Existence and Stability of Multidimensional Transonic Shocks for the Euler Equations for Steady Potential Fluids in Unbounded Domains

Gui-Qiang Chen^1 and Mikhail Feldman^2

1 Department of Mathematics, Northwestern University, Evanston, IL 60208-2730, USA gqchen@math.northwestern.edu 2 Department of Mathematics, University of Wisconsin, Madison, WI 53706-1388, USA feldman@math.wisc.edu

1 Introduction

We are concerned with the existence and stability of multidimensional transonic shocks in inviscid compressible fluid dynamics. In this paper, we focus on inviscid steady potential fluid flows, which are governed by the Euler equations consisting of the conservation law of mass and the Bernoulli law for velocity. Then the Euler equations for the velocity potential φ : Ω ⊂ R^n → R can be formulated into the following second order nonlinear equation of mixed elliptic-hyperbolic type:

div (ρ(|Dφ|^2)Dφ) = 0, (1)

where the density function ρ(q^2) has the form:

ρ(q^2) = ( 1 − γ − 1 2 q^2 ) 1_{γ−1} (2) with the adiabatic exponent γ > 1.

The second order nonlinear equation (1) is elliptic at Dφ with |Dφ| = q if

ρ(q^2) + 2q^2ρ^′(q^2) > 0, (3)

and is hyperbolic if ρ(q^2) + 2q^2ρ^′(q^2) < 0. (4)

The elliptic regions of the equation (1) correspond to the subsonic flow and the hyperbolic regions to the supersonic flow. Shocks are discontinuities in the velocity Dφ. We study weak entropy solutions of (1) with transonic (hyperbolic-elliptic) shocks.

Shiffman [30], Bers [4], and Finn-Gilbarg [17] studied subsonic (elliptic) solutions of (1) outside an obstacle; also see Dong [16]. Alt-Caffarelli-Friedman [3] studied free boundary problems for subsonic flows.

Morawetz in [26] showed that the flows of (1) past an obstacle may contain transonic shocks in general. One exception is that, when the obstacle forms a wedge with small angle, the uniform outflow with supersonic speed may produce a non-transonic shock (hyperbolichyperbolic shock); see [13, 22, 23, 29, 31]. Transonic shocks also arise in many other situations of physical importance. For example, when a plane shock hits a wedge, a reflected flow may form a transonic shock; see Glimm-Majda [19] and Morawetz [27]. Steady transonic shocks are also very useful for solving some unsteady important problems; see Chen-Glimm [11] and Chen-Wang [12].

Canic-Keyfitz-Lieberman [8] studied perturbations of steady transonic shocks between two uniform flows for the two-dimensional transonic small-disturbance (TSD) equation, which governs the behavior of the first non-trivial term in the geometric optics expansion to (1) near a certain physical point. The TSD model can be written as a second order nonlinear equation of mixed type with coefficients depending only upon the unknown function itself, but independent of its gradient as in (1). This feature is essential for the approach in [8] (also see [9]).

Majda [24] studied the existence and stability of multidimensional shock fronts, locally in time, for the Euler equations for compressible fluids (also see Métivier [25]).

In this paper, we discuss several recent results on the existence and stability of multidimensional transonic shocks for (1) in unbounded domains and present a nonlinear method for establishing these results. For the detailed proofs, see Chen-Feldman [10].

2 Transonic Shocks

In this section, we first introduce multidimensional transonic shocks for (1).

A function φ ∈ W^{1,∞}(Ω) is a weak solution of (1) in an unbounded domain Ω if (i) |Dφ(x)| ≤ 1/ √ θ a.e.

(ii) For any ζ ∈ C^∞_0 (Ω), ∫ Ω ρ(|Dφ|^2)Dφ · Dζ dx = 0. (5) We are interested in weak solutions with shocks. Let Ω^+ and Ω^− = Ω \Ω^+ be nonempty open subsets of Ω, and S = ∂Ω^+ ∩ Ω. Let φ ∈ W^{1,∞}(Ω) be a weak solution of (1) and be in C^2(Ω^±) ∩ C^1(Ω^±) so that Dφ experiences a jump across S that is an (n − 1)-dimensional smooth surface. Then the condition that φ is a weak solution of (1) implies the continuity of φ across S:

φ^+ = φ^− on S (6)

and the following Rankine-Hugoniot condition on S: [ ρ(|Dφ|^2)Dφ · ν ] S = 0, (7)

where ν is the unit normal to S in the direction of Ω^+, and the bracket denotes the difference between the values of the function along S on the Ω^± sides, respectively. We can also write (7) as ρ(|Dφ^+|^2)Dφ^+ · ν = ρ(|Dφ^−|^2)Dφ^− · ν on S. (8)

Let K > 0. Then the function

Φ_K (p) := ( K − θp^2 ) 1_{2θ} p, (9) defined for p ∈ [ 0, √ K/θ ] , satisfies

lim_{p→0+} Φ_K (p) = lim_{p→}√_{K/θ−} Φ_K (p) = 0, (10)

Φ_K (p) > 0 for p ∈ ( 0, √ K/θ ) , (11)

0 < Φ^′_K (p) < K^{12θ} on (0, p^K_{sonic}), and Φ^′_K (p) < 0 on ( p^K_{sonic}, √ K/θ ) , (12)

Φ^{′′}_K (p) < 0 on (0, p^K_{sonic}], (13) where p^K_{sonic} = √ K/(θ + 1). (14) Suppose that a weak solution φ in Ω and nonempty open Ω^± ⊂ Ω satisfy φ ∈ C^2(Ω^±) ∩ C^1(Ω^±), |Dφ| < p^1_{sonic} = 1 √ θ + 1 in Ω^+, (15) |Dφ| > p^1_{sonic} in Ω^− = Ω \ Ω^+, Dφ^± · ν > 0 along S = ∂Ω^+ ∩ Ω, besides (6) and (7). Then φ is a transonic shock solution with transonic shock S dividing Ω into the subsonic region Ω^+ and the supersonic region Ω^−. The solution φ(x) satisfies the physical entropy condition (see Courant-Friedrichs [14]; also see Lax [21]):

ρ(|Dφ^−|^2) < ρ(|Dφ^+|^2) along S, (16)

that is, the density ρ increases across a shock in the flow direction. Note that the equation (1) is elliptic in the subsonic region and hyperbolic in the supersonic region.

In order to deal with multidimensional transonic shocks in an unbounded domain Ω, we define the following weighted Hölder semi-norms and norms in a domain D ⊂ R^n: Let x → δ_x be a given non-negative function defined on D, which will be specified in each case we consider below. Let δ_{x,y} := min(δ_x, δ_y) for x, y ∈ D. For k ∈ R, α ∈ (0, 1), and m ∈ N (the set of nonnegative integers), we define

[u]^{(k)}_{m;0;D} = ∑ |β|=m sup_{x∈D} ( δ^{m+k}_x |D^β u(x)| ) ,

[u]^{(k)}_{m;α;D} = ∑ |β|=m sup x,y∈D,x≠y ( δ^{m+α+k} x,y |D^β u(x) − D^β u(y)| |x − y|^α ) , (17)

‖u‖^{(k)}_{m;0;D} = m∑ j=0 [u]^{(k)}_{j;0;D}, ‖u‖^{(k)}_{m;α;D} = ‖u‖^{(k)}_{m;0;D} + [u]^{(k)}_{m;α;D},

where D^β = ∂^{β1}_{x1} · · · ∂^{βn}_{xn} , β = (β_1, . . . , β_n) is a multi-index with β_j ≥ 0, β_j ∈ N, and |β| = β_1 + · · · + β_n.

We denote by ‖u‖_{m;α;Ω} the (non-weighted) Hölder norms in a domain Ω, i.e., the norms defined as above with δ_x = δ_{x,y} = 1.

3 Multidimensional Transonic Shocks near Flat Shocks

Let (x^′, x_n) be the coordinates in R^n, where x_n ∈ R and x^′ = (x_1, . . . , x_{n−1}) ∈ R^{n−1}.

Let q^−_0 ∈ ( p^1_{sonic}, 1/ √ θ ) and φ^−_0 (x) := q^−_0 x_n. Then φ^−_0 is a supersonic solution in Ω.

According to (10)–(12), there exists a unique q^+_0 ∈ (0, p^1_{sonic}) such that ( 1 − θ(q^+_0 )^2

) 1_{2θ}

q^+_0 = ( 1 − θ(q^−_0 )^2

) 1_{2θ} q^−_0 . (18)

Thus, the function

φ_0(x) = { q^−_0 x_n, x ∈ Ω^−_0 := Ω ∩ {x : x_n < 0}, q^+_0 x_n, x ∈ Ω^+_0 := Ω ∩ {x : x_n > 0}

(19)

is a plane transonic shock solution in Ω, Ω^+_0 and Ω^−_0 are its subsonic and supersonic regions, respectively, and S = {x_n = 0} is a transonic shock. Defining φ^±_0 (x) := q^±_0 x_n in Ω, we have

φ_0(x) = min(φ^+_0 (x), φ^−_0 (x)) for x ∈ Ω. (20)

3.1 Transonic Shocks near Flat Shocks in Infinite Cylinders In this section, we focus on an infinite cylinder (0, a)^{n−1} × (−∞, ∞). We use the norms in (17) with the weight function δ_x = 1 + |x_n|.

Since it is not necessary to require that the supersonic perturbation φ^− be defined in the whole infinite cylinder, we introduce a finite subcylinder Ω_1 := (0, a)^{n−1} × (−1, 1) and focus on the cylinder domain Ω := (0, a)^{n−1} × (−1, ∞) without loss of generality. Then our multidimensional transonic shock problem can be formulated into the following form:

Problem A. Given a supersonic weak solution φ^− of (1) in Ω_1, which is a C^{1,α} perturbation of φ^−_0 , for some α ∈ (0, 1): ‖φ^− − φ^−_0 ‖_{1,α,Ω1} ≤ σ, (21) with σ > 0 small, and φ^−_ν = 0 on ∂(0, a)^{n−1} × [−1, 1], (22) find a transonic shock solution φ in Ω such that Ω^− ⊂ Ω_1, φ = φ^− in Ω^−, where Ω^− is the supersonic region (15) of φ, and φ = φ^−, φ_{xn} = φ^−_{xn} on (0, a)^{n−1} × {−1}, (23) φ_ν = 0 on ∂(0, a)^{n−1} × [−1, ∞), (24) φ(·, x_n) − ωx_n → 0 uniformly on (0, a)^{n−1} as x_n → ∞, (25) for some constant ω ∈ (0, p^1_{sonic}) which is not prescribed.

Then we have Theorem 1. Let q^+_0 ∈ (0, p^1_{sonic}) and q^−_0 ∈ ( p^1_{sonic}, 1/ √ θ ) satisfy (18), and let φ_0 be the plane transonic shock solution (19). Then there exist σ_0 > 0, C_0 and C depending only on n, a, α, γ, and q^+_0 such that, for every σ ∈ (0, σ_0) and any supersonic solution φ^− of (1) satisfying the conditions stated in Problem A, there exists a solution φ(x) of Problem A satisfying ‖φ − q^+_0 x_n‖^{(−1)}_{1;α;Ω+(φ)} ≤ C_0σ. (26) Moreover, φ(x) satisfies the following properties: (i) The constant ω in (25) must be q^+: ω = q^+, (27) where q^+ is the unique solution in the interval (0, p^1_{sonic}) of the equation ρ((q^+)^2)q^+ = Q^+ with Q^+ = 1 a^{n−1} ∫ (0,a)^{n−1} ρ(|Dφ^−(x^′, −1)|^2)φ^−_{xn} (x^′, −1)dx^′. (28) The q^+ satisfies |q^+ − q^+_0 | ≤ Cσ. (29)

(ii) The subsonic region Ω^+(φ) := {x ∈ Ω : |Dφ(x)| < p^1_{sonic}} is of the form:

Ω^+(φ) = {x_n > f(x^′)} ∩ Ω with f ∈ C^{1,α}([0, a]^{n−1}), Df|_{∂(0,a)}n−1 = 0, (30)

where f satisfies ‖f‖_{1,α,[0,a]}n−1 ≤ Cσ. (31) (iii) For every k = 1, 2, . . ..

‖φ − q^+x_n‖^{(k)}_{1;α;Ω+(φ)} ≤ C_kσ, (32)

where C_k depends only on k, n, a, γ, and q^+_0 . That is, when x_n → ∞, φ(x) uniformly converges to the linear function q^+x_n with respect to x^′ ∈ (0, a)^{n−1} at a rate faster than any algebraic order.

If φ^− ∈ C^{2,α}(Ω_1) in addition to the previous assumptions, then φ ∈ C^{2,α}(Ω^+(φ)) and f ∈ C^{2,α}([0, a]^{n−1}), and ‖D^2f‖_{0,α,[0,a]}n−1 ≤ C(n, a, α, γ, q^+_0 , σ)‖D^2φ^−‖_{0,α,Ω1} , (33) ‖D^2φ‖^{(k)}_{0;α;Ω+(φ)} ≤ C(n, a, α, γ, q^+_0 , σ, k)‖D^2φ^−‖_{0,α,Ω1} , (34) for k = 1, 2, 3, . . ..

Furthermore, if ‖φ^− − φ^−_0 ‖_{2,α,Ω1} ≤ σ, (35) then the solution φ(x) of Problem A satisfying (26) is unique.

Remark 1. Theorem 2.1 indicates that, given any supersonic solution φ^− in the upstream region, the necessary and sufficient condition for the existence of a transonic shock solution in an infinite cylinder Ω is that the uniform velocity state ων_0, ν_0 = (0, . . . , 0, 1), at infinity in the downstream direction must be q^+ν_0 determined uniquely by φ^−. In other words, given a supersonic solution φ^− in the upstream region, there is no transonic shock solution that contains a transonic shock dividing Ω into the subsonic region and the supersonic region, provided that one expects a different velocity state at infinity from q^+ν_0 in the downstream direction. This means that, for this problem, one can apriori prescribe the uniformity condition of the flow, but can not prescribe a velocity state, at infinity in the downstream direction in general, which otherwise the problem is overdetermined.

Furthermore, as a consequence of the uniqueness, non-degeneracy, and regularity of solutions of the free boundary problem, we have the following stability theorem.

Theorem 2. There exist a nonnegative function Ψ ∈ C([0, ∞)) satisfying Ψ(0) = 0 and σ_0 > 0 depending only upon n, a, α, γ, and q^+_0 such that, if σ < σ_0, φ^− satisfies (35), and φ̂^− satisfies ‖φ^− − φ̂^−‖_{2,α,Ω1} ≤ κ, (36) with κ < σ, then the unique solutions φ and φ̂ of Problem A for φ^− and φ̂^−, respectively, satisfy ‖f_φ − f_{φ̂}‖_{2,α,(0,a)}n−1 ≤ Ψ(κ), (37) where f_φ(x^′) and f_{φ̂}(x^′) are the free boundary functions in (30) with φ(x) and φ̂(x), respectively.

3.2 Transonic Shocks near Flat Shocks in R^n

We continue to study perturbations of the uniform transonic shock solution (19). In this section we focus on the whole space R^n with n ≥ 3. As in previous section, since it is enough to specify the supersonic perturbation φ^− only in a neighborhood of the nonperturbed shock surface {x_n = 0}, we introduce domains Ω := R^{n−1} × (−1, ∞) and Ω_2 := R^{n−1} × (−1, 1). Note that we expect the subsonic region Ω^+ to be close to the half-space Ω^+_0 = {x_n > 0}.

We use the norms in (17) with the weight function δ_x = 1 + |x|, and consider the following problem:

Problem B. Given a supersonic solution φ^− of (1) in R^n such that, for some α > 0, ‖φ^− − φ^−_0 ‖^{(n−1)}_{1,α,Ω2} ≤ σ, (38) with σ > 0 small, find a transonic shock solution φ in Ω such that Ω^− ⊂ Ω_2 and φ = φ^− in Ω^−, where Ω^− is the supersonic region (15) of φ.

Remark 2. Note that, since n ≥ 3, our assumptions imply that the perturbation is not only small in C^{1,α}, but also “localized”, that is, the perturbation has an appropriate polynomial decay at infinity.

Then we have the following theorem.

Theorem 3. Let q^+ ∈ (0, p^1_{sonic}) and q^− ∈ ( p^1_{sonic}, 1/ √ θ ) satisfy (18), and let φ_0 be the transonic shock solution (19). Then there exist positive constants σ_0, C_1, and C_2 depending only on n, γ, and q^+ such that, for every σ ≤ σ_0 and any supersonic solution φ^−(x) of (1) satisfying the conditions stated in Problem B, there exists a solution φ(x) of Problem B such that ‖φ − φ^+_0 ‖^{(n−2)}_{1,α,Ω+} ≤ C_1σ. (39)

Moreover, Ω^+ = {x_n > f(x^′)}, and f : R^{n−1} → R satisfies ‖f‖^{(n−2)}_{1,α,Rn−1} ≤ C_2σ, (40) that is, the shock surface S = {(x^′, x_n) ∈ R^n : x_n = f(x^′), x^′ ∈ R^{n−1}} is C^{1,α} and converges at infinity, with an appropriate polynomial rate, to the hyperplane S_0 = {x_n = 0}.

If φ^− ∈ C^{2,α}(Ω_2) in addition to the previous assumptions, then φ ∈ C^{2,α}(Ω^+(φ)) and f ∈ C^{2,α}(R^{n−1}). In particular, if ‖D^2φ^−‖^{(n)}_{0,α,R}n < ∞, then ‖D^2f‖^{(n)}_{0,α,Rn−1} ≤ C(n, α, γ, q^+_0 , σ)‖D^2φ^−‖^{(n)}_{0,α,Ω2} , (41) ‖D^2φ‖^{(n)}_{0;α;Ω+(φ)} ≤ C(n, α, γ, q^+_0 , σ)‖D^2φ^−‖^{(n)}_{0,α,Ω2} . (42)

Furthermore, if ‖φ^− − φ^−_0 ‖^{(n−1)}_{2,α,Ω2} ≤ σ, (43) then the solution φ(x) of Problem B satisfying (39) is unique.

We also establish a similar stability theorem to Theorem 2 for the multidimensional transonic shocks near flat shocks in R^n.

4 Multidimensional Transonic Shocks near Spherical Transonic Shocks

We first construct spherical transonic shocks in R^n, n ≥ 3. Choosing any

0 < R_1 < R_0 < ∞,

we consider the domain Ω = {x ∈ R^n : R_1 < |x| < ∞} and show that there exists a weak solution φ_0 ∈ W^{1,∞}(Ω) of (1) in the sense of (5) with φ_0(x) = w(|x|) for some w : R → R such that φ_0 ∈ C^∞(Ω^±_0 ), and

Ω^−_0 = {x ∈ R^n : R_1 < |x| < R_0} and Ω^+_0 = {x ∈ R^n : R_0 < |x| < ∞}

are respectively supersonic and subsonic regions of φ_0, that is,

|Dφ_0| > p^1_{sonic} in Ω^−_0 , |Dφ_0| < p^1_{sonic} in Ω^+_0 , (44)

and |Dφ_0| has a jump across S_0 := {|x| = R_0}.

It is easy to see that a function φ_0(x) = w(|x|) satisfies (5) in Ω if and only if, for any ζ ∈ C^∞_0 ((R_1, ∞)), ∫_∞

R_1 ρ(|w^′(r)|^2)w^′(r)ζ^′(r)r^{n−1}dr = 0. It follows that w(|x|) is a smooth solution of (1) if ( ρ(|w^′(r)|^2)w^′(r)r^{n−1} )_′ = 0.

Thus ρ(|w^′(r)|^2)w^′(r) =^c_{rn−1} , which can be written as

Φ_1(w^′(r)) = c r^{n−1} , (45)

where Φ_1(·) is defined by (9). From (10)–(13), it follows that there exist smooth functions

Φ^{−1}_+ : (0, Φ_1(p^1_{sonic})) → (0, p^1_{sonic}), Φ^{−1}_− : (0, Φ_1(p^1_{sonic})) → (p^1_{sonic}, √ 1/θ), which are the inverse functions of Φ_1(·) in the sense that Φ_1(Φ^{−1}_± (τ)) = τ, for any τ ∈ (0, Φ_1(p^1_{sonic})), such that (Φ^{−1}_+ )^′(τ) > 0 and (Φ^{−1}_− )^′(τ) < 0 for τ ∈ (0, Φ_1(p^1_{sonic})). Thus, in order to satisfy (44) and (45), we have to choose c > 0 such that 0 < c R^{n−1}_0 < c R^{n−1}_1 < Φ_1(p^1_{sonic}), and set w^′(r) = { Φ^{−1}_− (_c r^{n−1} ) for R_1 < r < R_0, Φ^{−1}_+ (_c r^{n−1} ) for R_0 < r < ∞.

(46)

Thus, we obtain a weak solution φ_0(x) = w(|x|) of (1) in Ω, satisfying (44), by setting

w(r) = − ∫_{R0} r Φ^{−1}_− (_c τ^{n−1} ) dτ < 0 for R_1 < r < R_0, ∫_r R_0 Φ −1 + (_c τ^{n−1} ) dτ > 0 for R_0 < r < ∞. Note that, since Φ^′(0+) > 0, the function w(r) is bounded on (R_1, ∞) when n ≥ 3.

We can express the function φ_0 as φ_0(x) = min(φ^+_0 (x), φ^−_0 (x)), (47) where φ^±_0 ∈ C^∞(Ω) are defined as

φ^±_0 (x) = w_±(|x|), w_±(r) = ∫_r R_0 Φ^{−1}_± ( c τ^{n−1} ) dτ for r > R_1. (48)

The solution φ_0(x) contains the spherical transonic shock and satisfies the entropy condition (16) across the transonic shock from the hyperbolic phase to the elliptic phase, which is the flow direction.

We now state our results on the existence and stability of multidimensional transonic shocks that are close to the solution φ_0(x) for n ≥ 3. We use the Hölder norms in (17) with the weight function: δ_x = 1 + |x|. Since it does not require to define the perturbation on the whole Ω, we introduce a bounded domain Ω_3 := {x ∈ R^n : R_1 < |x| < R_0 + 1}.

Problem C. Given a supersonic solution φ^− of (1) in Ω_3, which is a C^{1,α} perturbation of φ^−_0 , for some α > 0: ‖φ^− − φ^−_0 ‖_{1,α,Ω3} ≤ σ, (49) with σ > 0 small, find a transonic shock solution φ in Ω such that Ω^− ⊂ Ω_3 and φ = φ^− in Ω^−, where Ω^− is the supersonic region (15) of φ, and φ = φ^−, φ_ν = φ^−_ν on {|x| = R_1}. (50) Theorem 4. There exist positive constants σ_0, C_1, and C_2, depending only on n, γ, c, and Ω, such that, for every σ ≤ σ_0 and any supersonic solution φ^− of (1) satisfying the conditions stated in Problem C, there exists a solution φ of Problem C satisfying ‖φ − φ^+_0 ‖^{(n−2)}_{1,α,Ω+} ≤ C_1σ. (51) Moreover, the shock surface S = {x ∈ R^n : x = f(^x_{|x|} )} ∩ Ω is C^α, that is, Ω^+ = {|x| > f(^x_{|x|} )} ∩ Ω, with f : S^{n−1} → R and ‖f − R_0‖_{0,α,S}n−1 ≤ C_2σ. If φ^− ∈ C^{2,α}(Ω_3) in addition to the previous assumptions, then φ ∈ C^{2,α}(Ω^+(φ)) and f ∈ C^{2,α}(S^{n−1}) satisfy ‖D^2f‖_{0,α,S}n−1 ≤ C(n, α, γ, q^+_0 , σ)‖D^2φ^−‖_{0,α,Ω3} , (52) ‖D^2φ − D^2φ^+_0 ‖^{(n)}_{0;α;Ω+(φ)} ≤ C(n, α, γ, q^+_0 , σ)‖D^2φ^−‖_{0,α,Ω3} . (53) Furthermore, if ‖φ^− − φ^−_0 ‖_{2,α,Ω3} ≤ σ, (54) then the solution φ(x) of Problem B satisfying (51) is unique.

We also establish a similar stability theorem to Theorem 2 for the multidimensional transonic shocks near spherical shocks in R^n.

5 Methods of the Proofs: Free Boundary Problems

The transonic shock problems can be formulated into a one-phase free boundary problem for a nonlinear elliptic equation: Given φ^− ∈ C^{1,α}(Ω), find a function φ that is continuous in Ω and satisfies φ ≤ φ^− in Ω̄, (55)

the equation (1) and the ellipticity condition (3) in the non-coincidence set Ω^+ = {φ < φ^−}, the free boundary condition (8) on the boundary S = ∂Ω^+ ∩Ω, as well as the prescribed conditions on the fixed boundary ∂Ω and at infinity. These conditions are different in different cases (Problems A, B, C), say, conditions (23)–(25) for Problem A.

The free boundary is the location of the shock, and the free boundary condition (8) is the Rankine-Hugoniot condition (7). Note that the condition (55) is motivated by the similar properties (20) and (47) of non-perturbed shocks; and, locally on the shock, (55) is equivalent to the entropy condition (16). The condition (55) transforms the transonic shock problem, in which the subsonic region Ω^+ is determined by the gradient condition |Dφ(x)| < p^1_{sonic}, into a free boundary problem, in which Ω^+ is the non-coincidence set.

In order to solve this free boundary problem, we first modify the equation (1) to make it uniformly elliptic and, correspondingly, modify the free boundary condition (8). Then we solve this modified free boundary problem. Since φ^− is a small C^{1,α} perturbation of φ^−_0 , we show that the solution φ of the free boundary problem is a small C^{1,α} perturbation of the given subsonic shock solution φ^+_0 in Ω^+. In particular, the gradient estimate implies that φ in fact satisfies the original free boundary problem, hence the transonic shock problem, Problem A (Problem B and Problem C, respectively).

The modified free boundary problem does not directly fit into the variational framework of Alt-Caffarelli [1] and Alt-Caffarelli-Friedman [2] and the regularization framework of Berestycki-Caffarelli-Nirenberg [5]. Also, the nonlinearity of (56) makes it difficult to apply the Harnack inequality approach of Caffarelli [7]. In particular, a boundary comparison principle for positive solutions of nonlinear elliptic equations in Lipschitz domains is unavailable yet for the equations that are not homogeneous with respect to D^2u, Du, and u, which however is our case.

The approach we develop is an iteration scheme based on the non-degeneracy of the free boundary condition: the jump of the normal derivative of a solution across the free boundary has a strictly positive lower bound. Our iteration process is as follows: Suppose the domain Ω^+_k is given so that S_k := ∂Ω^+_k \ ∂Ω is C^{1,α}. We solve the oblique derivative problem in Ω^+_k obtained by rewriting the (modified) equation (1) and free boundary condition (8) in terms of the function u := φ − φ^+_0 . Then the problem has the following form:

div A(x, Du) = F (x) in Ω^+_k := {u > 0}, A(x, Du) · ν = G(x, ν) on S := ∂Ω^+_k \ ∂Ω, (56)

plus the fixed boundary conditions on ∂Ω^+_k ∩∂Ω and the conditions at infinity. The equation is quasilinear, uniformly elliptic, A(x, 0) ≡ 0, while G(x, ν) has a certain structure. Let u_k ∈ C^{1,α}(Ω^+_k ) be the solution of (56). We estimate that ‖u_k‖_{C1,α(Ω}+_{k )} is small if the perturbation is small, where we actually use appropriate weighted Hölder norms in the unbounded domains. Then we extend the function φ_k := φ^+_0 + u_k from Ω^+_k to Ω so that the C^{1,α} norm of φ_k − φ^+_0 in Ω is controlled by ‖u_k‖_C1,α . We define Ω^+_{k+1} := {x ∈ Ω | φ^k(x) < φ^−(x)} for the next step. Note that, since ‖φ_k − φ^+_0 ‖_C1,α_{(Ω)} and ‖φ^− − φ^−_0 ‖_C1,α_{(Ω)} are small, we have |Dφ^−| − |Dφ_k | ≥ δ > 0 in Ω, and this nondegeneracy implies that S_{k+1} := ∂Ω^+_{k+1} \ ∂Ω is C^{1,α} and its norm is estimated in terms of the data of the problem.

The fixed point Ω^+ of this process determines a solution of the free boundary problem since the corresponding solution φ satisfies Ω^+ = {φ < φ^−} and the Rankine-Hugoniot condition holds on S := ∂Ω^+ ∩ Ω.

On the other hand, the elliptic estimates alone are not sufficient to get the existence of a fixed point, because the right-hand side of the boundary condition in the problem (56) depends on the unit normal ν of the free boundary. We use the following feature of the flat or spherical shocks:

ρ(|Dφ^+_0 |^2)Dφ^+_0 = ρ(|Dφ^−_0 |^2)Dφ^−_0 in Ω (57)

to obtain better estimates for the iteration and to prove the existence of a fixed point. Note that this is a vector identity, and the Rankine-Hugoniot condition (8) is the normal part of (57) on the non-perturbed free boundary S_0.

The uniqueness and stability of solutions for the transonic shock problems are obtained by using the regularity and nondegeneracy of solutions.

For more details, see Chen-Feldman [10].

Acknowledgments

Gui-Qiang Chen’s research was supported in part by the National Science Foundation under Grants DMS-0204225, DMS-0204455, and INT-9987378. Mikhail Feldman’s research was supported in part by the National Science Foundation under Grants DMS-0200644 and DMS-0074037.

References

1. H. W. Alt and L. A. Caffarelli, Existence and regularity for a minimum problem with free boundary, J. Reine Angew. Math. 325 (1981), 105–144.

2. H. W. Alt, L. A. Caffarelli, and A. Friedman, A free-boundary problem for quasilinear elliptic equations, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 11 (1984), 1–44.

3. H. W. Alt, L. A. Caffarelli, and A. Friedman, Compressible flows of jets and cavities, J. Diff.

Eqs. 56 (1985), 82–141.

4. L. Bers, Existence and uniqueness of subsonic flows past a given profile, Comm. Pure Appl.

Math. 7 (1954), 441-504.

5. H. Berestycki, L. Caffarelli, and L. Nirenberg, Uniform estimates for regularization of free boundary problems, In: Analysis and Partial Differential Equations, pp. 567–619, Lecture Notes in Pure and Appl. Math. 122, Dekker, New York, 1990.

6. H. Berestycki, L. Caffarelli, and L. Nirenberg, Further qualitative properties for elliptic equations in unbounded domains, Dedicated to Ennio De Giorgi. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 (1997), 69–94 (1998); Monotonicity for elliptic equations in unbounded Lipschitz domains, Comm. Pure Appl. Math. 50 (1997), 1089–1111; Inequalities for second-order elliptic equations with applications to unbounded domains I, Duke Math. J. 81 (1996), 467–494.

7. L. A. Caffarelli, A Harnack inequality approach to the regularity of free boundaries, I. Lipschitz free boundaries are C^{1,α}, Rev. Mat. Iberoamericana, 3 (1987), 139–162; II. Flat free boundaries are Lipschitz, Comm. Pure Appl. Math. 42 (1989), 55–78; III. Existence theory, compactness, and dependence on X, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 15 (1989), 583–602.

8. S. Canić, B. L. Keyfitz, and G. Lieberman, A proof of existence of perturbed steady transonic shocks via a free boundary problem, Comm. Pure Appl. Math. 53 (2000), 0484-0511.

9. S. Canić, B. L. Keyfitz, and E. H. Kim, Free boundary problems for the unsteady transonic small disturbance equation: transonic regular reflection, Methods Appl. Anal. 7 (2000), 313– 335; Free boundary problems for a quasilinear degenerate elliptic equation: regular reflection of weak shocks, Comm. Pure Appl. Math. 55 (2002), 71–92.

10. G.-Q. Chen and M. Feldman, Multidimensional transonic shocks and free boundary problems for nonlinear equations of mixed type, J. Amer. Math. Soc. 2003 (to appear); Steady Transonic shocks and free boundary problems in infinite cylinders for the Euler equations, Preprint, Northwestern University, May 2002; Transonic shocks and one-phase free boundary problems for nonlinear elliptic equations in unbounded domain, Preprint, Northwestern University, June 2002.

11. G.-Q. Chen and J. Glimm, Global solutions to the compressible Euler equations with geometrical structure, Commun. Math. Phys. 180 (1996), 153–193.

12. G.-Q. Chen and D. Wang, Convergence of shock capturing schemes for the compressible Euler- Poisson equations, Commun. Math. Phys. 179 (1996), 333–364.

13. S.-X. Chen, Existence of stationary supersonic flows past a point body, Arch. Rational Mech.

Anal. 156 (2001), 141-181; Asymptotic behavior of supersonic flow past a convex combined wedge, Chinese Ann. Math. 19B (1998), 255-264.

14. R. Courant and K. O. Friedrichs, Supersonic Flow and Shock Waves, Springer-Verlag: New York, 1948.

15. C. M. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, Springer-Verlag: Berlin, 2000.

16. G. Dong, Nonlinear Partial Differential Equations of Second Order, Transl. Math. Monographs, 95, AMS: Providence, RI, 1991.

17. R. Finn and D. Gilbarg, Three-dimensional subsonic flows, and asymptotic estimates for elliptic partial differential equations, Acta Math. 98 (1957), 265-296.

18. D. Gilbarg and N. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd Ed., Springer-Verlag: Berlin, 1983.

19. J. Glimm and A. Majda, Multidimensional Hyperbolic Problems and Computations, Springer- Verlag: New York, 1991.

20. C.-H. Gu, A method for solving the supersonic flow past a curved wedge (in Chinese), Fudan J. 7 (1962), 11-14.

21. P. D. Lax, Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock Waves, CBMS-RCSM, SIAM: Philiadelphia, 1973.

22. T.-T. Li, On a free boundary problem, Chinese Ann. Math. 1 (1980), 351-358. 23. W.-C. Lien and T.-P. Liu, Nonlinear stability of a self-similar 3-dimensional gas flow, Commun.

Math. Phys. 204 (1999), 525–549.

24. A. Majda, The stability of multidimensional shock fronts, Mem. Amer. Math. Soc. 275, AMS:

Providence, 1983; The existence of multidimensional shock fronts, Mem. Amer. Math. Soc. 281, AMS: Providence, 1983.

25. G. Métivier, Stability of multi-dimensional weak shocks, Comm. Partial Diff. Eqs. 15 (1990), 983-1028.

26. C. S. Morawetz, On the non-existence of continuous transonic flows past profiles I–III, Comm.

Pure Appl. Math. 9 (1956), 45–68; 10 (1957), 107–131; 11 (1958), 129–144. 27. C. S. Morawetz, Potential theory for regular and Mach reflection of a shock at a wedge. Comm.

Pure Appl. Math., 47 (1994), 593–624.

28. O. Oleinik, Some Asymptotic Problems in the Theory of Partial Differential Equations, Lezioni Lincee. [Lincei Lectures] Cambridge University Press: Cambridge, 1996.

29. D. G. Schaeffer, Supersonic flow past a nearly straight wedge, Duke Math. J. 43 (1976), 637-670. 30. M. Shiffman, On the existence of subsonic flows of a compressible fluid, J. Rational Mech.

Anal. 1 (1952), 605–652.

31. Y. Zhang, Global existence of steady supersonic potential flow past a curved wedge with a piecewise smooth boundary, SIAM J. Math. Anal. 31 (1999), 166-183.