ C‖F ‖_∞ J∑ i=1 r^{N−1}_i ≤ εC‖F ‖_∞. Now, since χ_{Ωε} → χ_A pointwise in D as ε → 0 (recall that A is compact), one has |div F |(A) = div F (A) = 0. This completes the proof.

For g ∈ BV , let (∇g)_{ac} and (∇g)_{sing} denote the absolutely continuous part and the singular part of the Radon measure ∇g, respectively. We can now state the refinement of Theorem 3.1.

Theorem 3.2. Given F ∈ DM(D) and g ∈ BV (D) ∩ L^∞(D), the identity

div (gF ) = ḡdiv F + F · ∇g

holds in the sense of Radon measures in D, where ḡ is the limit of a mollified sequence for g through a positive symmetric mollifier, and F · ∇g is a Radon measure absolutely continuous with respect to |∇g|, whose absolutely continuous part with respect to the Lebesgue measure in D coincides with F · (∇g)_{ac} almost everywhere in D.

Proof. Let g_δ = ω_δ ∗ g, where ω_δ(x) = δ^{−N} η(^x_δ ) with a positive symmetric mollifier ω. From Theorem 3.1, we have div (g_δF ) = g_δdiv F + F · ∇g_δ .

Now, it is well known that g_δ converges to a Borel function ḡ, H^{N−1}-a.e. in D (this function equals g a.e. in D). Then, using Proposition 3.1, we get g_δdiv F ⇀ ḡdiv F, in M(D), as a consequence of the Dominated Convergence Theorem applied to the measure div F . On the other hand, as in the proof of Theorem 3.1, one may easily show that {div (g_δF )} is uniformly bounded in M(D).

Now, this sequence converges to div (gF ) in the sense of distributions over D. Then, one must have div (g_δF ) ⇀ div (gF ) in M(D). Hence, F · ∇g_δ ⇀ F · ∇g ≡ div (gF ) − ḡdiv F. Now we pass to the proof of the assertions about F · ∇g. Let A ⊂ D be such that |∇g|(A) = 0. We are going to prove that |F · ∇g|(A) = 0. Again, it suffices to consider any compact set A with |∇g|(A) = 0. Given ε > 0, we can cover A by a finite number, J, of balls so that A ⊂ ∪^J_{i=1}B(x_i; r_i), r_i < ε; |∇g| ( ∪^J_{i=1}B(x_i; r_i) ) < ε. We may assume without loss of generality that |∇g|(∂B(x_i; r_i)) = 0, i = 1, · · · , J. Let ϕ ∈ C_0(∪^J_{i=1}B(x_i; r_i)). Thus ⟨F · ∇g, ϕ⟩ = lim_{δ→0} ∫ ϕ(x) F (x) · ∇g_δ (x) dx ≤ ‖ϕ‖_∞‖F ‖_∞ lim sup_{δ→0} |∇g_δ| ( ∪^J_{i=1}B(x_i; r_i) ) = ‖ϕ‖_∞‖F ‖_∞|∇g| ( ∪^J_{i=1}B(x_i; r_i) ) ≤ ε‖ϕ‖_∞‖F ‖_∞, from the fact that |∇g_δ|(B) → |∇g|(B), for all open sets B ⊂ D with |∇g|(∂B) = 0 (see [15]). Hence, we obtain |F · ∇g|(A) ≤ |F · ∇g| ( ∪^J_{i=1}B(x_i; r_i) ) ≤ ε‖F ‖_∞. Taking ε → 0, we obtain the desired result.

We now prove the last assertion about F · ∇g. Let x ∈ D be such that the limit

lim_{r→0} 1 α(N)r^N ∫ B(x;r) F · ∇g(y)dy exists, and

lim_{r→0} 1 α(N)r^N ∫ B(x;r) |(∇g)_{sing}(y)|dy = 0, (3.2)

lim_{r→0} 1 α(N)r^N ∫ B(x;r) |F (y) · (∇g)_{ac}(y) − F (x) · (∇g)_{ac}(x)| dy = 0.

(3.3)

Almost every x ∈ D has this property. Fix r > 0 such that |(∇g)_{sing}|(∂B(x; r)) = 0.

(3.4) One has ∇(ω_δ ∗ g) = ω_δ ∗ ∇g = ω_δ ∗ (∇g)_{ac} + ω_δ ∗ (∇g)_{sing}.

Hence, for any ϕ ∈ C_0(B(x; r)), we use |ω_δ ∗ (∇g)_{sing}(y)| ≤ ω_δ ∗ |(∇g)_{sing}(y)| to find | | | | | 1 α(N)r^N ∫ B(x;r) ϕ(y){F (y) · ω_δ ∗ (∇g)(y) − F (x) · (∇g)_{ac}(x)}dy | | | | | ≤ 1 α(N)r^N ∫ B(x;r) |ϕ(y){F (y) · ω_δ ∗ (∇g)_{ac}(y) − F (x) · (∇g)_{ac}(x)}| dy + ‖ϕ‖_∞‖F ‖_∞ α(N)r^N ∫ B(x;r) ω_δ ∗ |(∇g)_{sing}(y)|dy. Now, the last term of the right-hand side in the inequality converges to ‖ϕ‖_∞‖F ‖_∞ α(N)r^N ∫ B(x;r) |(∇g)_{sing}(y)|dy, since ω_δ ∗ |(∇g)_{sing}| ⇀ |(∇g)_{sing}| and (3.4) holds. Then we take δ → 0 to obtain | | | | | 1 α(N)r^N ∫ B(x;r) ϕ(y){F · ∇g(y) − F (x) · (∇g)_{ac}(x)}dy | | | | | ≤ ‖ϕ‖_∞‖F ‖_∞ α(N)r^N ∫ B(x;r) |(∇g)_{sing}(y)|dy + 1 α(N)r^N ∫ B(x;r) |ϕ(y){F (y) · (∇g)_{ac}(y) − F (x) · (∇g)_{ac}(x)}| dy. Now, taking ϕ → 1 pointwise in B(x; r) so that ‖ϕ‖ ≤ 1, we get | | | | | 1 α(N)r^N ∫ B(x;r) ( F · ∇g(y) − F (x) · (∇g)_{ac}(x) ) dy | | | | | ≤ ‖F ‖_∞ α(N)r^N ∫ B(x;r) |(∇g)_{sing}(y)|dy + 1 α(N)r^N ∫ B(x;r) |F (y) · (∇g)_{ac}(y) − F (x) · (∇g)_{ac}(x)| dy, (3.5)

by the Dominated Convergence Theorem. Finally, we take r → 0 in (3.5) and use (3.2)-(3.3) to get the desired result.

4. Applications to Initial-Boundary Value Problems for Hyperbolic Conservation Laws

In this section we apply the theory developed in §1-§3 to establish a general framework for L^∞ weak entropy solutions of initial-boundary value problems for hyperbolic conservation laws. Let Q ⊂ R^{n+1} be a domain, whose points are denoted by (t, x), with Ω ≡ Q ∩ {t = 0} ≠ ∅, Γ = ∂Q. Consider ∂_tu + ∇_x · f(u) = 0, in Q ∩ {t > 0}, (4.1) u|_{t=0} = u_0,

(4.2) u|_{Γ∩{t>0}} = u_b. (4.3)

Here u ∈ U ⊂ R^m, f ∈ C^1(U; (R^m)^n), for some domain U ⊂ R^m. We assume that the initial-boundary data satisfy

u_0 ∈ L^∞(Ω; R^m), u_b ∈ L^∞(Γ ∩ {t > 0}; R^m).

(4.4)

We will consider the domain Q of the following form. Let L : R^{n+1} → R^{n+1} be a bi-Lipschitz map:

L(t, x) = (t, y(t, x)), for all (t, x) ∈ R^{n+1},

where y : R^{n+1} → R^n is a certain Lipschitz map satisfying y(t, x) = x, for t ≤ 0. Let Ω ⊂ R^n be an open domain with regularly deformable Lipschitz boundary ∂Ω. Set Q = L(R × Ω), Γ = L(R × ∂Ω), Q_T = L((0, T ) × Ω), Γ_T = L((0, T ) × ∂Ω).

Assume that Θ : ∂Ω × [0, 1] → Ω̄ is a regular Lipschitz deformation for ∂Ω. We fix a standard regular Lipschitz deformation Ψ : Γ × [0, 1] → Q for Γ, given by Ψ(r, s) = L ( π_1(r), Θ(π_2 ∘ L^{−1}(r), s) ) , where π_1 : R^{n+1} → R and π_2 : R^{n+1} → R^n are given by π_1(t, x) = t, π_2(t, x) = x. We denote Ψ_s(r) = Ψ(r, s), Γ^s = Ψ_s(Γ), and Γ^s_T = Ψ_s(Γ_T ). We denote A b B that A is an open subset of B and its closure Ā is compact subset of B.

The discussion which follows is partly motivated by the analysis carried out by Otto [25] for the initial-boundary value problem for multidimensional scalar conservation laws in cylindric domains of the form (0, T ) × Ω, Ω with smooth boundary. In [25], the existence and uniqueness of entropy solutions of the initialboundary value problem were established for L^∞ initial and boundary conditions. This result extends the earlier one for BV initial and boundary conditions, by Bardos, Leroux, and Nedelec [2]. Other attempts to extend partially in various ways the results in [2] have been made in some references such as in [12, 7, 18, 28] and those cited therein.

4.1. General Framework

Definition 4.1. We say that η ∈ C^1(R^m) is an entropy for (4.1), with associated entropy flux q = (q^1, · · · , q^n) ∈ C^1(R^m; R^n), if ∇q_i(u) = ∇η(u)∇f_i(u), i = 1, · · · , n. (4.5)

We call F (u) = (η(u), q(u)) an entropy pair. If η(u) is convex, we say F (u) is a convex entropy pair. An entropy pair F(u, v) = (α(u, v), β(u, v)) is called a boundary entropy pair if, for each fixed v ∈ R^m, α(u, v) is convex with respect to u, and α(v, v) = β(v, v) = ∂_uα(v, v) = 0. (4.6)

We say that F(u, v) = (α(u, v), β(u, v)) is a generalized boundary entropy pair if it is the uniform limit of a sequence of boundary entropy pairs over compact sets.

In this section, with the aid of the theory of divergence-measure fields, we focus on any weak entropy solution u ∈ L^∞(Q_T ; R^m) of (4.1)-(4.3) in Q_T , in the sense given by the following definition.

Definition 4.2. We say that u(t, x) ∈ L^∞(Q_T ; R^m) is a weak entropy solution of (4.1)-(4.3) in Q_T if it satisfies the following.

• Conservation Laws (4.1): For all ϕ ∈ C^∞_0 (Q_T ), ϕ ≥ 0, and any convex entropy pair (η, q), ∫ ∫ Q_T (η(u)ϕ_t + q(u) · ∇_xϕ) dx dt ≥ 0; (4.7)

• Initial Condition (4.2): For any Ω̃ b Ω,

ess lim_{t→0+} ∫ Ω̃ |u(t, x) − u_0(x)| dx = 0; (4.8)

• Boundary Condition (4.3): For any γ ∈ L^1(Γ_T ), γ ≥ 0 H^n-a.e., and any boundary entropy flux F = (α, β),

ess lim_{s→0+} ∫ Γ_T

F(u ∘ Ψ_s(r), u_b(r)) · ν_s(Ψ_s(r))γ(r) dH^n (r) ≥ 0,

(4.9)

where ν_s is the outward unit normal field defined H^n-a.e. in Γ^s_T .

The main focus in this section is to investigate classes of equations and the boundary data for which the solutions satisfying (4.7)–(4.9) assume their boundary data in the usual sense, with the aid of the theory of divergence-measure fields.

For convenience of presentation, we extend the weak entropy solution u(t, x) ∈ L^∞(Q_T ; R^m) to u(t, x) ∈ L^∞(Q; R^m) setting u(t, x) = 0, (t, x) ∈ Q − Q_T . We observe from Proposition 2.1 that, if u_j and f_j denote the jth component of u and the jth row of the m × n matrix f, respectively, j = 1, · · · , m, and (η(u), q(u)) is any convex entropy pair for (4.1), (4.7) implies that the fields E_j (u) ≡ ( u_j , f_j (u) ) ∈ DM(D), F (u) ≡ ( η(u), q(u) ) ∈ DM(D) for any bounded open set D ⊂ Q as a consequence of the Schwartz lemma on nonnegative distributions [26]. In particular, the normal traces E^j (u) · ν|S, j = 1, · · · , n, and F (u)·ν|S are defined for any open subset S of the Lipschitz boundary of any open set D b Q.

We next establish the first important fact about the solutions of (4.1)–(4.3) in the sense of (4.7)–(4.9).

Theorem 4.1. Assume that (4.1) is endowed with a strictly convex entropy. A function u(t, x) ∈ L^∞(Q_T ; R^m) satisfies (4.7)–(4.9) if and only if it satisfies the following.

1. Equation (4.1) holds in Q_T in the sense of the distributions; 2. Given any boundary entropy pair (α(u, v), β(u, v)), there is a constant M > 0 such that, for any nonnegative ϕ(t, x) ∈ C^∞_0 ( (−∞, T ) × R^n ) , ∫∫ Q_T (α(u(t, x), v)ϕt + β(u(t, x), v) · ∇xϕ) dx dt + ∫ Ω α(u_0(x), v)ϕ(0, x) dx + M ∫ Γ_T |u b(r) − v|ϕ(r) dH^n(r) ≥ 0. (4.10)

Proof. Given any convex entropy pair (η, q), α(u, v) = η(u) − η(v) − ∇η(v)(u − v), (4.11) β(u, v) = q(u) − q(v) − ∇η(v)(f(u) − f(v)) (4.12) form a boundary entropy pair. Since u satisfies (4.1) in the sense of distributions, one easily deduces (4.7) from (4.10).

We now prove (4.8). We consider α and β as in (4.11)-(4.12) for a strictly convex entropy η. Let δ < T be small enough. Choose ϕ(t, x) = ζ(t)ξ(x), with ζ ∈ C^∞_0 (−∞, δ), ξ ∈ C^∞_0 (Ω), ζ ≥ 0, ξ ≥ 0. We get ∫_δ 0 ζ^′(t) ∫ Ω α(u, v)ξ(x) dx dt + C ∫_δ 0 ζ(t) dt + ∫ Ω α(u_0(x), v)ξ(x) dx ≥ 0. Hence, choosing ζ = χ_{(−δ,δ)} (after mollifying and passing to the limit) and making δ → 0, we get

ess lim_{t→0+} ∫ Ω α(u(t, x), v)ξ(x) dx ≤ ∫ Ω α(u_0(x), v)ξ(x) dx, where the limit on the left-hand side exists because of Theorem 2.2. Proceeding as above, we conclude from the last inequality that, for any ξ, v_0 ∈ L^1(Ω), one has

ess lim_{t→0+} ∫ Ω α(u(t, x), v_0(x))ξ(x) dx ≤ ∫ Ω α(u_0(x), v_0(x))ξ(x) dx. Therefore, choosing v_0 = u_0, and using the strict convexity of η and the fact that u and u_0 are uniformly bounded, we arrive at (4.8).

We finally prove (4.9). Let h : R^{n+1} → [0, 1] be defined by setting h(t, x) = s, if (t, x) ∈ Γ^s; h(t, x) = 0, if (t, x) /∈ Q; and h(t, x) = 1, otherwise. In (4.10), we choose ϕ(t, x) = γ(Ψ^{−1}_{h(t,x)}(t, x))ζ(h(t, x)), for (t, x) ∈ Image(Ψ), where γ ∈ Lip(Γ), supp γ ⊂ Γ_T , γ ≥ 0, ζ ∈ C^∞_0 (−∞, 1), and set ϕ(t, x) = 0 for (t, x) ∈ Q − Image(Ψ). We then extend ϕ to all R^{n+1} as a Lipschitz function with compact support contained in (0, T ) × R^n. With this choice of ϕ in (4.10), using the coarea formula [13, 14], one obtains

∫_1 0 ∫ Γ^s F(u(r), v) · ν_s(r)γ(Ψ^{−1}_s (r)) dH^n(r)ζ^′(s) ds + C ∫_1 0 ζ(s) ds + M ∫ Γ_T |u_b(r) − v|γ(r) dH^n(r)ζ(0) ≥ 0. Choosing ζ(s) = χ_{(−δ,δ)}, 0 < δ < 1 (mollifying and passing to the limit), and then making δ → 0, we get

ess lim_{s→0+} ∫ Γ^s F(u(r), v) · ν_s(r)γ(Ψ^{−1}_s (r)) dH^n(r) ≥ −M ∫ Γ_T |u_b(r) − v|γ(r) dH^n(r), where we used Theorem 2.2 to ensure the existence of the limit on the left-hand side. By approximation, we conclude that the above inequality holds for any γ ∈ L^1(Γ_T ), γ ≥ 0, H^n– a.e. Using the area formula [14], one obtains

ess lim_{s→0+} ∫ Γ_T

F(u ∘ Ψ_s(r), v) · ν_s(Ψ_s(r))γ(r) dH^n (r) ≥ −M ∫ Γ_T |u_b(r) − v|γ(r) dH^n(r).

Now, considering first simple functions v_b(r) and using a standard approximation argument again, one then deduces from the last inequality that ess lim_{s→0+} ∫ Γ_T

F(u ∘ Ψ_s(r), v_b(r)) · ν_s(Ψ_s(r))γ(r) dH^n(r) ≥ −M ∫ Γ_T |u_b(r) − v_b(r)|γ(r) dH^n (r), for any v_b ∈ L^1(Γ_T ). Taking v_b = u_b, we then recover (4.9).

Conversely, from (4.7) with η(u) = ±u, we deduce that u is a solution of (4.1) in the sense of distributions. Also, (4.7) and (4.8) imply that, for any ψ ∈ C^∞_0 (Q∩{t < T }) with ψ ≥ 0, one has ∫ ∫ Q_T (η(u)ψ_t + q(u) · ∇_xψ) dx dt + ∫ Ω η(u_0(x))ψ(0, x) dx ≥ 0. (4.13)

Now we choose ψ in (4.13) as ψ(t, x) = ϕ(t, x)(1−ζ(h(t, x))), with ϕ ∈ C^∞_0 ((−∞, T )× R^n), ϕ ≥ 0, ζ and h as above. Again, choosing ζ(s) = χ_{(−δ,δ)}(s), 0 < δ < 1, making δ → 0, and arguing as above, one arrives at

(4.14) ∫ ∫ Q_T (η(u)ϕ_t + q(u) · ∇_xϕ) dx dt + ∫ Ω η(u_0(x))ϕ(0, x) dx − ess lim_{s→0+} ∫ Γ_T F(u ∘ Ψ_s(r), v) · ν_s(Ψ_s(r))ϕ(r) dH^n (r) ≥ 0. Observe that, for some M > 0, depending on F and an L^∞ bound for u, |F(u ∘ Ψ_s(r), v) − F(u ∘ Ψ_s(r), u_b(r)| ≤ M|u_b(r) − v|. Thus, using (4.9) and the above inequality, we finally obtain (4.10) from (4.14).

We now investigate some cases at which the boundary data turn out to be assumed in a way closer to the usual sense. We start with a result for the scalar case m = 1, which extends the one in [25] to the present context of non-cylindric domains with Lipschitz boundary.

For m = 1, we denote by Γ_{act} the subset of Γ_T given by Γ_{act} = { r ∈ Γ_T | u → E(u) · ν(r) is decreasing }, where E(u) = (u, f(u)), and ν(r) is the outward unit normal field defined H^n-a.e. in Γ_T .

Proposition 4.1. If u ∈ L^∞(Q_T ) and u_b ∈ L^∞(Γ_T ) satisfy (4.9) for any boundary entropy pairs associated with (4.1), then ess lim_{s→0+} ∫ Γa_{ct} |u ∘ Ψ_s(r) − u_b(r)| dH^n(r) = 0. Proof. The entropy pair F(u, v) = (|u − v|, sign(u − v)(f(u) − f(v))) is the uniform limit of boundary entropy pairs. Hence, (4.9) implies ess lim_{s→0+} ∫ Γ_T F(u ∘ Ψ_s(r), u_b(r)) · ν_s(Ψ_s(r))γ(r) dr ≥ 0, for all γ ∈ L^1(Γ_T ), γ ≥ 0, H^n-a.e. Now, choose γ as the characteristic function of Γ_{act} and observe that F(u, v) · ν(r) = −|E(u) · ν(r) − E(v) · ν(r)|, for all r ∈ Γ_{act}. The regularity of the deformation Ψ implies that ν_s(Ψ_s(r)) → ν(r), as s → 0+, for H^n almost all r ∈ Γ_T . Hence, the Dominated Convergence Theorem gives

ess lim_{s→0+} ∫ Γa_{ct} |E(u ∘ Ψ_s(r)) · ν(r) − E(u_b(r)) · ν(r)| dH^n(r) = 0. Now, given any sequence {s_l} in [0, 1], converging to 0, which is not contained in a certain fixed set of measure zero, one may extract a subsequence (still denoted s_l) such that

lim_{l→∞} E(u ∘ Ψ_{sl} (r)) · ν(r) = E(u_b(r)) · ν(r), H^n − a.e. r ∈ Γ_{act}. By the definition of Γ_{act}, we deduce that lim_{l→∞} u∘Ψ_{sl} (r) = u_b(r), for H^n −a.e. r ∈ Γ_{act}. By the Dominated Convergence Theorem, we then conclude that lim_{l→∞} ∫ Γa_{ct} |u ∘ Ψ_{sl} (r) − u_b(r)| dH^n(r) = 0, which gives the desired result.

We now look for an analogue of Proposition 4.1 in the general case of systems, m > 1. For each v ∈ R^m, let (w_1(u, v), · · · , w_m(u, v)) denote a certain change of coordinates for R^m. Let F^j (u, v), j = 1, · · · , m, be a certain fixed generalized boundary entropy pair associated with (4.1). We also assume that there are given certain functions ρ_j ∈ L^∞ ( Γ_T ; C(R^2; [0, ∞)) ) , satisfying ρ_j (r)(λ, μ) > 0, if λ ≠ μ, and ρ_j (r)(λ, λ) = 0, H^n a.e. r ∈ Γ_T , j = 1, · · · , m. Corresponding to w_j , F^j , and ρ_j , we define

Γ_{act}^j = { r ∈ Γ_T | F^j (u, v) · ν(r) ≤ −ρ^j (r) (w_j (u, v), w_j (v, v)) } , j = 1, · · · , m, and, for any subset {j_1, · · · , j_k} ⊂ {1, 2, · · · , m}, we set Γ_{act}^{j1,··· ,jk} = Γ_{act}^{j1} ∩ · · · ∩ Γ_{act}^{jk} . The following proposition is the result analogous to Proposition 4.1. The proof is entirely similar and so we omit it.

Proposition 4.2. If u ∈ L^∞(Q_T ) and u_b ∈ L^∞(Γ_T ) satisfy (4.9) for all boundary entropy pairs associated with (4.1), then

ess lim_{s→0+} ∫ Γa_{ct}^j |w_j (u ∘ Ψ_s(r), u_b(r)) − w_j (u_b(r), u_b(r))| dH^n(r) = 0, j = 1, · · · , m. We now give some examples of applications of Proposition 4.2.

4.2. Hyperbolic Systems with Space-like Boundary Data

First we analyze whether the boundary condition (4.9) can recover the intuitive notion for space-like boundaries, in the context of one-dimensional systems of hyperbolic conservation laws. In other words, suppose the space domain at each time t is a bounded interval Ω(t), whose, say, left-hand extreme y_0(t) moves with speed less than the minimum of the slowest characteristic speed, in the region of the phase-space where the solution assumes its value, for t in a certain subset of (0, ∞). Then one expects that the boundary condition will be assumed in a strong sense, say, that of convergence in L^1_{loc}.

Consider a one-dimensional m × m hyperbolic system of conservation laws:

∂_tu + ∂_xf(u) = 0,

(4.15)

endowed with a strictly convex entropy pair (η(u), q(u)). Let λ_1(u) ≤ · · · ≤ λ_m(u) be the eigenvalues of ∇f(u), which is diagonalizable for all u, and r_1(u), . . . , r_m(u) be corresponding eigenvectors forming a basis of R^m. We take Ω = [0, 1], consider L as above, and denote Q_∞ = L((0, ∞) × Ω), Γ^− = L((0, ∞) × {0}), Γ^+ = L((0, ∞) × {1}). We form the initial-boundary value problem for (4.15) with initial data:

u|_{t=0} = u_0(x)

(4.16)

and the boundary data: { u|_{x=y0(t)} = u_♭(t), u|_{x=y1(t)} = u_♯(t), (4.17)

where y_0(t) = y(t, 0) and y_1(t) = y(t, 1). Then we have

Theorem 4.2. Let U be a bounded domain in R^m and M > 0 be such that |β(u, v)| ≤ Mα(u, v), for u, v ∈ U, where α, β are given by (4.11)-(4.12) for given strictly convex entropy η. Suppose u ∈ L^∞(Q_∞) satisfies (4.17) in the sense of (4.9) and takes its values in U. Assume that B is a Borelian subset of (0, ∞) such that y^′_0(t) ≤ −M − δ_0, for a.e. t ∈ B, for some δ_0 > 0. Then

ess lim_{s→0+} ∫ L(B×{0}) |u ∘ Ψ_s(r) − u_♭ ∘ π_1(r))| dH^1(r) = 0.

(4.18)

Furthermore, let λ^− = inf_{u∈U} λ_1(u). Then, given ū ∈ U, for any ε > 0, there exits δ > 0 such that, if y^′_0(t) < λ^− − ε, for a.e. t ∈ B, and ‖u − ū‖_∞, ‖u_♭ − ū‖_∞, ‖u_♯ − ū‖_∞ < δ, (4.19)

then (4.18) holds.

Proof. Set F(u, v) = (α(u, v), β(u, v)). For the first part, we observe that √ 1 + y^′_0(t)^2 F(u, v) · ν(r) = y^′_0(t)α(u, v) − β(u, v) ≤ −δα(u, v) ≤ −cδ|u − v|^2, where t = π_1(r). In particular, this shows that L(B × {0}) ⊂ Γ_{act}^{1,...,m}, if we take F^j (u, v) = F(u, v), w_j = u_j , ρ_j (r)(λ, μ) = (λ − μ)^2, j = 1, . . . , m. Hence Proposition 4.2 applies. For the second part, we first observe that √ 1 + y^′_0(t)^2 F(u, v) · ν(r) ≤ (λ^− − ε)α(u, v) − β(u, v). Proceeding as in [11], pp.155, we show that, for p(u, v) = (λ^− − ε)α(u, v) − β(u, v), we have p(u, v) ≤ −^ε_2 α(u, v), provided that |u − v| is sufficiently small. Hence, as in the proof of the first part, we can apply Proposition 4.2 to get (4.18).

Remark 4.1. The analogous statements for the right-hand boundary curve are obtained through changing x by −x and f(u) by −f(u) and applying the result for the left-hand boundary curve.

4.3. Systems with Affine Characteristic Hypersurfaces

Now we apply Proposition 4.2 to initial-boundary value problems for the onedimensional m × m systems introduced in Temple [31], which are strictly hyperbolic and endowed with a complete set of independent Riemann invariants w_j , j = 1, · · · , m, whose level sets are affine hyperplanes.

Again, let Ω = [0, 1], and let L, Q_∞, and Γ^± be as before. Assume now that (4.15) is a system with affine characteristic hypersurfaces. We consider again the boundary value problem (4.15)–(4.17). Let λ_j (u) be the eigenvalues of ∇f(u), l_j (u) the associated left-eigenvectors, and w_j (u) the associated Riemann invariants, j = 1, · · · , m, respectively. For the purpose of this section, it will be convenient to assume that l_j (u) = ∇w_j (u) without loss of generality by normalization. Then the following are entropy pairs (see, e.g. [27, 17]): { α_j (u, v) = |l_j (v) · (u − v)|, β_j (u, v) = sign(l_j (v) · (u − v))(l_j (v) · (f(u) − f(v))),

(4.20) { α^+_j (u, v) = (l_j (v) · (u − v))_+, β^+_j (u, v) = H(l_j (v) · (u − v))(l_j (v) · (f(u) − f(v))),

(4.21) { α^−_j (u, v) = (l_j (v) · (u − v))_−, β^−_j (u, v) = H(l_j (v) · (v − u))(l_j (v) · (f(u) − f(v))), (4.22)

where (s)_+ = max{s, 0}, (s)_− = max{−s, 0}, and H(s) = χ_{(0,∞)}(s) denotes the Heaviside function.

We will need the following lemma.

Lemma 4.1. Let F^j ≡ (α_j , β_j ) and F^j_± ≡ (α^±_j , β^±_j ). Then F^j and F^j_± are generalized boundary entropy pairs.

Proof. Indeed, let us consider first the case of F^j_+. Let ζ : R^m → R denote a symmetric mollifier. Define

α^{+ε}_j (u, v) = ∫ (l_j (U(w)) · (u − U(w)))_+ ζ_ε(w − W (v + cεl_j (v))) dw,

β^{+ε}_j (u, v) = ∫ H (l_j (U(w)) · (u − U(w))) × l_j (U(w)) · (f(u) − f(U(w))) ζ_ε(w − W (v + cεl_j (v))) dw, where u = U(w) and w = W (u) are the changes of coordinates from w to u and vice-versa, and c will be suitably chosen. We denote F^{jε}_+ = (α^{+ε}_j , β^{+ε}_j ). Since W is a bi-Lipschitz map, there exists δ > 0 such that |W (v) − W (ṽ)| ≥ δ|v − ṽ|. Taking ṽ as v + cεl_j (v), we see that it is possible to choose c as a positive constant independent of ε such that |W (z) − W (v + cεl_j (v))| ≥ ε, for any point z with w_j (z) ≤ w_j (v). Here we have used the fact that W (v) is the point of the image of the hyperplane w_j (z) = w_j (v) to which has the smallest distance from v + cεl_j (v). Therefore, α^{+ε}_j (v, v) = β^{+ε}_j (v, v) = 0 for any ε > 0.

We now pass to the verification of the second condition that ∇_uα^{+ε}_j (v, v) = 0. Notice that

α^{+ε}_j (u, v) = ∫ w_j ≤w_j (u) l_j (U(w)) · (u − U(w))ζ_ε(w − W (v + cεl_j (v))) dw, and so we have

∇_uα^{+ε}_j (v, v) = ∫ w_j ≤w_j (v) l_j (U(w))ζ_ε (w − W (v + cεl_j (v))) dw, where we used that l_j (U(w)) · (v − U(w)) vanishes identically on the hyperplane w_j = w_j (v). By the reasoning above, it follows that the right hand side of the last identity is zero, so the second condition is verified.

Finally, the fact that the Hessian ∇^2_uα^{+ε}_j (u, v) is a nonnegative matrix follows from the formula ∇^2_uα^{+ε}_j (u, v){ξ, ξ} = ∫ w_j =w_j (v)

(l_j (U(w)) · ξ)^2ζ_ε(w − W (v + cεl_j (v))) dH^{m−1}(w),

for any ξ ∈ R^m. Hence, F^{jε}_+ are boundary entropy pairs, for any ε > 0, j = 1, · · · , m. It is now evident that F^{jε}_+ converges uniformly over compact sets to F^j_+, as ε → 0+, for j = 1, · · · , m. So we have proved that F^j_+ are generalized boundary entropy pairs.

Analogously, define α^{−ε}_j (u, v) = ∫ (l_j (U(w)) · (u − U(w)))_− ζ_ε(w − W (v − cεl_j (v))) dw, β^{−ε}_j (u, v) = ∫ H (l_j (U(w)) · (U(w) − u)) × l_j (U(w)) · (f(u) − f(U(w))) ζ_ε(w − W (v − cεl_j (v))) dw, and F^{jε}_− = (α^{−ε}_j , β^{−ε}_j ). We can show that F^{jε}_− are boundary entropy pairs and, consequently, that F^j_− are generalized boundary entropy pairs. Finally, defining F^{jε} = F^{jε}_− + F^{jε}_+ , we conclude that F^j are also generalized boundary entropy pairs, j = 1, . . . , m.

The existence of solutions of the initial-boundary problem (4.15)-(4.17), satisfying (4.7)-(4.9), for such a system can be established as in [5], for u_♭, u_♯ ∈ L^∞(R_+), u_0 ∈ L^∞(0, 1), in non-cylindric domains with Lipschitz boundaries. We are now ready to establish our application of Proposition 4.2.

Theorem 4.3. Assume that u ∈ L^∞(Q_∞; R^2), and u_♭, u_♯ ∈ L^∞(Γ^±; R^2) satisfy (4.17) in the sense of (4.9). Let u, u_♭, u_♯ assume their values in a domain O of the form O = { u ∈ R^m : |w_j (u) − w_j (ū)| < M_j , j = 1, · · · , m }, where ū is a given constant state and M_j , j = 1, · · · , m, are given positive constants, in which

λ_1(u) ≤ · · · ≤ λ_k(u) ≤ κ_− < 0 < κ_+ ≤ λ_{k+1}(u) ≤ · · · ≤ λ_m(u) for certain positive constants κ_±. Then there exists a positive constant δ such that, if ‖y_t( · , 0)‖_∞, ‖y_t( · , 1)‖_∞ < δ, ess lim_{s→0+} ∫ Γ^−

|l_l(u_♭ ∘ π_1(r)) · ( u ∘ Ψ_s(r) − u_♭ ∘ π_1(r) ) | dH^1(r) = 0, for l = k + 1, · · · , m, (4.23)

ess lim_{s→0+} ∫ Γ+ |l_j (u_♯ ∘ π_1(r)) · ( u ∘ Ψ_s(r) − u_♯ ∘ π_1(r) ) | dH^1(r) = 0, for j = 1, · · · , k. (4.24)

Proof. Again our task is to find suitable (generalized) boundary entropy pairs F^j , corresponding to which Γ^−, Γ^+ are Γ_{act}^{k+1,··· ,m}, Γ_{act}^{1,··· ,k}, respectively. We use a lemma in Heibig [17] which asserts that, if (4.15) is a Temple system, then there exists a smooth matrix-valued function M : R^m × R^m → M_{m×m}(R), with the following properties: 1. for u, v ∈ R^m, f(u) − f(v) = M(u, v)(u − v) and M(u, u) = ∇f(u); 2. M(u, v) and ∇f(v) have the same (left and right) eigenvectors.

Here M_{m×m}(R) denotes the space of m × m real matrices. Furthermore, a lemma in [4] states that the eigenvalues of M(u, v), λ̄_j (u, v), satisfy

min_{z∈}O λ_j (z) ≤ λ̄_j (u, v) ≤ max_{z∈}O λ_j (z), for all u, v ∈ O, j = 1, · · · , m.

In particular, one has λ̄_j (u, v) ≤ κ_−, for j = 1, · · · , k, and λ̄_l(u, v) ≥ κ_+, for l = k + 1, · · · , m, for all u, v ∈ O. Now, let F^j = (α_j , β_j ) be the generalized boundary entropy pairs given in (4.20). Then β_j (u, v) = λ̄_j (u, v)|l_j (v) · (u − v)| ≤ κ_−|l_j (v) · (u − v)|, j = 1, · · · , k, β_l(u, v) = λ̄_l(u, v)|l_l(v) · (u − v)| ≥ κ_+|l_l(v) · (u − v)|, l = k + 1, · · · , m. Now it is easy to deduce that, if ‖y_t( · , 0)‖_∞, ‖y_t( · , 1)‖_∞ < δ, for δ < κ_0 = min{|κ_−|, κ_+}, then F^l(u, v) · ν(r) ≤ −c|l_l(v) · (u − v)|, for r ∈ Γ^−, l = k + 1, · · · , m, F^j (u, v) · ν(r) ≤ −c|l_j (v) · (u − v)|, for r ∈ Γ^+, j = 1, · · · , k, where c may be taken as (κ_0 − δ)/ √ 1 + δ^2. Hence, for the changes of coordinates w_j (u, v) = l_j (v) · u, j = 1, · · · , m, the boundary entropy pairs F^j (u, v) given in (4.20), and ρ_j (r)(μ, λ) = c|μ − λ|, j = 1, · · · , m, Proposition 4.2 is applicable.

4.4. Remarks on 2 × 2 Systems of Conservation Laws

One cannot expect to extend Theorem 4.3 to general systems endowed with globally defined Riemann invariant coordinates. The following simple example serves to illustrate this fact.

Let (4.15) be any 2 × 2 strictly hyperbolic system of conservation laws. We consider the initial-boundary value problem in the domain x > 0, t > 0, with boundary data given by a constant state u_L and initial data by a constant state u_R. Assume that u_L can be connected to u_R by an admissible 1-shock with speed σ < 0. Then it is desirable that u(t, x) ≡ u_R, t, x > 0, is a solution of this problem satisfying (4.7)-(4.9). This fact can be shown for quite general cases. Then, except in the case of a system for which the 1-shock and 1-rarefaction curves coincide, one would be able to choose u_L and u_R such that w_2(u_R) ≠ w_2(u_L), in contradiction with (4.23).

Nevertheless, it has been shown by Lax [20], in the case where the first characteristic field is genuinely nonlinear, that |w_2(u_L) − w_2(u_R)| = O(|u_L − u_R|^3), if |u_L −u_R| is small. This prompts us with the question whether, for general boundary and initial data, condition (4.9) implies a certain smallness of |w_2(u)−w_2(u_♭)|, near the boundary x = 0, comparing with the oscillation of the solution. This question can be generalized to more general domains.

Consider the problem (4.15)–(4.17) satisfying

λ_1(u) < −k_0 < 0 < k_0 < λ_2(u)

(4.25)

for u in some domain U ⊂ R^2 and certain positive constant k_0.

A typical example is the 2 × 2 system of nonlinear elasticity: { ∂_tu_1 − ∂_xu_2 = 0, ∂_tu_2 − ∂_xσ(u_1) = 0,

(4.26)

where σ ∈ C^2(R) satisfies σ^′(κ) > 0, for all κ ∈ R, and κσ^{′′}(κ) > 0, for κ ≠ 0.

For (4.26), one has f(u) = (−u_2, −σ(u_1))^⊤. For each u ∈ R^2, the Jacobian matrix of f, ∇f(u), has two eigenvalues

λ_1(u) = − √ σ^′(u_1), λ_2(u) = √ σ^′(u_1).

The functions

w_1(u) = u_2 +

∫_{u1} √ σ^′(κ) dκ, w_2(u) = u_2 −

∫_{u1} √ σ^′(κ) dκ are two independent smooth Riemann invariants satisfying ∇w_i(u)∇f(u) = λ_i(u)∇w_i(u), i = 1, 2. The function

η(u) = u^2 + ∫_{u1} σ(κ) dκ (4.27)

is a strictly convex entropy for (4.26) with associated entropy flux

q(u) = u_2σ(u_1).

(4.28)

The existence of a solution of (4.26) and (4.16)-(4.17) satisfying (4.7)-(4.9) can be established as in [5] for u_♭, u_♯ ∈ L^∞(R_+), u_0 ∈ L^∞(0, 1), even in non-cylindric domains with Lipschitz boundaries. Regarding the question mentioned above, we have the following result.

Proposition 4.3. Assume (4.15) is a 2 × 2 strictly hyperbolic system satisfying (4.25). Suppose that u ∈ L^∞(Q_∞; R^2) and u_♭, u_♯ ∈ L^∞(Γ^±; R^2) satisfy (4.9), and B ⊂ (0, ∞) is a bounded Borelian set such that ‖y^′_0(t)‖_∞ ≤ k_∗ < k_0, for a.e. t ∈ B. Given any constant state ū ∈ U, there exists a positive constant δ_0 such that, for any δ < δ_0, if ‖u − ū‖_∞, ‖u_♭ − ū‖_∞, ‖u_♯ − ū‖_∞ < δ, then

ess lim sup s→0+ ∫ L(B×{0}) |w_2(u ∘ Ψ_s(r)) − w_2(u_♭ ∘ π_1(r))|^2 dH^1(r) < Cδ^3,

(4.29)

where C > 0 depends only on f, k_∗, and B.

Proof. We first construct a boundary entropy pair, F^1, associated with Γ^−. We recall from [11] that, for 2 × 2 strictly hyperbolic systems, in a sufficiently small neighborhood of a constant state ū, there exist the entropy pairs η_j (u, w_k(v)), q_j (u, w_k(v)), j, k = 1, 2, j ≠ k, with the following properties:

c_1(w_k(u) − w_k(v))^2 ≤ η_j (u, w_k(v)) ≤ c_2(w_k (u) − w_k(v))^2, k ≠ j;

(4.30)

∇^2_uη_j (ū, w_k(ū)) ≥ 0, j = 1, 2, k ≠ j;

(4.31)

q_1(u, w_2(v)) ≥ c_3η_1(u, w_2(v)), q_2(u, w_1(v)) ≤ −c_4η_2(u, w_1(v)),

(4.32)

for certain positive constants c_l, l = 1, · · · , 4. Although the pairs G_j (u, v) = (α̃_j (u, v), β̃_j (u, v)) ≡ (η_j (u, w_k(v)), q_j (u, w_k(v))) , j, k = 1, 2, j ≠ k, (4.33)

fail to be boundary entropy pairs since α̃_j , j = 1, 2, are not convex functions of u, property (4.30) indicates that the other conditions for a boundary entropy pair are satisfied by G_j , j = 1, 2. Let (α(u, v), β(u, v)) be obtained from (η(u), q(u)), by (4.11)-(4.12). Property (4.31) ensures that there exists δ_0 > 0 such that, when δ < δ_0, the entropies α_j (u, v) = α̃_j (u, v) + cδα(u, v), j = 1, 2, are convex functions of u, for some positive constant c depending only on f, so that F^j (u, v) = (α_j (u, v), β_j (u, v)), j = 1, 2, are boundary entropy pairs, where β_j (u, v) = β̃_j (u, v) + cδβ(u, v), j = 1, 2. Now, by the assumption on y^′_0, one easily sees that

F^1(u, v) · ν(r) ≤ −c_5|w_2(u) − w_2(v)|^2 + c_6δ^3, for r ∈ L(B × {0}),

where c_5 and c_6 are positive constants depending only on f and k_∗. Hence, using (4.9) and the regularity of the deformation to assure that ν(Ψ_s(r)) → ν(r), in L^1_{loc}(Γ^±) as s → 0+, one obtains (4.29).

Remark 4.2. An entirely similar statement holds at the right-hand boundary curve concerning the first Riemann invariant.

Acknowledgments

Gui-Qiang Chen’s research was supported in part by the National Science Foundation grants DMS-9623203 and DMS-9708261, and by an Alfred P. Sloan Foundation Fellowship. Hermano Frid’s research was supported in part by CNPq-Brazil, proc. 352871/96-2.

References

[1] Anzellotti, G., Pairings between measures and functions and compensated compactness, Ann.

Mat. Pura Appl. 135 (1983), 293–318.

[2] Bardos, C., Le Roux, A. Y., Nedelec, J. C., First order quasilinear equations with boundary conditions, Comm. Partial Diff. Eqs. 4 (1979), 1017–1034.

[3] Chen, G.-Q. and Frid, H., Asymptotic stability of Riemann waves for conservation laws, Z.

Angew. Math. Phys. (ZAMP), 48 (1997), 30–44.

[4] Chen, G.-Q. and Frid, H., Large-time behavior of solutions of conservation laws, J. Diff. Eqs.

152, 308-357 (1999).

[5] Chen, G.-Q. and Frid, H., Viscous limit for general initial-boundary value problems for hyperbolic conservation laws, Contemporary Mathematics, AMS: Providence, 1999.

[6] Chen, G.-Q. and Frid, H., Asymptotic stability and decay of solutions of conservation laws, Lecture Notes, Northwestern University, May 1997.

[7] Cockburn, B., Coquel, F., LeFloch, Ph. G., Convergence of finite volume methods for multidimensional conservation laws, SIAM J. Numer. Anal. 32 (1995), 687-705.

[8] Dafermos, C., Quasilinear hyperbolic systems with involutions, Arch. Rational Mech. Anal.

94 (1986), 373–389.

[9] Dafermos, C., Entropy and the stability of classical solutions of hyperbolic systems of conservation laws, Proceedings for 1994 CIME Session on: Recent Mathematical Methods in Nonlinear Wave Propagation, Springer Lecture Notes (to appear).

[10] DiPerna, R., Convergence of approximate solutions to conservation laws, Arch. Rational Mech. Anal. 82 (1983), 27–70.

[11] DiPerna, R., Uniqueness of solutions to hyperbolic conservation laws, Indiana Univ. Math.

J. 28 (1979), 137–188.

[12] Dubois, F., LeFloch, Ph. G., Boundary conditions for nonlinear hyperbolic systems of conservation laws, J. Diff. Eqs. 71 (1988), 93–122.

[13] Evans, L. C. and Gariepy, R. F., Lecture Notes on Measure Theory and Fine Properties of Functions, CRC Press, Boca Raton, Florida, 1992.

[14] Federer, H., Geometric Measure Theory, Springer-Verlag, New York, 1969. [15] Giusti, E., Minimal Surfaces and Functions of Bounded Variation, Birkhäuser, Boston, 1984. [16] Glimm, J., Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math. 18 (1965), 95–105.

[17] Heibig, A., Existence and uniqueness of solutions for some hyperbolic systems of conservation laws, Arch. Rational Mech. Anal. 126 (1994), 79–101.

[18] Kan, P.-T., Santos, M., and Xin, Z., Initial-boundary value problem for conservation laws, Comm. Math. Phys. 186 (1997), 701-730.

[19] Kruzkov, S. N., First-order quasilinear equations in several independent variables, Math.

USSR Sb. 10 (1970), 217–243.

[20] Lax, P. D., Hyperbolic systems of conservation laws II, Comm. Pure Appl. Math., 10 (1957), 537–566.

[21] Lax, P. D., Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock Waves, CBMS. 11, SIAM, Philadelphia, 1973.

[22] Lax, P. D., Shock waves and entropy, In: Contributions to Functional Analysis, ed. E. A.

Zarantonello, Academic Press, New York, 1971, pp. 603–634.

[23] Liu, T.-P., Admissible solutions of hyperbolic conservation laws, Memoires Amer. Math. Soc.

240 (1981).

[24] Málec, J., Nec̆as, J., Rokyta, M., and Ruz̆ic̆ka, M., Weak and Measure-valued Solutions to Evolutionary PDEs, Chapman & Hall, London, 1996.

[25] Otto, F., First order equations with boundary conditions. Preprint no. 234, SFB 256, Univ.

Bonn., 1992.

[26] Schwartz, L., Théorie des Distributions (2 volumes), Actualites Scientifiques et Industrielles 1091, 1122, Herman, Paris, 1950-51.

[27] Serre, D., Richness and the classification of quasilinear hyperbolic systems, In: Multidimensional Hyperbolic Problems and Computations, ed. J. Glimm and A. J. Majda, IMA Vol. 29, Springer-Verlag, New York, 1991, 315–333.

[28] Serre, D., Systems of Conservation Laws, Fondations, Diderot Editeur, Paris, 1996. [29] Smoller, J., Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, New York, 1983. [30] Tartar, L., Compensated compactness and applications to partial differential equations, In:

Research Notes in Mathematics, Nonlinear Analysis and Mechanics ed. R. J. Knops, 4(1979), Pitman Press, New York, 136–211.

[31] Temple, B., Systems of conservation laws with invariant submanifolds, Trans. Amer. Math.

Soc. 280 (1983), 781–795.

[32] Ziemer, W. P., Cauchy flux and sets of finite perimeter, Arch. Rat. Mech. Anal. 84 (1983), 189-201.

Department of Mathematics, Northwestern University, 2033 Sheridan Road, Evanston, IL 60208-2730, USA

E-mail address: gqchen@math.nwu.edu

Instituto de Matemática, Universidade Federal do Rio de Janeiro, C. Postal 68530, Rio de Janeiro, RJ 21945-970, Brazil E-mail address: hermano@lpim.ufrj.br