SPECTRAL VISCOSITY APPROXIMATIONS TO
MULTIDIMENSIONAL SCALAR CONSERVATION LAWS

Gui-Qiang Chen,! Qiang Du,? and Eitan Tadmor?

ABSTRACT

We study the spectral viscosity (SV) method in the context of multidimensional
scalar conservation laws with periodic boundary conditions. We show that the spectral
viscosity, which is sufficiently small to retain the formal spectral accuracy of the under-
lying Fourier approximation, is large enough to enforce the correct amount of entropy
dissipation (which is otherwise missing in the standard Fourier method). Moreover,
we prove that because of the presence of the spectral viscosity, the truncation error in
this case becomes spectrally small, independent of whether the underlying solution is
smooth or not. Consequently, the SV approximation remains uniformly bounded and
converges to a measure-valued solution satisfying the entropy condition, that is, the
unique entropy solution. We also show that the SV solution has a bounded total vari-
ation, provided that the total variation of the initial data is bounded, thus confirming
its strong convergence to the entropy solution. We obtain an L' convergence rate of the

usual optimal order one-half.
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1. THE SPECTRAL VISCOSITY APPROXIMATION

We consider scalar conservation laws in several space dimensions d, d > 1,

(1.1a) Ouu(w,t) + 0y flulz, 1)) =0, fu) = (f'(u), f2(u), ..., f(u)),

subject to initial data
u(z,0) = ug(x)eL>(T0, 27]),

and augmented with the entropy condition (cf. [La], [Sm])
(1.10) OU(u) + 0; - F(u) <0, VU convex, F(u) = /u U'(w)f'(w)dw.

The following abbreviations are used throughout the paper:

0 o 0?

Oy O aan

05 = (07,05,...,07).

We want to solve the 27r-periodic initial-value problem, (1.1a)—(1.1b), by a spec-
tral method. To this end we approximate the spectral/pseudo-spectral projection of
the exact entropy solution, Pyu(-,t), using an N-trigonometric polynomial, uy(z,t) =

2lel<N ﬁg(t)eig"”, which is governed by the semi-discrete approximation

d
(1.2a) Oun(z,t) + 0y - Py flun(z,t)) =en Y 8§kQ‘f\’,k(x, t) * un(x,t).
k=1
Together with one’s favorite ODE solver, (1.2a) gives a fully discrete method for the
approximate solutions of (1.1a). Discussion of the numerical advantages and actual
implementation of this method will be made elsewhere. Our focus in this paper is on
the convergence theory.

The left-hand side of (1.2a) is the standard Fourier approximation of (1.1a). Al-
though this part of the approximation is spectrally accurate with the conservation law
(1.1a), it lacks entropy dissipation, which is inconsistent with the entropy condition
(1.1b). Consequently, the standard Fourier approximation of (1.1a) supports spurious
Gibbs oscillations (once shock discontinuities are formed), which prevent strong conver-
gence to the entropy solution of (1.1) (cf. [Tal],[Ta2]). To suppress these oscillations,
without sacrificing the overall spectral accuracy, we augment the standard Fourier ap-

proximation on the right-hand side of (1.2a) by spectral viscosity, which consists of the

following three ingredients:

e A vanishing viscosity amplitude, ¢y, of size



(1.20) exn~ N7 0<1.

e A viscosity-free spectrum of size my >> 1,

Wl

N

., <1
(log N)>

(126) my
o A family of viscosity kernels, Q% (z,t) = ng:m]\; Qé’k(t)eig"”, 1 < 4,k <d,
activated only on high wavenumbers || > my, which can be conveniently imple-

mented in the Fourier space as

N d A -
EN Z *UN X, t = —¢&nN Z < ng §> Ug() iﬁ-x’ < ng,f >= Z Qg’k(t)fjfk

k=1 e|=mn k=1
The viscosity kernels we deal with, Q?Qk(x, t), are assumed to be spherically symmetric,
that is, Qék = Qg’k,V|§| = p, with monotonically increasing Fourier coefficients, Qg’k,
that satisfy

(1.2d) |Q;f)'~C — 0] < Const. X , Vp>my.
p?

The main purpose of the spectral viscosity is to achieve a compromise between two
conflicting requirements. We recall (cf. [GO]) that the use of the spectral/pseudo-

spectral projections yields a spectrally small error in the sense that
(1.3) (I — Px)f(uy)|| < Const. N~*||0sun||, Vs> 0.

The additional spectral viscosity is also spectrally small, since

(1.4) enl| Z Qi < un(-,t)|| < Const. N~ ||05un(-,t)||, Vs> 2.
jik=1

Thus, on the one hand the spectral viscosity is small enough to retain the formal spectral
accuracy of the overall approximation, while on the other hand the spectral viscosity is
sufficiently large to enforce the correct amount of entropy dissipation that is missing in
the standard Fourier method, that is, ey = 0 (see §2). In fact, the smallest scale of the
SV approximation (1.2a) is order . It follows that, because of the presence of the SV in
(1.2a), the spectral decay of the truncation error on the left of (1.3) is independent of the
smoothness of the underlying solution. In §3 we show that the SV, although spectrally
small, is only an LP-bounded perturbation of the standard vanishing viscosity. This
fact enables us to show in §4 that the SV solution remains uniformly bounded and

that its weak limit is a measure-valued solution consistent with the entropy condition



corresponding to (1.1b). Hence, DiPerna’s uniqueness theorem [DP] combining with
the finiteness of propagation speed implies that uy converges to the unique entropy
solution of (1.1a)-(1.1b). For the reduction theorems for the measure-valued solutions
to hyperbolic systems of conservation laws, we also refer the reader to [Chl, Ch2, DP2,
Se]. An alternative, independent convergence proof of the SV method is derived in §5
from its total-variation boundedness, provided the total variation of the initial data is
bounded. We conclude in §6 with an L!'-convergence rate estimate of the usual optimal

order one-half.
2. SPECTRALLY SMALL TRUNCATION ERROR

The SV method (1.2a) approximates the exact spatial fluxes in (1.1a) by their
(pseudo)spectral projections. This approach leads to the truncation error
Oy (I — Py) f(un). In this section we show that, because of the presence of the spectral
viscosity, the truncation error is spectrally small independent of whether the underlying
solution is smooth or not.

Our discussion proceeds in three steps; detailed proofs are left to §7.

Step 1: We begin with the following two facts.

e A straightforward a priori bound states that Vs > r > 0 then the followings holds:

21 oy - (= Po)flun)ll = (Z |§|2’"|f(/@v)gl2> < —— )02 - )l

>N - N

e Consider the right-hand side of (2.1). Here we claim (and prove in §7) that the
derivatives of a sufficiently smooth flux, f(u), are bounded above by the derivatives
of u. That is, there exist constants K5 (depending on |ux|ze = |lun]|ree (+r) and
| flox = 1105 f(u)|| Lo (ay) Where Qy = {u : |u| < |un|s}), such that the following

estimate holds:

(22)  o;- flum)ll < Klldjunll, Ko~ 3 |fler - lunlis, s=1,2,....
k=1

Using (2.1) followed by (2.2), we conclude the first step with the estimate

Ks
str

(2.3) 107 - (I = Py)f(un)ll < 105unll, s~ D |fler - lunli=!, s > >0.
k=1

Step 2. The inequality (2.3) is the usual spectral accuracy estimate associated with

the (pseudo)spectral projections (see (1.3)). The inequality states that the truncation



error (and its derivatives) decays as rapidly as the smoothness of uy permits. Of course,
the derivatives of an arbitrary N-trigonometric polynomial, uy, may grow as fast as
N?#, in which case nothing is gained from (2.3). In the present context, however, the
spatial derivatives of the SV approximation 0 uy grow at the slower rate of ey’. This is
the content of the main a priori estimate of this section, whose proof is left for §7. We

summarize the estimate in the following theorem.

THEOREM 2.1. Consider the SV approzimation (1.2a) and (1.2d) with SV parameters
(en,mn), which satisfy, in agreement with (1.2b)-(1.2¢),

2KCs
(2.4) EN > N+1’ and ey - mi(log N)* < Const.

S

Then there exists a constant Bg(~ H Ky for s > 1) such that the following estimate
k=1

holds:

(2.5) Sf\f“a;UN(',t)HLz(x) + 6?5||8;HUN||L2($,[O¢]) S Bs + CO?’LSt.SfV“a;UN(-, 0)||L2(x)-

REMARK. Theorem 2.1 with s = 0 is the usual a priori estimate on the entropy

production rate

(2.6) ||UN('7t)||L2(:n) + \/6N||8;uN||L2(m,[07tD S COTLSt.||uN(-,0)||L2(I).

Step 3. Assume that our data (the flux, f(u), and the initial conditions, uy(-,0))

satisfy the following conditions:

e The flux f(u) is sufficiently smooth; that is, |f|cs < oo for sufficiently large s.

e The smallest scale of the initial condition is of order y; that is,

(2.7) enllOun (-, 0)||r2(z) < Const.

Then, Theorem 2.1 shows that the smallest scale of the SV approximation uy(-,?)
remains of order ey. Together with (2.3), this implies that for ﬁ ~ N=1=9) = o(1),
the truncation error of the SV approximation is spectrally small, independent of whether
the underlying solution is smooth or not. This extends a similar one-dimensional result

of [Sc|] and [MT]. For later reference, we state our final corollary.

Corollary 2.2. Let uy denote the SV solution of (1.2a)-(1.2d), with initial conditions

satisfying (2.7). Then the following spectral decay estimates of the truncation error hold:
(2.8a) 10, - (I — Pn)f(un(-,1))||12(2) < Const. BN, 5, = (1 —0)s —r;

4



(2-80) 107 (I = P) f (un) || 2ojo.p < Const. BN~F9), vs > 1,
REMARKS

1. Using the Sobolev inequality, one can convert this L?-type estimate (2.8) into a

spectral decay estimate in the uniform norm, for example,

(2.9) 107 - (I = Py) f (un) || 1 (@ o) < Const. BuN =575,

2. Observe that the polynomial decay rate in (2.9), s, = (1 — 0)s — r, can be made

as large as the C*-smoothness of f(u) permits. For example, we have

B s 2+d
(210) ||8x . ([ — PN)f(uN)HLOO(:U,[O,t]) S COTLSt.N, \V/f - C s S 2 m
The smoothness requirement on the right of (2.10) will be sufficient for the esti-

mates derived throughout the rest of the paper.

3. The critical Sobolev exponents s, in (2.9) are not optimal; careful LP-iterations
enable one to obtain (2.9) with sy = (1—6)s+1—60— % > 0. Thus, for example, in
the one-dimensional case, one may use the basic entropy production bound (2.6)
(corresponding to s = 0), in order to conclude that the truncation error tends

uniformly to zero with viscosity amplitude ey ~ N7%, 6 < £ (cf. [MT], [Ta3]).

3. SPECTRAL VISCOSITY VERSUS VANISHING VISCOSITY

In this section we show that the spectral viscosity €y Z;{k:l 8]213@3‘\’,'“ x uy—though
spectrally small according to (1.4)—is only an LP-bounded perturbation of the standard
vanishing viscosity, e yAuy.

We begin by taking a closer look at the SV operator on the right of (1.2a). We set

L . 63/4:7 |§|§mN7
(3.1) Rg’ = Rg’ (t) = .
6J'k - Q? (t)7 |€| > mpy,
and note that the corresponding smoothing kernel, R}Qk = Y le<N I%g’keif*”, complements
the SV kernel, Q%" = Ef\é:m]v Qg’keif'l’, to the full Laplacian, that is,

d . d .
(3.2) > akag\’,k x4 ) ayszg\’,k* = A.

k=1 k=1



The following lemma provides us with an upper bound on the L!-size of the smoothing
kernel, 39, _, 050~ "RIF(-,1).

Lemma 3.1. Consider the real,  spherically symmetric SV  kernels,
N
Q{{,k(x,t) = Z Q;’k Z e " with monotonically increasing Fourier coefficients, Q%’k,
p>my I€l=p

satisfying (1.2d). Then the following estimate holds:

(3.3) [ Z 9705 TRIF( )iy < Const.miy(logN)?, 0<r<s<2.
j,k=1
REMARKS

1. Lemma 3.1, which is the multidimensional generalization of Lemma A.1 in [MT],
shows that derivatives of the smoothing kernel, ¥-9,_, R%F (-, 1), grow like those of

a trigonometric polynomial of degree my.

2. The extra logarithmic factor on the right of (3. 3) can be avoided if the SV Fourier

coefficients, Q , satisfy the concavity condition, @ +1 2QJ ok Qi’lfl <0

Proof. Let D,(z;) = w Then we have

sin 5 x;

> e = Dy(w) — Dy (w),

|€l=p

where D,(z) = > " is the multidimensional Dirichlet kernel, ID,(z) = [T, Dp(x;).

l€l<p
This fact enables us to write (with ID_;(x) = 0)

N N

Ry (w,t) = D RGM(8) 2 7 = 3 RIF()D,y(2) — Dy ().

p=0 &l=p p=0

Setting R +1 = 0, we use summation by parts of the right-hand side (recall that RJ ok —
dik, p < my) to obtain

o a;a;*TRg;,’f(x,t) = EI],V:OR;’@;@;”"[]DP(:U)—le,l(x)]
3.4
S (REF — RIE N0y Dy ().

Next, since
e O(logp), s =0,

I gz Dol =

O(p*), s=1,2,...,



we have [|0;0; 7" IDy(x)|| 1 < Const.p*(logp)®, dy=d—14 (1 —s)". Using this and

the fact that I%g,k are monotonically decreasing, we conclude from (3.4)

N—-1
||a;a,§*ng¢k(.,t)||Ll < Const. l S (R — RIY)p(logp)™ + |RY'| - N*(log N)dS] .

p=mn

One more summation by parts on the right of the last inequality yields

||8;8;’TR§;}k(-,t)||L1 < Const. l > RJ’“ [ (logp)®™ — (p — 1)*(log(p — 1))'13} + m% (log N)%

p=mn

_ 1

2
Finally, since by (1.2d), Rg,’k =0 Q] k< m_ we conclude
p?

N
10705 "Ry (-, 1) || < Const.m3 (log N)%- 3

p=mn

—— < Const. miy(logN)?, Vs<2. ®

The Young's inequality followed by Lemma 3.1 with (r,s) = (1,2) implies our final

corollary, which confirms the statement in the beginning of this section.

Corollary 32 Consider the real, spherically symmetric SV  kernels,

Q]’ (x,t) Z Q]’k Z e with monotonically increasing Fourier coefficients, Q
p2my ¢|=p
satisfying (1.2d). Denote

(3.5) ey ~ exym’ (log N)* < Const.

Then the following estimate holds:

d .
(3.6) enll D 8J2-kR§Qk s« un(-, 1) < enllun(-,t)||e, Vp > 1.
Jrk=1

4. CONVERGENCE OF THE SV METHOD

In the first part of this section we prove that the SV approximation, (1.2a)-(1.2d),

is uniformly bounded.

Lemma 4.1 (L*>-stability). There exists a constant such that

(4.1) lun(-,1)||Lo(z) < Const - ||un(-,0)||peo@), VE<T.

In the second part of this section we show that the SV solution is consistent with the
entropy condition (1.1b) for all convex entropy pairs (U, F).

7



Lemma 4.2 (Entropy Consistency). There exists a vanishing sequence, ey, such that
(4.2) OU(un) + 0y - F(uy) < ex — 0, in D'

The detailed proof of Lemma 4.1 and Lemma 4.2 is postponed to the end of this sec-
tion. Granted the L*°-stability and the entropy consistency, we can combine DiPerna’s
uniqueness result for measure-valued solutions [DP] with the finiteness of propagation

speed (see also [Sz| for the case of bounded domains) to conclude the following theorem.

THEOREM 4.3. Let uy be the solution of the SV approzimation (1.2a)-(1.2d), subject

to bounded initial conditions satisfying
Jun (-, 0)l[ Lo @) + e [|07un (-, 0)[|r2() < Const.
Then uy converges strongly to the unique entropy solution of (1.1a)-(1.1b).

We now turn to the promised proofs of the L>-stability and the entropy consistency.

Proof of Lemma 4.1. Using (3.2), we can rewrite the SV approximation (1.2a) in the

form

d .
(4.3a) Owun + 0y - Pyf(un) —eyAuy =en Z ajszg\}k *UN
k=1

or, equivalently,

d .
(43b) 8tuN + 8:,; . f(UN) - €NAUN = &N Z afkRg\’,k *UN + 3:,; . ([ - PN)f(’LLN)

k=1

Integrating against puﬁ’\fl and letting p T oo, we are led to the maximum principle
associated with the parabolic left-hand side of (4.3b), which reads

(4.4)

d d :
—Nlun ()o@ < 100 - (I = Pr) f(un (5 0) oo @) +enll 3o 05 BY * un (- 8)[| oo a)-
dt Jok=1

It remains to obtain upper bounds for the two expressions on the right of (4.4).
We now fix s = 2(21—%. Equation (2.10) in Corollary 2.2 implies that the first term
on the right of (4.4) does not exceed

2

B, 5 e
102 (7 = Pa) flus () ity < o2, By~ [T K < Const | ey
k=1



By equation (3.6) with p = oo, the second term on the right of (4.4) does not exceed

d
enll D 8]2,9}25\’,’“ s Un ()| ooy < enllunllzo o), o ~enmi(log N)* < Const.
k=1

Equipped with the last two upper bounds, we return to the inequality (4.4), which tells

us that the growth of |uy(t)| = ||un||Loo(a,0,) i governed by
d Const. 2
gl (Do < enfun(t)o v lun (@),
which in turn implies that
(e u(0)]) 7 )
eNun )2
)]s < €Nt Oloo - [ 1— .
[un (t)|oo < €N |un(0)] ( New )

We conclude that for ¢ < O(InN), the SV solution remains bounded by

Const.e™uy(0)]oo. M
We close this section with the following proof.

Proof of Lemma 4.2. Multiplying (4.3b) by U'(uy), we obtain

(4.5)
8tU(UN) + am : F(UN)

d .
< enU'(un) Y 3321.;}33\’# xuy +  U'(un)0p - (I = Py)f(un)

j,k=1
d ) d )
= Z aj(sNU'(uN)Rka *GkuN) —SNU”(’LLN) Z 8juNR§Qk *ak’LLN
Jik=1 Jk=1

+  0p - (U'(un)(I = Pn)f(un)) —  U"(un)Opun - (I — Pyx)f(un)

k=1

We claim that the four terms on the right of (4.5) tend to zero. Below, we abbreviate
[U"[ee = IU" ()| Loean)s et

e First, from (2.6) we have
ik
[ Lie(un)llzz, @ < enllU||ze maxigen [Re"] - [[Okunllrz, (o

< en||lU'|zoe||Opun]| 2

loc

@) < Const.\/ey — 0.



e Next, since | < R¢£, € > | < Const.|€[?, we find

IN

- ) >
1)l e < o0 (/ > | <Rt e> |- |a§<t>|2dt)

l¢I<n~

< Consten||U"||z=[|0zun||12 (20 < Const.\/Enx — 0.
e The inequality (2.8b) with (r,s) = (0, 1) implies
ITT(un)lr2 @y < WUl - [[(1 = Pn)f(un)lzz o
< Ul - &H[Opunllzz (2 < Const. N=0-3) — 0.

e Repeating the previous arguments, we conclude the proof of (4.2) with
IV (unllzy @ < Uz - [10zunl 2o, - 1T = Pv).f(un)lr2 (0.

S %||a$uN||%%oc(x,t) S CORSt . N_(l_a) —0. N

5. TOTAL-VARIATION BOUNDEDNESS

Consider the SV approximation (4.3b)

d
(5.1)  Qyun + 0, flun) —enAuy =0, - (I — Py)f(un) +en Y, RE * Pun.
k=1
On the left we have the usual L'-stable viscosity approximation of (1.1a)—(1.1b). The
first and second terms on the right represent, respectively, the spectrally small truncation
error and, by Corollary 3.2, the LP-bounded perturbation of the SV operator. It follows
that the SV approximation shares the L!-stability and, consequently, the total-variation
boundedness of the usual viscosity approximation. Details of the one-dimensional case
can be found in [Tad]. To demonstrate the above claims in the multidimensional case,

we now turn to a direct proof of the latter total-variation bound.

Spatial differentiation of (5.1) yields
d .
8t8iuN + &E . (f’(UN)alUN) — 5NA8iuN = 6law . (I — PN)f(UN) +EN Z afkRg\’,k * 8Z-uN.
k=1
Integrating this against signd;uy and using (3.6) with p =1, we obtain

d
S0y (Dl < Constl|o - (T = Pa)f ()l + ex [0 ().

10



Integration of the last inequality implies that the total variation of the SV solution,

|un (-, )| Bv(2) = Zgzl |0iun || L1 (z), does not exceed

lun (D) vy < e [[lun(-,0) | v + 1102 - (I = Pr) f (un) | ogop)] -

By taking into account the spectral decay of the truncation error (2.8a), we conclude

the following theorem.

THEOREM 5.1. Let uy be the solution of the SV approzimation (1.2a)-(1.2d), subject
to initial conditions (2.7). Then uy has a bounded variation, and the following estimate
holds:

(5:2) [lun(B)llv < e [lun (- 0)lpve + OWVINT?)],  sp=(1-0)s—2> 0.

6. CONVERGENCE REVISITED WITH ERROR ESTIMATE

In this section we revisit the question of convergence of the SV approximation to
the unique entropy solution of (1.1a)—(1.1b). An affirmative answer to this question was
already given in §4, where we used the L°°-bound together with the entropy consistency
of the SV approximation. Alternatively, one may use the L°°-bound together with
the total-variation boundedness to conclude the convergence of the SV approximation.
Moreover, in this section we show how one can use the total-variation boundedness to
obtain an L'-convergence rate estimate of the usual optimal order one-half. We proceed
along the lines of the one-dimensional argument in [Sc].

It is well known that the solution of the usual viscosity approximation
(6.1) O™ + 0y - f(V°N) = ey AV,
satisfies an L'-convergence rate estimate of order one-half (cf. [Ku], [CM], [Sa]):
(6.2) ¥ (-, 1) —u(-, t)|| 1@y < Const.\/ey, 0<t<T.

We claim that the L'-error between the SV approximation, uy, and the viscosity ap-
proximation, v, is of the same order O(,/x). Indeed, subtracting (6.1) from the SV
approximation (4.3b), we find

(6.3)
O(uy —v°N) + 0y - (fun) — f(v°V)) — enAuny —vv)

= en X4 O;RY x Opun + 0, - (I — Py) fluy).

11



Integrated against sign(uy — v°Y), the last equality gives us

d . -
64) Zlun () = v (Dl < enll e GRE (1) % dun (D)1

10, - (= Pl ) s
Using (3.3) with 7 = s = 1, we have that the first term on the right does not exceed

enll 24 pmt O RE (1) # Opun ()|l 12 ()
(6.5) < enll St GRY (D) ln oy - 10kun (- 8) |11y

< Const.eymy(log N)* - |luy (-, t)||pv(z) < Const.\/ex.

With this in mind, we can integrate (6.4) to obtain
(66) [fun(-t) = vV (1) 1) < Const.y/Ex + VIR, - (1 = Pa) ()l i2(eso
According to (2.8b), the second term on the right is the spectrally small truncation error
(6.7) 10 - (I = Px) f (un)|| 2w ou < Const N G1+9) s = (1 —f)s — 1,
which does not exceed O(,/zy) for s large enough (s > 15).

We summarize what we have shown in (6.2), (6.6), and (6.7), stating the following

theorem.

THEOREM 6.1. Let uy be the SV solution of (1.2a)—(1.2d), subject to the initial
conditions (2.7). Then wuy converges to the unique entropy solution of (1.1a)—(1.1b),

and the following error estimate holds:

(6.8) lun(-st) —u(-, 1)@ < Const.\/en, 0<t<T.

7. PROOFS OF MAIN A PRIORI ESTIMATES

In this section we collect the promised proofs for the main a priori estimates associ-

ated with the SV approximation (1.2a), which we rewrite as
d .
(7].) atuN + 8,5 . f(’LLN) - SNA’LLN =EN Z Rg\}k * 832-kuN + 3:,; . (I - PN)f(’LLN)
Jik=1

An upper bound on the first term on the right was provided in §3. We now turn to
estimate the second term on the right of (7.1). Here, we first prepare the proof of (2.2),

which we state as follows.

12



Lemma 7.1. The following estimate holds:
(7.2) 105 - flun)ll < Kslldgunll, K5 ~ D [flow - [unli=' s=1,2,....

Proof. By the chain rule we have

95 f(u) = > CB(aflu)ﬁl(af‘Zu)BZ - (G?du)’gd, ~ Oy f(u), r= Z B

{a,p>0 | a-f=s}

The Holder inequality followed by the Gagliardo-Nirenberg inequality implies that a

typical term on the right does not exceed

105 ) (052u)® . (@)™ <

d
, s
(with 6y = ol ) < kl;[ ||8Oéku||Lzek5k
(with A = <5 ... ) < Const. T lullf=% - ogu)/
s k=1
d
< Const.Ju| ||8Su|| r=> bk <s,
k=1

and hence (7.2) follows with Ky ~ > | flor - [ulf=. ™

r=1

Equipped with Lemma 7.1, we are now ready for the proof of the main result of §2,

claiming that the smallest scale of the SV approximation is of order ey,

(7.3) enllOgun (1)l 2@) +6+2||3S+IUN||L2 w0.4) < Bs +exll0pun (-, 0)l] 22

Proof of Theorem 2.1. Spatial integration of (7.1) against uy(z,t) yields

L w2+ =l runl? < a2 Z 3fkR]k*uNII+ZII3 un || (1= Pr) f* (un) .

th i ot

Using (3.6) with p = 2 for the first term on the right, and (2.3) with (r,s) = (0, 1) for

the second term, we find

1d Ky
o lul? + (e = Sl < exllun|?, ey ~ ex - (log N)* < Const.

Hence, (7.3) follows for s = 0 (with Ky = 0).
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The general case follows by induction on s. Spatial integration of (4.3a) against
0> upn(z,t) yields

1d d :
5 7 10aunl + el o unl® < N0zunll-enll 32 Tr Ry * Dun|
(7.4) k=1
+HIoz  unll - 1027100 + P f (un)|l-
Using (3.6) again and the Cauchy-Schwartz inequality to upper bound, respectively, the
first and second terms on the right of (7.4), we end up with
d o os n2 L ENpaskl, g2 s 112 Lo 2
(7.5)  Zl0un|l*+ 1107 un|” < Const.[|0jun|l” + 5—I10; - Pnf(un)*.
dt 2 26N
[t remains to estimate the spatial derivatives of Py f(uy). To this end we use (2.2) and

(2.3) to obtain

,Cs—l—l

107 - P f ()l <1105 - f (un)ll + 195 - (T = Poy) f(un)ll < K| 0un || + == 1105 vl
Together with (7.5), we find

d 2, v Kiy 12 K3 2

Zes N Tstl 99 < AR ‘

oz + (= 2502 unl? < (Const. + 2225 |

In view of the SV parameterization in (2.4), temporal integration of the last inequality
yields
2

S 1 S S S S
|05un (-, 1) + Z€N||am+luN||i2(w,[0,t]) < a”awuN”%?(w,[O,t]) + [|05un (-, 0)]%,

and the result (7.3) follows by induction on s. H
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