Hyperbolic Conservation Laws with Umbilic Degeneracy I

Gui-Qiang Chen^1 Department of Mathematics, University of Chicago Pui Tak Kan^2 Institute for Advanced Study and IUPUI

Abstract

In this paper a compactness framework for approximate solutions to nonlinear hyperbolic systems with umbilic degeneracy is established by combining compensated compactness ideas with some classical methods, and by a detailed analysis of a highly singular Euler-Poisson-Darboux-type equation. Then this framework is successfully applied to prove the convergence of the viscosity method, and the existence of global entropy solutions for the Cauchy problem with large initial data for a canonical class of the systems with quadratic flux form.

Key Words. Conservation laws, nonstrict hyperbolicity, umbilic points, compactness framework, viscosity method, global entropy solutions

AMS(MOS) Subject Classifications. 35L65, 35L80, 35D05, 35A35, 35Q05

1Email address: cheng@math.uchicago.edu 2Email address: kan@math.iupui.edu 1

1. Introduction

We are concerned with hyperbolic systems of conservation laws with umbilic degenerate points. A point in the state space U_0 ∈ R^n is called an umbilic degenerate point for a system of hyperbolic conservation laws

(1.1) ∂_tU + ∂_xF (U) = 0, U ∈ R^n,

if certain wave speeds coincide at this point U_0, that is, at least two eigenvalues λ_i(U) and λ_j (U), i ≠ j, among the n real eigenvalues of the matrix ∇F (U), are such that λ_i(U_0) = λ_j (U_0). Such umbilic degeneracy allows a degree of interaction, or nonlinear resonance, between distinct modes, and leads to high singularities, a phenomenon missing in the strictly hyperbolic case.

The study of degenerate hyperbolic equations has an extensive history dating back at least to the work of Euler [Eu] two hundred years ago, when he proposed a degenerate equation — the Euler-Poisson-Darboux equation. Its close relation with wave theory, fluid dynamics as well as geometry has attracted great attention from mathematicians for two centuries, including Poisson (1823), Darboux (1914), Riemann (1860), Volterra (1892) and also Weinstein, Erdélyi, Lions, and others in the 60’s (see [Ya]). Recently, a study of the behavior of its solutions led to a solution of the nonlinear system of isentropic gas dynamics [Ch1, DCL] (also see [Di2, Ch2]). On the other hand, the theory of linear equations with multiple characteristics is also well developed. An important feature of such equations is the loss of differentiability [DeG], which leads to ill-posedness in Sobolev spaces but well-posedness in the Gevrey classes [Ge]. Another feature is that sign conditions on the subprincipal symbol play an important role (cf. [Fo, Oh, H1]).

Recently, nonlinear hyperbolic systems with such degeneracy have arisen from such disparate areas as multiphase flow in porous media, elasticity, water wave problems, and maganetohydrodynamics. Such umbilic points appear naturally in multidimensional systems of conservation laws (cf. [FR, H2, Jo, La1]). In particular, Lax [La1] showed that in three space variables there must be degenerate points if the number of equations n is 2(mod 4). More generally, the same result holds if n = ±2, ±3, ±4(mod 8) (see [FR]). This means that, in general, plane wave solutions for such multi-dimensional systems are governed by one-dimensional hyperbolic systems with umbilic degeneracy.

The theory of local solutions for such systems is well developed because many tools for linear equations can still be used. However, since these systems are nonlinear, even if the initial data are smooth, the solutions of the Cauchy problem generally develop singularities and become discontinuous in finite time. This is a reflection of the physical phenomena of breaking of waves and the development of shock waves. An effort has been made to understand the Riemann solutions for such systems (e.g. [G1, IMPT, IT, SS2, SSMP]). Two kinds of degeneracy are classified, which govern different behavior of solutions near umbilic points. A typical example of parabolic degeneracy is provided by the system of isentropic gas dynamics (e.g. [Ch2]). The simplest example of hyperbolic degeneracy is the system with rotational symmetry, exhibiting one linear degenerate characteristic field and one contact characteristic field (cf. [KK, LW, Fr, Ch3]).

This is the first in a series of papers in which we focus on isolated umbilic points with hyperbolic degeneracy. Near such an isolated umbilic point one can scale and blow up singularities to reduce generically the flux to a homogeneous polynomial form, determined by the lowest-order nontrivial terms, through a Galilean transformation. For the 2 × 2 case, this process generically leads to a homogeneous quadratic polynomial flux. Such a polynomial flux contains some inessential scaling parameters and the selection of a unique flux from each equivalence class is the problem of normal forms solved by Isaacson, Plohr, and Temple and in a more satisfactory form by Schaeffer and Shearer [SS1]. The classification of the geometry of rarefaction curves and some preliminary tools for the analysis of Riemann problems for the systems with quadratic flux are also presented in [SS1]. The Riemann solutions for such systems were constructed by Isaacson, Marchesin, Paes-Leme, Plohr, Schaeffer, Shearer, Temple, and others (e.g. [IMPT, IT, SS2, SSMP]).

The global existence of weak solutions to the Cauchy problem for a special case of systems with quadratic flux form was solved in [Ka]. He employs the method of compensated compactness in the context of vanishing viscosity. The analysis involves detailed estimates and characterization of the singularities of solutions to the associated entropy equation which is of Euler-Poisson-Darboux type. Classes of Goursat data are then carefully chosen to cancel these singularities in the construction of general classes of regular entropies. In [FS, Rb], the analysis in [Ka] is applied to a slightly different system. And in [Lu], a different independent proof is given to the problem studied in [Ka].

In this paper we establish an L^∞ compactness framework for sequences of approximate solutions to general nonstrictly hyperbolic systems with umbilic points. Techniques from the theory of compensated compactness [Ta, Mu, Di1, Se, Ch2, Mo] are used and the analysis of singularities in [Ka] is generalized to attain our objective. Under this framework approximate solution sequences, which are a priori bounded in L^∞ and which produce correct entropy dissipations, lead to compactness of the resulting sequences of Riemann invariants. One of the principal difficulties associated with degenerate systems is how to generate enough entropy function which satisfy the conditions in the div-curl lemma of Tartar [Ta] and Murat [Mu]. This is due to possible singularities of entropy functions near the regions of nonstrict hyperbolicity. The analysis leading to the compactness involves two major steps:

In the first step, we construct regular entropy functions governed by a highly singular entropy equation. We have to overcome two difficulties. The first is that, in general, near the umbilic points the coefficients of the entropy equation are multiple-valued functions in the Riemann invariant coordinates, which is not the case in the special cases [Ka, FS, Rb]. This difficulty is overcome by a detailed analysis of the singularities of the Riemann function of the entropy equation in Section 3 and Section 4 involving a study of a corresponding Euler-Poisson-Darboux equation and requiring very complicated estimates. An appropriate choice of Goursat data leads to a cancellation of singularities and yields regular entropies in the Riemann invariant coordinates. The second difficulty is that the nonlinear correspondence between the U-coordinates and the Riemann invariant coordinates is, in general, irregular. A regular entropy function in the Riemann invariant coordinates is usually no longer regular in the physical coordinates U. We overcome this by a detailed analysis of the correspondence between these two coordinates.

In the second step, we study the structure of the Young measure associated with the approximating sequences, and prove that its support lies in finite isolated points or separate lines in the Riemann invariant space. This is achieved through the usual Tartar-Murat commutation equation [Ta] for the Young measure by a delicate use of Serre’s technique

[Se] (also see [Mo]) together with the regular entropy functions, constructed in the first step.

This compactness framework is successfully applied to prove the convergence of the viscosity method for a canonical class of the systems with quadratic flux form in Section 7. This leads to an existence theorem of global entropy solutions for such systems. The compactness is achieved by reducing the support of the corresponding Young measure to a Dirac mass in the physical space.

In a forthcoming paper [CK] we will develop this framework to solve the other three remaining canonical classes of the systems with quadratic flux form and related systems. Several convergence theorems of L^∞ approximate solutions and existence theorems of global solutions will be presented. This theory will also be applied to the convergence analysis of shock capturing schemes including the Lax-Friedrichs scheme [La3] and the Godunov scheme [Go].

In connection with earlier work on compactness frameworks on approximate solutions to scalar and 2×2 systems of hyperbolic conservation laws, we refer the reader to the works [Ch1-2, Da2, DCL, Di1-2, FS, Ka, Lu, NRT, Mo, Rb, Se, Ta] and references cited therein. The requirement of strict hyperbolicity of the 2 × 2 systems is crucial in the earlier work [Di1, Se, M0]. The analysis in [Di1] is based on a study of the Lax progressing entropy waves in the state space [La2], and in particular, on relationships between their structure and the structure of the Young measure with the aid of the conditions of strict hyperbolicity and convexity of the systems. The work in [Se] and in [Mo] provides alternative approaches to establishing compactness frameworks for general systems by using certain kinds of Goursat entropies whose regularities are ensured by the strict hyperbolicity of the systems.

For other related topics on hyperbolic conservation laws with umbilic points, we refer the reader to [Fr, G1-2, IMP, IMPP, IMPT, IT, Ke, KK, SS1-2, SSMP] and references cited therein for various disscusions on the Riemann problem, the classification of degenerate systems, and the structure and admissibility of overcompressive and transitional shock waves. Recent studies on the asymptotic stability of overcompressive and transitional shock waves can be found in [LX, LZ, ZPM]. We also refer the reader to [G1-2] for a review of applications of bifurcation theory and geometry to the analysis of Riemann solutions.

2. The Classification of Quadratic Fluxes and Wave Curves

Consider a hyperbolic system of conservation laws

(2.1) ∂_tU + ∂_xF (U) = 0, U ∈ R^2,

with an isolated umbilic point U_0, namely, ∇F (U_0) is diagonalizable, and there is a neighborhood N of U_0 such that ∇F_T (U) has distinct eigenvalues for all U ∈ N − U_0, where

(2.2) ∇F_T (U) = F (U_0) + ∇F (U_0)(U − U_0) + 1 2 (U − U_0)^⊤∇^2F (U_0)(U − U_0).

Take the Taylor expansion for F (U) about U = U_0: (2.3) F (U) = ∇F_T (U) + h.o.t.

where h.o.t. represents the remainder. The flux function ∇F_T (U) determines the local behavior of the hyperbolic singularity near the umbilic point U_0. Since ∇F (U_0) is diagonalizable, we can make a coordinate transformation to eliminate the linear term from (2.2) and relabel U − U_0 as U to obtain

(2.4) ∂_tU + ∂_xQ(U) = 0,

where Q(U) =^1_2 U^⊤∇^2F (U_0)U. From the normal form theorem in [SS1], there is a nonsingular linear coordinate transformation to transform the system (2.4) into

(2.5) ∂_tU + ∂_x(dC(U)) = 0,

where C(U) = 1 2 ( 1 3 au^3 + bu^2v + uv^2),

and a and b are real parameters with a ≠ 1 + b^2.

We now analyze the geometry of rarefaction wave curves and the genuine nonlinearity of the system with quadratic flux function (2.5) in the sense of Lax [La4]. We will make use of this information to understand the classification of the canonical form into four regions in the (a, b)-plane thereby rederiving some of the results in [SS1] from a different viewpoint.

This analysis is also essential in obtaining an L^∞ a priori estimate for the sequences of viscous approximate solutions via invariant region techniques. We establish such estimates in Section 7. For the symmetric case of (2.5) (b = 0), the existence of invariant regions and the geometry of wave curves were analyzed in [Ka]. We remark here that our analysis will be consistent with Darboux’s local analysis near an isolated umbilic point (see [Dar]).

Recall from (2.5) that the flux vector and matrix take the form

(2.6) dC(U) = 1 2 (au^2 + 2buv + v^2, bu^2 + 2uv)^⊤, and (2.7) ∇(dC(U)) = ( au + bv bu + v bu + v u ) .

The eigenvalues and eigenvectors are from (2.7),

(2.8) λ_i = 1 2 ( (a + 1)u + bv + (−1)^i √ ((a − 1)u + bv)^2 + 4(bu + v)^2 ) , i = 1, 2, and r_i ≡ (r_{i1}, r_{i2})^⊤ = ((a − 1)u + bv + (−1)^i √ ((a − 1)u + bv)^2 + 4(bu + v)^2 , 2(bu + v))^⊤,

(2.9) respectively. It is then immediate that as long as a ≠ 1 + b^2, λ_1 = λ_2 if and only if (u, v) = (0, 0), so that (0, 0) is the unique umbilic point for (2.5).

The j^{th} family of rarefaction curves R_j is defined as the family of integral curves of the vector field given by r_j . Upon setting α =^u_v and

(2.10) g_j(α) ≡

(a − 1)α + b + (−1)^j √ ((a − 1)α + b)^2 + 4(bα + 1)^2 2(bα + 1) , R_j is defined by the following ordinary differential equation: du dv = (a − 1)u + bv + (−1)^j √ ((a − 1)u + bv)^2 + 4(bu + v)^2 2(bu + v) ≡ F_j (u, v) ≡ { g_j (α), v > 0, g_i(α), v < 0, i ≠ j. (2.11)

To analyze the geometry of the R_j curves, we start by noting that du dv = F_j (u, v), (2.12)

d^2u d^2v = 1 v ∂_αF_j (u, v)(F_j − α), when v ≠ 0. (2.13)

We collect, in the following lemma, some basic properties of g_j.

Lemma 2.1. The function g_j(α), j = 1, 2, satisfies

(1) g_1(α)g_2(α) = −1,

(2) g_j(0) = b + (−1)^j √ b^2 + 4 2 , (3) g_j(±∞) = a − 1 ± (−1)^j √ (a − 1)^2 + 4b^2 2b , (4) lim α→− 1_b ±0 g_j (α) = { 0, (−1)^jsign((a − 1 − b^2)b) > 0, ±sign(b)(−1)^j∞, (−1)^jsign((a − 1 − b^2)b) < 0, (5) sign(g^′_j(α)) = sign(a − 1 − b^2). Next, we make use of (2.10) − (2.13) and Lemma 2.1 to obtain a qualitative picture of the R_j curves. We distinguish several cases. We remark that from (4)-(5) in Lemma 2.1, a = 1 + b^2 defines a boundary curve in the (a, b)-plane separating qualitatively different wave curve geometries. We shall elaborate on this below.

For simplicity, we first consider the case a > 1 + b^2, b > 0. From (2.13), the change in convexity (as a function of the slope) of the wave curves depends on the location and number of roots of g_j (α) − α. A computation using the formulae for the g_j (α)^′s shows that, in the present case, these locations are given by the roots of the cubic polynomial

h(α) = −bα^3 + (a − 2)α^2 + 2bα + 1.

The discriminant of h(α) is given by Δ = −32b^4 +b^2(27+36(a−2)−4(a−2)^2)+4(a−2)^3. Thus, Δ = 0 gives a new boundary in the (a, b)-plane which distinguishes different wave curve geometries. This corresponds to the partition between regions III and IV in [SS1]. When Δ < 0, h(α) has three real roots α_0, α_1, and α_2. The behavior of the R_j curves in the case b > 0, a > 1 + b^2, Δ < 0, can be described in Fig. 2.1. When Δ > 0, h(α) has only one real root and the wedge-shaped regions in Fig. 2.1 collapse into a line. This corresponds to region IV in [SS1] (see Fig. 2.2). The case b < 0, a > 1 + b^2, is completely similar.

Next, we consider the case a < 1 + b^2. By completely similar reasoning as in previous cases, we obtain the following R_j curves diagrams, Fig. 2.3:

We now turn to investigate the genuine nonlinearity in the sense of Lax [La4] for the quadratic system (1.1) − (1.2). It will turn out that genuine nonlinearity allows a breakdown of the last case above (a < 1 + b^2) into two subcases. By definition, (2.5) is genuinely nonlinear in the j^{th} characteristic field at a point (u, v) if r_j · ∇λ_j ≠ 0 at (u, v). A calculation using (2.8) − (2.9) shows that (2.14) r_j · ∇λ_j = aζ + 3by + (−1)^j aζ^2 + 3byζ + 2(a + 3)y^2 √ ζ^2 + 4y^2 ≡ h_j (ζ, y), where ζ = (a − 1)u + bv, y = bu + v. Then the roots of h_j (ζ, y) satisfy y = 0, and (−1)^jζ < 0, or { 3aζ^2 + 3b(3 − a)ζy + ((a + 3)^2 − 9b^2)y^2 = 0, (−1)^j sign[(aζ + 3by)(aζ^2 + 3byζ + 2(a + 3)y^2)] < 0.

The discriminant of the latter quadratic form is D = −12(a − 3 4 b^2)(a + 3)^2, and also h_j (ζ, 0) = 0, (−1)^j ζ < 0.

Therefore, we have three cases:

(1) a >^3_4 b^2. Then there exists only one root y = 0 of h_j (ζ, y) such that (2.15) r_j · ∇λ_j = 0, on {bu + v = 0, (−1)^j((a − 1)u + bv) < 0};

(2) a =^3_4 b^2. Then there exist two roots y = 0 and ζ =^{b(a−3)}_{2a} y such that (2.16) r_j · ∇λ_j = 0, on {bu + v = 0, (−1)^j((a − 1)u + bv) < 0}; and (2.17) r_j · ∇λ_j = 0, on {(a − 1)u + bv = b(a − 3) 2a (bu + v), (−1)^jb(bu + v) < 0};

(3) a <^3_4 b^2. Then there exist three roots y = 0 and ζ =^{3b(a−3)±} √ D 6a y such that (2.18) r_j · ∇λ_j = 0, on {bu + v = 0, (−1)^j((a − 1)u + bv) < 0};

and (2.19)

r_j · ∇λ_j = 0, on {(a − 1)u + bv = 3b(a − 3) ± √ D 6a (bu + v), (−1)^ja(a + 3)(bu + v)σ < 0}, where σ = 3b(a + 3)^2 ± (a − 3) √ D. Therefore, we find that all possible roots of r_j · ∇λ_j are located on the lines

(2.20) y = 0, a >^3_4 b^2,

y = 0, ζ =^{b(a−3)}_{2a} y, a =^3_4 b^2, y = 0, ζ =^{3b(a−3)±} √ D 6a y, a <^3_4 b^2.

On the line y = 0, r_j ·∇λ_j = 0 if and only if (−1)^j ζ < 0; on the line ζ =^{3b(a−3)±} √ D 6a y for the case a <^3_4 b^2, r_j ·∇λ_j = 0 if and only if (−1)^j a(a+3)(3b(a+3)^2±(a−3) √ D(bu+v)) < 0 and (u, v) ≠ (0, 0). (2.20) shows that the curve a =^3_4 b^2 divides the region {(a, b)|a < 1 + b^2} into two subregions according to a global change in the curve on which genuine nonlinearity fails. This corresponds to the partition between region I and II in [SS1].

We summarize the three boundaries in the (a, b)-plane separating four different types of behavior of the wave curves and affecting the qualitative behavior in the system (2.5) : a =^3_4 b^2, a = 1 + b^2, and Δ = 0. These three boundaries divide the (a, b)-plane into four regions. These regions are labeled I, II, III, and IV from left to right on the (a, b)-plane.

3. Riemann Invariants and Genuinely Nonlinearity for the Quadratic System

In this section we study the Riemann invariants of the system with quadratic flux form (2.5). We also study the monotonicity of λ_i, i = 1, 2, as a function of Riemann invariants w_j , j = 1, 2. We remark that this does not follow from our knowledge of genuine nonlinearity (Section 2) as the map J : (u, v) → (w_1, w_2) is neither C^1 nor globally invertible, in general.

Riemann invariants w_i = w_i(u, v), i = 1, 2, are defined as functions that are constant along any rarefaction wave curves of the j^{th} family R_j where i ≠ j. On regions where w_i is differentiable, it is easy to check that r_j · ∇w_i = 0, i ≠ j, since R_j curves are integral curves of the vector field r_j .

We will use the ordinary differential equation (2.11) to define w_j taking care that it comes out as a single-valued function globally. For simplicity, we assume b > 0 and restrict ourselves from now on to a half plane domain I ≡ { (u, v) | v − 1 α_0 u ≥ 0 }. The case b < 0 is completely similar and the case b = 0 will be discussed in details in [CK]. This domain I is also an invariant region for the system with viscosity associated with (2.5) (see Section 7). We remark that the w^′_j s are not uniquely defined. We shall make the choice that guarantees maximal regularity of certain quantities. The advantage of this choice will become clear in Section 4 when we study the entropy functions.

Theorem 3.1. Consider (2.5) with Δ > 0. Then the cubic polynomial h(α) has only one real root α_0 > 0. Denote β = −h^′(α_0) √ ((a − 1)α_0 + b)^2 + 4(α_0 + 1)^2 . Then

(1) The following formulae define a pair of Riemann invariants for (2.5) on I: (3.1) w_i(ũ, ṽ) = (−1)^i|ṽ|^β exp{−β ∫_{α̃} 0 H_j (α̃) dα̃}, i ≠ j, with

(3.2) H_j(α̃) = −

(1 + α^2_0) 2(α_0 + α̃)

E_j(α̃) D(α̃) − 1 α_0 + α̃ ;

(2) The ratio of the pair of Riemann invariants (w_1, w_2) is of the form w_j w_i = −exp{(−1)^j β ∫_{α̃} 0 (1 + α^2_0) √ Q(α̃) D(α̃) dα̃} ≡ Γ_j (α̃), i ≠ j, i, j = 1, 2, (3.3)

where the function Γ_j (α̃) is real analytic in α̃ ∈ R and

Γ_j ( 1 σ̃ ) = |σ̃|^{(−1)isign(σ̃)}f_j (σ̃), i ≠ j, near σ̃ = 0, where f_j (σ̃) is real analytic near σ̃ = 0.

Here

E_j (α̃) = − 2b(α_0α̃ − 1)^2 + (a − 3)(α_0 + α̃)(α_0α̃ − 1) + b(α_0 + α̃)^2 + (−1)^i(α_0 + α̃) √ Q(α̃), Q(α̃) = ((a − 1)(α_0α̃ − 1) + b(α_0 + α̃))^2 + 4 (b(α_0α̃ − 1) + α_0 + α̃)^2 , D(α̃) = − b(α_0α̃ − 1)^3 + (a − 2)(α_0 + α̃)(α_0α̃ − 1)^2

+ 2b(α_0 + α̃)^2(α_0α̃ − 1) + (α_0 + α̃)^3, ũ = u + 1 α_0 v, ṽ = v − 1 α_0 u, α̃ = ũ ṽ , σ̃ = 1 α̃ .

Proof. We know that the j^{th} family of rarefaction curves R_j is defined by the ordinary differential equation (2.11). Notice that sign(v)sign(α̃ + α_0) = sign(α_0ṽ) > 0.

Performing a simple calculation and using (2.11), we get

(3.4) dα̃ dṽ = 1 ṽ H^{−1}_j (α̃),

where H_j is determined by (3.2). Therefore, the Riemann invariants are of the form (3.1) for any constant β ≠ 0.

Now we consider the local behavior of^{wj}_{wi} near the rays α̃ = (−1)^k∞, which corresponds to the ray {(u, v)|α = α_0, (−1)^ku > 0} = {(u, v)|ṽ = 0, (−1)^kũ > 0}, k = 1, 2, from the side {(u, v)|ṽ ≥ 0}. Using (3.1), we have

(3.5) w_j w_i = − exp{β ∫_{σ̃} −∞ 1 σ̃ ( H_i(^1_{σ̃} ) − H_j (^1_{σ̃} ) σ̃ ) dσ̃}, i ≠ j, where σ̃ =^1_{α̃} . Notice that, for (u, v) ∈ I,

H_i(α̃) − H_j (α̃) = (−1)^i

(1 + α^2_0) √ Q(α̃) D(α̃) , and lim_{σ̃→0}

(−1)^kũ>0

H_i(^1_{σ̃} ) − H_j(^1_{σ̃} ) σ̃ = (−1)^{j+k} √ ((a − 1)α_0 + b)^2 + 4(bα_0 + 1)^2 h^′(α_0) . (3.6)

Therefore, the local behavior of^{wj}_{wi} near α̃ = (−1)^k∞, k = 1, 2, is determined by

|σ̃|^{(−1)j+k} √_{((a−1)α0+b)2+4(bα0+1)2} h′(α0) β . Choose β ≡ β_0 =

−h^′(α_0) √ ((a − 1)α_0 + b)^2 + 4(bα_0 + 1)^2 > 0 to ensure that the functions^{wj}_{wi} ≡ Γ_j (σ̃) = |σ̃|^{(−1)isign(σ̃)}f_j (σ̃), i ≠ j, near σ̃ = 0, where f_j (σ̃) is real analytic near σ̃ = 0. Furthermore, w_j w_i = − exp{β ∫_{α̃} −∞ (H_j (α̃) − H_i(α̃)) dα̃}

are analytic in α̃ on any finite interval. Therefore, with this choice of β the functions Γ_j (α̃) are real analytic in α̃ ∈ R which corresponds to the set I − {(u, v)|u = α_0v, (−1)^ju > 0} in the (u, v)-plane. This completes the proof of Theorem 3.1.

Remark 1. The sign of β in the theorem is consistent with the conventional choice as in the case b = 0 [SS1, Ka]. We can choose the opposite sign in a completely similar approach.

Remark 2. In Theorem 3.1, we consider the half plane domain I ≡ { (u, v) | v −^1_{α0} u ≥ 0 } only for simplicity. It is completely similar to deal with the complementary half plane domain { (u, v) | v −^1_{α0} u ≤ 0 }.

The next theorem concerns the monotonicity of the wave speed λ_i in the variable w_i. This is important in the reduction of the Young measure for approximate solution sequences in Section 6.

Theorem 3.2. Suppose that Δ > 0. Given w_1 and w_2 as defined in Theorem 3.1, the eigenvalues λ_i, i = 1, 2, are well-defined functions in (w_1, w_2) ∈ J (I). Moreover, we have

(3.7) ∂λ_i ∂w_i ≠ 0, for all (w_1, w_2) ∈ J (I) − {(w_1, w_2)|w_i = 0}, i = 1, 2.

Proof. Notice that w_{iv} w_{iu} = − r_{j1} r_{j2} from r_j · ∇λ_i = 0 and

u_{wi} = (−1)^i w_{jv} J , v_{wi} = (−1)^j w_{ju} J , i ≠ j, where J = w_{2u}w_{1v} − w_{2v}w_{1u}.

We have, from λ_{iwi} = λ_{iu}u_{wi} + λ_{iv}v_{wi} ,

(3.8) λ_{iwi} = ( r_i · ∇λ_i r_{i2} ) v_{wi} .

Furthermore,

(3.9) v_{wi} = − α_0 1 + α^2_0

1 + (α_0 + α̃)H_i(α̃) βṽ^{β−1}(H_1(α̃) − H_2(α̃)) exp{β ∫_{α̃} 0 H_j (α̃)dα̃}. Therefore, from (3.8) and (3.9),

(3.10) λ_{iwi} = α_0ṽ^{1−β} exp{β ∫_{α̃} 0 H_j (α̃)dα̃} r^{i·∇λi}_v k_i(α, sign(v)) g(α) √ ((a − 1)α + b)^2 + 4(bα + 1)^2 , where g(α) = α_0 + α̃ 1 + α^2_0 h(α),

k_i(α, s) = −2α(bα + 1) + (a − 1)α + b + (−1)^is √ ((a − 1)α + b)^2 + 4(bα + 1)^2.

(3.11)

Notice that β > 0 and the only bounded root, α = −^1_b , of the numerator is canceled by that of the denominator from (3.10). Moreover, near the line ṽ = 0, (−1)^iũ > 0 (i.e. α̃ = (−1)^i∞),

ṽ^{1−β} exp{β ∫_{α̃} 0 H_j (α̃)dα̃} ri·∇λi_v k_i(α, sign(v)) ≠ 0, g(α) √ ((a − 1)α + b)^2 + 4(bα + 1)^2

≠ 0

for any i = 1, 2, hence we conclude (3.7). This completes the proof.

4. Entropy Functions

4.1. The Entropy Equation

Following the standard definition in [La2], we call a pair of scalar functions (η(u, v), q(u, v)) an entropy-entropy flux pair for (2.1) if, for smooth solutions (u(x, t), v(x, t)) of (2.1), we have the additional conservation law ∂_tη(u(x, t), v(x, t)) + ∂_xq(u(x, t), v(x, t)) = 0. It is easy to check that this happens if and only η and q satisfy the compatibility condition (4.1) ∇η∇F = ∇q. Eliminating q, we get a second order partial differential equation, the entropy equation,

(4.2) g_uη_{uu} + (g_v − f_u)η_{uv} − f_vη_{vv} + (g_{uu} − f_{uv})η_u + (g_{uv} − f_{vv})η_v = 0,

where we denote F (u, v) = (f(u, v), g(u, v))^⊤.

(4.2) is a linear hyperbolic equation whose characteristic variables turn out to be the Riemann invariants. A simple calculation gives the characteristic form as

(4.3) η_{w1w2} + λ_{2w1} λ_2 − λ_1 η_{w2} − λ_{1w2} λ_2 − λ_1 η_{w1} = 0.

4.2. The Entropy Equation for the Quadratic System

We now investigate the properties of the coefficients of (4.3) in the case of the system with quadratic flux form (2.5). It will turn out that, in general, these coefficients cannot be written down as functions of w_1 and w_2 in closed form. Instead, we will compute them as functions of α̃ =^ũ_ṽ and study their properties using information from Section 3. We summarize the main results in the following proposition:

Theorem 4.1. Consider the system with quadratic flux form (2.5) in the case Δ > 0. Then the coefficients of (4.3) satisfy, for i ≠ j,

(1)^{λjwi}_{λ2−λ1} =^{Tj (α̃)}_{wi} =^{Aj (} w2_w 1 ) w2−w1 , where T_j (α̃) and T_j (α̃)Γ_j (α̃) are real analytic in α̃ ∈ R ∪ {±∞} and A_j (τ) are real analytic in τ ∈ R; (2) λ_{jwi} λ_2 − λ_1 = Ã_j (θ) w_2 − w_1 , θ ∈ [ π 2 , π], where Ã_j (θ), j = 1, 2, are well defined and real analytic in θ ∈ (0,^{3π}_2 ).

Proof. Since λ_{jwi} = r_i · ∇λ_j r_{i2} v_{wi} , and, for i ≠ j, r_i · ∇λ_j = ζ − by + (−1)^i ζ^2 − 3byζ + 2(a − 1)y^2 √ ζ^2 + 4y^2 , we have

(4.4) λ_{jwi} λ_2 − λ_1 = (α − α_0)g(α) 2βk_i(α, sign(v)) r_i · ∇λ_j ζ^2 + 4y^2 1 w_i ≡ T_j (α̃) w_i , where ζ = (a − 1)u + bv, y = bu + v.

Note that k_i(α, sign(v)) has roots { −^1_b , when(−1)^isign(v)((a − 1)α + b) < 0, α_0, when(−1)^j sign(v) < 0.

At the same time,^{ṽ(}r^{i·∇λj )} v √_{ζ2+4y2} as a function of α has two roots: { −^1_b , when(−1)^isign(v)((a − 1)α + b) < 0, α_0, always,

and g(α) has no root.

Therefore, T_j (α̃) is real analytic in α̃ for all α̃ ∈ R ∪ {±∞} and T_j (α̃) = α̃^{−1}K_j(α̃) near α̃ = (−1)^j∞, where K_j (α̃) is real analytic in α̃ ∈ R ∪ {±∞}. Moreover,

T_j (α̃) = O ( |α̃|^{− 1+(−1)j sign(α̃)} 2 )

as |α̃| → ∞.

Furthermore, using Theorem 3.1 (2), we have Γ_j (α̃) = O(|α̃|^{(−1)j sign(α̃)}), as |α̃| → ∞. We conclude that A_j( w_2 w_1

) = (−1)^iT_j (α̃)(1 − Γ_j (α̃))

are real analytic in α̃ ∈ R ∪ {±∞}.

On the other hand, we have that w_2 w_1

= Γ_2(α̃)

is real analytic in α̃ except at values of α̃ where w_1 vanishes. To complete the proof of the theorem, we need only obtain an analytic inversion of Γ_2. To this end, we consider

∂_{α̃}Γ_2(α̃) = βΓ_2(α̃)

(1 + α^2_0) √ Q(α̃) D(α̃) .

Consider α̃ near any finite point α̃_0. We have ∂_{α̃}Γ_2(α̃) ≠ 0. Therefore, by the standard theorem on inversion of analytic functions, α̃ is an analytic function of^{w2}_{w1} near^{w2}_{w1} = Γ_2(α̃_0). Then, by substituting into the expression A_j = (−1)^iT_j (α̃)(1−Γ_j (α̃)), we conclude that A_i is an analytic function of^{w2}_{w1} in the range Γ_2(R) = (−∞, 0).

That A_j(^{w2}_{w1} ) can be extended analytically to all nonnegative values of its argument will now be established together with the second result in Theorem 4.1 as follows.

First, we have^{w2}_{w1} = tanθ. Therefore,^{w2}_{w1} is real analytic in θ ∈ (^π_2 , π). Using the result we just proved above, we conclude that A_i is a real analytic function of θ on θ ∈ (^π_2 , π).

Next, we prove that Ã_i(θ) can be extended analytically across the point θ = π. Let σ̃ =^1_{α̃} . We notice that θ . π corresponds to σ̃ . 0. In particular, near θ . π, we have

Γ_2( 1 σ̃ ) = w_2 w_1 = tanθ = −|σ̃|f(σ̃), where f(σ̃) is analytic in the vicinity of σ̃ = 0.

Then we extend tanθ analytically as a function of σ̃ across the point σ̃ = 0 as follows: tanθ = σ̃f(σ̃) ≡ Γ̄_2( 1 σ̃ ) = { Γ_2(^1_{σ̃} ), σ̃ < 0, −Γ_2(−^1_{σ̃} ), σ̃ ≥ 0.

Then tanθ is analytic in σ̃ near σ̃ = 0.

Now, we show that ∂_{σ̃}Γ̄_2 ≠ 0 near σ̃ = 0, w_2 w_1

= Γ̄_2( 1 σ̃ ).

We have

∂_{σ̃}Γ̄_2 = α̃_{σ̃}∂_{α̃}Γ̄_2 =

−^{Γ2( 1σ̃ )}_{σ̃2}^{(1+α20)}

√_{Q( 1σ̃ )}

D( 1~_σ ) , σ̃ . 0,

Γ2(− 1~_σ ) σ̃2 (1+α20) √_{Q(− 1σ̃ )} D(− 1~_σ ) , σ̃ & 0.

Notice that Γ̄_2( 1 σ̃ ) = O(|σ̃|), near σ̃ ≃ 0. We also observe that D(α̃) is quadratic in α̃, and √ Q(α̃) is of first order in α̃.

Combining these, we conclude that, at σ̃ = 0± (i.e. α̃ = ±∞), ∂_{σ̃}Γ̄_2 ≠ 0. It follows that σ̃ is an analytic function of θ near θ = π. Actually, it is easy to check that σ̃ can be extended to become analytic in θ ∈ (^π_2 ,^{3π}_2 ).

Similarly, working with cotanθ near θ =^π_2 , we find that σ̃ can be extended analytically on the range (0,^π_2 ).

Combining these two analyses, we conclude that Ã_i(θ) is analytic in θ ∈ (0,^{3π}_2 ). This completes the proof of Theorem 4.1.

Remark 1. Theorem 4.1 implies the bounds ||A_i||_L∞ ≤ C. The analyticity of Ã_i in Theorem 4.1 will turn to be crucial in analyzing the singular behavior of η. We shall elaborate on this in Section 4.

Remark 2. The analyticity of Ã_i(θ) on (0,^{3π}_2 ) implies that A_i(s) can be extended analytically to s ∈ R, which corresponds to θ ∈ (^π_2 ,^{3π}_2 ), for example.

As a corollary to Theorem 4.1, we obtain

Corollary 4.2. The entropy equation for the system with quadratic flux form (2.5) takes the form

(4.5) η_{w1w2} +

A_2(^{w2}_{w1} ) w_2 − w_1 η_{w2} − A_1(^{w2}_{w1} ) w_2 − w_1 η_{w1} = 0,

in the region w_1 ≤ 0 ≤ w_2, where Ã_i(θ) = A_i(tanθ) is defined on θ ∈ [^π_2 , π], and can be analytically extended in θ ∈ (0,^{3π}_2 ).

It is clear from (4.5) that the coefficients of the entropy equation become singular along the line w_1 = w_2. Since w_1 ≤ 0 ≤ w_2, the coefficients are singular, multi-valued, only at the umbilic point. The singular nature of the coefficients also suggest that in general solutions η cannot be expected to be C^2. This presents major difficulties in verifying H^{−1} compactness conditions in the div-curl lemma. This is reminiscent of similar difficulties for proving convergence of approximate solutions to the gas dynamics equations (see [Ch2, Di2]). However, the singularities of the entropies are of somewhat different character in the two cases and we use different approaches to resolve these difficulties. The method we shall present generalizes that in [Ka] and consists in constructing very general classes of nonsingular C^2 entropies. This analysis is not restricted to the systems with quadratic flux form and can be generalized to obtain a compactness framework theorem (Theorem 6.3) for convergence of approximate solutions to general nonstrictly hyperbolic systems with an isolated umbilic point.

We remark that, although (2) in Theorem 4.1 implies that Ã_i(θ) is real analytic in θ ∈ [^π_2 , π], A_i(^{w2}_{w1} ) is multi-valued at the umbilic point. We now interpret this by comparing (4.5) to the classical Euler-Poisson-Darboux equation. The classical EPD equation in characteristic form is

(4.6) η_{w1w2} + β_1 w_2 − w_1 η_{w2} − β_2 w_2 − w_1 η_{w1} = 0, .

where β_1 and β_2 are constants. The significance of these constants lies in the fact that they completely determine the singular behavior of solutions to (4.6). The EPD equation arises as the entropy equation in isentropic gas dynamics (see [Di2, Ch2]). A comparison between (4.5) and (4.6) indicates that, heuristically, we should expect that the singularity of the entropy near the umbilic point depends on the angle of approach and the “size” of A_i. This turns out to be the correct picture and motivates much of the work on the analysis and cancellation of singularities in Subsection 4.5.

4.3 Polynomial Entropies for the Quadratic System

The quadratic system (2.5) admits entropy functions that are homogeneous polynomials in the physical variables u and v of arbitrary high degree. This was observed in [Ka] for the symmetric case b = 0 of (2.5). We now generalize this result for arbitrary a and b. We remark that u^2 + v^2 is a strictly convex entropy function for (2.5) for all a and b. This function plays a special role in obtaining H^{−1} compactness estimates for the dissipation of entropy for approximate solution sequences.

Using (4.1) and the form of the flux matrix in (2.5), we obtain the entropy equation for (2.5) as follows:

(4.7) ((a − 1)u + bv)η_{uv} + (bu + v)(η_{vv} − η_{uu}) = 0.

Proposition 4.1. Given any a and b, there exists an infinite sequence of solutions to (4.7), η_k (k = 1, 2, 3, · · ·) that is a homogeneous polynomial in u and v of degree k. This is achieved by looking for special entropy functions of the form η_k = v^kϕ(α), α = u v . Then (4.2) reduces to an ordinary differential equation for ϕ(α). It is then easy to check that for each positive integer k, this equation admits a polynomial solution in α of degree k. Thus, η_k is a homogeneous polynomial in u and v of degree k.

4.4. The Riemann Function for the Entropy Equation

Next, we study the general properties of entropy in the (w_1, w_2)-coordinates. In particular, we are interested in understanding the possible singularities of η and the construction of C^2 Goursat entropies. Goursat entropies are solutions of the entropy equation satisfying characteristic boundary conditions. To this end, we first study the Riemann function R for the hyperbolic equation (4.3). Recall that the Riemann function contains all information about the general solution and is defined as the solution to the following Goursat problem (characteristic boundary value problem for the adjoint equation of (4.3)) with special boundary data:

R = R(w_1, w_2; σ, τ), R_{w1w2} − A_2(^{w2}_{w1} ) w_2 − w_1

R_{w2} +

A_1(^{w2}_{w1} ) w_2 − w_1

R_{w1} + + ( A_1(^{w2}_{w1} ) + A_2(^{w2}_{w1} ) (w_2 − w_1)^2 + ∂_{w1} A_1(^{w2}_{w1} ) − ∂_{w2} A_2(^{w2}_{w1} ) w_2 − w_1 ) R = 0, R(w_1, τ; σ, τ) = exp { − ∫_{w1} σ A_2(^τ_s ) s − τ ds } , R(σ, w_2; σ, τ) = exp {∫_{w2} τ A_1(^y_σ ) σ − y dy } . (4.8)

Consider the general Goursat problem for the entropy equation (4.5)

η_{w1w2} +

A_2(^{w2}_{w1} ) w_2 − w_1 η_{w2} − A_1(^{w2}_{w1} ) w_2 − w_1 η_{w1} = 0, η(ξ, w_2) = ϕ(w_2), η(w_1, κ) = ψ(w_1),

(4.9)

where ϕ and ψ are prescribed functions, ξ and κ are fixed constants, and ϕ(κ) = ψ(ξ). It is well known that the solution η to (4.9) can be expressed in integral form in terms of R, ϕ, and ψ (at least in regions where η is C^2) as follows:

η(w_1, w_2) = ψ(ξ)R(w_1, w_2; ξ, κ) + ∫_{w2} κ R(w_1, w_2; ξ, s) ( ϕ^′(s) − A_1(^s_ξ ) s − ξ ϕ(s) ) ds

+ ∫_{w1} ξ R(w_1, w_2; y, κ) ( ψ^′(y) +

A_2(^κ_y ) κ − y ψ(y) ) dy. (4.10)

Our strategy is first to analyze the existence and singular behavior of R and then make use of (4.10) to show how to choose general classes of data ϕ and ψ to cancel these singularities. The existence of R is nontrivial as the coefficients of (4.8) are singular. In the case of strictly hyperbolic systems, the corresponding R and η equations will have regular coefficients only and existence of general solutions follows from standard iteration methods. This is not the case here and is one of the key difficulties in treating nonstrictly hyperbolic systems.

For the conservation laws (2.5) under consideration, the Riemann invariants satisfy w_1 ≤ 0 ≤ w_2. In this quadrant of the Riemann invariant plane, the entropy function is as regular as its boundary data when restricted to a region bounded away from the umbilic point (the origin) and the line {w_1 = 0}. This follows from standard iteration methods (cf. [CH]). We state this as the following lemma.

Lemma 4.2. Given ϵ > 0, suppose that the boundary data ϕ and ψ in (4.10) belong to the class C^k. Assume also that ξ < 0. Then on the domain {(w_1, w_2)|w_2 ≥ 0, −ϵ ≥ w_1}, there exists a unique solution η to (4.9) belonging to the class C^k.

Granting Lemma 4.2, we now concentrate on investigating the singular structure of the Riemann function in a neighborhood of the umbilic point. To this end, we demonstrate an explicit construction of R in such a neighborhood in power series in polar coordinates. For simplicity, we consider the case when κ = 0 and ϕ ≡ 0 in (4.9). We observe then that, in the integral representation (4.10) of η, we need only consider R(w_1, w_2; σ, 0). Such R’s are sufficient for our purpose.

We rewrite the equation for R in (4.8) in polar coordinates:

(4.11) { w_1 = −σr cosθ, w_2 = −σr sinθ, for θ ∈ [^π_2 , π].

A simple computation shows that the R equation becomes sinθcosθ R_{rr} + cos^2θ − sin^2θ r R_{rθ} − sinθcosθ r^2 R_{θθ} + cosθÃ_1(θ) − sinθÃ_2(θ) − sinθcosθ(sinθ − cosθ) r(sinθ − cosθ) R_r − cosθÃ_2(θ) + sinθÃ_1(θ) + (cos^2θ − sin^2θ)(sinθ − cosθ) r^2(sinθ − cosθ) R_θ

+ Ã_1(θ) + Ã_2(θ) − (sinθ − cosθ)(sinθÃ′_1(θ) + cosθÃ′_2(θ)) r^2(sinθ − cosθ)^2 R = 0, (4.12)

where Ã_i(θ) = A_i(tanθ) = A_i( w^2 w_1 ), i = 1, 2. Abusing notation, we write R = R(r, θ) for R(w_1, w_2; σ, 0) written in polar coordinates in (4.11). Then the boundary conditions in (4.8) are translated into R(r, θ)|_{θ=π} = r^{−A2(0)} = r^{−Ã2(π)}, R(r, θ)|_{r=} −1_{cosθ} = exp{ ∫_{tanθ} 0 A_1(y) 1 − y dy}, π 2 < θ ≤ π. (4.13)

We look for solutions to (4.12) of the form R(r, θ) = r^{−Ã2(π)}α(θ) ∞∑ n=−∞ a_n(θ)r^n,

α(θ) = exp{ ∫_{tanθ} 0 A_1(y) 1 − y dy}( −1 cosθ )^{Ã2(π)}.

(4.14)

The boundary conditions (4.13) are satisfied if a_n satisfies a_n(π) = δ_{n,0}, n integers, ∞∑ n=−∞ a_n(θ)( −1 cosθ )^n = 1, π 2 < θ ≤ π. (4.15)

We look for solution to (4.12) and (4.13) of the form (4.14). We will first treat (4.14) as a formal solution and compute the equation satisfied by a_n. Then we analyze the behavior of a_n and show that the series in (4.14) converges and determines a well-defined solution to (4.12) − (4.13) in the range of (r, θ) stated in the theorem.

Substituting (4.14) into the equation (4.12), and equating coefficients of r^n, we conclude that a_n(θ) satisfies the following ordinary differential equation: (4.16) a^{′′}_n(θ) + B_n(θ)a^′_n(θ) + C_n(θ)a_n(θ) = 0. Here B_n(θ) =n sin^2θ − cos^2θ sinθcosθ + B̃(θ), C_n(θ) = − n^2 + n ( 2Ã_2(π) + 2 + α^′(θ) α(θ) sin^2θ − cos^2θ sinθcosθ + cosθÃ_1(θ) − sinθÃ_2(θ) sinθcosθ(cosθ − sinθ) ) + C̃(θ), where

B̃(θ) = 2 α^′(θ) α(θ) + (Ã_2(π) + 1) cos^2θ − sin^2θ sinθcosθ + cosθÃ_2(θ) + sinθÃ_1(θ) sinθcosθ(sinθ − cos) and C̃(θ) depends on Ã_1, Ã_2, and α has the following properties: lim_{θ→π} B̃_n(θ)(θ − π) = 1,

lim_{θ→π} C̃(θ)(θ − π)^2 = 0;

(4.17) and lim_{θ→ π2} B̃(θ)(θ − π 2 ) = 1 + Ã_1( π 2 ) − Ã(π), lim_{θ→ π2} ( C̃(θ) − α^{′′}(θ) α(θ) − α^′(θ) α(θ) (B̃(θ) − 2 α^′(θ) α(θ) ) ) (θ − π 2 ) = Ã_2( π 2 )(Ã_2(π) + 1) − Ã^′_1( π 2 ) + Ã_1( π 2 ), lim_{θ→ π2} C̃(θ)(θ − π 2 )^2 = 0.

(4.18)

Furthermore, we have

Lemma 4.3. B̃(θ) and C̃(θ) are analytic on (^π_4 ,^π_2 ) ∪ (^π_2 , π) ∪ (π,^{5π}_4 ) and have first order poles at θ =^π_2 and θ = π. Moreover, let τ = tanθ, B̄(τ) ≡ B̃(θ), and C̄(τ) ≡ C̃(θ). Then τB̄(τ) and τC̄(τ) are analytic near τ = 0 and their kth Taylor coefficients at τ = 0 grow at most exponentially in k.

Remark. The second boundary condition in (4.15) is nonlocal and couples the system of infinite differential equations for the a^′_ns.

Theorem 4.3. There exist solutions a_n to (4.16) together with the boundary conditions (4.15) satisfying the following properties:

(1) a_n ≡ 0, for n ≤ −1;

(2) a_n(θ) is analytic in θ ∈ (^π_2 , π]; (3) Given k > 0, there exists n_0 > 0 such that d^j dθ^j (α(θ)an(θ))|θ=^π2 are bounded for all n ≥ n0, 0 ≤ j ≤ k.

Proof. It is easy to check that the coefficients of (4.16) are analytic in θ except at isolated points and that θ =^π_2 , π are regular singular points of the o.d.e.. Thus, any general solution a_n will be analytic in θ ∈ (^π_2 , π).

Using (4.17), we obtain that the indicial equation of (4.6) at θ = π is

γ^2 − nγ = 0,

which has roots γ = 0, n.

First, we set a_n ≡ 0, for all n ≤ −1. Then, for n ≥ 0 and θ close to π, using the theory for regular singular points of ordinary differential equations, there are two linear independent solutions to (4.16) of the form

(θ − π)^n ∞∑ k=0 α_{nk}(θ − π)^k;

(θ − π)^{δn,0} ∞∑ k=0 β_{nk}(θ − π)^k + d_n log|θ − π|(θ − π)^n ∞∑ k=0 α_{nk}(θ − π)^k. (4.19)

Here, α_{nk}, β_{nk}, and d_n are constants determined by the coefficients in (4.16). We also use the normalization α_{n0} = β_{n0} = 1, for all n ≥ 0.

We will only make use of the first solution in (4.18). That is, for n ≥ 0, we set

(4.20) a_n(θ) = c_n(θ − π)^n ∞∑ k=0 α_{nk}(θ − π)^k, where c_n are constants to be adjusted to fit the boundary conditions in (4.15). Moreover, the first boundary condition in (4.15) is satisfied automatically.

Recall that a_n ≡ 0, for all n ≤ −1. The second condition in (4.15) becomes

(4.21) ∞∑ n=0 a_n(θ)( −1 cosθ )^n = 1, π 2 < θ ≤ π.

We expand the cosine factors into power series in θ − π: ( −1 cosθ )^n = ∞∑ l=0 b_{nl}(θ − π)^l.

Using (4.20), (4.21) becomes 1 = ∞∑ n=0 a_n(θ)( −1 cosθ )^n

= ∞∑ τ=0 (θ − π)^τ τ∑ n=0 c_n τ−n∑ k=0 α_{nk}b_{nτ−k−n}. (4.22)

Therefore, c_n should solve the system of infinite linear equations

(4.23) δ_{τ,0} = τ∑ n=0 c_n τ−n∑ k=0 α_{nk}b_{nτ−k−n}, τ = 0, 1, 2, · · ·. This system is lower triangular and the diagonal elements are of the form α_{τ0}b_{τ0} = 1 ≠ 0. Hence, the c_n’s are uniquely determined. This completes the constructions of the a_n’s and proves statements (1) and (2) in the theorem.

It remains to verify Theorem 4.3(3). Using (4.18), we have that the indicial equation of (4.6) at θ =^π_2 is

γ^2 − γ(n + Ã_1( π 2 ) − Ã_2(π)) + n(Ã_2(π) − Ã_1( π 2 )) = 0,

which has roots γ = n, −Ã_1(^π_2 ) + Ã_2(π).

Therefore, near θ =^π_2 , we have

(4.24) a_n(θ) = E_n(θ − π 2 )^n ∞∑ k=0 σ_{nk}(θ − π 2 )^k + F_n|θ − π 2 |^{Ã2(π)−Ã1( π2 )} ∞∑ k=0 τ_{nk}(θ − π 2 )^k.

Here the constants σ_{nk} and τ_{nk} are determined by the coefficients of (4.16). Since a_n(θ) is analytic in θ ∈ (^π_2 , π), the constants E_n and F_n are determined uniquely by c_n in (4.22).

We remark here that, in the formula (4.24), we have assumed that n − Ã_2(π) + Ã_1(^π_2 ) is not an integer. If this quantity is an integer, then (4.24) will involve logarithmic terms. In that case, a slightly more complicated analysis than the one we will present below will lead to the same result. We omit the details.

Notice that

α(θ) = ( −1 cosθ )^{−Ã2(π)}exp{ ∫_{tanθ} 0 A_1(y) 1 − y dy} = |θ − π 2 |^{−Ã2(π)+Ã1( π2 )} G(θ − π 2 ), (4.25)

where G is an analytic function.

Combining (4.24) and (4.25), we obtain

(4.26) α(θ)a_n(θ) = E_n(θ − π 2 )^{n+Ã1( π2 )−Ã2(π)} ∞∑ k=0 σ̃_{nk}(θ − π 2 )^k + F_n ∞∑ k=0 τ̃_{nk}(θ − π 2 )^k

with appropriate constants σ̃_{nk} and τ̃_{nk}. Statement (3) of the theorem now follows from the formula in (4.26). This completes the proof of the theorem.

To complete the construction of R(r, θ) satisfying (4.12) and (4.13), we prove that the tail end of the series in (4.14) is convergent. That is, for N large enough and r ≥ 0 small enough, ∑_∞ n=N α(θ)a_n(θ)r^n converges for all^π_2 ≤ θ ≤ π.

To this end, we estimate α(θ)a_n(θ) and show that it grows at most exponentially in n. Theorem 4.4. There exists constants N, C > 0 such that for all n > N and θ ∈ [^π_2 , π], |α(θ)a_n(θ)| ≤ Cexp(Cn). Proof. The proof will consist of three steps. In step 1, we estimate a_n(θ) when θ is close to π by estimating the constants c_n and α_{nk} in (4.20). In step 2, restricting ourselves to a region of θ strictly bounded between^π_2 and π, we derive a similar estimate using the o.d.e. (4.16). Finally, we show that a_n is nonsingular and satisfies the same exponential bound (for n large) in a neighborhood of^π_2 using an iteration procedure involving the Green’s function of the principal singular part of (4.16).

In a neighborhood of θ = π, consider the function f_n(θ) = (−cosθ)^{−n}a_n(θ). Then, from (4.16), f_n satisfies

f^{′′}_n = p_nf^′_n + q_nf_n, p_n = 2n tanθ − B_n, q_n = −n(n − 1)tan^2θ + n + n tanθB_n − C_n, and f_n has the form

f_n(θ) = c_n(θ − π)^n ∞∑ k=0 f̃_{nk}(θ − π)^k, from (4.21).

We will bound f_n by estimating c_n and (θ − π)^n ∑_∞ k=0 f̃_{nk}(θ − π)k, separately. An essential observation is that, for each j fixed, p_{nj} and q_{nj} (the Taylor coefficients of p_n and q_n at π) are O(n) and O(1), respectively. The corresponding Taylor coefficients occurring in the recurrence formula for a_n are O(n^2). It turns out that the sum (θ−π)^n ∑_∞ k=0 f̃_{nk}(θ− π)^k can be more conveniently estimated when it is rewritten in a different variable. The reason will become apparent below. Let s = β(θ), ˙ = d ds . Then we have

(4.27) f̈_n(s) = J_nḟ_n(s) + L_nf_n(s),

where J_n = p_n β^′(θ) − β^{′′}(θ) (β^′(θ))^2

, L_n = q_n (β^′(θ))^2 . Also, if β(π) = 0, then

(4.28) f_n(s) = c_ns^n ∞∑ k=0 f_{nk}s^k,

for appropriate constants f_{nk}. Moreover, we can write down the recurrence formula for f_{nk}: (4.29) (m + n + 2)(m + n + 1 − J_{n,−1})f_{nm+2} = m∑ j=−1 ((m + n − j)J_{n,j+1} + L_{n,j} )f_{nm−j},

with J_n = ∑_∞ j=−1 Jnj s j and L_n = ∑_∞ j=−1 Lnj s j . A computation using the expression for p_n and q_n shows that

J_n = n sinθcosθβ^′(θ) + J̃, L_n = (β^′(θ))^{−2}L̃,

(4.30)

where J̃ and L̃ are independent of n. Therefore, J_{nj} = O(n) for each j fixed. Now we make a choice of the new variable s = β(θ) to further reduce the order of J_{nj} in the recurrence formula (4.29).

We choose s = β(θ) to satisfy the relation β(θ) = (^1_2 sin2θ)β^′(θ). That is, β(θ) = tanθ. Then we have, from (4.30), J_n = n s + J̃. With this choice of variable, we found J_{n,j+1}, j ≥ −1, in the recurrence formula (4.29) are independent of n.

Using (4.30) and s = tanθ, a detailed computation shows that J̃ = − 2s + B̃(θ) 1 + s^2 , L̃ = − C̃(θ) (1 + s^2)^2 . (4.31)

Using Lemma 4.3, we conclude that the Taylor coefficients J_{nk} and L_{nk} at s = 0 satisfy the following estimates |J_{nk}| + |L_{nk}| ≤ Cexp(Ck), (4.32) for any k ≥ 0, here and henceforth C denotes a universal, sufficiently large, constant independent of n. Using (4.29) and (4.32), we now show that (4.33) |f_{nm}| ≤ Cexp(Cm). We prove this estimate by induction. Assuming that |f_{n,m−j}| ≤ Cexp(C(m − j)) for all −1 ≤ j ≤ m and then, using (4.32) and (4.33), we have |f_{nm+2}| ≤ 1 (m + n + 2)(m + 2) m∑ j=−1 ((m + n − j)Cexp(C(j + 1)) + C exp(Cj)) Cexp(C(m − j)) ≤ Cexp(C(m + 2)), if C is large enough. This proves the estimate (4.33).

It remains to estimate the constants c_n in (4.28). We have

c_n = − n−1∑ j=0 f_{j,n−j} c_j from the boundary condition (4.15). Then using the estimates on f_{nm} just obtained in (4.33), we will show that (4.34) |c_n| ≤ Cexp(Cn). We have, by (4.33), |c_n| ≤ C n−1∑ j=0 exp(C(n − j)) |c_j |.

Let G(n) ≡ n−1∑ j=0 exp(−Cj)|c_j |. Then G(n) − G(n − 1) = exp(1 − n)|c_n| ≤ exp(−1) n−2∑ j=0 exp(−Cj)|c_j | = exp(−1)G(n − 1). Therefore, G(n) ≤ (1 + exp(−1))G(n − 1) ≤ · · · ≤ C(1 + exp(−1))^n. Then we have |c_n| ≤ Cexp(n)G(n) ≤ C^2(exp(1) + 1)^n. This proves (4.34).

Combining these two estimates, we conclude that for sufficiently small δ > 0, we have (4.35) |α(θ)a_n(θ)| ≤ Cexp(Cn), ∀θ ∈ [π − δ, π]. Next, we consider θ in the range [^π_2 + δ, π − δ]. In this range, the differential equation (4.16) has no singular points. It is then straightforward to show that αa_n satisfies a bound similar to (4.35) with a slightly larger constant C. We omit the details.

Finally, we show that αa_n satisfies a similar bound in a neighborhood of^π_2 . Let b_n = αa_n, then b_n satisfies

(4.36) b^{′′}_n(θ) + D_n(θ)b^′_n(θ) + E_n(θ)b_n(θ) = 0,

where D_n(θ) =n sin^2θ − cos^2θ sinθcosθ + B̃(θ) − 2α^′(θ) α(θ) , E_n(θ) = − n^2 + n ( 2Ã_2(π) + 2 − sinθÃ_2(θ) − cosθÃ_1(θ) sinθcosθ(cosθ − sinθ) )

− α^{′′}(θ) α(θ) + α^′(θ) α(θ) ( 2 α^′(θ) α(θ) − B̃(θ) ) + C̃(θ).

We rewrite this equation as

(4.37) b^{′′}_n(θ) + D_{n,−1} θ −^π_2 b^′_n(θ) + E_{n,−1} θ −^π_2 b_n(θ) = g_n(θ)b^′_n(θ) + h_n(θ)b_n(θ),

where

D_{n,−1} = −n + 1 + Ã_2(π) − Ã_1( π 2 ), E_{n,−1} = −nÃ_2( π 2 ) + Ã_2( π 2 )(Ã_2(π) + 1) − Ã^′_1( π 2 ) + Ã_1( π 2 ), g_n(θ) = D_n(θ) − D_{n,−1} θ −^π_2

, h_n(θ) = E_n(θ) − E_{n,−1} θ −^π_2 . Notice that g_n and h_n are analytic functions near θ =^π_2 . We note that the right hand side of (4.37) is the principal singular part of the differential equation. Furthermore, from the formulae for D_n and E_n, we have the estimates

(4.38) |g_n(θ)| + | h_n(θ) n | ≤ Cn, ∀θ ∈ [ π 2 , π 2 + δ]. We will use the Green’s function of the right hand side of (4.37) to set up an iteration scheme. Consider the homogeneous equation

(4.39) e^{′′}_n(θ) + D_{n,−1} θ −^π_2 e^′_n(θ) + E_{n,−1} θ −^π_2 e_n(θ) = 0.

The two elementary solutions of (4.39) have the form

β_n(θ) = ∞∑ k=0 τ_{nk}(θ − π 2 )^k,

μ_n(θ) = (θ − π 2 )^{n−Ã2(π)+Ã1( π2 )} ∞∑ k=0 σ_{nk}(θ − π 2 )^k.

(4.40)

Here we have assumed that n − Ã_2(π) + Ã_1(^π_2 ) is not an integer. If this quantity is an integer then the elementary solutions will involve logarithmic terms. The analysis will then be slightly more complicated but similar to what we present below. Let W (β_n, μ_n) be the Wronskian of the two elementary solutions in (4.40). Then, it is not difficult to obtain the following estimates: |τ_{nk}| + |σ_{nk}| ≤ O(1) 1 k! ,

W (β_n(θ), μ_n(θ)) = n(θ − π 2 )^{n−1+Ã1( π2 )−Ã2(π)}{−1 + O( 1 n ) + h.o.t.}, (4.41) where O(1) and h.o.t. denote, respectively, a constant and higher order terms that are bounded independent of n.

Consider the Green’s function of (4.39) and its derivative in θ:

G_1(θ, τ) = β_n(θ)μ_n(τ) − β_n(τ)μ_n(θ) W (β_n(τ), μ_n(τ)) , G_2(θ, τ) = β^′_n(θ)μ_n(τ) − β_n(τ)μ^′_n(θ) W (β_n(τ), μ_n(τ)) . Using (4.41), we derive the following estimates: (4.42) n|G_1(θ, τ)| + |G_2(θ, τ)| ≤ C, for all^π_2 ≤ θ ≤ τ ≤^π_2 + δ <^{3π}_4 .

Denote μ_n(θ) = (θ −^π_2 )^{n+Ã1( π2 )−Ã2(π)}μ̃_n(θ). Then |G_1(θ, τ)| = | | | | | β_n(θ)μ_n(τ) − β_n(τ)μ_n(θ) n(τ −^π_2 )^{n−1+Ã1( π}2^{)−Ã2(π)}{−1 + O(^1_n ) + h.o.t.} | | | | | = | | | | τ −^π_2 n{−1 + O(^1_n ) + h.o.t.} {β_n(θ)μ̃_n(τ) − ( θ −^π_2 τ −^π_2

)^{n+Ã1( π2 )−Ã2(π)}β_n(τ)μ̃_n(θ)} | | | | ≤ C n , ∀ π 2 ≤ θ ≤ τ ≤ π 2 + δ. Similarly, we can obtain |G_2(θ, τ)| ≤ C, ∀ π 2 ≤ θ ≤ τ ≤ π 2 . This proves (4.42).

We now use G_1 and G_2 to set up an iteration scheme to solve (4.37) and therefore (4.36) near^π_2 . Let y_n(θ) = n^2b_n(θ) and z_n(θ) = nb^′_n(θ). Then the o.d.e. (4.37) is equivalent to the system of integral equations

y_n(θ) = y_{n0} + ∫_θ π 2 +δ nG_1(θ, τ) ( g_n(τ)z_n(τ) + h_n(τ) n y_n(τ) ) dτ, z_n(θ) = z_{n0} + ∫_θ π 2 +δ G_2(θ, τ) ( g_n(τ)z_n(τ) + h_n(τ) n y_n(τ) ) dτ. Here y_{n0} = y_n(^π_2 +δ) and z_{n0} = z_n(^π_2 +δ) satisfy the estimates |y_{n0}|+|z_{n0}| ≤ Cn^2exp(Cn) by the exponential bounds on αa_n near the point^π_2 + δ. Consider an iteration scheme

y^{m+1}_n (θ) = y_{n0} + ∫_θ π 2 +δ nG_1(θ, τ) ( g_n(τ)z^m_n (τ) + h_n(τ) n y^m_n (τ) ) dτ, z^{m+1}_n (θ) = z_{n0} + ∫_θ π 2 +δ G_2(θ, τ) ( g_n(τ)z^m_n (τ) + h_n(τ) n y^m_n (τ) ) dτ.

Using the estimates (4.38) and (4.42), we show by induction that

|y^{m+1}_n (θ) − y^m_n (θ)| + |z^{m+1}_n (θ) − z^m_n (θ)| ≤ n^2 (Cn(θ −^π_2 − δ))^{m+1}exp(Cn) m! . Therefore, the sequence y^m_n converges to a limit y_n(θ) as m → +∞ satisfying |y_n(θ)| ≤ n^2exp(Cn) exp { Cn(θ − π 2 − δ) }

≤ n^2exp(Cn), ∀ θ ∈ [ π 2 , π 2 + δ]. This immediately implies that

|α(θ)a_n(θ)| ≤ exp(Cn), for n large enough and for all θ ∈ [ π 2 , π 2 + δ]. This completes the proof of the theorem.

Using Theorem 4.3 and Theorem 4.4, we conclude that the formal solution (4.14) is indeed a well-defined solution and the construction of R(r, θ) = R(w_1, w_2; σ, 0) is complete.

Theorem 4.5. There exists a constant r_0 > 0, such that, for all 0 < r ≤ r_0 and^π_2 ≤ θ ≤ π, (4.14) represents a well-defined solution to (4.12) with boundary conditions (4.13).

4.5. C^2 Goursat Entropies

In this subsection, we characterize the singularities of entropies and we show how to construct general classes of Goursat entropies that are C^k in w_1 and w_2. We also obtain decay estimates for such Goursat entropies and their derivatives near the umbilic point.

The domain of interest for our problem is {w_1 ≤ 0 ≤ w_2}. It is enough to focus our attention on a compact set containing the umbilic point {w^−_1 ≤ w_1 ≤ 0 ≤ w_2 ≤ w^+_2 } where w^+_2 > 0 and w^−_1 < 0 are fixed constants. Fix a constant δ > 0 satisfying |δ| ≪ w^+_2 , −w^−_1 .

Without loss of generality, we consider (4.9) with the special choice of Goursat data ϕ(w_2) ≡ 0:

η_{w1w2} +

A_2(^{w2}_{w1} ) w_2 − w_1 η_{w2} − A_1(^{w2}_{w1} ) w_2 − w_1 η_{w1} = 0, η(ξ, w_2) ≡ 0, η(w_1, κ) = ψ(w_1).

(4.43)

There is no loss of generality since an analysis similar to what is shown below will allow us to construct C^2 entropies with Goursat data ψ ≡ 0 and ϕ arbitrary (up to a finite number of conditions, see Theorem 4.7). The general case as in (4.11) then follows from a simple linear superposition of these two special cases.

For simplicity, we assume, as in Section 4.4, that κ = 0 in (4.43) and construct regular solutions η. Such entropies are sufficient for reducing the Young measure and proving convergence of approximate solutions to (2.5). Recall from (4.10) that we have an integral representation for the solution to (4.43) (κ = 0, ϕ ≡ 0):

(4.44) η(w_1, w_2) = ∫_{w1} ξ R(w_1, w_2; y, 0) ( ψ^′(y) − Ã_2(π) y ψ(y) ) dy. Our first task is to decompose R into the sum of its singular and regular parts using Theorem 4.3. It will turn out that the singular part only loses its regularity as r → 0+ or as θ →^π_2 +. The interaction of special classes of Goursat boundary data with the singular part of R (via (4.44)) will induce regularity for the entropy function.

Theorem 4.6. Given k > 0, R admits a decomposition R(r, θ) = R_{sing}(r, θ) + R_{regular}(r, θ), where R_{regular} ∈ C^k([0, r_0] × [^π_2 , π]) ∩ A((0, r_0] × (^π_2 , π]) and R_{sing} ∈ A((0, r_0] × (^π_2 , π]). Here A denotes the real analytic class.

Proof. Using (4.14) and the fact that a_n ≡ 0, ∀n ≤ −1, we have R(r, θ) = r^{−Ã2(π)}α(θ) ∞∑ n=0 a_n(θ)r^n.

Let r_0 > 0 be as defined in Theorem 4.5. Given k > 0, (2) and (3) of Theorem 4.5 imply that there exists n_0 = n_0(k) > 0 such that α(θ)a_n(θ) ∈ C^k([^π_2 , π]) ∩ A((^π_2 , π]), for all n ≥ n_0.

Now, we pick N_0 = n_0(k) + |Ã_2(π)| + k + 1 and write R(r, θ) = R_{sing}(r, θ) + R_{regular}(r, θ), R_{sing}(r, θ) = r^{−Ã2(π)} N0∑ n=0 α(θ)a_n(θ)r^n,

R_{regular}(r, θ) = ∞∑ n=N0+1 α(θ)a_n(θ)r^{n−Ã2(π)}. (4.45)

Using Theorem 4.5 again, we conclude that R_{sing} and R_{regular} belong to the regularity classes stated in the theorem. This completes the proof.

Remark. If Ã_1(^π_2 ) − Ã_2(π) is not an integer, then R_{regular}(r, θ) ∈ A((0, r_0] × [^π_2 , π]).

Using the above theorem and the integral representation (4.44), we show how to choose Goursat data ψ to cancel the singular effects of R_{sing} by requiring ψ to satisfy certain zero moment conditions. These conditions define a subspace M with finite codimension in L^2 such that ψ ∈ M implies that the entropy function η is regular.

We now state our main result in this section.

Theorem 4.7. Given a positive integer m and a compact set K containing (0, 0) in R^2, consider the Goursat problem (4.43) with κ = 0. There exists a subspace M ⊂ L^2[w^−_1 , −δ] with codimM < ∞ such that if (1) ψ ∈ M ∩ C^m, (2) ψ(w_1) = 0, for all w_1 ≥ −δ, then there exists a solution η ∈ C^m([w^−_1 , 0] × [0, w^+_2 ]) to (4.43) satisfying max 0≤j+l≤m sup (w1,w2)∈K |w^{−j}_1 w^{−l}_2 ∂^j_{w1} ∂^l_{w2} η| ≤ C.

Proof. We start with the representation formula

η(w_1, w_2) = ∫_{w1} ξ R(w_1, w_2; y, 0) ( ψ^′(y) − Ã_2(π) y ψ(y) ) dy.

Let m ≥ 1 be the positive integer in the statement of the theorem. We will assume that the Goursat data ψ ∈ C^m(R) satisfying ψ(w_1) = 0, for all w_1 ≥ −δ. Using Lemma 4.2, it suffices to consider the regularity of η in a neighborhood of the umbilic point (0, 0). Assuming that |w_1| + |w_2| ≪ δ,

(4.46) η(w_1, w_2) = ∫_{−δ} ξ R(w_1, w_2; y, 0) ( ψ^′(y) − Ã_2(π) y ψ(y) ) dy.

Let k > 0 be a large integer to be fixed below. Using (4.46), we write η(w_1, w_2) = I_1 + I_2,

I_1(w_1, w_2) = ∫_{−δ} ξ R_{sing}(w_1, w_2; y, 0) ( ψ^′(y) − Ã_2(π) y ψ(y) ) dy,

I_2(w_1, w_2) = ∫_{−δ} ξ R_{regular}(w_1, w_2; y, 0) ( ψ^′(y) − Ã_2(π) y ψ(y) ) dy. Using (4.11) and (4.45), we have R_{regular}(w_1, w_2; y, 0) = ∞∑ n=N0+1 α(θ)a_n(θ)( w^2_1 + w^2 y^2

)^{n−Ã2(π)2} .

Here N_0 = n_0(k) + |Ã_2(π)| + k + 1 is defined as in (4.45). Therefore, we obtain

I_2(w_1, w_2) = ∞∑ n=N0+1 (∫_{−δ} ξ (−y)^{Ã2(π)−n} ( ψ^′(y) − Ã_2(π) y ψ(y) ) dy ) α(θ)a_n(θ)(w^2_1+w^2)^{n−Ã2(π)2} .

Then it is easy to check that, for k > 0 large enough, I_2 ∈ C^m([w^−_1 , 0] × [0, w^+_2 ]) and its derivatives satisfy max 0≤j+l≤m sup (w1,w2)∈K |w^{−j}_1 w^{−l}_2 ∂^j_{w1} ∂^l_{w2} I_2| ≤ C.

It remains to consider I_1. We require ψ to satisfy certain zero moment conditions to make I_1 ≡ 0. Using (4.11) and (4.45) again, and denoting r̃^2 = w^2_1 + w^2,

I_1(w_1, w_2) = ∫_{−δ} ξ R_{sing}(w_1, w_2; y, 0) (−y)^{Ã2(π)} ( (−y)^{Ã2(π)}ψ(y) )_′ dy,

= r̃^{−Ã2(π)}α(θ) N0∑ n=0 a_n(θ)r̃^nΦ_n(ξ, δ; ψ),

where Φ_n(ξ, δ; ψ) = (n − 2Ã_2(π)) ∫_{−δ} ξ (−y)^{−n−1+Ã2(π)}ψ(y)dy. Therefore, I_1 ≡ 0

provided ψ ∈ M, where

M = ψ ∈ C^m(R) | | | | | | ψ(y) = 0 ∀y ≥ −δ, ∫_{−δ} ξ (−y)^{−n−1+Ã2(π)}ψ(y)dy = 0, n ∈ {0, 1, · · ·, N_0} .

This defines the subspace M and completes the proof of the theorem.

We now turn to investigate the regularity of entropies constructed in Theorem 4.7 as functions of the state variables u and v. This regularity is needed in our use of compensated compactness to prove the convergence of approximate solutions to (2.1).

In many strictly hyperbolic systems, such as the system of elasticity, the map J : (u, v) → (w_1, w_2) is C^2. Therefore, C^2 regularity of entropies in (u, v)-coordinates is a direct consequence of Theorem 4.7. For nonstrictly hyperbolic systems, the coincidence of eigenvalues λ_1 and λ_2 usually means that the geometry of the wave curves is very singular at the umbilic point. Thus, J is usually not C^2 and additional work is necessary to get C^2 regularity for η = η(u, v).

We now restrict ourselves to region IV of the system with quadratic flux form (2.5), i.e., where a and b satisfy Δ = −32b^4 + b^2(27 + 36(a − 2) − 4(a − 2)^2) + 4(a − 2)^3 > 0. Using Proposition 3.1, we have

Proposition 4.4. Consider the system with quadratic flux form (1.1) − (1.2) with Δ > 0. Near the umbilic point (u, v) = (0, 0), the derivatives of the Riemann invariants satisfy the following estimates:

w_i = O(1), i = 1, 2,

∂^m_u ∂^n_v w_i = O( w_i |ṽ|^{m+n}|w_1w_2|^n ), 1 ≤ m + n ≤ 2. (4.47)

Proof. The Riemann invariants are of the form w_i(u, v) = (−1)^iṽ^β exp{−β ∫_{α̃} 0 H_j(α̃)dα̃} = O(1).

We have ∂_ũw_i = −β w_i ṽ H_j (α̃) ≡ w_i ṽ M_{10}(α, α_0),

∂_ṽw_i = β w_i ṽ (1 + α̃H_j (α̃)) ≡ w_i ṽ M_{01}(α, α_0),

where −M_{10} β = 2α_0(bα + 1) − (a − 1)α − b − (−1)^j sign(α_0(α_0 + α̃)) √ Q(α̃) −2α(bα + 1) + (a − 1)α − b + (−1)^j sign(α_0(α_0 + α̃)) √ Q(α̃) α_0 − α α^2_0 + 1

= O( |α − α_0| |α| + 1 ), and M_{01} β = 1 + α̃M_{10} = O( |α − α_0| |α| + 1 ). Therefore,

∂_ũw_i = O( w_i ṽ ), ∂_ṽw_i = O( w_i ṽ ).

Furthermore, we have

∂^2_ũw_i = w_i ṽ^2

M^2_{10} + w_i ṽ^2

∂_{α̃}M_{10}

= O( w_i ṽ^2 ).

Similarly, we obtain

∂_ũ∂_ṽw_i = w_i ṽ^2

(M_{10}M_{01} − M_{10} − α̃∂_{α̃}M_{10})

= O( w_i(|α| + 1) ṽ^2|α − α_0| ) = O( w_i ṽ^2|w_1w_2| ), and ∂^2_ṽ w_i = w_i ṽ^2

(M^2_{01} − M_{01} − α̃M_{10} − α̃^2∂_{α̃}M_{10})

= O( w_i(|α|^2 + 1) ṽ^2|α − α_0|^2 ) = O( w_i ṽ^2|w_1w_2|^2 ).

Since derivatives in the (u, v)-coordinates can be expressed in terms of linear combinations of derivatives in the (ũ, ṽ)-coordinates, we obtained the desired estimates in the Proposition. This completes the proof.

Next, we recover from the proof of Theorem 4.7 certain fine estimates on the derivatives η in w_1 and w_2. These derivatives vanish to high order as they approach the umbilic point.

Proposition 4.5. Consider (2.5) with Δ > 0. Given any nonnegative integers m, n, j, l with m ≥ j, n ≥ l, there exist entropy functions constructed using the method in Theorem 4.7 which satisfy the following estimates near the umbilic point:

∂^j_{w1} ∂^l_{w2} η = O(w^{m−j}_1 w^{n−l}_2 ).

Proposition 4.5 is a direct corollary of Theorem 4.7. Now using the chain rule and combining the estimates in Propositions 4.4 and 4.5, we obtain

Theorem 4.8. Consider (2.5) with Δ > 0. Let J : (u, v) → (w_1, w_2) denote the map from the state space to the Riemann invariants plane. Suppose that η is the solution to (4.9) as constructed in Theorem 4.7. Then we have

η ∘ J ∈ C^2(R^2).

Proof. The map J is C^2 outside a neighborhood of the origin (the umbilic point) in the (u, v)-plane. Therefore, it suffices to prove that η is regular near (u, v) = (0, 0), i.e., (w_1, w_2) = (0, 0).

We consider the derivative η_{vv}. Other derivatives of η with respect to (u, v) can be treated in a similar fashion. By the chain rule, we have

η_{vv} = η_{w1w1} (w_{1v})^2 + 2η_{w1w2} w_{1v}w_{2v} + η_{w2w2} (w_{2v})^2 + η_{w1} w_{1vv} + η_{w2} w_{2vv}.

We now take η to be an entropy function constructed in Theorem 4.7 which satisfies the estimates on derivatives in Proposition 4.5 with sufficiently large m and n. Furthermore, we have w_j = (−1)^jṽ^β exp{−β ∫_{α̃} 0 H̄_i(α̃)dα̃}, j = 1, 2, where (ũ, ṽ) are the rotated coordinates in Proposition 3.1.

Now, the chain rule and Proposition 4.3 give |η_{vv}| = O( w^{m−2}_1 w^{n−2}_2 ṽ^2 ) ≤ O(w^{m−2− 12β} 1 w^{n−2− 12β} 2 exp{ 1 2β ∫_{α̃} 0 (H_1(α̃) + H_2(α̃))dα̃}) = O(1), for m, n large enough.

This completes the proof of the Theorem.

5. Parabolic Approximate Solutions and Young Measure

5.1. Parabolic Approximation

We consider parabolic approximations to the general system (1.1) by adding artificial viscosity. Recall that (1.1) together with initial data U_0(x) takes the form ∂_tU + ∂_xF (U) = 0, x ∈ R, t > 0, U(x, 0) = U_0(x).

(5.1)

Consider a sequence of approximate solutions U^ϵ of the associated parabolic system

∂_tU^ϵ + ∂_xF (U^ϵ) = ϵ∂_x(D∂_xU^ϵ), x ∈ R, t > 0, U^ϵ(x, 0) = U_0(x),

(5.2)

where D ≥ 0 is a non-negative matrix (viscosity matrix) and ϵ > 0 measures the amount of artificial viscosity in (5.2).

We are concerned with the convergence of U^ϵ to a weak solution U of (5.1) as ϵ → 0^+. A compactness framework theorem (Theorem 6.3) will be established in Section 6 to attain this goal. It will then be applied to the system with quadratic flux form (2.5). This is made possible by a reduction analysis of the Young measure (Theorem 6.2) using a large class of regular entropy functions (Theorem 4.7 and Proposition 4.4) constructed in Section 4. In this section, we dispense with certain preliminaries concerning existence and L^∞ a priori estimates on solutions to (5.2). For simplicity, we take D = I, the identity matrix.

Theorem 5.1. Let c_1 and c_2 be constants. Let Ω_{c1c2} ≡ {(u, v) | c_1 ≤ w_1 ≤ 0 ≤ w_2 ≤ c_2}. Suppose that the Riemann invariants w_1 and w_2 are quasi-convex on ∂Ω_{c1c2} . That is, on ∂Ω_{c1c2} ,

r^⊤_1 · ∇^2w_2 · r_1 ≥ 0, − r^⊤_2 · ∇^2w_1 · r_2 ≥ 0.

Then Ω_{c1c2} is an invariant region for (5.2), i.e., U_0(x) ∈ Ω_{c1c2} , for all x ∈ R, implies U^ϵ(x, t) ∈ Ω_{c1c2} , for all x ∈ R, t > 0. Moreover, if (5.2) admits a family of such invariant regions which spans R^2, then we obtain an a priori L^∞ bound for solutions U^ϵ to (5.2).

Theorem 5.1 is a straightforward consequence of the invariant region theorem (see [CCS]). Granting such an L^∞ a priori estimate, a local solution in t to (5.2) obtained by standard iteration arguments can be extended globally in t > 0.

5.2. Young Measure and Compensated Compactness

The Young measure representation (see [Ta]) for sequences of bounded functions in an appropriate space is an efficient tool for studying the limit behavior of the approximate solutions of nonlinear problems, especially for conservation laws because of the lack of regularity of the limit problems. By combining the Young measure representation with compensated compactness first introduced by Tartar and Murat [Ta, Mu], one can transfer the singular limit problem to the problem of solving some functional equations for the corresponding Young measure, that is, to studying the structure of the Young measure satisfying the functional equations. If one can solve these functional equations to clarify the structure of the Young measure, the limit behavior of corresponding sequences can be well understood. Therefore, the essential difficulty is how to solve these functional equations for the Young measure. This difficulty is overcome for some important systems of conservation laws (cf. [Di, Ch1, Ch2, DCL, Ka, Mo, Se]). In this section we review some results on Young measure and compensated compactness for subsequent development to solve general nonstrictly hyperbolic systems.

Theorem 5.2 ([Ta]). Suppose that U^ϵ : R^2_+ → R^n is a sequence of bounded measurable functions

(5.3) U^ϵ(x, t) ∈ K, a.e.

for a bounded set K in R^n. Then there exists a subsequence (still labeled U^ϵ) and a family of Young measures

ν_{x,t}(λ) ∈ Prob.(R^n),

such that (1) for any continuous function g, w^∗ − lim g(U^ϵ(x, t)) =< ν_{x,t}(λ), g(λ) >≡ ∫ R^{n g(λ)dνx,t(λ);} (2) U^ϵ(x, t) → U(x, t) a.e. if and only if ν_{x,t} is a Dirac mass

ν_{x,t} = δ_{U(x,t)}, for almost all (x, t);

(3) ν_{x,t} satisfies (5.4) < ν_{x,t}, | | | η^1 q^1 η_2 q_2 | | | >= | | | < ν^{x,t}, η^1 > < ν^{x,t}, q^1 > < ν_{x,t}, η_1 > < ν_{x,t}, q_2 > | | | , a.e.

provided that

(5.5) η_i(U^ϵ)_t + q_i(U^ϵ)_x ⊂ compact set in H^{−1}loc,

for continuous function pairs (η_i, q_i), i = 1, 2.

This theorem ensures the existence of the Young measure determined by the sequence of bounded functions. The second result indicates that the strong convergence of the sequence is equivalent to the one point structure of the support of the Young measure. Furthermore, the boundedness of U^ϵ automatically ensures that

(5.6) η_i(U^ϵ)_t + q_i(U^ϵ)_x ∈ H^{−1}_{loc} ,

for continuous function pairs (η_i, q_i), i = 1, 2. This theorem indicates that an extra condition of weak composite compactness for η_i(U^ϵ)_t + q_i(U^ϵ)_x can give us very useful information for the Young measure. These theorems provide a framework by which one can prove strong convergence of the sequence U^ϵ(x, t) satisfying (5.3) and (5.4) by deducing ν_{x,t}(λ) = δ_w∗_{−limU} ϵ_{(x,t)}(λ) from the functional equations (5.5) for some continuous function pairs.

The following compactness embedding theorems are useful for obtaining the condition (5.4) for conservation laws.

Theorem 5.3. Let 1 < q ≤ p < r < ∞. Then

(compact set of W^{−1,q}_{loc} ) ∩ (bounded set of W^{−1,r}_{loc} ) ⊂ (compact set of W^{−1,p}_{loc} ).

The proof of Theorem 5.3 can be found in [DCL, Ch2].

Theorem 5.4. ([Mu]). The embedding of the positive cone of W^{−1,p} in W^{−1,q} is completely continuous for q < p.

Theorem 5.3 indicates that compactness in W^{−1,q}_{loc} coupled with boundedness in W^{−1,r}_{loc} yields compactness in W^{−1,p}_{loc} . Theorem 5.4 says that the uniformly lower (or upper) bound in the dual sense in W^{−1,p} of the sequence in W^{−1,q} leads to compactness in W^{−1,q}, q < p.

5.3 The Dissipation Measures η(U^ϵ)_t + q(U^ϵ)_x

Consider a sequence of viscosity approximate solutions {U^ϵ}_{ϵ>0} to (5.2). Now suppose that η_∗ is a C^2 strictly convex entropy for (5.1), and that U_0(x) tends to a constant state Ū as |x| → ∞ and U_0 −Ū ∈ L2 ∩L∞. In the case of (2.5) we may choose η_∗ to be u2 +v2. Multiplying (5.2) by ∇η_∗(U^ϵ) − ∇η_∗(Ū), a standard integration by parts argument gives the estimate ϵ ∫_∞ 0 ∫_∞ −∞ |U^ϵ_x|^2 dx dt ≤ C, where C depends on U_0.

Consider any C^2 entropy-entropy flux pair (η, q) for the system (5.1). In the case of (2.5), such pairs were constructed in Section 4. Multiplying (5.2) by ∇η(U^ϵ), and integrating by parts, we get, after using the L^∞ bound on U^ϵ, the boundedness of ∇^2η on compact sets and a standard application of Theorem 5.4 [Mu], a weak compactness estimate for the dissipation measure (5.7) η(U^ϵ)_t + q(U^ϵ)_x ⊂ compact set in H^{−1}_{loc} .

By the L^∞ bound of U^ϵ, as ϵ → 0^+, U^ϵ (or at least some subsequence) converges in the weak star topology in L^∞. Then, by Theorem 5.2 of [Ta], there exists a family of probability measures ν_{x,t}, the Young measures, that describe weak convergence in the following way. For any continuous function g, we have w^∗ − lim_{ϵ→0}+ g(U^ϵ(x, t)) = ∫ g(λ) dν_{x,t}(λ) ≡< ν_{x,t}, g > . Let (η, q) and (η̄, q̄) be two pairs of C^2 entropy-entropy flux. They satisfy compactness conditions in H^{−1} as stated above. Then, by Theorem 5.2 of [Ta] again, we get the commutation relation: (5.8) < ν, ηq̄ − η̄q >=< ν, η >< ν, q̄ > − < ν, η̄ >< ν, q >, where we have dropped the subscript (x, t) on ν_{x,t}.

6. Compactness Framework for Approximate Solutions

Now we establish a structure framework for the Young measure, which are determined by the approximate solutions to general nonstrictly hyperbolic system (1.1) with an isolated umbilic point P = (w̄_1, w̄_2): λ_1(P ) = λ_2(P ), in Riemann coordinates. Then we conclude a corresponding compactness framework for approximate solution sequences to the system (1.1).

First, we list some basic assumptions on the structure of (1.1) for the framework theorems that we will state:

(H1) There exist Riemann coordinates (w_1, w_2) such that

w_1 ≤ 0 ≤ w_2 and the umbilic point P = (0, 0);

(H2) λ_{iwj} λ_2 − λ_1 = A_i(^{w2}_{w1} ) w_2 − w_1 = Ã_i(θ) w_2 − w_1 , θ ∈ [ π 2 , π], where tanθ = w_2 w_1

, Ã_i(θ) is real analytic in θ ∈ (0, 3π 2 ), and i ≠ j, i, j = 1, 2.

Remark. The assumption (H1) is natural for many such systems. The condition (H2) is satisfied by the system (2.5) (see Section 3). Moreover, the analyticity conditions on Ã_i in (H2) implies that ||A_i||_L∞_(R1_) < +∞, which is a natural assumption.

Theorem 6.1. Assume that (1.1) satisfies conditions (H1)-(H2). Suppose that a Young measure ν ∈ Prob.(R^2) satisfies supp ν(w_1, w_2) ⊂ [w^−_1 , w^+_1 ] × [w^−_2 , w^+_2 ],

(6.1) < ν, η_1q_2 − η_2q_1 >=< ν, η_1 >< ν, q_2 > − < ν, η_2 >< ν, q_1 >, (6.2)

for all C^2 Goursat entropy-entropy flux pairs (η_i, q_i), i = 1, 2, as constructed in Section 4 for the systems (1.1) with an isolated umbilic point P . Then supp ν(w_1, w_2) ⊂ { (w_1, w_2) | λ_{iwi} = 0, i = 1, 2 }.

Combining Theorem 6.1 with Theorem 5.2, we have Theorem 6.2. Suppose that (1.1) satisfies (H1) and (H2) and that (6.3) λ_{iwi} ≠ 0, i = 1, 2, on (−∞, 0] × [0, ∞) − {(w_1, w_2)|w_i = 0}.

Suppose that U^ϵ(x, t) are measurable functions satisfying ‖U^ϵ‖_L∞ ≤ M < +∞, (6.4) η(U^ϵ)_t + q(U^ϵ)_x ⊂ compact set in H^{−1}loc,

(6.5)

for any C^2 Goursat entropy-entropy flux pair (η, q) as constructed in Section 4 for the systems (1.1) with an isolated umbilic point. Then (6.6) (w_1(U^ϵ), w_2(U^ϵ)) −→ (w_1(x, t), w_2(x, t)), a.e.

where w_1(U) and w_2(U) are the Riemann invariants.

Remark 1. Theorem 6.1 and Theorem 6.2 provide a framework for the compactness of the sequence of the Riemann invariants, determined by the sequence of approximate solutions satisfying the conditions (6.3) and (6.4).

Remark 2. If U^ϵ(x, t) are generated by the viscosity method, the Lax-Friedrichs scheme, or the Godunov scheme, then the condition (6.5) for U^ϵ(x, t) can be established by a standard argument (see [Ch2, Di1]).

Now we prove Theorem 6.1 in several steps. Suppose that R is the minimal rectangle in the (w_1, w_2)-space containing the support of ν. There are two cases: 1. R does not contain the umbilic point (0, 0); 2. R contains the umbilic point (0, 0).

We will treat the case 2. The case 1 is similar and less complicated. We also assume that R is not a line segment parallel to any axis (this case can be dealt with using the method developed below), thus, R = [w^−_1 , 0] × [0, w^+_2 ] for some w^−_1 < 0 < w^+_2 .

Let δ > 0 denote the constant used in the construction of entropies in Section 4. Assume that δ is chosen a priori to satisfy w^−_1 < −δ < 0.

The proof will rely on the following Propositions and Lemmas.

Proposition 6.1. Consider the entropy function constructed in Theorem 4.7. Assume that w^∗_1 ∈ (w^−_1 , −δ) is a fixed constant and that the Goursat data ψ are supported either on the interval (w^−_1 , w^∗_1) (west type entropy with limit w^∗_1) or on (w^∗_1 , −δ) (east type entropy with limit w^∗_1). Then the entropy η and its flux q admit integral representations of the form

η(w_1, w_2) = I(w_1, w_2)ψ(w_1) + ∫_{w1} w^∗1 J(w_1, w_2; y)ψ(y) dy, q(w_1, w_2) = K(w_1, w_2)ψ(w_1) + ∫_{w1} w^∗1 L(w_1, w_2; y)ψ(y) dy, where I, J, K, L are smooth as long as w_1 < 0 and y < 0. Moreover, I ≥ const. > 0 on any domain bounded away from the origin in the w-plane.

Proof. For simplicity, we only derive the representation formula for η. The corresponding representation for q can be established in a similar way.

We start with the representation (4.44) and perform an integration by parts to shift the derivative onto the Riemann function R: η(w_1, w_2) = ∫_{w1} w^∗1

R(w_1, w_2; y, 0)(−y)^{Ã2(π)} ( (−y)^{−Ã2(π)}ψ(y) )_′ dy

= [R(w_1, w_2; y, 0)ψ(y)]^{w1}_{y=w}∗_1 − ∫_{w1} w^∗1 ( ∂_yR(w_1, w_2; y, 0) +

Ã_2(π) y R(w_1, w_2; y, 0) ) ψ(y)dy = I(w_1, w_2)ψ(w_1) + ∫_{w1} w^∗1 J(w_1, w_2; y)ψ(y)dy.

Therefore, using (4.8), we obtain

I(w_1, w_2) = R(w_1, w_2; w_1, 0) = exp{ ∫_{w2} 0 A_1(^σ_{w1} ) w_1 − σ dσ}, J(w_1, w_2; y) = −∂_yR(w_1, w_2; y, 0) −

Ã_2(π) y R(w_1, w_2; y, 0).

Now, from the above expressions, since w_2 ≥ 0, I is C^∞ in (w_1, w_2) whenever w_1 < 0. Moreover, from Theorem 4.6, R(w_1, w_2; y, 0) is C^∞ in (w_1, w_2, y) as long as w_1, y < 0. Thus, J shares the same smoothness property.

Finally, there exists a constant c_δ such that I ≥ c_δ > 0 on any compact domain with w_1 ≤ −δ < 0.

Lemma 6.2. Let [w^−_1 , 0] × [0, w^+_2 ] be the minimal rectangle containing suppν and w^−_1 ≤ α < −δ. If there exists an east type entropy η_{ϵ0} with limit α + ϵ_0 < −δ for some small ϵ_0 > 0 such that < ν, η_{ϵ0} >> 0, then

supp ν ⊂ { (w_1, w_2) | ∂λ_1 ∂w_1 (α, w_2) = 0 }.

If we assume also that^{∂λ1}_{∂w1} (α, w_2) does not vanish, then supp ν ∩ {(w_1, w_2)|w_2 ≥ 0, w_1 = α} is empty.

The proof of Lemma 6.2 relies on constructing the trace of ν on the line w_1 = α using the integral representations of η and q in Proposition 6.1. The argument is quite standard and we refer the reader to [Se].

For simplicity, we assume from now on that^{∂λi}_{∂wi} ≠ 0, whenever w_i ≠ 0, i = 1, 2. The general case is only slightly more tedious. We remark that the quadratic system (2.5) with Δ > 0 satisfies this assumption (see Theorem 3.2). With this assumption, ν can be reduced to a point mass in the Riemann plane below.

Next, using Proposition 6.1 and some properties of the kernel functions I, J, K, L, we can show

Proposition 6.3. Fix δ > 0. Let w^∗_1 satisfy w^−_1 < w^∗_1 < −δ < 0. If for all east type entropies η with limit w^∗_1 we have < ν, η >= 0, then supp ν ∩ {(w_1, w_2)|w_2 ≥ 0, w^∗_1 ≤ w_1 ≤ −δ} is empty.

Proof. We sketch the main ideas. The arguments needed here are variations of the proof of a similar proposition in [Ka].

We begin by assuming that there exists α satisfying w^∗_1 < α < −δ and such that suppν ∩ {(w_1, w_2) | w_1 = α} is nonempty. We then derive a contradiction by constructing an east type entropy η with limit w^∗_1 such that < ν, η > > 0.

Recall from Proposition 6.1 that an east type entropy η can be written in the form

η(w_1, w_2) = I(w_1, w_2)ψ(w_1) + ∫_{w1} w^∗1 J(w_1, w_2; y)ψ(y) dy.

Here ψ is the Goursat data in (4.43).

Let N > 0 be a sufficiently large number to be fixed later. Denote S_l = {(w_1, w_2) | w_2 ≥ 0, α − l ≤ w_1 ≤ α + l} the vertical strip of width l centered on the line w_1 = α. Let ψ satisfy ψ(y) = { N, for y ∈ S 1_{N2} ,

O(1), for y /∈ S 1_{N2 +} 1_{N3} .

Moreover, we require that ψ < N in S 1_{N2 +} 1_{N3} − S 1_{N2} . Finally, we demand that ψ ∈ M (with M as defined in Theorem 4.7). It is not difficult to check that such ψ with high amplitude concentrated near α can be constructed.

Then, using the smoothness properties of I and J, and the fact that I > c_δ > 0 when (w_1, w_2) ∈ [w^−_1 , −δ] × [0, w^+_2 ] (Proposition 6.3), we deduce

η(w_1, w_2) { ≥ c^′N, for w_1 ∈ S 1_{N2} ,

= O(1), otherwise , where c^′ is a constant depending on c_δ.

However, since suppν ∩ {(w_1, w_2) | w_1 = α} is nonempty, for N large enough, this implies that < ν, η > > 0. This gives a contradiction.

Now, we will make use of Proposition 6.1 and Lemmas 6.2 − 6.3 to reduce ν to a point mass. The reduction process will take several steps. First, we show that the support of ν must concentrate only at the four corners of R, i.e., ν is the sum of four delta functions. Then we further reduce the number of delta functions from four to one.

It turns out that after some detailed analysis, Lemmas 6.2- 6.3 allow us to concentrate the support of ν on the extreme left vertical edge of R and an arbitrarily narrow vertical strip containing the umbilic point.

Proposition 6.4. supp ν ⊆ {(w_1, w_2)|0 ≤ w_2 ≤ w^+_2 , and w_1 = w^−_1 or − δ ≤ w_1 ≤ 0}.

Proof. Let α ∈ (w^−_1 , −δ). Let ϵ > 0 be sufficiently small such that w^−_1 < α − ϵ < α + ϵ < −δ. Assume that there exists an east type entropy η_e with limit α + ϵ satisfying < ν, η_e > > 0. Then suppν ∩ {(w_1, w_2) | w_1 = α} is empty by virtue of Lemma 6.2.

If no such east type entropies η_e exist then, by Lemma 6.3, supp ν ∩ {(w_1, w_2)|w_2 ≥ 0, α + ϵ ≤ w_1 ≤ −δ} is empty for all ϵ sufficiently small. This implies that supp ν ∩ {(w_1, w_2)|w_2 ≥ 0, α < w_1 ≤ −δ} is empty. Now suppose that suppν ∩ {(w_1, w_2) | w_1 = α} is nonempty. Then since ν also has nonzero mass on the line w_1 = w^−_1 , Lemma 6.2 indicates that, for any β ∈ (w^−_1 , α), suppν ∩ {(w_1, w_2) | w_1 = β} is empty. So ν concentrates on the lines w_1 = α, w^−_1 and the vertical strip of width δ between w_1 = −δ and w_1 = 0. If suppν ∩ {(w_1, w_2) | w_1 = α} is nonempty, then we can once again use Lemma 6.2 to conclude that suppν ∩ {(w_1, w_2) | w_1 = w^−_1 } is empty. But this contradicts the minimality of R. Therefore, we obtain the result we expected.

Combining these two cases, we obtain supp ν ⊆ {(w_1, w_2)|0 ≤ w_2 ≤ w^+_2 , and w_1 = w^−_1 or − δ ≤ w_1 ≤ 0}. This completes the proof of the proposition.

By using entropies of type north and south defined in a similar way and by performing a similar reduction process on horizontal line segments interior to the rectangle R, we conclude that suppν is concentrated on a horizontal strip of width δ and on the line w_2 = w^+_2 . Since the proof is completely similar, we omit this argument but summarize the result as follows:

Proposition 6.5. supp ν ⊆ {(w_1, w_2)| 0 ≤ w_1 ≤ w^−_1 , and w_2 = w^+_2 or δ ≥ w_2 ≥ 0}.

Propositions 6.4 and 6.5 imply that the support of ν is in fact concentrated on the square {(w_1, w_2)|0 ≤ w_2 ≤ δ, −δ ≤ w_1 ≤ 0}, and the points (w^−_1 , 0), (0, w^+_2 ), and (w^−_1 , w^+_2 ). Now, δ > 0 is small but arbitrarily fixed. Let δ → 0. We obtain

Proposition 6.6. The support of ν is concentrated at the four corners of R, i.e. (0, 0), (0, w^+_2 ), (w^−_1 , 0), and (w^−_1 , w^+_2 ).

Knowing that the Young measure ν is the sum of four weighted delta functions at the corners of R, we reduce ν further. Let P_i, i = 1, 2, 3, 4, denote the corners of R, P_1 = (0, w^+_2 ), P_2 = (0, 0), P_3 = (w^−_1 , 0), P_4 = (w^−_1 , w^+_2 ).

By Proposition 6.6, ν = ∑ 1≤i≤4 β_iδ_{Pi} , where β_i ≥ 0, i = 1, 2, 3, 4, and ∑ 1≤i≤4 β_i = 1.

To reduce ν further, we apply a variant of Theorem 6.1 in [Se]:

Lemma 6.7. Suppose that β_i > 0 for all i = 1, 2, 3, 4. Then

∂_{w1} λ_1 = 0, on the line segments P_1P_4, P_2P_3;

∂_{w2} λ_2 = 0, on the line segments P_1P_2, P_3P_4.

Now, by assumption, ∂_{w1} λ_1 and ∂_{w2} λ_2 are nonzero in the interior of the segments P_1P_4 and P_2P_3, and P_1P_2 and P_3P_4, respectively. This contradicts the conclusion of the above proposition. Thus we have

Lemma 6.8. There exists an i, 1 ≤ i ≤ 4, such that β_i = 0.

Therefore, ν is only a sum of at most three Dirac masses. Further reduction of ν can be achieved by using Goursat entropies with appropriate support. Finally, we conclude that the Young measure ν is a point mass on the (w_1, w_2)-plane. This completes the proof of Theorem 6.1.

7. Convergence of the Viscosity Method

In this section, we apply the compactness framework theorem to the system with quadratic flux form with Δ > 0. For any (even large) initial data, we prove the strong convergence of approximate solution sequences constructed by the viscosity method to weak entropy solutions of (2.5) for all positive time. As a corollary, we obtain the global existence of weak solutions to the Cauchy problem of (2.5) with large data in L^∞.

We first verify L^∞ a priori estimates for these approximate solution sequences. We then apply the compactness framework (Theorem 6.2) together with Theorems 4.7-4.8 on the existence of regular entropies. To this end, the principle of invariant regions will be used for the viscosity approximate sequence. We remark that the Riemann problem for (2.5) has not been solved before by purely analytical methods. Using the result we obtained here, one can deduce existence of solutions to the Riemann problem on arbitrary compact sets in the (x, t)-plane.

Consider the Cauchy problem

∂_tU + ∂_x(dC(U)) = 0, U(x, 0) = U_0(x), C(U) = 1 2 ( 1 3 au^3 + bu^2v + uv^2), Δ > 0. (7.1)

Using the convexity properties of the R_j curves or the explicit form of w_i, we obtain

Theorem 7.1. Consider the system with quadratic flux form (2.5) with Δ > 0. Then for any pair of constants, c_1 < 0 < c_2, Ω_{c1c2} and Ω_{c1c2} ∩ I, with I as defined in Theorem 5.1, are convex invariant regions for the parabolic systems with viscosity associated with (2.5).

Using Theorem 7.1, we obtain an L^∞ a priori bound for viscosity approximate solutions U^ϵ.

Theorem 7.2. Consider the Cauchy problem (7.1) with Cauchy data U_0 ∈ I, and its associated viscosity approximation {U^ϵ}_{ϵ>0}. Suppose that there is a constant Ū such that U_0 − Ū ∈ L^2(R) ∩ L^∞(R). Then, for any ϵ > 0, U^ϵ(x, t) is well-defined for all (x, t) and moreover, |U^ϵ(x, t)| ≤ C||U_0||_L∞ , for some C < ∞.

Combining Theorem 7.2 and Theorem 6.2 with Theorem 4.8, we obtain

Theorem 7.3. Consider the viscosity approximation {U^ϵ}_{ϵ>0} of the Cauchy problem (7.1) with Cauchy data U_0 ∈ I. Suppose that Δ > 0 and that there is a constant Ū such that U_0 − Ū ∈ L2(R) ∩ L∞(R). Then, as ϵ → 0+, there exists a subsequence of U^ϵ(x, t) that converges a.e. (x, t) to a global entropy weak solution of the hyperbolic system (7.1).

The strong convergence of a subsequence of the viscosity approximations {U^ϵ}_{ϵ>0} follows directly from (5.7), Theorem 7.1, Theorem 6.2, and the one-to-one correspondence between the region I in the U-plane and {w : w_1 ≤ 0 ≤ w_2} in the w-plane. For any convex entropy η, we multiply (5.2) by ∇η(U^ϵ) and obtain

(7.2) η(U^ϵ)_t + q(U^ϵ)_x = ϵη(U^ϵ)_{xx} − (U^ϵ_x)^⊤∇^2ηU^ϵ_x ≤ ϵη(U^ϵ)_{xx}.

Then we multiply (7.2) by any nonnegative test function ϕ(x, t) ∈ C^1_0 (R^2_+) and integrate by part ∫_∞ 0 ∫_∞ −∞ (η(U^ϵ)ϕ_t + q(U^ϵ)ϕ_x) dxdt + ∫_∞ −∞ η(U_0(x))ϕ(x, 0)dx ≥ − ∫_∞ 0 ∫_∞ −∞ η(U^ϵ)ϕ_{xx}dxdt. (7.3)

Taking a convergent subsequence of U^{ϵk} in (7.3) and letting k → +∞, we obtain that the limit function U(x, t) satisfies ∫_∞ 0 ∫_∞ −∞ (η(U)ϕ_t + q(U)ϕ_x) dxdt + ∫_∞ −∞ η(U_0(x))ϕ(x, 0)dx ≥ 0, for any convex entropy η and any nonnegative test function ϕ(x, t) ∈ C^1_0 (R^2_+). This means that U(x, t) is an entropy solution.

Acknowledgments. This work was completed when the first author visited Institute for Advanced Study, Courant Institute, and SUNY at Stony Brook. The authors are grateful to Professors L. Caffarelli, J. Glimm, P. D. Lax, C. Morawetz, and T. Spencer for their enthusiastic encouragement and support. They would also like to thank Professors C. Dafermos, C. Evans, T.-P. Liu, and L. Tartar for their stimulating remarks, and Professors E. Isaacson, B. Keyfitz, D. Marchesin, J. Nohel, B. Plohr, M. Shearer, M. Slemrod, and B. Temple for their interest in this project.

Gui-Qiang Chen’s research was supported in part by NSF grants DMS-9207080 and DMS-9201581, by ONR grant N00014-91-J-1384, and by an Alfred P. Sloan Foundation Fellowship. Pui Tak Kan’s research was supported in part by NSF grant DMS-9100383.

References

[Ch1] Chen, G.-Q.: Convergence of the Lax-Friedrichs schemes for the isentropic gas dynamics III, Acta Math. Sci. 6, 75-120 (1986); 8, 243-276 (1988) (in Chinese).

[Ch2] Chen, G.-Q.: The compensated compactness method and the system of isentropic gas dynamics, Preprint MSRI-00527-91 Mathematical Science Research Institute, Berkeley, 1990.

[Ch3] Chen, G.-Q.: The method of quasidecoupling for discontinuous solutions to conservation laws, Arch.

Rat. Mech. Anal. 121, 131-185 (1992).

[CK] Chen, G.-Q., and Kan, P.-T.: Hyperbolic conservation laws with umbilic degeneracy II, In preparation.

[CCS] Chueh, K.N., Conley, C.C., and Smoller, J.: Positively invariant regions for systems of nonlinear diffusion equations, Indiana Univ. Math. J. 26, 372–411 (1977).

[CH] Courant, R., and Hilbert, D.: Methods of Mathematical Physics, Vol. 2, Wiley-Interscience: New York, 1948.

[Cr] Craig, W.: Nonstrictly hyperbolic nonlinear systems, Math. Ann. 277, 213-232 (1987).

[Da1] Dafermos, C. M.: Estimates for conservation laws with little viscosity, SIAM J. Math. Anal. 18, 409-421 (1987).

[Da2] Dafermos, C. M.: Solutions in L1 for a conservation law with memory, Analyse Mathématique et Applications, Gauthier-Villars, Paris, 1988, 117-128.

[Dar] Darboux, G.: Lecons Sur La Theorie Generale des Surfaces, T. II, Paris, (1914).

[DeG] De Giorgi, E.: Un esempio di non-unicità della soluzione del problema di Cauchy, Università di Roma, Rendiconti di Matematica, 14, 382-387 (1955).

[DCL] Ding, X., Chen, G.-Q., and Luo, P.: Convergence of the Lax-Friedrichs schemes for the isentropic gas dynamics I, II, Acta Math. Sci. 5, 483-540; 7, 460-480 (1987), 8, 61-94 (1988) (in Chinese).

[Di1] DiPerna, R.: Convergence of approximate solutions to conservation laws, Arch. Rat. Mech. Anal. 82, 27–70 (1983).

[Di2] DiPerna, R.: Convergence of the viscosity method for isentropic gas dynamics, Comm. Math. Phys.

91, 1-30 (1983).

[Ev] Evans, C.: Weak Convergence Methods for Nonlinear Partial Differential Equations, CBMS, Vol. 72, Providence, Rhode Island, 1990.

[Eu] Euler, L.: Institutions Calculi Integralis, III, Petropoli, 1790.

[Fr] Freisthüler, H.: Rotational degeneracy of hyperbolic systems of conservation laws, Arch. Rat. Mech.

Anal. 113, 39-64 (1990).

[FR] Friedlands, S., Robbin, J. W., and Sylvester, J: On the crossing rule, Comm. Pure Appl. Math. 37, 19-38 (1984).

[FS] Frid, H., and Santos, M. M.: Nonstrictly hyperbolic systems of conservation laws of the conjugate type, Preprint 1993.

[Fo] Froissart, M.: Hyperbolic Equations and Waves, Battelle Seattle 1968 Recontres, Springer-Verlag Berlin Heidelberg 1970.

[G1] Glimm, J.: The continuous structure of discontinuities, Lecture Notes in Physics 344, 177–186 (1986). [G2] Glimm, J.: Nonlinear waves: overview and problems, In: Multidimensional hyperbolic problems and computations, ed. J. Glimm and A. Majda, IMA Vol. 29, Springer-Verlag: New York, 1991.

[G3] Glimm, J.: Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl.

Math. 18, 697-715 (1965), [Ge] Gevrey, M.: Sur la nature analytique des solutions des équations aux dérivavées partielles, Annales École norm. sup., 35, 129-189 (1917).

[Go] Godunov, S.: A difference method for numerical calculation of discontinuous solutions of the equations of hydrodynamics, Mat. Sb. 47 (89), 271-360 (1959).

[Ho] Holden, H.: On the Riemann problem for a prototype of a mixed type conservation law, Comm. Pure Appl. Math. 40, 229-264 (1987).

[H1] Hörmander, L.: The Analysis of Linear Partial Differential Operators II, Springer-Verlag Berlin Heidelberg 1983.

[H2] Hörmander, L.: Hyperbolic systems with double characteristics, Comm. Pure Appl. Math. 46, 261-301 (1993).

[IMP] Isaacson, E., Marchesin, D., and Plohr, B.: Transitional shock waves, Contemporary Mathematics 100, 125-145 (1988).

[IMPP] Isaacson, E., Marchesin, D., Palmeira, C., and Plohr, B.: A global formalism for nonlinear waves in conservation laws, Commun. Math. Phys. 146, 505-552 (1992).

[IMPT] Isaacson, E., Marchesin, D., Plohr, B., and Temple, B.: The Riemann problem near a hyperbolic singularity: the classification of solutions of quadratic Riemann problem (I), SIAM J. Appl. Math. 48, 1-24 (1988).

[IT] Isaacson, E., and Temple, B.: The classification of solutions of quadratic Riemann problem (II)-(III), SIAM J. Appl. Math. 48, 1287-1301, 1302-1318 (1988).

[Jo] John, F.: Algebraic conditions for hyperbolicity of systems of partial differential equations, Comm.

Pure Appl. Math. 31, 89-106, 787-793 (1978).

[Ka] Kan, P.-T.: Convergence of the viscosity method for a system of nonstrictly hyperbolic conservation laws, Preprint 1992.

[Ke] Keyfitz, B. L.: Some elementary connections among nonstrictly hyperbolic conservation laws, Contemporary Mathematics, 60, 67-77 (1987).

[KK] Keyfitz, B. L., and Kranzer, H. C.: A system of nonstrictly hyperbolic conservation laws arising in elasticity theory, Arch. Rat. Mech. Anal. 72, 219-241 (1980).

[La1] Lax, P.D.: The multiplicity of eigenvalues, Bull. AMS. 6, 213-214 (1982).

[La2] Lax, P.D.: Shock waves and entropy, in: Contributions to Nonlinear Functional Analysis, ed. E. A.

Zarantonello, Academic Press, 603-634 (1971).

[La3] Lax, P.D.: Weak solutions of nonlinear hyperbolic equations and their numerical computation, Comm.

Pure Appl. Math. 7, 159-193 (1954).

[La4] Lax, P.D.: Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock Waves, SIAM, Philadelphia (1973).

[LX] Liu, T.-P., and Xin, Z.: Stability of viscous shock waves associated with a system of nonstrictly hyperbolic conservation laws, Comm. Pure Appl. Math. 45, 361-388 (1992).

[LZ] Liu, T.-P., and Zumbrun, K.: Stability of an unercompressive shock, Preprint (1994). [LW] Liu, T.-P., and Wang, C. H.: On a hyperbolic system of conservation laws which is not strictly hyperbolic, J. Diff. Eqs. 57, 1-14 (1985).

[Lu] Lu, Y.-G.: Convergence of the viscosity method for a nonstrictly hyperbolic system, Acta Mathematica Sinica, 12, 230-239 (1992).

[Mo] Morawetz, C. S.: An alternative proof of DiPerna’s theorem, Comm. Pure Appl. Math. 44, 1081-1090 (1991).

[Mu] Murat, F.: L’injection du cone positif de H�1 dans W �1^{;q} est compacte pour tout q < 2, J. Math.

Pures Appl. 60, 309–322 (1981).

[NRT] Nohel, J., Rogers, R. C., and Tzavaras, A. E.: Hyperbolic conservation laws in viscoelasticity, Comm.

Partial Diff. Eqns. 13, 97-127 (1988).

[Oh] Ohya, Y.: On E. E. Levi’s functions for hyperbolic equations with triple characteristics, Comm. Pure Appl. Math. 25, 257-263 (1972).

[Ra] Rascle, M.: On the static and dynamic study of oscillations for some nonlinear hyperbolic systems of conservation laws, Anal. Non Linéaire 8, 333-350(1991).

[Rb] Rubino, B.: On the vanishing viscosity approximation to the Cauchy problem for a 2 � 2 system of conservation laws, Ann. Inst. H. Poincare, Anal. Non Linéaire 10, 627-656 (1993).

[SS1] Schaeffer, D., and Shearer, M.: The classification of 2 � 2 systems of nonstrictly hyperbolic conservation laws, with application to oil recovery, Comm. Pure Appl. Math. 40, 141-178 (1987).

[SS2] Schaeffer, D., and Shearer, M.: Riemann problems for nonstrictly hyperbolic 2 � 2 systems of conservation laws, Trans. AMS. 304, 267-306 (1987).

[SSMP] Shearer, M., Schaeffer, D., Marchesin, D., and Paes-Leme, P. J.: Solution of the Riemann problem for a prototype 2 � 2 system of nonstrictly hyperbolic conservation laws, Arch. Rat. Mech. Anal. 97, 299-320 (1987).

[Se] Serre, D.: La compacite par compensation pour les systemes hyperboliques nonlineaires de deux equation a une dimension d’space, J. Math. Pures Appl., 65, 423-468 (1986).

[Sm] Smoller, J.: Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, New York, 1982. [Ta] Tartar, L.: Compensated compactness and applications to partial differential equations, In: Research Notes in Mathematics, Nonlinear Analysis and Mechanics: Heriot-Watt Symposium, Vol. 4, ed. R. J. Knops, pp 136–212, Pitman Press, New York, 1979.

[Te] Temple, B.: Global existence of the Cauchy problem for a class of 2 � 2 nonstrictly hyperbolic conservation laws, Adv. Appl. Math. 3, 355-375 (1982).

[Ya] Yang, G.-J.: The Euler-Poisson-Darboux Equations (in Chinese), Yuannan University Press, Yuannan, 1989.

[ZPM] Zumbrun, K., Plohr, B., and Marchesin, D.: Scattering behavior of transitional shock waves, Mat.

Contemp. 3, 191-209 (1992).

Gui-Qiang Chen Department of Mathematics University of Chicago 5734 S. University Ave. Chicago, IL 60637 e-mail: cheng@math.uchicago.edu

Pui Tak Kan School of Mathematics Institute for Advanced Study Princeton, NJ 08540 Current address:

Department of Mathematical Sciences Indiana University-Purdue University 402 N. Blackford Street, Indianapolis IN 46202-3216 e-mail: kan@math.iupui.edu