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Abstract

It is well known that, when the vertex angle of a straight wedge is less
than the critical angle, there exists a shock-front emanating from the wedge
vertex so that the constant states on both sides of the shock-front are su-
personic. Since the shock-front at the vertex is usually strong, especially
when the vertex angle of the wedge is large, then such a global flow is phys-
ically required to be governed by the isentropic or adiabatic Euler equations.
In this paper, we systematically study two-dimensional steady supersonic
Euler (i.e. non-potential) flows past Lipschitz wedges and establish the ex-
istence and stability of supersonic Euler flows when the total variation of
the tangent angle functions along the wedge boundaries is suitably small.
We develop a modified Glimm difference scheme and identify a Glimm-type
functional, by incorporating the Lipschitz wedge boundary and the strong
shock-front naturally and by tracing the interaction not only between the
boundary and weak waves but also between the strong shock front and
weak waves, to obtain the required BV estimates. Then these estimates are
employed to establish the convergence of both approximate solutions to a
global entropy solution and corresponding approximate strong shock-fronts
emanating from the vertex to the strong shock-front of the entropy solution.
The regularity of strong shock-fronts emanating from the wedge vertex and
the asymptotic stability of entropy solutions in the flow direction are also
established.

1. Introduction

We are concerned with the existence and behavior of two-dimensional
steady supersonic Euler flows past Lipschitz wedges with arbitrary vertex
angles that are less than the critical angle so that there is a supersonic
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shock-front emanating from the wedge vertex. The two-dimensional steady
supersonic Euler flows are generally governed by

(pu)s + (pv)y =0,
(PU +p) + (P“U)y =0, (1)
(puv)s + (pv* +p)y =0,

(u(E +p))s + (V(E+p))y =0,

where (u,v) is the velocity, p the density, p the scalar pressure, and
1
E = Sp(u® + %) + pe(p,p)

is the total energy with e the internal energy (a given function of (p,p)
defined through thermodynamical relationships). The other two thermo-
dynamic variables are the temperature T and the entropy S. If (p, S) are
chosen as the independent variables, then we have the constitutive relations:

(e,p,T) = (e(p,5),p(p,5), T(p,5)), (2)
governed by
TdS = de — %dp. (3)
For an ideal gas,
R
p=RpT, e=cT, ~y=1+—>1, (4)
and RT
= — Y eS/cw _ R y-1,8/c, _ B
p(p,S) =rp’e” ™, e pos VA oL (5)

where R, k, and ¢, are all positive constants.

If the flow is isentropic, i.e., S = const., then the pressure p is a function
of the density p, p = p(p), and the flow is governed by the following simpler
isentropic Euler equations:

(p)e + (pv)y =0,
(pu® + p)sz + (puv), =0, (6)
(puv)y + (pv* +p)y = 0.

For polytropic isentropic gases, by scaling, the pressure-density relationship
can be expressed as

plp)=p"/v, v>1L (7
For the isothermal flow, v = 1. The quantity

c= pP(pa S)

is defined as the sonic speed and, for polytropic gases, ¢ = \/vp/p.
System (1) or (6) governing a supersonic flow (i.e., u> + v? > ¢?) has
all real eigenvalues and is hyperbolic, while system (1) or (6) governing a
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subsonic flow (i.e., u? + v? < ¢?) has complex eigenvalues and is elliptic-
hyperbolic mixed and composite.

The study of two-dimensional steady supersonic flows past wedges can
date back to the 1940s (cf. Courant-Friedrichs [8]). Local solutions around
the wedge vertex were first constructed in Gu [12], Li [16], Schaeffer [22],
and the references cited therein. Global potential solutions were constructed
in [4-8,28,29] when the wedge has certain convexity or the wedge is a small
perturbation of the straight wedge with fast decay in the flow direction,
whose vertex angle is less than the critical angle. In particular, in Zhang
[29], the existence of two-dimensional steady supersonic potential flows past
piecewise smooth curved wedges, which are a small perturbation of the
straight wedge, was established.

As is well-known, the potential flow equation is an excellent model for
the flow containing only weak shocks since it approximates to the isentropic
Euler equations up to third-order in shock strength. For the flow containing
shocks of large strength, the isentropic or adiabatic Euler equations are
required to govern the physical flow. For the wedge problem, when the
vertex angle is large, the flow contains a strong shock-front emanating from
the wedge vertex and, for this case, the Euler equations should take the
position to describe the physical flow. Thus it is important to study the
two-dimensional steady supersonic flows governed by the Euler equations,
rather than the potential flow equation, for the wedge problem with a large
vertex angle. When a wedge is straight and the wedge vertex angle is less
than the critical angle, there exists a supersonic shock-front emanating from
the wedge vertex so that the constant states on both sides of the shock-front
are supersonic; the critical angle condition is necessary and sufficient for the
existence of the supersonic shock. These facts can be seen through the shock
polar in Fig. 3 in Section 2 (also cf. Courant-Friedrichs [8]).

In this paper, we analyze the two-dimensional steady supersonic Euler
flows past two-dimensional Lipschitz wedges whose vertex angles are less
than the critical angle, along which the total variation of the tangent angle
function is suitably small; and we establish the existence and behavior of
such global supersonic Euler flows, especially the nonlinear stability of the
strong shock-front emanating from the wedge vertex under the BV pertur-
bation.

For concreteness, we will analyze the problem in the region below the
lower side I" of the wedge for the Euler flows for U = (u, v, p, p) governed
by system (1) and U = (u,v,p) by (6); the case above the wedge can be
handled in the same fashion. Then we have

(i). There exists a Lipschitz function ¢ € Lip(Ry) with ¢’ € BV(R4),
9'(04) =0, and ¢(0) = 0 such that
2:={(zy) : y<gl@), x>0},  I'i={(x,y) : y=g(x), >0},

and n(x+) = {20/ @H)D 4 the outer normal vector to I' at the point
(¢'(z£))2+1

z=+ (see Fig. 1);
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Fig. 1. Supersonic flow past a curved wedge

(ii). The upstream flow is a constant state U_ satisfying

_p-

2 >C% = s
p—

u_ >0, v_>0, uZ+v

and
0 < arctan(v_ /u_) < Werit,

so that there is a supersonic shock-front emanating from the wedge ver-
tex, where we,;; is the critical vertex angle (cf. Fig. 3).

With this setup, the wedge problem can be formulated into the following
problem of initial-boundary value type for system (1) or (6):
Cauchy Condition:
Ulp=o = U—; (®)

Boundary Condition:

(u,v) - m=0 on I (9)

The main theorem of this paper is the following.

Main Theorem (Existence and Stability). There exist € > 0 and C' > 0
such that, if
TV(g'() <e, (10)

then there exists a pair of functions
U € BVjoo(R2), o€ BV(Ry),

with x = [ o(t)dt € Lip(R4) such that
(i) U is a global entropy solution of problem (1), or (6), and (8)—(9) in
2 with
TV{U(z,") : (—00,g(2)]} < CTV(J'(-)) forevery z € Ry, (11)

(u,v) -n|y—g(z) =0 in the trace sense; (12)
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(ii) The curve y = x(z) is a strong shock-front with x(z) < g(z) for any
x>0 and

Uly<x(zy =U-, VU2 4+ 02| (x(z)<y<g(z)} < U-, (13)

that is, y = x(«) is the strong shock next to the constant state U_;
(iii) There exist constants p., and o such that

Jim sup{[p(z,y) —peo| : x(2) <y < g(x)} =0,

lim |o(z) — 00| =0,

r—00

and
lll)n;o sup{| arctan (v(z, y)/u(z,y)) —wse| = x(z) <y < g(x)} =0,

where wo, = ILm arctan(g’(z+)).

This theo?err?o indicates that the strong shock-front emanating from the
wedge vertex is nonlinearly stable in structure, although there may be many
weak waves and vortex sheets between the wedge boundary and the strong
shock-front, under the BV perturbation of the wedge boundary so long as
the wedge vertex angle is less than the critical angle. This asserts that any
supersonic shock for the wedge problem is nonlinearly stable.

In order to establish this theorem, we develop a modified Glimm scheme
and identify a Glimm-type functional by incorporating the curved wedge
boundary and the strong shock-front naturally and by tracing the interac-
tions not only between the wedge boundary and weak waves but also the
interaction between the strong shock-front and weak waves. Some detailed
interaction estimates are carefully made to ensure that the Glimm-type
functional monotonically decreases in the flow direction. In particular, one
of the essential estimates is on the strengths of the reflected 4-waves for (1),
or 3-waves for (6), in the interaction between the strong shock-front and
weak waves; and the second essential estimate is the interaction estimate
between the wedge boundary and weak waves. Another essential estimate is
on tracing the approximate strong shocks in order to establish the nonlinear
stability and asymptotic behavior of the strong shock-front emanating from
the wedge vertex under the wedge perturbation.

We remark that, in Lien-Liu [17], the nonlinear stability of a self-similar
three-dimensional gas flow past an infinite cone with small vertex angle was
established upon the perturbation of the obstacle. It would be interesting
to combine the analysis in this paper with the argument in [17] to study
the nonlinear stability of a self-similar three-dimensional gas flow past an
infinite cone with arbitrary vertex angle. We also remark in passing that
condition (10) can be relaxed by combining the analysis in this paper with
the argument in [24,25].

In this paper we first focus on the isentropic Euler flows in Sections 2-5
and then we extend to the adiabatic (full) Euler flows in Section 6.
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In Section 2, we study the lateral Riemann problem and the classical
Riemann problem, and analyze the properties of the Riemann solutions to
the isentropic Euler equations (6), which are essential for the interaction
estimates among the nonlinear waves and the wedge boundary in Section 3
and for the existence and behavior of entropy solutions of the wedge problem
in Sections 4-5. In Section 3, we make estimates on the wave interactions
and reflections on the wedge and the strong shock, respectively. In Section
4, we develop a modified Glimm scheme to construct approximate solutions
and establish necessary estimates for them in the approximate domains. In
Section 5, we establish the convergence of approximate solutions to a global
entropy solution and prove the nonlinear stability and asymptotic behavior
of the strong shock-front emanating from the wedge vertex under the wedge
perturbation. In Section 6, we extend the analysis and approach to establish
the existence and behavior of two-dimensional steady supersonic flows past
the Lipschitz wedges for the adiabatic Euler equations.

2. Riemann Problems and Riemann Solutions

In this section, we study the lateral Riemann problem and the classical
Riemann problem, and analyze the properties of the Riemann solutions
to the isentropic Euler equations (6), which are essential not only for the
interaction estimates among the nonlinear waves and the wedge boundary
but also for the existence and behavior of solutions for the wedge problem
in Sections 3-5.

2.1. Euler Equations
The Euler system can be written in the following conservation form:
W), +HU), =0, (14)
where
U = (u,v,p), W(U) = (pu, pu® + p, puv), H(U) = (pv, puv, pv* + p).
For a smooth solution U(z,y), system (14) is equivalent to
VoW (U)U, +VyH(U)U, = 0. (15)
Then the eigenvalues of (14) are the roots of the third order polynomial:
det(A\WWyW (U) — Vg H(U)), (16)
and are thus the solutions of the cubic equation:

(v =A) ((v—2Au)?—c*(1+A?) =0,
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where ¢ = /p/(p) is the sonic speed. If the flow is supersonic (i.e., u?+v? >
c?), then we have three eigenvalues A, j=1,2,3:
_NE v 3 _ 2
)\QZU/U7 )\j:UU‘F( ) VU Hv c7 Jj=13, (17>

u? — 2

which implies that the system is always hyperbolic in the flow. When u # 0,
the corresponding eigenvectors are

ro = (1,v/u,0)7, r; = k(=N 1, p(Nu—v)/)T, j=1,3, (18)

where x; are chosen so that r; - VA; = 1 because of genuine nonlinearity
of the jt"-characteristic fields, j = 1,3. Note that the second characteristic
field is always linearly degenerate: ro - Vg = 0.

Definition 1 (Entropy Solutions). A function U = U(z,y) € BVu.(12)
is called an entropy solution of problem (6) and (8)—(9) provided that
(i) U is a weak solution of (6) and satisfies

(u,v) - mly—gz) =0 in the trace sense;
ii) U satisfies the following entropy inequality:
g Y y

(w(E +p(p))), + (W(E+p(p)), <0 (19)

in the sense of distributions in {2 including the boundary.

2.2. Basic Properties of Nonlinear Waves

In this subsection, we analyze some basic properties of nonlinear waves,
especially the global behavior of shock curves and rarefaction wave curves
in the phase space.

We first seek the self-similar solution to (6):

(u,v,p)(x,y) = (U(f),v(f),p(f)), § :y/x,

which connects to a state Uy = (ug, vg, po). Then we have

det (EVyW(U) - VyH(U)) =0. (20)
Hence
_1\ i ViZ+ i —2
E=X=v/u, or §:)\j:uv+( 1 26 ut c7 ji=13.

u? — c2

(21)
Plugging £ = A\g into (20), we obtain
dp =0, vdu—udv=0.

Then the contact discontinuity curve C2(Up) in the phase space is:

Ca(Uo) : p=po, w=uv/u=m1v9/up, (22)
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which describes compressible vortex sheets.
Plugging £ = A; into (20), we get the j‘"-rarefaction wave curve R;(Up)
in the phase space through Uy:

R;j(Up): du=—X\jdv, p(Aju—v)dv=dp, ji=1,3. (23)

We now compute % along R;(Up), j = 1,3. Since (v—=&u)? = c*(1+&?)
along R;(Uy), we differentiate the equation to have

dX;
2\ — )\ i AR AN -
(c Aj +u(v )\]u)) (1+X3) ( +c ) < 0.

Noting that ¢?\; + u(v — A\ju) = (—1)#0\/112 + v2 — ¢2, we conclude

dX\q dMy
Tp|R1(U0) <0, Tp|R3(Uo) > 0. (24)

Now we consider discontinuous solutions so that (6) is satisfied in the
distributional sense, which implies that the following Rankine-Hugoniot con-
ditions hold along the discontinuity with speed o, which connects to a state
Uo = (uo,vo, po):

olpu] = [pvl, (25)
alpu® + p] = [puv], (26)
olpuv] = [pv* +p], (27)

where the jump symbol [-] stands for the value of the quantity of the front
state minus that of the back state. This can be rewritten as

—op P Vo — OUg [u]
p(ve — oug) 0 —0c3 [v] | =0 (28)
0 pvo —oug) & (/]
with 2 = £ 2. Then we have
pa [p]
i+l
AT T o e R
o =09 =0 uy, 0=0;:= uovo + (—1) 22 CO_QUO U CO, j=1,3.
Up — o

(29)

Plugging o5 into (28), we get the same Co(Up) as defined in (22). Plug-

ging o; into (28), we obtain the j*-shock curve S;(Up) in the phase space
through Up:

Sj(Uo) : [u] = —alv], pol(ojug — vo)[v] = [p], J=13. (30)

It is straightforward to see that the shock curve S;(Up) contacts with
R;(Uy) at Uy up to second-order and, along S;(Uy),j = 1,3,

d0'1 dO’g
Tp|31(Uo) <0, (Tp|ss(Uo) > 0. (31)
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Lemma 1. If U is a piecewise smooth solution, then, on the shock wave, the
entropy inequality (19) in Definition 2.1 is equivalent to any of the following:

(i) The physical entropy condition: the density increases across the shock
in the flow direction:

P front < Pback; (32)
(ii) The Lax entropy condition: on the j"-shock with the shock speed o :

Aj(back) < o; < Aj(front), ji=1,3, (33)
o1 < Aa(back), A2(front) < os. (34)

Proof. Since the system is Galilean invariant, we may assume that the back
state of the shock is Uy = (u4,0, py) with uy > 0.

We first show the equivalence between (19) and (32). Along the discon-
tinuity with speed o and back state Uy, (19) is equivalent to

olu(E +p)] = [v(E + p)]. (35)
Plugging (25) into (35) and using vy = 0, we have
P (= 1)+ WP %) 2> p T (v = 1)+ d 2 (36)
Using (25) and (26), we have

u=u+—m. (37)
P+ U+

Using (25) and (27), we get
P =Pt = OpLUL. (38)
Combining (25) with (38) yields

2 (U= pius)(p—p4) (39)
pp+u+

Then plugging (37) and (39) into (36) yields that (19) is equivalent to

H(p) :=2v(ppy —p1p) = (v = D(p —p1)(p + p1) 20,
with H(p4) = 0, which implies p < p4 that is (32).

Now we show the equivalence between (32) and (33)—(34).

Case (32)= (33)—(34): We now prove the 1l-shock with the physical
entropy condition satisfies the Lax entropy condition; the 3-shock can be
proved in the same way. )

First, since A\ (Uy) = —=%— and 01 = ——=—, then o1 < \(U,) is

W) = e and on = g then o1 < allly)

direct, and A1 (U;) < o7 is equivalent to the inequality:

cy/\Jud =t >/ Jud — . (40)
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Since the function f(x) = ——=£— is strictly increasing in z € [0,uy)

inequality (40) holds if and only if ¢} > @, which is equivalent to

! pP—P— — D+ P—
plpy) > ———F="—p(Opy +(1—0)p_ 41
(p) > L2228 L, 1 (1 0)p.) (a)
for some 0 € (0,1), where U_ = (u_,v_, p_) is the front state of the 1-shock.
By the entropy condition, p_ < p, so that 0p; + (1 —60)p_ < p1. Then
the convexity of p(p) implies p’'(0p+ + (1 —0)p_) < p'(p+). Then inequality
(41) follows.

Second, set w_ = arctan(v_/u_) and
c_ c_
Wmae = arctan(—————=), @nq = arctan(—————).
u? o2 —c u? +o2 -

A direct calculation shows that o1 < \M{(U~) € wne < Oma & - <
c_, while c_ < ¢_ is equivalent to

/ P+ P+ —P- P+
plp-) <————="p(Op+ + (1 = 0)p-
o) < = = p P P+ )
for some 6 € (0, 1), which is a corollary of the convexity of p(p) and p4 > p_.
Case (33)—(34)= (32): We prove by contradiction. Instead, if p4 < p_,
similarly to the previous case, we find that A\ (UL) < o1 is equivalent to
Cq > 5+7 i.e.,

/ P—DP——P+ _ P—
ppy) > ————=—p'(Ops + (1 - 0)p-
(o) > o, = o P Opr + (1= 0)p)

for some 0 € (0,1), which is impossible since p”’(p) > 0 and p4 < p_.

In view of (29) and (32), for a shock wave, u3 + v > ¢ > c2, which
indicates that the front state of a shock must be supersonic. Choosing a

coordinate system so that ug > 0 and vy = 0, then we have £ = ¢; =

(—1)* & //u2 — . Thus, 1-shocks and 3-shocks must be as shown in
Fig. 2.

S S
U, 0 UO

Fig. 2. Shock waves in the physical plane
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Fig. 3. Shock polar and critical angle

Define the angle of the flow direction:
w = arctan(v/u).

Then the shock curves S;(Up),j = 1,3, in the (w, p)-plane and (u, v)-plane
form shock polars, respectively, as shown in Fig. 3. In general,

Werit = sup{|w(u,v)—w(u0,v0)| : (U,U,P) € S(UO)v Ci < U2+'U2 < ’LL%-FU%}’

where S(Up) = S1(Up)US3(Up) is the shock polar associated with Uy, similar
to that shown above, and ¢, > 0 is a constant such that u? + v? > ¢?(p) is
equivalent to u? +v? > ¢2 on S(Up).

2.3. Lateral Riemann Problem

The simplest case of problem (6) and (8)—(9) is ¢ = 0. It has been
shown in [8] that, if ¢ = 0, then problem (6) admits an entropy solution
that consists of the constant states U_ and U, with Uy = (u,0,p4)
and uy > ¢y > 0 in the subdomain of {2, separated by a straight shock-
front emanating from the vertex. That is to say that the state ahead of the
shock-front is U_, while the state behind the shock-front is Uy (see Fig. 4).
When the angle between the flow direction of the front state and the wedge
boundary at a boundary vertex is larger than 7, then an entropy solution
contains a rarefaction wave that separates the front state from the back
state (see Fig. 5 for the difference).

2.4. Riemann Problem Involving Only Weak Waves

Consider the Riemann problem for (14):

_ _ Uaa Y > Yo,
U|I:z0 n Q o {Ubv Yy < Yo, (42)

where U, and U, are constant states which are regarded as the above state
and below state with respect to the line y = yo, respectively.
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shock

Fig. 4. Unperturbed case when g =0
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1111111111 /,4//7//, o
- = 74

Rarefaction wave

Fig. 5. Lateral Riemann solutions

Following Lax [14], we can parameterize any physically admissible wave
curve in a neighborhood of a constant state Uy, O- (U4 ), by a; — D (a;; Up),
with @ € C2, @j]a,—0 = Us, and 522 |, = 1;(Us). Set

D(ag, g, a1; Up) := ®3(az; Po(an; @1 (an; Up))).

Here and in what follows, we denote O, (W) is a universal ball with radius
Me > 0 and center W, where M > 0 is a universal constant depending only
on the parameters in the system and possibly on the boundary function
g(x) starting from Section 4.2, which may be different at each occurrence.
Then we have

Lemma 2. There exits € > 0 such that, for any states Uy, Uy € O (Uy),
the Riemann problem (42) admits a unique admissible solution consisting of
three elementary waves. In addition, state U, can be represented by

Us = ®(a3, a2, 1; Up)
with ®|a, —as=az=0 = Up and $%|a, —ar=az=0 = ri(Up),i = 1,2,3.

Furthermore, we find that the renormalization factors «;(U),j = 1,3,
in (18) are positive in a neighborhood O.(Up) of any state Uy = (ug, 0, po)
with ug > 0.

Lemma 3. At any state Uy = (uo, 0, po) with ug > 0,
k1(Uo) = k3(Up) > 0,
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which implies k;(U) > 0 for any U € O (Uy) since k;(U) are continuous
for j=1,3.

At state Uy = (uo, 0, po), it is straightforward to see that
Voo - (—A10: 1, potiorio/cg) = Vuso - (—Aso, 1, poroAso/c) > 0.

Therefore, we have k1(Up) = k3(Up) > 0.

2.5. Riemann Problem Involving a Strong 1-Shock

For simplicity, we use the notation {Uy,U,} = (a1, a9, as3) to denote
that U, = &(as, ag, a1; Up) throughout the paper. For any U € S1(U_), we
also use {U_,U} = (0,0,0) to denote the 1-shock that connects U_ and U
with speed o. Then we have

Lemma 4. Let {U_,Uy} = (00,0,0) with Uy = (u4,0,p4), p+ > p—, and
~v > 1. Then
oo <0, uy <u— < (1+1/7)uy.

Proof. From the Rankine-Hugoniot conditions (25)—(27), we have
oo(p-u— — pyuq) = p_v_, (43)
oo(p-u? — pyul +p- —py)=p_v_u_, (44)

which implies o9 = —¢o/y/u?t — 3 < 0. Substituting (43) into (44), we
have py —p_ = pyuy(u_ —uy). By the entropy condition: py > p_, which
implies p4 > p_. Then we have u_ > u,. Furthermore, since p_ > 0, we
have py > pyuq(u— — uy), which implies

P+t /Y > pyug (u- —uy).
Using u4 > ¢4, we have uy /v > u_ —uy and thus u— < (14 1/9)uy.

Moreover, it is direct to conclude

Lemma 5. There exists a neighborhood O.(Uy) of Uy such that the shock
polar S1(U-) N O (Uy) can be parameterized by the shock speed o as

o — G(o)
with G € C? near ag and G(0g) = Us..

The following lemma is essential to estimate the strengths of reflected
weak waves in the interaction between the strong 1-shock and weak waves
(see the proofs for Propositions 1-4).

Lemma 6. Set A=VyH(Uy) —ooVuW(Uy). Then
det A <0, det(Arz, Ary, Ary)|y—y, <0, det(Arz, Ary, AG,(00))|lv=v, <0.
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Proof. A direct calculation shows that
—00P+ P+ —0oU4
A= | “200psus  pyuy —oo(ui+c3) |,
0 —00pp+U+ ci
and
r2(Us) = (1,0,0)7, ri(Us) = £ (Us)(=Ajes L prug Ny /)T, G = 1,3,

Then we have

Ary(Uy) = —o0py(1,2u,0) 7,
ki (U)p+ (Nj+ — UO)(
Aj+

Arj(U+) = 17u+?u+)‘j+)—r7 .7 =13,

and
pP_U_
0o

(1L,u_,oou_)".

AGo(00) =W (U4) —W(U-) = —

Using Lemma 4, we can directly identify the signs of the following de-
terminants:

det A = ooptuy (N1} — 09)(u} — ) <0,

(k3(Uy))?00p3 uf (

det(Ars, Arg, Arv)|u=v, = N
+A34

and

det(Ars, Ary, AGs(00))|u=u,

k3(Uyp)p_v_p2u
= 3(Us)p-v-py (N34 — 00) (2uy — u_) A3y — oou_) < 0.

A3+

3. Estimates on wave interactions and reflections

We now make estimates on wave interactions and reflections on the
wedge and the strong 1-shock, respectively.

Az —00)(00 — A4 ) (A1 — Az4) <0,
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3.1. Estimates on Weak Wave Interactions

We first estimate the interactions among weak waves. We will use the
following elementary identities, whose proofs are straightforward.

Lemma 7. (i) If f € C1(R), then, for any x € R,

f(@) — f(0) =2 /O fuolra)dr (45)

(ii) If f € C*(R?), then, for any (x,y) € R?,

F(@,y) — F(@,0) — £(0.) + £(0,0) = ay /0 /0 fuoy(rz, sy)drds.  (46)

Proposition 1. Suppose that Uy, U,,, and U, are three states in a small
neighborhood O, (Uy) with

{Ub7 Um} = (G{l,OéQ,Oé?,), {Um7 Ua} = (ﬁlaﬁ?aﬁi’))a {Uba Ua} = (’71772773)-

Then
v = a; + B + O(1)A(a, B), (47)

where Ao, B) = |as|[Bi] + |oa||B1] + [es|[Be] + 22,21 5 £j(a, B) with

o, a; >0 and 8; >0,
Ajle, B) = { | [1351, OZherwz'se. ’
- Ua Bz | |
| \ Ua ‘
\ 52 ! |
| ! |
: ﬁ] : Y3 :
‘ V2o
 Um oz | |
‘ | 71
2 ?
‘ ar | U, |

Fig. 6. Weak wave interactions
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Proof. First, Lemma 6 yields

0P (3,772,713 Up)
8(’73,727’71)

1
)‘71:”/2:“/:3:0 = —— det(Ar;, AI‘Q,AI‘1)|U:U+ > 0.

det( det A

Then, by the implicit function theorem, there exists (73,72, v1) as a C2—function
of (B1, B2, B3, a3, a2, a1; Uy) so that

D(B3, B2, B1; Pz, a2, 13 Up)) = D3, 72,715 Us).

We omit U, now for simplicity and will only compute 3 here since the
estimates for «; and 7, can be carried out in the same way. We can rewrite

v = Iy + I3 + I3 + Iy,

where

Iy = v3(B3, B2, B, a3, a2, 1) — v5 (B3, B2, 51,0, az, oy
—75(Bs, Ba, 0, a3, aa, 1) + Y3(B3, 32, 0,0, az, 1),

Iy = v5(Bs, B2, £1,0, a2, a3) — v5(B3, B2, 1, 0,0, 1)
—73(83, 82,0,0, a2, a1) + v3(B3, 42,0, 0,0, 1),

I3 = 75(B3, B2, 0, a3, a2, 1) — v3(B3, B2, 0,0, vz, 1)
—74(83,0,0, a3, 2, 1) + 73(03,0,0,0, a2, 1),

I = 75(Bs, B2, $1,0,0, 1) + 75 (83, 0,0, a3, a2, cvq)
+73(83, 32,0,0, a2, 1) — v3(B33, £2,0,0,0, 1)
—7v3(03,0,0,0, o, vy).

Note here we add the super-scriptions a, b, ¢, and d just to trace the terms.
From (46), we have

L =0@1)|bulles], T2 =O0)|billez], I3 = O(1)[B2]|cs].

Now we estimate Iy. First we have We rely on the implicit function
theorem to obtain the uniqueness of the solution in a small neighborhood of
Uy, O:(Uy), to get the following facts, which make the above decomposition
possible:

73(/637527617 Oa O; 0) = 73(637627 Oa 07070) = 537
’)/3(07070,013,@2,061) = ()[3,73(0,0,0,0,0[2,0&1) - 0,

73(ﬁ3752707070aa1) = ’73(53,0,0,070427011) = ﬂ?)'

The implicit function theorem also implies y3(03, 82, 0,0, ag, a;) = B3. There-
fore,

Iy = B3+ az + O(1)(|as||Bi] + |as]|Bs])-

Summing up Iy, I, I3, and Iy, we get (47).
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3.2. Estimates on the Weak Wave Reflections on the Boundary (see Fig. 7)

Denote {Ci(ax,br)}7>, the points {(ax,br)}7>, in the zy-plane with
ap+1 > ax > 0. Set

bri1 — b

Wk, k+1 = arctan ( ) y Wk = Wkl — Wk—-1,k, wW-1,0 =0,

Q41 — Ak
Qpp ={(z,y) : © € lak,ar41), y < b + (x — ag) tan(wy k1)), (48)
I = {(z,y) : € [ar,aps1), y = b + (x — ap) tan(wi k1) },

and the outer normal vector to [:

= (bryr = br,akg1 —ag)
Ngy1 = 5 5
vV (brg1 — bi)2 + (ag41 — ax)

= (—sin(wg k+1), cos(Wk k+1))-

(49)

Qk+1

Fig. 7. Weak wave reflections on the boundary

Then we consider the initial-boundary value problem:

(14) in Qk+1,
U|w:ak = Qv
(u,v) -ngy1 =0o0n [kiq,

where U is a constant state.
Proposition 2. Let {Uy, Uy, } = (a3, a2,0) and {U,,, U} = (0,0, 51) with
(uk, vi) - ng = 0.
Then there exists U1 such that
{Up,Uk41} =(0,0,61) with (ugt1,Vk+1) - D1 = 0.
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Furthermore,
01 = B1 + Kyzaz + Ky + Kyow,

where Kp3, Kp2, and Kyy are C?—functions of (as, ag, B1,wi; Up) satisfying
that

Kzl {wp=as=as=p1=0,0,=U4} = 1, Ki2|{w,=as=as=8,=0,U,=U.} = 0,
and Ky is bounded.

Proof. Since

0
3751@(07 0,01;Up) - (nk+1>0))|{51:0,U,,:U+,wk,k+1:0} (50)
=1 (Us) (=M1, 1, p+u+>‘1+/02+) -(0,1,0) >0,

we know from the implicit function theorem that §; can be solved as a
C?—function of (a3, g, f1,wk—1.k, wk; Up) such that

Sp(oa 07 ﬂh QS(OQ, g, 07 Ub)) . (nka 0) = Q(Oa 07 517 Ub) : (nk+17 O) (51)

Since wy_1, and Uy are constant, we will also omit Uy and wy_1 1, and write
01 = 61 (wg, a2, ag, B1) for simplicity. Again, from (45), we can obtain

01 (wg, 2, a3, B1) = 61(wk, oz, a3, B1) — 61(0, a2, a3, B1)
+61(0, az, as, 1) — 61(0,0, as, B1)
+61(0,0,a3,81) — 61(0,0,0, 31) + 61(0,0,0, 51)
= Kyowi + Kpzaz + Kpzaz + (1.

Differentiating (51) with respect to a3 and aq, respectively, and letting
wr = ag = ag = 1 =0 and U, = Uy yields

04 )
r3(U+):(0,1,0) = 5x1(U3)-(0,1,0), - x2(U4)-(0,1,0) = 551 (U4)-(0, 1,0).

Hence, Kp3|{w,—as—as=p1=0,0p=0,} = 1 and Kpa|{w, —as—as—p,=0,U,=U,} =
0. It is clear that Kpp = gf}i is bounded. This completes the proof.

3.8. Estimate on the Boundary Perturbation of the Strong Shock

Proposition 3. For e > 0, there exists € = () < e so that G(Oz(0y)) C
O.(Uy) and, when |wi| < €, the following equation

G(o) - (ng,0) =0 (52)
admits a unique solution oy, € Og(0g). Moreover, we have
Op41 = 0 + Kpswi, + O(1) w2, (53)

where Kys 1s bounded.
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Proof. We first show that there exists a solution o = o(h) to the following
equation:
G(0) - (—sinh,cosh,0) = 0. (54)

This can be seen as follows: Differentiating the quantity G(o)-(—sin h, cos i, 0)
with respect to o, following the part of the calculations we had in Lemma
6, and denoting by (A};) the cofactor matrix of (a;;), we have

7] .
%(G(U) ’ (_ sin 1, cos h70))|{a:a'0,h:0}
— 1 * * *
= (A7 AG,(00)) - (0,1,0) = m( 125 A32, Asz) - AGo(00)
_ P-V—p+

m ((Uf — 2U/+)C%’, + 0'(2)'1117(03, — Ui)) > O

Hence, by the implicit function theorem, there exists a unique C2—function
o = o(h) with 0(0) = 09, which solves (54) in some neighborhood of (o, h) =
(00,0). Then

o(£2) =05,  j=kk+1,

and, by the Taylor expansion formula, we have the desired estimates (53).

8.4. Estimates on the Interactions Between the Strong Shock and Weak
Waves

Proposition 4. Let U,,,U, € O.(U;) with

{G(G)’ UWL} = (0,0&2,043), {Umv Ua} = (617ﬂ270)'

Then there exists a unique (o',02,03) such that the Riemann problem (42)
with Uy, = U_ admits an admissible solution that consists of a strong 1-shock
of strength o', a contact discontinuity of strength 62, and a weak 3-wave of
strength 03:

{U_, Ua} = (O’l, 52, 53)

Moreover,
03 = a3+ Ke301+0(1)A, 03 = as+ 02+ Keo51+0(1)A, 0" = 0+ K1 51+0(1) A,
(55)
where
|Ks3] < 1, (56)

|Ks2| and |Ks3| are bounded, and A = |as||B1]+ |az||B1] + |as||B2|. Further-
more, we can write the estimates in a more precise fashion:

o' =0+ Ky + O(1)|as||Bz], 92 = ag+ P2 + Kb + O(1)|as|| Bz,
03 = a3 + K361 + O(1)]as|| 2], (57)

where

|K.3) <1, |Ka| + | K| < M for some constant M > 0.  (58)
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%
| Gz |
U, 1 U, 1
\ ()53: :
| 02, 03|

G(o) ! \
\ ! (S |
Ui=U 7 ,2

Ul:Uoc o)

Fig. 8. Interactions between the strong shock and weak waves

Proof. We first show that there exists a unique solution

(0,7 (525 53) = (J/(G7 a2, a37ﬂ15ﬂ2)7 52(07 a2, a3761)ﬂ2)a 63(0-7 a2, a37ﬁ17ﬂ2))

to
@(07 625 61; @(O{g, Qg, 07 G(J))) = 45(533 527 07 G(Ul)) (59)
By Proposition 1, there exists (3, 7v2,v1) such that
¢(O7 ﬂQa 517 Qs(a?)a a2, 07 G(U))) = 43(733 V25,713 G(U)) (60)

with v3 = 1 + O(1)A, 72 = B2 + as + O(1) A, and 73 = az + O(1) A. Thus,
(59) can be reduced to

D(v3,72,713 G(0)) = (83, 02,0, G(a')). (61)

Furthermore, Lemma 6 implies

8@(53, 52, 0, G(JI))
8(03, 09, 0") ) {83=62=0,0'=c0}

1
= — det(AI‘:;(U.;,.),AFQ(U+),AGU(O'Q)) > 0.
det A

det(

Therefore, the implicit function theorem implies that (ds,ds,0’) can be
solved as a C?—function of (y1,72,73,0) uniquely:

03 = 03(73,72,71,0), 02 = 02(73,72,71,0), 0 =0 (V3,72,71,0).
Using identity (45), we find that, for i = 2, 3,

6i - §i(’y37727’7130-) - 5i(’yi7727030—) + 61'(73’727070—) = Ksilyl +’Y’L7
o' =0 (13,72,71,0) — 0 (73,72,0,0) + 0'(73,72,0,0) = Kamn + 0,
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where K41 = fol Dy, 0" (Y3572, A1, 0)dX and K = fol 0105 (73572, A1, 0)dA.

When v3 = 72 = 7 = 0, it is clear that |%|’|%l’ and \g—zﬂ are
bounded. We can further claim the important feature that
063

|5-1<1  wheny3 =7 =7 =0
1

This can be shown by differentiating (61) with respect to v; and let v3 =
v2 = v1 = 0 to obtain

06 o)) oo’
r(Us) = ry(Us) 52 + 1 (Us) 52 +Ga<oo>a—jl.

om (62)

Multiplying both sides by A which is defined in Lemma 6, we have

%‘ _ |d€t(AI‘1(U+),AI‘Q(U+),AGU(O'0))‘
871 det(Arg(U+),APQ(U+),AGU(O'0))
A+ + 00, (2uy —u_)A34 + opu—
e el R
+ Uf))\3+ ooU—

A3y —0g

Combining these with the estimates we had for =1, 79, and 73, we con-
clude the proof.

4. Approximate Solutions

In this section, we develop a modified Glimm difference scheme to con-
struct a family of approximate solutions and establish their necessary esti-
mates for the initial-boundary value problem (1) and (8)—(9) in the corre-
sponding approximate domains {24, .

4.1. A Modified Glimm Scheme

To define the scheme more clearly, we first use the fact that the boundary
is a perturbation of the straight wedge:

suplg’(z)] < e for sufficiently small € > 0.
x>0
For any Ax > 0, set ay := kAz and by, := yr, = g(kAz) in (48) and (49),
and follow the notations in Subsection 3.2 (also see Fig. 7). Then
~Yk—1

m = sup{ L

<e. 63
sup{=—, } (63)

Define

-QAac = U QAx,lm
k>0
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where Qa1 = {(z,y) : (k- 1Az < z < kAz,y < yp—1 + (z — (k —
1)Az) tan(wk—1 k) }. We also need the Courant-Friedrichs-Lewy type condi-
tion: A A
y —mAz
———— < |og| + max( sup [|A;(U)]).
<ol mas( s ()
Define
akpn = (2n+ 14 0,) Ay + yg,

where 6y, is randomly chosen in (—1,1). Then we choose
Prn = (KAZ, ak ), k>0,n=0,-1,-2,...,

to be the mesh points and define the approximate solutions Uagz,¢ in 24,
for any 6 = (6, 61,02, ...) in an inductive way:

For k = 0, we define Uazp in {0 < x < Az} N 24, to be the strong
1-shock solution starting from Uag 6{z=0,y<0} = U-.

Assume that Uag g has been constructed for {0 < z < kAz}. Denoting,
for n < —1,

UIE;) = UAa:,e(kAm_7ak,n) if y e (yk + QnAyayk + (27’L + Q)Ay)a

then we define Ua, g in {kAz < 2 < (k+ 1)Ax} as follows: We first solve
the following lateral Riemann problem in diamond 7}, whose vertices are
((k—Fl)AJZ, Z/k+1)7 ((k—f—l)AJ?, _Ay+yk+1)7 (k‘AZ‘, yk)v and (k’A],‘, _Ay_'_yk):

W(Uk)m -+ H(Uk)y =0 in Tk,o,
Uk|a::kAz = U]?»
(ug,vi) -nE =0 on I,

to obtain the lateral Riemann solution Uy, in T} o as constructed in Section
2.3 and define

Then we solve the following Riemann problem in each diamond 7}, for
n < —1, whose vertices are ((k+1)Ax, (2n—1)Ay+yg+1), (k+1)Az, 2n+
DAY + ygs1), (kAz, (2n — 1) Az + yi), and (kAz, (2n 4+ 1) Ay + yx):

{ W(U}c)m + H(Uk)y =0 in Tk,m
Ugle=kaz = Up,

to obtain the Riemann solution Uy (z,y) in T, as constructed in Sections
2.4-2.5, and define

UAm’g =U in Tk,n, n < -—1.
In this way, we have constructed the approximate solutions Uag g(x,y)

globally provided that we can obtain a uniform bound of the approximate
solutions.
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4.2. Glimm-Type Functional and Its Bounds

In this section, we prove that the approximate solutions can be well
defined in {24, indeed via the steps in Section 4.1 by providing a uniform
bound for them. First, we introduce the following lemma.

Lemma 8. (i) If {Uy, U, } = (o1, o, ag) with Uy, U, € O (U), then
[Up = Ua| < s1(lon| 4 [az| + |as])
with $1 = maxi<;<3 (supUEoE(U” |0, P(r3, 2, a1 U)|> ;
(ii) For any o € Oz(0g) C O (Uy),
|G(0) = G(o0)| < s2]0 — o0
with s3 = MaX,co, (00){Go(0)}-
Next, we show that Uaz¢ can be globally defined. Assume that Ua, g

has been defined in {x < KAz} N2, by the steps in Section 4.1 and assume
that the following conditions are satisfied:

In each 24, ; for 0 < j < k—1, there is a strong 1-shock S.(o(;))
in Uag,p with speed o(;) € Og(00), which divides 24, ; into two
parts: Q+ »; and QAIJ, where QA j is the part bounded by

S(o¢;)) and Iy ={y =g(z,j,Ar)};

Cy(k—1): UAZ,Q\QZM_ € 0:(Uy) and UA“"’“”Z;,; =U_ for0<j<k-1;

Ci(k—1):

k—1 . .
Co(k—1) : {S*(U(j))}qu forms an s.ipprommate 1—9h.aracterlstlc XAz, Y=
X Az,0(z), which emanating from the origin.

Here and in what follows, we use S.(c(;)) to denote the strong 1-shock
with speed o(;). Then we prove that Ua. e can be defined in 24, and
satisfies Cy(k), Ca(k), and Cs(k).

From the construction steps in Section 4.1, we first define Ua, ¢ and
the strong 1-shock S, (o)) in 244,k Then there exists a diamond Ay, k)
such that Si(o(x_1)) enters Ay ) and Si (o)) emanates from the center
of Ay n). We extend xag,0 to 2,1 such that xaz9 = S«(o@®)) in 2azk
and define 2, ; and 2% +,; in the same way as in C1(k—1). Then it suffices
to impose bome CODdlthIlb so that Cy(k — 1) holds and o) € Oz(00).

To achieve this, we establish the bound on the total variation of Ua, g
on a class of space-like curves. Denote by

Pk+1 n 1f9k+1 < 0 P4 n—1 if 0 < Oa
N(9k+1’ ) {Pk+1 n—1 ifOky1 > 0, S(ek’ ) {Pk 1,n if6;, > 0.

Then we introduce



24 GUI-QIANG CHEN, YONGQIAN ZHANG, DIANWEN ZHU

Definition 2. A j—mesh curve J is defined to be an unbounded space-like
curve lying in the strip {(j — 1)Az <z < (j + 1) Az} and consisting of the
segments of the form Py ,_1N(0k+1,7n), Pin-150k,n), S(0k,n)Ps.n, and
N (Ok+1,71) P

This means that we connect the mesh point Py, by two line segments
to the two mesh points Py,_; ,—1 and Py_; , if 0 < 0, or we connect the
mesh point Py, by two line segments to the two mesh points P,_; , and
Py_1n41 if 0 > 0 (see Fig. 9).

N(9k+l ’ 77,)
S0k, n)

Pk,n 1

Fig. 9. Interaction diamond Ag,, and orientation of the segments

Clearly, for any k > 0, each k—mesh curve I divides the plane R? into
I™ part and I~ part, where I~ is the one containing the set {z < 0}. As
in Glimm [10], we also partially order these mesh curves by saying J > I
if every point of the mesh curve J is either on I or contained in I*, and
we call J an immediate successor to I if J > I and every mesh point of J
except one is on 1.

With these mesh curves J, we associate the Glimm-type functional
Fs(J):

Definition 3. We define
F,(J) = C*lo” — oo| + F(J)

with

F(J) = L(J) + KQ(J),

L(J) = KgLo(J) 4+ L1(J) + K35 Ly(J) + K3 Ls(J),

Q(J) = > {lal|B;| : both c; and §; cross J and approach},
and

Lo(J) = Z{|w(0k)| cCre s}, Li(J) = Z{|aj\ o crosses J}, j=1,2,3,

where K and C* will be defined later, while £2; is the set of the corner
points Cy, lying in JT:

2;={Cy € JTNONA, : k >0},
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o’ stands for the speed of the strong shock crossing J, and K¢, K and K3}
are the constants that satisfy the following conditions:

1—|Ks3|K3

K:; > ‘Kbo‘, |Kb2| < K; < ,
|K52|

Kips| < K3 < —
| K3 3K

which can be achieved from our discussions of the properties of Kp; and

K, i=1,2,3, as in Propositions 3.2-3.4 in Section 3.

As indicated in Section 2.4, from now on, we denote M > 0 a universal
constant, depending only the parameters in the system and the boundary
function g(z), which may be different at each occurrence. We now prove the
decreasing property of our functional F,. We first have

Proposition 5. Suppose that the wedge function g(x) satisfies (63), and I
and J are two k—mesh curves such that J is an immediate successor of I.
Suppose that

_U+‘ <g, |UI_UO| <é(€)a

+ +
P Aw,k)

|UA$’0|1n( 2 U
Aw k1

where £(g) is determined in Proposition 3 and Lemma 8. Then there exist
constants € > 0, K > 0, and C* > 1, depending only on the system in (6)
and states U_ and UL, such that, if Fs(I) < &, then

Fy(J) < F(I),
and hence

|UAx,9‘J ot ot —U+|<€, |0"]_0'0| <é(€).
NC2az k—1Y P Ak

Proof. Let A be the diamond that is formed by I and J. We can always
assume that [ = IoU I’ and J = Jy U J’ such that 94 = I' U J’. We divide
our proof into four cases depending on the location of the diamond.

Case 1 (interior weak-weak interaction): A lies in the interior of 2,
and does not touch xaz 0. Then only weak waves enter A. Denote Q(A) =
A(a, 8) defined as in Proposition 1. Then, for some constant M > 0,

L(J)—L(I) < (1+ K5 + K;)MQ(A).
Since L(Iy) < € from Fs(I) < &, we have

Q(J) = Q) = Qo) + Q(71, Lo) + Q(v2, lo) + Q(73, Io)
—(Q(Ip) + Q(A) + Q(a1, L) + Q(a2, Ip) + Q(as, Ip)
+Q(B1, o) + Q(B2, lo) + Q(B3, In))

< QMQ(4), Io) = Q(A) = (ML(Io) - 1)Q(4) = —5Q(A).

Hence, by choosing suitably large K, we obtain

FJ) = F(I) < (14 K3 + K5)M ~ K/2) Q(4) < —Q(A).
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Fig. 10. Case 2: near the boundary

Case 2 (near the boundary): A touches the approximate boundary 02,
and is away from the strong shock xagz . Then 2; = 2;\{C}} for certain
kand of =o”.

Let d; be the weak 1-wave going out of A through J', and let (1, ao,

and ag be the weak waves entering /A through I’, as shown in Fig. 10. Then
Lo(J) = Lo(I) = —|wl,
L)) = Lo(D) = > |el—(azl+ Y |el)=—lol,

~2 crosses Ip 2 crosses Ip
Ls(J)—Ls(D) = Y |sl—=(asl+ > |al)=—lesl,
~3 crosses Ip 73 crosses Ip
L) =L@ =&+ > =08+ D> |nb
~1 crosses Ip 1 crosses Ip

= [61] = |B1] < [Kpsllas| + |[Kp2llaz| + [Kpol|wkl,
where the last step is from Proposition 2. Thus,
L(J) = L(I) < (IKpo| — Kg)|wr| + (| Kp2| = K3)|az| + ([Kp3| — K3)|as].

From our requirement in Definition 3, we find L(J) — L(I) < 0. Since
Fs(I) < ¢ implies L(I) < £, the higher order term @Q(I) can always be
bounded by the linear term L(I). Then we can easily conclude that F(J) <
F(I).

Case 3 (near the wedge vertex): A covers a part of 024,, and S, (0 1—1))
emanates from {Cj_1} and enters A. Then, from our construction, we find
25 = 2/\{Ci}, S.(o(x)) emanates from {Cj} and crosses J, o/ = o(;_1),
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and o’/ = o(k)- Moreover, there is no weak wave crossing I’ or J'. Then we
have

F(J) = F(I) < =Kg|wg|-
Since
07 — 00| = |o" — 0| < |07 — '] < [Kps||wi| + Mwy[,
we can further choose C* suitably small and 7 > 0 such that

Fo(J) = F(I) < C*o” —o!|+ F(J) - F(I) < —7|wg|.

Case 4 (near the strong 1-shock): A lies in the interior of {24,, and the
strong 1-shock S.(o(x—1)) enters A. Then S, (o)) is generated from the
inside of A, ¢! = O(k-1), and 07 = o).

Fig. 11. Case 4: near the strong 1-shock

Let 43 and 5 be the weak waves going out of A through J’, and let
as, a9, f1, and (2 be the weak waves entering A through I’, as shown in
Fig. 11. Then

L) =Li)= Y  Inl=&l+ > mh=-lal

71 crosses Ig ~1 crosses Ip

Lo(]) = La(D) = (16| + >~ D) = (asl + 181+ Y el

2 crosses Ig ~2 crosses Ig

< [Ksol|Br| + Mlas]| 5],
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Ly(J) = La(D) = (163 + > |l = (las|+ > |
73 crosses Ig 73 crosses Ig

< [Ksl|Br] + Mlas]|5z],

where we have used the estimates in Proposition 4.
This case is more complicated, which requires a careful calculation of
Q(J) — Q(I). For simplicity, for any weak wave ~, we denote

Q(v.Io) = 7> {lvl : 75 and  approach}.

Then

Q(J) — Q) = QL) + Q(03, lo) + Q(d2, Io) — (Q(Lo) + |B1l|ca| + |eus|| 1]
+las||Ba| + Q(az, Io) + Q(as, Io) + Q(S1, Io) + Q(B2, In))
< = (|B1l]az| + |as||B1] + |as||B2]) + <|I/(Z’>| + | Koo — 1) Qb1 1o)

+Q(Mlas||52], To)
< (=1+ ML(Io)) |as||B2| + (=laz| — |as| + M L(1o)) |51].

Again, since L(Iy) < € sufficiently small, then

1
Q(J) = QU) = —5las||Bz] + ML(Lo)|Br]-
Therefore, we have
F(J) = F(I) < (=1 + K3 |Koo| + K| Kal) [51] + M|as]| B2

K (—;agnﬁz n ML(Io)I51>

A

1 1
< =18l + ML(L)IP1] = glas||Be]

<~ 503 + lasl ),

where we have chosen suitably large K and used the fact that L(Ip) < &.
Furthermore, since |07 —o!| < |K41||81] + M|as||B2|, we can further choose
C* suitably small such that

1 1
Fy(J) = F(I) £ C*o” = o'| + F(J) = F(I) < — 101 = 7glasllPal-
Again, we have F(J) < F(I).
Then, from Lemma 4.1, there exists € > 0 such that, when F(I) < €, we

have |U — U4| < e.

Let I be the k—mesh curve lying in {(j — 1)Az < z < jAz}. From
Proposition 5, we obtain the following theorem for any k > 1.
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Theorem 1. Suppose that the function g(x) satisfies (63). Let €,€,é(e), K,
and C* be the constants specified in Proposition 5. If the induction hypothe-
ses Cy(k —1),Cq(k — 1), and Cs(k — 1) hold and if Fs(I—1) <&, then

|UA£E,9| : _U+| <g, UAm,B‘ _ :va |0-k:_0-0‘ <é(€)7
ok o

z,k Az,k

and
Fo(Ix) < Fs(Ig—1)- (64)
Moreover, we obtain

Theorem 2. There exists € > 0 such that, if TV (¢'(})) < €, then, for any
0 € [Taeo(—1,1) and every Az > 0, the modified Glimm scheme defines a
family of global approzimate solutions Uay 9 and the corresponding family of
approzimate strong 1-shocks X ag,9 i 2aq,9 which satisfy C1(k—1), Co(k—
1),C5(k — 1), and (64) for any k > 1. In addition,

TV{Uazo(kAz—,-) : (=00, yx]} <CTV(g'())
for any k >0 and
IXaz,0(x +h) = xaz,0()] < (Joo] + M)[h| + 24z
for any x > 0 and h > 0, where the constant C' depends only on the bound
M, K,C*, and K}, 1=0,2,3.
4.3. Estimates on the Approximate Shock-Fronts
We use the notations and estimates in the previous section and define
0Az,0(T) = o) ite € (kAx, (k+ 1)Axz].
From Proposition 4, we have

Lemma 9. There exists a constant M, independent of Ax,0, and Uagp,
such that

e
TV{O'A:E,G : [07 OO)} = Z ‘a(kJrl) - a(k)| S M.
k=0

Proof. For any k > 1 and any interaction diamond A C {(k—1)Az <z <
(k4 1)Ax}, define

0 for Case 1,
) |wk| + |aa] + |as]| for Case 2,
Bacs(4) = || for Case 3,

|61] for Case 4;
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and
Q(A)  for Case 1,
0 for Case 2,
Qazo(4) = lw|?  for Case 3,
|as]| 32| for Case 4.
Then ) .
> Baco(d) < 3 S(FU) = F(J)) < S F(0) = M,
A A
and

D Quare(A) <M,
A

where ¢’ = sup, max{K§ — |Kyol|, K5 — | Kpal|, K5 — |Kps|, K¢, Ks2, Ks3}.
From Proposition 4, we know that, for some M > 0,

Z o (k1) — oy| < Z(f(;EAm,e(/l) + MQasg) < (Ko +1)M < M,
k=0 )

where K, is the constant in (57).

5. Global Entropy Solutions

In this section we establish the convergence of approximate solutions to
a global entropy solution and show the nonlinear stability and asymptotic
behavior of the strong shock emanating from the wedge vertex under the
BV wedge perturbation.

5.1. Convergence of Approximate Solutions

Following the above discussions, we can extend Ua, by the constant
Ui, continuously across the approximate shock-front to the whole strip
{kAx <z < (k+ 1)Az} for each k < 0.

Let the line x = a > 0 intersects 0Qn, = U{Cx_1Ck, k > 1} at the
point (a,p2®). Similar to [29], by Theorem 2, we can prove

Lemma 10. For any h > 0 and x > 0, there exists a constant M > 0
independent of Ax,0, and h such that

0
/ Uneo(@ + hyy + 254) — Unao(,y + p2%)|dy < M]h|.
—oo

Denote
o0 0
70, 82.0) =Y [ 6kAy+ 1) Wrarra — Vraoa)dy
k=1Y —°

for ¢ € C§°(R?;R3). Following the steps in [10], we have
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Lemma 11. There exists a null set N C II°(—1,1) and a subsequence
{Az;}52, C {Ax}, which tends to 0, such that

J(8, Azj, ¢) — 0 when Az; — 0
for any 0 € II22 ,(—1,1)\N and ¢ € C5°(R?; R3).

To establish the main theorem, we need to estimate the jumps of the
approximate strong shock-fronts. Let

o)A — (yk —yk—1) + Ay
— v .

Then, by the choice of Az and {y;} and by Lemma 4, we find that dj, € (0, 1)
which depends only on {6;}F~". Thus, we define

dy,

[z/Az]

I(z,Az,0) = > Iy(Ax,0),
k=1

where I}, (Ax,0) = 1(_1 q,)(0r)(dr—1) Ay+1(q4, 1)(0x)(drp+1) Ay, 14 denotes
the characteristic function of the set A, and [x/Az] denotes the largest
integer less than or equal to 2:/Ax. Notice that It (Ax,0) is the jump of the
function y = xag,0(x) at = kAz and is a measurable function of (Az,9),
which depends only on Uag gl{o<z<iaz} and {6;}F,.

Lemma 12. (i) For any « > 0, Az > 0, and 6 € II}2 ,(—1,1), we have

Xazo(x) =I(z, Az, 0) —|—/ O Az,0(s)ds;
0

(ii) There exist a null set N1 and a subsequence {A;}72) C {Ax;}32, such
that

/ e |I(x, Ay, 0)2de — 0 when A; — 0
0
for any 6 € II2 (—1,1)\ V.

Proof. Part (i) can be obtained by a direct calculation. We will focus only
on part (ii). As in [10], let d6 = II° ,(dfy/2). Then, for any [ > j, we have

/IledQ = /Hf;lldéi(fj/fldﬁl) =0.

Therefore, we can deduce

[z/Az]
A
/|I(x,Am,0)|2d9: 3 /\Ik(Am,H)PdG < a2 Paae.
k=1

Then, by choosing a subsequence {4;}72, C {Az;}52, with 3720 A; < oo
as in Lemma 11, we arrive at (ii).
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By Theorem 2 and Lemmas 9 and 10-11, we have

Theorem 3 (Existence and Stability). There exist ¢ > 0 and C > 0
such that, if (10) holds, then, for each 0 € (II2,(—1,1))\(N U Ny), there
exist a subsequence {A;}7°, of mesh sizes with Ay — 0 as | — oo and a
pair of functions Uy € L (£2;0.(U,)) and xo € Lip([0, 00)) with x(0) =0
such that

(i) Ua, o(z,-) converges to Ug(x, ) in L*(—o0, g(z)) for every z > 0, and
Uy is a global entropy solution of problem (6) and (8)—(9) in 2 and satisfies
(11)-(12);

(ii) xa,,0 converges to xg uniformly in any bounded x-interval;

(iii) 0,9 converges to og € BV (]0,00)) a.e. with |og — 0| < € < € and

xo(@) = / " oa(t)dt.

In addition, if 0 is equidistributed, then xg(x) < g(x) for any x > 0 with
(13) and the Rankine-Hugoniot conditions a.e. along the curve {y = xo(x)}.

The proof of (i) and (ii) and the convergence proof of o4, ¢ in (iii) can
be carried out in the same way as in the standard cases (see [2,10,11,28])
by using the structure of the approximate solutions. In particular, for any
¢ € Cg° (R R),

/_(2 (pAz,OuAa:,OSOx +p4w’9’l)Aw’Q(py)d£Edy
Ag,

:/;ZXQAm,g(prﬁuAmﬁﬁpx+pAz’0’UAm’0§0y)dxdy

weak-star converges, hence the initial condition is satisfied by the trace
theorem for BV functions (cf. [26]). Similarly, the boundary condition can
be shown to be satisfied. The equality in (iii) can be deduced from Lemma
12 and the result on the convergence of {xa,¢} and {oa, 0}

5.2. Asymptotic Behavior of the Strong Shock

As in Theorem 3, let 8 € (112 ,(—1,1))\(N U Ny) be equidistributed,
and let Uy be the solution and xy its shock-front, respectively. By Theorem
3, we conclude that the solution Uy contains at most countable shock-fronts
and countable points of wave interactions; Moreover, we can modify the
solution Uy such that Uy is continuous except the shock curves and the
points of wave interactions (see [9,11,19]). Then we have

Lemma 13. The solution Uy and its strong shock-front xg satisfy

lim TV {arctan (vg(x,)/ug(z,-)) : (xo(z),g(x))} =0

r—00

and

lim TV {pp(x.) = (xole). 9(x))} =0,
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Proof. Let {4;} be the sequence given as in Theorem 3, and let Ea, o(A)
and Qa,,0(A) be the quantities defined in Lemma 9. As in [11], we denote
by dEa,.9 and dQ 4, ¢ the measures assigning to Ea, o(A) and Qa,.9(4) to
the center of A, respectively.

The boundedness of Ex, g(A4) and Q 4, ¢(A) in Lemma 9 implies the com-
pactness of {dEx, ¢} and {dQa, ¢} Then we can select their subsequences
(still denoted by themselves) so that A; — 0 and the limits:

dEAl,g — dEg and dQA“g — ng

exist in the weak-star topology in the measure space, and the limits are
finite on 2. Therefore, for any § > 0, we can choose z5 > 0 independent of
{Ua, 0} and {4A;} such that, for any [ > 0,

Z Eyo(Agn) <9, Z Qxo(Apn) <0.

k>[zs /Al k>[xs /A

Moreover, let X} = (z5,y})(or X3 = (z5,y3)) be the point lying in
the xa,0 (or 024, resp.). Let x% , be the minimum approximate 3-
characteristics in Up, 9 emanating from the point X§7 and XlAl,a the maxi-
mum approximate 1-characteristics in Ux, o emanating from the point Xg.
From the construction of the approximate solutions, we have

|X]'Al,9(x+h)_XjAL,a(x)| SM(|h|+Al>, j:1,37

for some constant M > 0 independent of Az and 0. Then, for 0 € ([T, ,(—1,1))\(NU
N1), we can select a subsequence (still denoted by) {A;}7°, such that

XjAl 0 — Xé uniformly on every bounded interval as A; — 0

for some Xé € Lip with (xg)’ bounded.

Let the characteristics y = xj(z) and y = x4(x) intersect 92 and y =
Xo(z), respectively, at (£3, xo(t3)) and (t}, xo(t})) for some ¢3 and ¢}. Then,
since the flow angle arctan(v/u) and the density p are invariant across the
contact discontinuities, by the approximate conservation laws for the weak
j—waves, j = 1,3, we can deduce in the same way as in [11] that

TV{arctan (va, o(x—,")/ua,0(x—,")) + (xa,0(2),q0(x))} <C6
and
TV{pa,o(x—,-) : (xa.0(@),q(x)} <C6

for z > 2(t} + t3), where C > 0 is independent of §,z,U,, 9, and A;.
Thus, taking the limit as A; — 0 and using Theorem 3 and the regularity
of Uy yields that, for z > 2(t} + t3),

TV{arctan(ve(z—,-)/us(x—,) = (xo(x),q(x))} < C9

and
TV{pe(z—,") : (xo(x), qu(x))} < C0.
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Theorem 4. (i) Let wo, = lim arctan(¢’(z+)). Then

zh—>ngo sup{| arctan (vo(z,y)/ug(x,y)) — weo| : xo(x) <y < g(z)} = 0;

(ii) There exist constants poo and ooy such that
lim sup{|pe(x,¥)—poo| : Xxo(z) <y < g(x)} =0, lim suplog(x)—0s| =0.
T— 00 T—00

Proof. Let U9 =Ua, 0, 01,0 = 04,0, and X190 = X 4,0, where 4; is chosen
as in the proof of Lemma 13. Following the construction of the approximate
solutions, we conclude that, for every = > 0,

Az

for some ny, € [kAz, (k+1)Az). Then, choosing x5 so that |¢'(z+)—g'(c0)| <
0 for x > x4, we have

arctan(vyg/w )|, = arctan <yk+1_yk> = arctan(g’(n))

sup{| arctan(vi,o(2,y) /ure(x,y)) — weo| = xo(z) <y < g(x)}
< TV{arctan (v g(x,-)/ue(x,-)) : (xo(x),g(x))} + Mo for z > 2x5.
Therefore, taking the limit as A; — 0, by Theorem 3 and Lemma 13,
and by the regularity of Uy, we can deduce part (i).
Moreover, from Theorem 3, we also have
o9 € BV(Ry), |og —oo| <€ <¢, G(og) € BV(Ry;0:(Uy)).
Let 00 = lim op(z+) and Uy = lim, .o G(09(2)). Then part (ii) follows

from Lemma 13.

6. Extension to the Adiabatic Euler Flows past Lipschitz Wedges
In this section, we turn to the adiabatic Euler equations (1) for steady
supersonic flows, which can be written in the following conservation form:
W(U)x + H(U)y = O’ U = (’U,, v, p, p) (65)

with

u2—|—112 u2—|—112

W(U) = (pu, pu*+p, puv, pu(h+ ), H(U) = (pv, puv, pv®+p, pv(h+ )

and h = %. As in Section 1, the problem of supersonic Euler flows

p
governed by (65) past Lipschitz wedges can be formulated as problem (8)—

(9) for system (65) in the region below the lower edge I' of the wedge.

Definition 4 (Entropy Solutions). A BV function U = U(z, y) is called
an entropy solution of problem (65) and (8)—(9) provided that
(i) U is a weak solution of (65) and satisfies

(u,v) mly—g@z) =0 in the trace sense;
(ii) U satisfies the entropy inequality:
(puS)s + (pvS), <0 (66)

in the sense of distributions in {2 including the boundary.
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6.1. Riemann Problems and Riemann Solutions

The eigenvalues of system (65) are the solutions of the fourth order
polynomial equation:

(v —2u)? ((v —Au)? = A1+ 1?)) =0,
where ¢? = yp/p. Then we have

71]' /0,2 2 _ 2
Aj:m’*( )u;"_“CQ*” Coi=14  N=v/u i=23. (67)

When the flow is supersonic (i.e., u? + v? > ¢?), system (65) is hyperbolic
and the corresponding eigenvectors for u # 0 are

r; = ﬁj(_)‘jv ]-vp()‘Ju - v)vp()‘ju - v)/CQ)Tﬂ J=14,
ry = (1,U/U,O7O)T, rs = (030307 1)T7

where k; are chosen so that r; - VA; = 1 since the j-characteristic fields are
genuinely nonlinear, 7 = 1, 4. Note that the second and third characteristic
fields are always linearly degenerate: r; - VA; = 0,5 = 2, 3.

6.1.1. Wave Curves in the Phase Space Similarly as in Section 2, the
contact discontinuity curves C;(Up) through Uy are

Ci(Uy): p=po, w=v/u=uvy/ug, 1i=2,3, (68)

which describe compressible vortex sheets. Moreover, the rarefaction wave
curves R;(Up) in the phase space through Uy are

Rj(Up): dp=c*dp, du=—Xidv, p(\ju—v)dv=dp, j=14.

(69)
It is easy to check that d(%p" along R;(Uy),j = 1,4, satisfy
dM\ dAy
Tp|R1(UO) <0, Tp|R4(U0) > 0.
Similarly, the Rankine-Hugoniot conditions for (65) are
olpu] = [pv], (70)
alpu® + p] = [pu], (71)
alpuv] = [pv® + pl, (72)
u? + v? u? + v?
olpu(h + )= [po(h+ —5—)]. (73)

2

Then we have

('UO — 0U0)2 ((’UO - 0U0)2 - 6(2)(1 + 02)) = 0,
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where 2 = b—o% and by = 1+ — ’\/771;7%' This implies
v+ (—1)7cg\/ug + v3 — ¢
g = j = B} —

7j:1747 i:’UO/u077;:273‘
Uy — Co
Plugging o0;,7 = 2,3, into (70)—(73), we get the same C;(Up),i = 2,3
as defined in (68); while plugging o;,j = 1,4, into (70)-(73), we get the
h_shock wave curve S;(Up) through Uy
2
Sj(Uo) :

m:%w

[u] = —0j[v],  polojuo—vo)[v] =[p], j=1, 4

(74)

Notice that S;(Up) contacts with R;(Up) at Uy up to second-order and

do do
1|S1 U0)<O 4|S4 Uo) > 0.

(75)
Similarly, Lemma 2.1 still holds for system (65), which implies that the
entropy inequality (66) is equivalent to (32) or
Aj(back) < o; < Aj(front) j=14,
o1 < Ag,3(back), Ao s(front) < o4
We only show here the equivalence between (66) and (32) when the back
state Uy = (u4,0,p4,p4+) with uy > 0 so that o < 0. First, the entropy
condition (66) is equivalent to

olpu(lnp — y1np)]

[po(Inp —yInp)].
From (70), we know

(76)

opu = opius + pu. (77)
Plugging (77) into (76), we get In(p/p+) —vIn(p/py) > 0. That is
p/p+ > (p/p4)-

(78)
On the other hand, from (70) and (73), we have the Bernoulli law

h+ (u? +0%)/2 = hy + 03 /2 (79)
which implies
P O-)—-O+t .
— =H():= with ¢t = p/ps.
R A e R ) [+
Then the function G(¢) :=

H(t)/t" is strictly decreasing in ¢, since
1—72)(t+1)2
G'(t) = il <0.
R R
Since G(1) =1 and G(t) > G(1) fr

P <P+

rom (78), we conclude ¢ < 1, which implies
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6.1.2. Lateral Riemann Problem Again, the simplest case of problem
(65) and (8)—(9) is ¢ = 0. It can be shown that, if g = 0, then problem
(65) admits an entropy solution that consists of the constant state U_ and
a constant state U, with Uy = (u4,0,p4,p4) and uy > ¢y > 0 in the
subdomain of {2 separated by a straight shock emanating from the vertex.
That is to say that the state ahead of the shock-front is U_, while the state
behind the shock-front is U, (see Fig. 4). When the angle between the flow
direction of the front state and the wedge boundary at a boundary vertex
is larger than 7, then an entropy solution contains a rarefaction wave that
separates the front state from the back state (see Fig. 5).

6.1.3. Riemann Problem Involving Only Weak Waves Consider the
following initial value problem:

wW), +H(U), =0,

_ 77— JUas y > w0, (80)
Ule=ay =U = {Uzp Y < Yo,

where U, and U, are constant states. As before, we can parameterize the
physically admissible elementary solution curve in a neighborhood of U,
O-(Uy), by aj = ®;(aj; Up), with @ € C2, &;]o,—9 = U, and 5o*|a,=o =
I‘j(Ub).

Denote ®(ay, as, as, ay;Up) = Py(aq, P3(asz, Po(az, P1(a1;Up)))). Then
we have

Lemma 14. There exists € > 0 such that, for any states U,, Uy € O (Uy.),
problem (80) admits a unique admissible solution consisting of four elemen-
tary waves. In addition, state U, can be represented by U, = ®(ay, ag, g, ap; Up)
with e, =ar=as=as=0 = Up and S |o,—ar=az=as=0 = Ti(Up),i = 1,2,3, 4.

Similar to the argument for Lemma 2.3, we have

Lemma 15. At state Uy = (u4,0,p4, p4) withuy >0, k1(Uy) = ke (Uy) >
0, which implies k;(U) > 0, j = 1,4, for any state U € O,(U;) since k;
are continuous, j = 1,4.

6.1.4. Riemann Problem Involving a Strong 1-Shock For simplicity,

we use notation {Up, U, } = (a1, aa, iz, aq) to denote that U, = P(ay, a3, ag, aq; Up)
throughout this section. For any U € S1(U-), we also use {U_,U} =
(0,0,0,0) to denote the 1-shock that connects U_ and U with speed o.

Then we have

Lemma 16. Let {U_,U;} = (00,0,0,0),p+ > p—, and v > 1. Then
o0 <0, uy <u— < (1+1/7)uy.

The slight difference for proving this lemma from that of Lemma 4 lies in
that ¢ and ¢_ are different for system (65). However, we still have ¢y > ¢
and c_ < ¢_, and hence there is no problem to carry out the same steps.
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Lemma 17. There exists a neighborhood O.(UL) of Uy such that the shock
polar S1(U-) N O (Uy) can be parameterized by the shock speed o as

o — G(o)
with G € C? near oy and G(og) = U,
Lemma 18. For states U_ and U, in the unperturbed solution,

u%—i—v% u? 2
P a4 S - B (2

2
5 5 +uf)(ug —u_) > 0.

Proof. From the Bernoulli law (79), we have

2

P = VC_+1(QU+_U_)+U2+(U+_U_). (81)

Following the same steps as in Lemma 4, we have the following facts
from Lemma 16: uy (u— —uy) < ¢ /v, u— < (1 +1/9)uy, and u_ < 2uy,
which implies

P> Yug (u— — uy)
v—1

Lemma 19. Let A=VyH(Uy) — ogVuW(Uy). Then

(1+1/7)uy —u_) > 0.

det A > 0, det(Ar4,Ar3, AI‘Q, AI‘1)|U:UJr >0,
det(Ary, Arz, Ary, AG4(00))|u=v, > 0.

Proof. A direct calculation shows that

—00p+ P+ 0 —0oU4
—200p4+ U+ P4 —0g —oou?
A= 0 — 0P 1 0 ;

2 2 2
_ ‘t 3,2 ‘4 Yiy _1 3
00p+(7,1 + 2u+) P+(7,1 + ) F—190U4 —500UY

and

(—1)7~1r; (U) _ .
r;(Uy) = == (e (1) tepyJud - A, prusey,pruy)’, j=1,4,
cyyJud — A

r2(Up) = (1,0,0,0)7,  r3(Up) = (0,0,0,1)".

Hence, we have

2

A uiiT
lau-i-au-‘r/\j-i-v (T—"_i)) for .] = 1347

AI‘j(U.;,.) _ RJ(U-&-)p-‘r(/\j-i' — 00)( SR

Aj+

2 2
3
Ary(Uy) = —oop+(1,2u4, 0, %+§“1)T7 Arg(Uy) = —oou(1,uq,0, %)T7
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and

2 | 2
AG,(00) = W(UL) = W(U-) = -2 (1u_ ogu_, h_ + %)T.
g0

By Lemmas 16 and 18, we find

2.2 2
det A = "Of%?(xi — o) —2) >0,
det(Ary, Arz, Ary, Ary)|y—v,

e (U202 08 1 ¢2
¢ 4((7 i)i))\if;z;: (00 = A4 )(00 = Ars)Aag = Ary) >0,

and

det(Ar4, Arg, Ars, AGU(O'O)”U:UJr

ka(Up)oop_v_p%u
_ ra(Us) ij P (00 = Aas) (s har P+ 0u_Q) > 0,
Jr

since P> 0and Q = —c%/(y—1) <O0.

6.2. Estimates on Wave Interactions and Reflections

Now we make essential estimates as in Section 3. The interaction es-
timates are similar and the corresponding Figs. 5-7 are the same except
that 2-contact discontinuities and 3-waves in Section 3 are now replaced by
2, 3-contact discontinuities and 4-waves, respectively.

6.2.1. Estimates on Weak Wave Interactions First we have

Proposition 6. Suppose that Uy, Uy, U, € O (Uy) are three states with
{UbyUm} = (alua27a37a4)u{Um7Ua} = (/817627ﬁ37/84)7 and {Ub7Ua} =
(v1,72,73,v4) (¢f. Fig. 5). Then

vi =a; + B + O(1) A, B),
where A, B) = (laa|+[s] + |aa]) |81 | + |eal (| B2l + [Bs]) + 32,21 4 Dj(, B)
with
07 aj Z 0, Bj Z O,
la;||851, otherwise.

80 ={
Since, by Lemma 19,

0P (v4,73, 72,715 U1)
8(74a73772771)

then, by the implicit function theorem, there exists (y4,7v3,v2,71) as a
C?—function of (B4, B33, Ba, B1, u, a3, o, a1; Up) so that

D(Ba, B3, B2, B1; P(ag, az, a2, a1;Up)) = P(Va, 73, 72,715 Up)-

Then we follow the proof of Proposition 3.1 to arrive at the result.

det(

)|’Y1:72:’YSZ’Y4:0 = det(Ar4, Arg, Ara, Ar1>|U:UJr >0,
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6.2.2. Estimates on the Weak Wave Reflections on the Boundary
We use the same notations as in Section 3.2 for Ck(ag,br) with apy1 >
ag > 0, Wk k+1, Wk, {2k, Ik, and the outer normal vector ny to I (cf. Fig.
7). Then we consider the initial-boundary value problem with U a constant
state:

(65) in Qk-}-l,
U|3c=ak. = Q,
(u,v) ngr1 =0o0n Igyq.

Proposition 7. Let {Uy, Uy, } = (a4, a3, a9,0) and {U,,,Ux} = (0,0,0, 81)
with

(’U,k,’l}k) N = 0.

Then there exists U1 such that
{Up, Ug41} = (0,0,0,01) and (Up41,Vk+1) - N1 = 0.
Furthermore,
01 = 01+ Kpaay + Kpzaz + Kppan + Kpowg,

where Kpy, Ky3, K2, and Ky are C?—functions of (a4, as, as, B1,wi; Up)
satisfying

Kb4|{wk:a4:a3:a2:ﬁ1:0,Ub:U+} =1,

Kb2|{wk:a4:a3:a2:ﬁ1:O,Ub:U+} = Kb?)|{wk:a4:a3:a2:ﬁ1:O,Ub:U+} = 03
and Ky is bounded.

Since

0
Tél(gp(()’ 0’ 07 617 Ub) : (nk+17 O’ 0))|{51:O,Ub:U+,wkﬁk+1:0}
UL\
= R (U) (M, L prus s, 2 - (0,1,0,0) > 0,
+

we know from the implicit function theorem that d; can be solved as a
C?—function of (a4, a3, a2, B1,wk—1,k, wk; Up) such that

¢<0a Oa 0) ﬁh ¢<a4a ag, (g, O, Ub)) . (nk7 07 0) = Q(Oa 0) 07 617 Ub) . (nk+17 Oa 0)

(82)
Then, following the argument in the proof of Proposition 3.2 yields the
results.
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6.2.3. Estimate on the Boundary Perturbation of the Strong Shock
We have

Proposition 8. For ¢ > 0 sufficiently small, there exists € = é(e) < € so
that G(Oz(00)) C O (Uy) and, when |wi| < &, the following equation

G(0) - (ng,0,0) =0 (83)
admits a unique solution oy, € Oz(0g). Moreover, we have
Oky1 = O + Kpswy, + O(1)|wi [, (84)
where |Kps| is bounded.
Proof. It suffices to find a solution o = o(h) to the following equation:
G(o) - (—sinh,cosh,0,0) = 0. (85)

Differentiating both sides of (85) in o, following the part of the calcu-
lation we had in Lemma 19, and denoting by (Aj;) the co-factor matrix of
(ai;), we obtain
%(G(U)'(— sinf, cos 1, 0,0)) | {g=o0,h=0} = -7 (AT2, A3y, A3y, Alp)- AGo (00)
By the implicit function theorem, we can find a unique C?— function
o = o(h) with 0(0) = 0¢, which solves (85) in some neighborhood of (o, h) =
(00,0). Then o(£2;) = 0;,j = k,k + 1, and, by Taylor’s expansion formula,
we have the desired estimates (84).

6.2.4. Estimates on the Interaction Between the Strong Shock and
Weak Waves

Proposition 9. Let U,,,U, € O (U;.) with

{G(U)v Um} = (0,&27013,044), {Umv Ua} = (ﬂlaﬁ%ﬂ&o)'

Then there exists a unique (0’,02,03,04) such that the Riemann problem
(80) with Uy, = U- admits an admissible solution consisting of a strong 1-
shock, two contact discontinuities of strengths ds and d3, and a weak 4-wave
of strength 64:

{U_, Ua} = (O’l, 52, 63, 54)

Moreover,
o' =00+ K +0(1)A, b =0as+ 2+ Kef1 +0(1)A,

ds =y + K +0(1)4, 3 =a3+ B3+ Kab+0(1)A,

where
|Ksa| <1 and |Kgsl,|Ks2|, and |Ks1| are bounded,

> 0.
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and A = |ag||B1] + |az2||61] + |cal||B1] + |aa||Ba| + |4l B3] Furthermore, we
can write the estimates in a more precise fashion:

s = oy + KoufB + O(1)A, b3 = ag + Kb + O(1)A4,
0o :ag—ﬁ-[f(\;ﬂl—‘rO(l)A, O‘/ZO'-i-If(\:lﬁl—l—O(l)AN,

where
|Ks4| < 17 |Ks3| + ‘KSQ‘ + |Ksl| S Mv

for some M >0 and A = ||| Bs] + || Bal-

Proof. We first show that there exists a unique solution (0”, d2, d3,d4) as a
function of (o, as, a3, ay, 81, B2, B3) to

@(0, B3, B2, B1; P(as, a3, az,0; G(0))) = (44, 03, 02, 0; G(0')). (86)
By Proposition 6, there exists (74,73, v2,71) such that

P(0, B3, B2, Br; P(u, a3, a2, 0, G(0))) = (4,73, 72, 715 G(0)) (87)
with
N =H+01)A, 72 = fotaz+O0(1)A, 73 = az+83+0(1)A, v = as+0(1)A.
Thus, (86) can be reduced to

P(74,73, 72,713 G(0)) = D(64, 03,62, 0; G(0")). (88)

Furthermore, Lemma 19 implies

det 8@(54,63,52,0; G(O”)) |
8(54753,5270/) {84=03=62=0,0'=00}

det(Ary(UL), Ars(Uy), Ara(Uy), AG4(00)) > 0.

1
detA

Therefore, the implicit function theorem implies that (d4,d3,d2,0’) can be
solved as a C?—function of (y1,72, 73, V4, o) uniquely:

UI = Jl(v4a’y37727’7170')7 52 = 5i(74»’73772,7130—)7 i = 233a4'

Using identity (45) in Lemma 7, we find

0/ = Ksl’yl + g, 62 = Ksi’Yl + Yis 1= 27 3747
where Ksl = fol a"‘/l 0/(737 V2, /\’713 U)d)‘ and Ksi = fol 87151'(747 3,725 >‘717 U)d>‘
When v4 = 73 = 72 = 71 = 0, it is clear that |52 and |§j§ L i=2,3,4,

are bounded. We can further claim the important %%ct that

00,

| omn

| <1 wheny=v3=79 =7 =0.
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This can be shown as follows: Differentiate (88) with respect to v, and let
Y4 =7v3 =2 =71 = 0. Then we have

o) 1ol 06 oo’
ri(Uy) = 1‘4(U+)87,; + P3(U+)af; + I‘2(U+)afyj + GU(UO>87,Y1'

Multiplying both sides by A defined in Lemma 19, we have

8(54| B |det(AI'1 U,), ArQ(UJr),AI'g(UJr),AGU(UO))|
det(Arg(Uy), Arz(Uy), Ars(Us), AGo(00))
_ o Mag %, . |UOU7Q — Uy Mgy P

/\4+ — 0o oou_Q + U+)\4+P

| <1,

since P > 0,Q < 0,09 < 0, and Ayt > 0. Combining with the estimates we
had on ¥4, 7y2, 73, and 4, we complete the proof.

6.3. Approzimate Solutions

Similarly to Section 4, we can construct the globally defined, modified
Glimm approximate solutions Ua, ¢ in the approximate domains (see Fig.
7):

'QA.’E = U QArc,k
k>0

with
Qazre ={(z,y) + (k—1)Az <z < kAz, y = yp_1+(x—(k—1)Az) tan(wy_1,%)}

under the Courant-Friedrichs-Lewy type condition:

Ay —mA
SV AT oo + max( sup |\ (U)])  with m as defined in (63).
Az =140, (uy)

Lemma 20. (i) If {U,,U,} = (a1, a0, a3, q) with Uy, U, € O (UL), then
[Up — Us| < s1(loa] + [aa] + |as| + aal),

where s1 = maxi<i<a(SUpyco, () |Oa; (s, a3, a2, a1; U)]);

(ii) For any o € Os(0g) with G(Og(00)) C O (Uy) for € =E(e),

|G(0) = G(o0)| < s2]0 — 0],

G5 (0)].

We need to establish the estimates on Uazs on a class of space-like

curves, j-mesh curves J as introduced in Definition 2. To achieve this, we
now define the Glimm-type functional.

where sg = SUD; €0,
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Definition 5. We define

F,(J) = C*lo” —oo| + F(J),

with
F(J) = L(J) + KQ(J),
L(J) = KiLo(J) + L1(J) + K3 Lo(J) + K3 L3(J) + KjLa(J),
Q(J) = > {ll|B;| : both a; and §; cross J and approach},
and

Lo(J) = Z{|W(Ck)| :Cre 25}, Lij(J) = Z{|aj| : ajcrosses J}, 1< j <4,

where K and C* are to be defined later, while 2; = {Cy € JT NN, :
k > 0} is the set of the corner points Cj, lying in J*, ¢/ stands for the
speed of the strong shock crossing J, and Kg, K5, K3, K are constants
that satisfy the following conditions:

1—|Kaul|K;

Kg > |Kb0|, |Kb4| < KX < |K 3| R
S

1 *
m, |Kb3| <K3 <
S

and
1 — |Kg3| K3 — [Ko| K
|K32| ’

|Kbg| < K; <

which can be achieved from our discussions of the properties of Kp; and
K,;, 0 <i <4, as in the propositions in Section 6.2.

Now we prove the decreasing property of our functional Fs. We have

Proposition 10. Suppose that the wedge boundary function g(x) satisfies
(63), and I and J are two k—mesh curves such that J is an immediate
successor of 1. Suppose that

I A
|UA$79|IO(QJ£IJ€71U 280 Upl<e, o8 —ool <&,

where € = £(¢) 1is defined in Proposition 8 and Lemma 20. Then there exist
constants € > 0, K > 0, and C* > 1, depending only on the system in (1)
and states U_ and Uy, such that, if F5(I) < &, then

Fy(J) < Fo(I)
and hence
k)—U+|<5, lo? — ao] < é.

|Unz0l 70 ( 28, U2k,
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Proof. Let A be the diamond that is formed by I and J. We can always
assume that I = [ U I’ and J = Jy U J’ such that 94 = I’ U J’. As in the
proof of Proposition 4.1, we divide our proof in four cases depending on the
location of the diamond.

Case 1 (interior weak-weak interaction). Denote Q(A) = A(w, 8) as de-
fined in Proposition 6. Then, for some constant M > 0,

L(J) = L(I) = (1 + K5 + K3 + K7)MQ(A),

and, since L(Ip) < € from Fy(I) < €,

QW) ~ QU = (ML(T) ~ 1Q(A) < —5Q(A).

Hence, we have

F(T) = F(I) = (1 + K3 + K3 + K)M = K/2) Q(A) < —EQ(A),

by choosing suitably large K.

Case 2 (near the boundary). Then 2; = 2;\{C}} for certain k and
ol =07, Let §; be the weak 1-wave going out of A through J', and 31, as,
and a3 be the weak waves entering A through I’, similarly as shown in Fig.
10. Then

Lo(J) = Lo(I) = —|wl,
L) —Li)= Y hl=(al+ Y ) =—lail, =234,

~i crosses Ip ~i crosses Ip

Li(J) = Li(I) = [01] = |B1]| < [Kpa|loa| + [Kisllas| 4+ |Kiz[az| + [Keollwk],
where the last step is from Proposition 7. Thus,
L(J)=L(I) < (|Kyol = K§)|wk |+ (| Kb | = K3 )|z |+ (| Kos | = K3 ) |ors |+ (| Koa| — K ) |val

From our requirement in Definition 5, we get L(J) — L(I) < 0. Since
Fy(I) < ¢ implies L(I) < &, the higher order term Q(I) can always be
bounded by the linear term L(I). Then we can easily conclude that F(J) <
F(I).

Case 3 (near the wedge vertex). Then, from our construction, we find that
25 = 2/\{C}}, and S, (o (1)) emanates from Cy and crosses J, ol = T (k1)
and o’/ = o(k)- Moreover, there is no weak wave crossing I’ or J'. Then we
have

F(J) = F(I) < —Kg|wgl-

Since |07 — o¢| — |of — 00| < |07 — 0| < |Kps||wi| + M|wi|? and |Kps| is
bounded, we can further choose suitably small C* and 7 > 0 such that

Fy(J) = Fy(I) < C*o” — ol | + F(J) — F(I) < —7lwl.
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Case 4 (near the strong 1-shock). Then S.(o(y)) is generated from the
inside of A, of = o(k-1), and o’ = o). Let 04,03, and 2 be the weak
waves going out of A through J’, and let ay, as, as, B1, B2, and B3 be the
weak waves entering A through I’, similarly as shown in Fig. 11.

Then

L) -LM= Y =08+ Y b=l

~1 crosses Ip 1 crosses Ig

Li(J) — Li(I) < |Kg||B1] + Ml|aa||Ba| + |aal|Bs], =23,
Ly(J) = La(I) < [Ksal|Br] + M (||| B2| + |al|Bs]),

where we have used the estimates in Proposition 9.
Again, this case is much more complicated and requires a careful calcu-
lation of Q(J) — Q(I). For simplicity, for any weak wave v, we denote

Q(v, L) = |7 Z {Iv;] : v; and ~y approach, y; crosses Iy}.

Then
Q(J) — Q) < —(laal|B1] + ||| B2 + |eal|B] + [Brl|az| + |Bil|s])
4
+O3 7 Kl = DQ(B1. Io) + QM (Jowa]|Ba] + |eval|B31), To)
1=2

= (=14 ML(Io))(|cval|B2| + |aal|Bs]) + (M L(Io) Zlazl )Pl

Since L(Iy) < € from Fy(I) < &, then

Q) —QU) < §(|a4|\ﬁ2|+|a4||ﬁ3| + M L(Io)| 5]

—_

Therefore, we have

=2

4
F(T) = F(I) < (—1+ZKflei|> |B1] + M (|aal|B2] + [ea]|B])

FE(= 5 (ol el + laall D) + ML(To) )

1
< =g Bl + laallBa] + el Bs]),

where we have chosen suitably large K and used the fact that L(ly) < &
Furthermore, since

|07 — o!| < |Kat||B1] + M(Jaal[B2| + | |B5]),
we can further choose suitably small C* such that
Fy(J)=Fy(I) < C*|o”’ =" [+F(J)=F(I) < —*lﬁll—*(lazx\|ﬁ2|+\a4||ﬁs|)

Again we have F(J) < F(I). Then, from Lemma 6.7, there exists € > 0
such that, when F'(I) < € we have |U — Uy | < e.
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Then the same argument as in Section 4 yields the following theorem.

Theorem 5 (Existence and Stability). There exist ¢ > 0 and C > 0
such that, if (10) holds, then, for each 0 € (II}2,(—1,1))\(N U Ny), there
exist a sequence {A;}7°, of mesh sizes with Ay — 0 as | — oo and a pair of
functions Uy € O (Uy) and xp € Lip(Ry) with x9(0) =0 such that

(i) Ua, o(z,-) converges to Ug(x, ) in L*(—oo, g(z)) for every z > 0, and
Up is a global entropy solution of problem (1) and (8)—(9) in §2 and satisfies
(11)-(12);

(ii) xa,,0 converges to xg uniformly in any bounded x-interval;

(iii) 0,0 converges a.e. to og € BV (Ry) with |og—o0¢| < € and xa(z) =
Jy oa(t)dt.

In addition, if 0 is equidistributed, then xo(z) < g(x) for any x > 0 with
(13) and the Rankine-Hugoniot conditions a.e. along the curve {y = xo(x)}.

Furthermore, let 8 € (II2,(—1,1))\(N U N1) be equidistributed, and
let Uy be the solution and yy its shock-front, respectively. By Theorem 5,
we find that the solution Uy contains at most countable shock-fronts and
countable points of wave interactions; Moreover, we can modify the solution
Uy such that Uy is continuous except the shock curves and the points of wave
interactions (cf. [9]). Then we have

Theorem 6. (i) Let wo, = lim arctan(g’(x+)). Then

xlingo sup{| arctan (vo(z,y)/ug(x,y)) — weo| : xo(x) <y < g(x)} = 0.
(ii) There exist constants peo and oo such that
Jim_sup{[pe(z,y) — poo| + xo(2) <y < g(x)} =0

and
lim |op(z) — 00| = 0.

Theorem 6 can be proved in the same way as Theorem 4.
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