Compactness and Asymptotic Behavior of Entropy Solutions without Locally Bounded Variation for Hyperbolic Conservation Laws

Gui-Qiang Chen

Abstract. We discuss some recent developments and ideas in studying the compactness and asymptotic behavior of entropy solutions without locally bounded variation for nonlinear hyperbolic systems of conservation laws. Several classes of nonlinear hyperbolic systems with resonant or linear degeneracy are analyzed. The relation of the asymptotic problems to other topics such as scale-invariance, compactness of solutions, and singular limits is described.

1. Introduction

We are concerned with the behavior of entropy solutions without locally bounded variation for the Cauchy problem of hyperbolic conservation laws:

∂_tu + ∇_x · f(u) = 0, x ∈ R^n , u ∈ R^m , (1) u|_{t=0} = u_0(x), (2)

where f : R^m → R^{m×n} is a nonlinear flux function. Such a system arises from many important areas since the conservation law is a fundamental law of nature. The archetypical example is the compressible Euler equations in fluid dynamics. One of the main difficulties in solving (1)-(2) is the development of shock waves, observed in nature, no matter how smooth the initial data are. Therefore, the Sobolev spaces W^{k,p}, k ≥ 1, are not well-posed for the solutions, for which many powerful techniques are not directly applicable. One expects that the solutions are at most in the space of functions of bounded variations. The Glimm theory indicates that this is indeed the case for strictly hyperbolic systems with initial data of small total variation (see Glimm [21]). The well-posedness in BV is optimal in general since several recent examples indicate that, for the Cauchy problem of strictly hyperbolic systems, the total variation of the solutions blows up in a finite time for the initial data of large variation (e.g. see [25] for example). Another main difficulty is the resonances occurred among different characteristic fields so that the systems become nonstrictly hyperbolic. Such a feature causes extra difficulties even in the linear case. For the multidimensional case, such a situation is generic.

For example, in the 3-D case, if the number of equations m ≡ 2(mod 4), Lax [28] proved that such systems must be nonstrictly hyperbolic. This is also the case even for m ≡ ±2, ±3, ±4 (mod 8)(see [20]). Many physical systems arising from different areas have such features. Recent existence theories for these systems with L^∞ large initial data indicate that the entropy solutions belong to the following class of functions:

u(x, t) ∈ L^∞(R^{n+1}_+ ), or L^p(R^{n+1}_+ ), for some p ∈ [1, ∞), (3)

and, for any entropy-entropy flux pair (η, q) ∈ R × R^n with convex η(u),

∂_tη(u) + ∇ · q(u) ≤ 0 (4)

in the sense of distributions.

In this article we discuss some recent developments and related ideas for studying the behavior of entropy solutions in the class of (3)-(4), especially the asymptotic problems. One of the main difficulties is that the solution class is much larger; and only information is the Lax entropy inequalities (4) in a weak topology: the distributional sense. Another main difficulty is the lack of analytical techniques in L^p, such as the method of generalized characteristics, to follow the characteristics. To explain the ideas more clearly, we will focus mainly on the L^∞ periodic entropy solutions in x ∈ R^n with period P ≡ [0, 1]^n.

2. Asymptotic Decay via BV Estimates and Glimm-Lax Theory

It is well known that, for the linear case with nonzero propagation speeds and periodic initial data, the solution is periodic in time t. One can not expect the decay as t → ∞. However, this is not true for the genuinely nonlinear case. The observation is that the genuine nonlinearity of equations forces the nonlinear waves of each characteristic family to interact vigorously and to cancel each other. The analysis of Glimm-Lax [22], for scalar equations and 2 × 2 systems, has indicated that the resulting mutual cancellation of interacting shock and rarefaction waves of the same family induces the decay of periodic solutions. In particular, for 2 × 2 genuinely nonlinear and strictly hyperbolic systems subject to the following condition: the interaction of two shocks of the same family always produces a shock of the same family plus a rarefaction wave of the opposite family, Glimm-Lax [22] established the decay theory: There exists a constant C_0 and some constant state ū such that, when osc(u_0 − ū) ≤ C_0, there exists a global periodic entropy solution u(x, t) in x satisfying T V (u)([0, 1] × {t}) ≤^C_t , with C independent of t. This implies that the solution decays like 1/t in L^∞. Recently, Dafermos [15] used the method of generalized characteristics to show that any periodic solution with small oscillation and local bounded variation of the 2 × 2 systems decays asymptotically, with a detailed structure picture as in Lax [27] for the scalar case. Also see Engquist-E [19] for the decay of periodic solutions with local bounded variation for the two-dimensional scalar conservation laws.

3. Asymptotic Decay via a New Approach

A further problem is whether the decay phenomenon holds for more general cases: (a) any L^∞ large periodic solutions without restrictions of either small oscillation or local bounded variation, and (b) more general nonlinear hyperbolic systems, especially degenerate systems and multidimensional scalar equations. The counterexample of Greenberg-Rascle [23] indicates that this is not always true if the flux functions are not so smooth; and the asymptotic behavior is very sensitive with respect to the smoothness of the flux functions. In this section, we discuss a new approach, developed in Chen-Frid [3, 4], to study the asymptotic behavior of periodic entropy solutions in a general framework.

3.1. Decay and Scale-Invariance One of the main features of (1) is the scale-invariance in the sense that the selfsimilar scaling sequence u^T (x, t) = u(T x, T t) also satisfies (1) for any T > 0. Definition 3.1. The periodic solution u(x, t) of the Cauchy problem (1)-(2) in x ∈ R^n asymptotically decays to ū, provided that

‖u^T − ū‖_Lq_{loc(R}n+1_{+ )} → 0, when T → ∞, for some q ∈ [1, ∞). (5)

Because of the self-similar structure of u^T (x, t), the limit (5) can be translated equivalently in terms of the decay geometrically for u(x, t) = U(x/t, t) along the rays x/t = ξ, ξ ∈ R^n , passing the origin in the (x, t)-plane (also see [3]): 1 T ∫_T 0 |U(ξ, t) − ū|^q dt → 0, in L^1_{loc}(R^n_ξ ), when T → ∞. (6) The limits (5)-(6) for u(x, t) ∈ L^∞(R^2_+ ) are also equivalent to

n + 1 T^{n+1} ∫_T 0 |U(ξ, t) − ū|^q t^ndt → 0, in L^1_{loc}(R^n_ξ ), when T → ∞. Remark. Set μ^T (t) =^1_T χ_{[0,T ]}(t)dt. Then the limit (6) means < μ^T , |U − ū|^q > (ξ) −→ 0, in L^1_{loc}(R^n_ξ ), when T → ∞. (7) Such averaging probability measures have been widely used to understand macroscopically the asymptotic behavior of physical quantities in statistical mechanics, kinetic theory, ergodic theory, and probability theory. One may extend these notions to more general settings. A periodic solution u(x, t) asymptotically decays with respect to a family of probability measures {μ^T (t)}_{{T >0}} if u(x, t) = U(x/t, t), locally integrable in R^{n+1}_+ , satisfies (7) and μ(t) = w − lim μ^T (t), in the space of Radon measures over some compactification for [0, +∞), satisfies supp μ(t) = {+∞}. It would be natural to develop such notions to understand the asymptotic behavior of stochastic solutions of nonlinear conservation laws.

3.2. Decay and Compactness One of our main observations is that the compactness of L^∞ solution operator in L^1_{loc}, coupling with the weak convergence of periodic initial data to the mean, yields the decay of the L^∞ periodic solution. More precisely, we have

Theorem 3.1. [3, 4]. Assume that u(x, t) ∈ L^∞(R^{n+1}_+ ) is a periodic solution of (1)-(2), and its scaling sequence {u^T (x, t)} is compact in L^1_{loc}(R^{n+1}_+ ). Then u(x, t) asymptotically decays to ū ≡ ∫ P u_0(x)dx in the sense of (5) or (6).

In Theorem 3.1, we assume that {u^T (x, t)} is compact in L^1_{loc}(R^{n+1}_+ ), which is a corollary of the compactness of solution operator. Such a compactness can be achieved by the method of compensated compactness, the averaging method, and other analytical techniques. For example, we have

Theorem 3.2. [4, 7]. Consider a system (1) with a strictly convex entropy pair (η_∗, q_∗). Assume that the uniformly bounded sequence u^T (x, t) ∈ L^∞(R^{n+1}_+ ) satisfies (4) for any convex entropy pair (η, q) ∈ Λ, where Λ is a linear space of entropy pairs of (5) including (η_∗, q_∗). Then the measure sequence

∂_tη(u^T ) + ∇_x · q(u^T ) is compact in W^{−1,r}_{loc} (R^{n+1}_+ ), r ∈ (1, ∞), (8)

for any entropy pair (η, q) ∈ Λ with |∇^2η(u)| ≤ C_{η,K} ∇^2η_∗(u) for u ∈ K ⋐ R^m .

Therefore, the compensated compactness method (e.g. [36, 34]) is one of the efficient methods to achieve the compactness with the aid of Theorem 3.2.

3.3. Decay and Entropy The next question is whether the decay in Theorem 3.1 is achieved in a strong sense. Indeed, the entropy inequalities (4) provide such further information.

Theorem 3.3. [3, 4]. Let the system (1) be endowed with a strictly convex entropy η_∗. Then the asymptotic decay of an L^∞ periodic entropy solution u(x, t) of (1)- (2) to the mean ū of u_0(x) over the period P in the sense of (5) implies its asymptotic decay in L^q, 1 ≤ q < ∞. That is, there exists a set T ⊂ (0, ∞), with meas((0, ∞) − T ) = 0, such that ∫ P |u(x, t) − ū|^q dx → 0, t → ∞, t ∈ T , for any 1 ≤ q < ∞. (9)

4. Applications

We now apply the approach established in §3 to analyze the decay of periodic solutions for various nonlinear conservation laws. The proofs of these theorems can be found in Chen-Frid [4, 7], Chen-LeFloch [10], and Chen-Dafermos [2]. In this section we discuss these results and raise some open problems.

4.1. Scalar conservation laws For multidimensional scalar conservation laws with C^2 flux function f(u) and initial data u_0(x) ∈ L^∞(R^n ) with period P = [0, 1]^n, the existence of global entropy solutions of the Cauchy problem is due to Kruzkov [26]. Combining the approach in §3 with a theorem by Lions-Perthame-Tadmor [29], we conclude Theorem 4.1. [4, 7]. Assume that the flux function f(u) satisfies

meas { u ∈ R | τ + f^′(u) · ⃗k = 0 } = 0, for any (τ, ⃗k) ∈ S^n. (10)

Let u(x, t) be an entropy solution in R^{n+1}_+ with periodic data u_0(x). Then u(x, t) asymptotically decays to ū = ∫ P u_0(x)dx in the sense of (9).

The condition (10) is implied by the generalized genuine nonlinearity condition: meas{ u ∈ R | ⃗k · f^{′′}(u) = 0 } = 0, for all ⃗k ∈ S^{n−1}. For the one-dimensional case, the assumption (10) can be further relaxed into the following nonlinearity assumption: There is no subinterval (α, β) ∈ [min u_0(x), max u_0(x)] on which f(u) is affine. It would be interesting to generalize the condition (10) under which the decay phenomenon for the multidimensional case is still held.

4.2. 2 × 2 Strictly Hyperbolic Systems

Consider a 2×2 strictly hyperbolic and genuinely nonlinear system of conservation laws with periodic initial data u_0(x) ∈ L^∞(R; R^2 ).

Theorem 4.2. [4] Let u(x, t) ∈ L^∞(R^2_+ ) be a periodic entropy solution of the Cauchy problem of the 2 × 2 system. Then u(x, t) asymptotically decays to ū = ∫ P u_0(x)dx in L^q , 1 ≤ q < ∞, in the sense of (9).

We assume neither the small oscillation and the local bounded variation of the periodic solution nor further conditions on the system in Theorem 4.2. The genuine nonlinearity of the system can be relaxed to allow reflection points. Such a typical example is the equations of elasticity:

∂_tτ − ∂_xv = 0, ∂_tv − ∂_xσ(τ) = 0, σ(τ) ∈ C^2(R_+ ), σ^′(τ) > 0. (11) The genuine nonlinearity is generally precluded in elasticity in general. One typical case is: sign(τσ^{′′}(τ)) > 0, τ ≠ 0. A more general situation is:

• There exists an interval (α_0, 0) or (0, β_0) in which σ^{′′}(τ) ≠ 0; • There is no interval (α, β), α > 0 or β < 0, in which σ(τ) is affine.

For this case, combining a theorem in [24, 17] and the approach in §3, we have Theorem 4.3. Let the initial data (τ_0(x), v_0(x)) ∈ L^∞(R) be periodic with period P . Then there exists a periodic entropy solution of (11), which asymptotically decays to (τ̄ , v̄) = ∫ P (τ_0(x), v_0(x))dx in L^q, 1 ≤ q < ∞, in the sense of (9).

Remark. For (11) with σ(τ) /∈ C^2, Greenberg-Rascle [23] constructed an example that the periodic solution (τ(x, t), v(x, t)) does not decay in L^q. This fact indicates that σ(τ) ∈ C^2 is necessary to keep the decay phenomenon. It would be interesting to consider more general σ(τ) ∈ C^2 so that the decay phenomenon still holds.

4.3. Isentropic Euler Equations

Consider the isentropic Euler equations for compressible fluids:

∂_tρ + ∂_xm = 0, ∂_tm + ∂_x(m^2/ρ + p(ρ)) = 0, (12)

where ρ, m, and p are the density, the momentum, and the pressure, respectively. In the non-vacuum state (ρ > 0), v = m/ρ is the velocity. p = p(ρ) ∈ C^4(0, ∞) is a given function of ρ depending on compressible fluids under consideration. Strict hyperbolicity and genuine nonlinearity away from the vacuum require that

p^′(ρ) > 0, ρp^{′′}(ρ) + 2p^′(ρ) > 0, ρ > 0. (13)

Near the vacuum, p(ρ) is only asymptotic to the γ-law pressure (as real gases): |(p(ρ) − κρ^γ )^{(k)}| ≤ Cρ^{γ+1−k}, 0 ≤ k ≤ 4, ρ ≪ 1. (14) Consider the Cauchy problem for (12) with the initial data

(ρ, m)|_{t=0} = (ρ_0(x), m_0(x)), 0 ≤ ρ_0(x) ≤ C_0, |m_0(x)/ρ_0(x)| ≤ C_0 < ∞. (15)

The main difficulty of this system is that strict hyperbolicity fails, and the flux function is only Lipschitz continuous at the vacuum state ρ = 0, which occurs in fluid mechanics. Nevertheless, a compactness theorem has been established by using only weak entropy pairs, a subspace of entropy pairs, consisting of those η vanishing on the vacuum ρ = 0 for any fixed m/ρ ∈ (−∞, ∞). For example, the mechanical energy-energy flux pair η_∗ =^1_2^{m2}_ρ + ρ ∫_ρ 0 p(r) r^2 dr and q∗ = m^3 2ρ^2 + m ∫_ρ 0 p^′ (r)

r dr is a convex weak entropy pair. One can prove that, for 0 ≤ ρ ≤ C, |m/ρ| ≤ C, |∇η(u)| ≤ C_η , |∇^2η(u)| ≤ C_η ∇^2η_∗(u), for any weak entropy η, with C_η independent of u.

Theorem 4.4. [10]. (a) There exists a global solution (ρ(x, t), m(x, t)) of the Cauchy problem (12)-(15), satisfying 0 ≤ ρ(x, t) ≤ C, |m(x, t)/ρ(x, t)| ≤ C, for some C depending only on C_0 and γ, and ∂_tη(ρ, m) + ∂_xq(ρ, m) ≤ 0 in the sense of distributions for any convex weak entropy pairs (η, q).

(b) The solution operator (ρ, m)(·, t) = S_t(ρ_0, m_0)(·), determined by (a), is compact in L^1_{loc}(R^2_+ ) for t > 0.

For polytropic perfect gases, the similar results were proved by DiPerna [18] for the case γ = 1 + 1/N, N ≥ 5 odd, for L^2 ∩ L^∞(R) initial data, by Ding-Chen- Luo [16] for γ = 3/2 and Chen [1] for 1 < γ ≤ 5/3 for usual gases with general L^∞ initial data. The results are also true for γ ≥ 3 due to Lions-Perthame-Tadmor [30] and for 5/3 < γ < 3 due to Lions-Perthame-Souganidis [31]. Using Theorem 4.4, we conclude Theorem 4.5. Let (ρ(x, t), m(x, t)), 0 ≤ ρ(x, t) ≤ C, |m(x, t)/ρ(x, t)| ≤ C, be a pe- riodic entropy solution of (12)-(15) with period P . Then (ρ(x, t), m(x, t)) asymptotically decays to ∫ P (ρ_0(x), m_0(x))dx in the sense of (9).

4.4. 3 × 3 Euler Equations in Thermoelasticity

We now consider hyperbolic systems of conservation laws with linear degeneracy: there is at least one characteristic field is linearly degenerate. A typical example is the 3 × 3 system of Euler equations in Lagrangian coordinates:

∂_tτ − ∂_xv = 0, ∂_tv + ∂_xp = 0, ∂_t(e + v^2/2) + ∂_x(vp) = 0, (16)

where τ, v, p, and e denote respectively the deformation gradient (specific volume for fluids, strain for solids), the velocity, the pressure, and the internal energy. Other relevant fields are the entropy s and the temperature θ. The system (16) is complemented by the Clausius inequality ∂_ts ≥ 0. We consider the following class of constitutive relations for the new state vector (w, v, s) with the form τ = w + αs, p = h(w) > 0, e = − ∫_w 0 h(ω)dω + βs, θ = αh(w) + β, (17) where α and β are positive constants, and h(w) ∈ C^2(R) with h^′(w) < 0 satisfying sign(w − ŵ) ( (αh(w) + β)h^{′′}(w) − 4αh^′(w)^2 ) < 0, w ≠ ŵ. (18) Observe that the equations (17) are compatible with the first law of thermodynamics: θ ds = de + p dv. The model (17) can be regarded as a “first-order correction” to the general constitutive equations (see [2] for the details).

Consider the Cauchy problem for (16)-(18) with periodic initial data (w, v, s)|_{t=0} = (w_0(x), v_0(x), s_0(x)) (19)

satisfying (w_0(x), v_0(x)) ∈ {(w, v) | |v ± ∫_w ŵ √ −h^′(ω)dω| ≤ C_0}, s_0(x) ∈ M_{loc}(R). Theorem 4.6. [2]. (a) There exists a periodic distributional solution (w(x, t), v(x, t), s(x, t)) ∈ L^∞(R^2_+ ; R^2 ) × M_{loc}(R^2_+ ; R) of (16)-(18), satisfying s_t(x, t) ∈ M_{loc}(R^2_+ ), θ(w(x, t)) ≥ 0, |s|{{|x| ≤ cT_0} × [0, T_0]} ≤ CT^2_0 , (20) for any c, T_0 > 0, with C > 0 independent of T_0. Moreover, (w(x, t), v(x, t), s(x, t)) satisfies the entropy condition: ∂_tη(w, v) + ∂_xq(w, v) ≤ 0, s_t ≥ 0, (21) in the sense of distributions for any C^2 entropy pair (η(v, w), q(v, w)) of ∂_tw − ∂_xv = 0, ∂_tv + ∂_xh(w) = 0, for which the strong convexity condition holds: θη_{ww} −αh^′(w)η_w ≥ 0, θη_{vv} +αη_w ≥ 0, (θη_{ww} −αh^′(w)η_w )(θη_{vv} +αη_w)−η^2_{ww} ≥ 0. (b) Any sequence (w^T (x, t), v^T (x, t)), which is uniformly bounded and satisfies (21), is compact in L^1_{loc}(R^2_+ ) when t > 0.

Theorem 4.7. [4]. Let (τ(x, t), v(x, t), s(x, t)) be a periodic entropy solution of (16)- (18) with period P satisfying (v(x, t), τ(x, t) − αs(x, t)) ∈ L^∞(R^2_+ ) and (20)-(21). Then the velocity v(x, t) asymptotically decays to v̄ = ∫ P v_0(x)dx in L^q, 1 ≤ q < ∞. Moreover, the pressure p(w(x, t)) and the temperature θ(w(x, t)) decay to p̃ = p(Θ^{−1}( ∫ P Θ(w_0(x))dx)), and θ̃ = θ(Θ^{−1}( ∫ P Θ(w_0(x))dx)), in L^q, 1 ≤ q < ∞, respectively, where Θ(w) = βw + α ∫_w 0 h(ω)dω.

5. Final Remarks

1. Asymptotic Decay of L^p Entropy Solutions. The approach described here can be easily generalized to the decay problem for L^p entropy solutions for 1 < p < ∞. For example, In Theorems 3.1–3.3, the assumption u(x, t) ∈ L^∞(R^{n+1}_+ ) may be replaced by u(x, t) ∈ L^p(R^{n+1}_+ ), p > 2. Then the decay of an L^p periodic entropy solution u(x, t) of (1)-(2), with period P , in the sense of (5) or (6) in the L^2 norm implies (9) for any q ∈ [2, p). It would be interesting to generalize the approach for the entropy solutions in L^p_W (weighted L^p spaces).

2. Hyperbolic Conservation Laws with Relaxation. The approach can be easily extended to the asymptotic problems for the entropy solutions of hyperbolic systems of conservation laws with relaxation. See [4] for the decay results for such systems discussed in [11, 12].

3. Asymptotic Behavior of Entropy Solutions with General Initial Data. The approach and ideas can be developed to study the asymptotic behavior of entropy solutions without locally bounded variation for general L^p initial data. See [5, 6] for such an approach.

4. Asymptotic Behavior of Entropy Solutions for Multidimensional Conservation Laws. In §4.1 we give the simplest multidimensional example: scalar conservation laws. It would be interesting to find some interesting classes of multidimensional systems of conservation laws so that this approach is applicable. 5. The Validity of Nonlinear Geometric Optics for Entropy Solutions. The ideas and observations discussed here have been applied to the validity of the approximation of weakly nonlinear geometric optics for weak entropy solutions without locally bounded variation for conservation laws (cf. [8]).

6. Generalized Characteristics in L^p. It would be interesting to explore some approaches to define generalized characteristics for the entropy solutions in L^p so that one could follow the characteristics to study the asymptotic problems. Again, the Lax entropy inequalities should play an important role in this effort.

Acknowledgments: The author thanks his scientific collaborators, C. M. Dafermos, H. Frid, and P. LeFloch for their explicit and implicit contributions to this article. Gui-Qiang Chen’s research was supported in part by NSF grants DMS-9623203 and INT-9726215, and by an Alfred P. Sloan Foundation Fellowship.

References

[1] Chen, G.-Q. Convergence of the Lax-Friedrichs scheme for isentropic gas dynamics (III), Acta Math. Sci. 8 (1988), 243–276 (in Chinese); 6 (1986), 75–120.

[2] Chen, G.-Q. and Dafermos, C. M. The vanishing viscosity method in onedimensional thermoelasticity, Trans. Amer. Math. Soc. 347 (1995), 531–541.

[3] Chen, G.-Q. and Frid, H. Asymptotic decay of solutions of conservation laws, C.

R. Acad. Sci. Paris, Série I 323 (1996), 257-262.

Behavior of Entropy Solutions without Locally Bounded Variation 9

[4] Chen, G.-Q. and Frid, H. Decay of entropy solutions of nonlinear conservation laws, Preprint, Submitted for publication (1997).

[5] Chen, G.-Q. and Frid, H. Asymptotic stability of Riemann waves for conservation laws, Z. Angew. Math. Phys. (ZAMP), 48 (1997), 30-44.

[6] Chen, G.-Q. and Frid, H. Large time behavior of entropy solutions for conservation laws, Preprint, Submitted for publication (1997).

[7] Chen, G.-Q. and Frid, H. Asymptotic Stability and Decay of Solutions of Conservation Laws, Lecture Notes, Northwestern University, 1996.

[8] Chen, G.-Q., Junca, S., and Rascle, M. In preparation, 1998.

[9] Chen, G.-Q. and LeFloch, P. Entropies and weak solutions of the compressible isentropic Euler equations, C. R. Acad. Sci. Paris, Série I, 324 (1997), 1105-1110.

[10] Chen, G.-Q. and LeFloch, P. Compressible Euler equations with general pressure law and related equations, Preprint, Northwestern University, 1998.

[11] Chen, G.-Q. and Liu, T.-P. Zero relaxation and dissipation limits for hyperbolic conservation laws, Comm. Pure Appl. Math. 46 (1993), 755–781.

[12] Chen, G.-Q., Levermore, C. D., and Liu, T.-P. Hyperbolic systems of conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl. Math. 47 (1994), 787–830.

[13] Cheverry, C. The modulation equations of nonlinear geometric optics, Commun.

Partial Diff. Eqs. 21 (1996), 1119-1140.

[14] Dafermos, C. M. Applications of the invariance principle for compact processes II: Asymptotic behavior of solutions of a hyperbolic conservation laws, J. Diff. Eqs. 11 (1972), 416–424.

[15] Dafermos, C. M. Large time behavior of periodic solutions of hyperbolic systems of conservation laws, J. Diff. Eqs. 121 (1995), 183-202.

[16] Ding, X., Chen, G.-Q., and Luo, P. Convergence of the Lax-Friedrichs scheme for isentropic gas dynamics (I)–(II), Acta Math. Sci. 7 (1987), 467–480, 8 (1988), 61-94 (in Chinese); 5 (1985), 415–432, 433–472.

[17] DiPerna, R. Convergence of approximate solutions to conservation laws, Arch.

Rational Mech. Anal. 82 (1983), 27–70.

[18] DiPerna, R. Convergence of the viscosity method for isentropic gas dynamics, Comm. Math. Phys. 91 (1983), 1–30.

[19] Engquist, B. and E, W. Large time behavior and homogenization of solutions of two-dimensional conservation laws, Comm. Pure Appl. Math. 46 (1993), 1-26.

[20] Friedlands, S., Robbin, J. W., and Sylvester, J. On the crossing rule, Comm. Pure Appl. Math. 37 (1984), 19-64.

[21] Glimm, J. Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math. 18 (1965), 95–105.

[22] Glimm, J. and Lax, P. D. Decay of solutions of nonlinear hyperbolic conservation laws, Memoirs Amer. Math. Soc. 101, 1970.

10 Gui-Qiang Chen

[23] Greenberg, J. and Rascle, M. Time-periodic solutions to systems of conservation laws, Arch. Rational Mech. Anal. 115 (1991), 395-407.

[24] Gripenberg, G. Compensated compactness and one-dimensional elastodynamics, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 22 (1995), 227-240.

[25] Jenssen, H. K. Blowup for systems of conservation laws, Preprint /http:/www.math.ntnu.no/conservation/, 1998.

[26] Kruzkov, S. N. First-order quasilinear equations in several independent variables, Math. USSR Sb. 10 (1970), 217–243.

[27] Lax, P. D. Hyperbolic systems of conservation laws, Comm. Pure Appl. Math. 10 (1957), 537-566.

[28] Lax, P. D. The multiplicity of eigenvalues, Bull. Amer. Math. Soc. 6 (1982), 213-214. [29] Lions, P. L., Perthame, B., and Tadmor, E. A kinetic formulation of multidimensional scalar conservation laws and related equations, J. Amer. Math. Soc. 7 (1994), 169–192.

[30] Lions, P. L., Perthame, B., and Tadmor, E. Kinetic formulation of the isentropic gas dynamics and p-system, Comm. Math. Phys. 163 (1994), 415–431.

[31] Lions, P. L., Perthame, B., and Souganidis, P. E. Existence of entropy solutions for the hyperbolic systems of isentropic gas dynamics in Eulerian and Lagrangian coordinates, Comm. Pure Appl. Math. 49 (1996), 599-638.

[32] Liu, T.-P. Linear and nonlinear large time behavior of solutions of general systems of conservation laws, Comm. Pure Appl. Math. 30 (1977), 767–796.

[33] Murat, F. L’injection du cone positif de H^{−1} dans W^{−1,q} est compacte pour tout q < 2, J. Math. Pures Appl. 60 (1981), 309–322.

[34] Murat, F. Compacité par compensation, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 5 (1978), 489-507.

[35] Serre, D. Systémes de Lois de Conservation (I)-(II), Diderot Editeur, Paris, 1996. [36] Tartar, L. Compensated compactness and applications to partial differential equations, In: Research Notes in Mathematics, Nonlinear Analysis and Mechanics, ed. R. J. Knops, vol. 4, Pitman Press, New York, 1979, pp. 136–211.

Department of Mathematics Northwestern University Lunt Hall, 2033 Sheridan Road Evanston, IL 60208-2730, USA E-mail address: gqchen@math.nwu.edu