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Theory of NonlinearHyperbolic PDEs

D
is a large subject, which has close connections

with the other areas of mathematics including

Analysis, Mechanics, Mathematical Physics,
Differential Geometry/Topology, ...

Besides its mathematical importance, it has a
wide range of applications in

Engineering, Physics, Biology, Economics, ...

* An introduction to most facets of the nonlinear theory

* No previous knowledge of hyperbolic PDEs is assumed

* However, some familiarity with linear PDE theory,
analvsis, and algebra is desirable.
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Topics: . ==
s
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Introduction: Conservation laws, Euler equations; Connections with
Einstein equations, calculus of variations, differential geometry, ...;
Hyperbolic systems, prototypes; Basic features and phenomena, ...

. One-Dimensional Theory: Riemann problem, Cauchy problem;

Elementary waves: shock waves, rarefaction waves, contact
discontinuities; Lax entropy conditions; Glimm scheme, front-tracking,
BV solutions; Compensated compactness, entropy analysis,

L-p solutions; Vanishing viscosity methods;

*Uniqueness and continuous dependence,; ...

Multidimensional Theory: Basic features/phenomena (re-visit);
Important models; Steady problems; Self-similar problems;
Discontinuities and free boundary problems; Stability of shock
waves, rarefaction waves, vortex sheets, entropy waves;
*Divergence-measure fields; ...

Further Connections and Applications
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Conservation Laws:

Rate of change of the total amount of certain . [ {2
quantity contained in a fixed region O N
= Flux of this quantity across T ha

the boundary ¢Q of the region

» The amount of such a quantity in any region can be measured
by accounting for how much of it is currently present and how
much of it enters or leaves the region in any fixed period of time.

Examples: Three Fundamental Laws of Nature

J Conservation Laws of Mass and Energy: Mass and Energy can be
neither created nor destroyed.

J Conservation Law of Momentum: The total momentum of a
closed system of objects remains constant through time.
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Conservation Laws P o
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Rate of Change of the Total Amount of = 3 \‘\.
Certain Quantity in a Fixed Region Q | Q 3
= Flux of the Quantity across the Boundary c{) . - _,.y\ /’J\ ”ﬁ
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Conservation Law via Calculus \\}")ﬁ"-/
d . . AW
— — udx = — F-ndS
dt J Q2 J O
u — Density of the Quantity f — Flux of the Quantity
n — Qutward Normal to 2 dS — Surface Element on Q2

Calculus Manipulations ==
Ou+Vyx-flu) =0

Physical Systems with m > 2 Quantities — Density Functions

— Systems of Conservation Laws:

dru+V -f(u) =0
u=(u, -, Un)" f(u) = (f(u),: - .fy(u))




Euler Equations for Compressible Eluids

(Oep+ Vx-(pv) =0 (conservation of mass)
de(pv) + Vy (pv@ V) + Vyp =0 (conservation of momentum)

1 ) e . ,
\“r(*;/'\V” - pe) + Vy - (.(f,;v2 - pe + p)v) = U (conservation of energy)

- .-

N

Constitutive Relations: p — p(p.e)

@ p — density, v=(vq,Vp,v3)" = fluid velocity
@ p — pressure, e — internal energy
*Govern the Flows when Convective Motions Leonhard Euler
Dominate Diffusion/Dispersion, ... e
e.g., shockwaves in Gases, Elastic Fluids, Shallow Water, ...... = 3

Poisson, Challis, Stokes, Kelvin, Rayleigh, Airy, Earnshaw,
Riemann, Rankine, Christoffel, Mach, Clausius, Kirchhoff,
Gibbs, Hugoniot, Duhem, Hadamard, Jouguet, Zamplen,
Weber, Taylor, Becker, Bethe, Weyl, von Neumann,
Courant, Friedrichs, ......




Oru+V-fluy=0, ueR™ xecR?

Plane Wave Solutions:  u(t.x) =w(t, w - Xx)
w(t.¢) is determined by:  dyw + (Vyf(w) - w)dew =0

7?7 Existence of stable plane wave solutions 77
Hyperbolicity in D:  Forany w € S9! ue D,
(Vuf(u) - w)mumri(u,w) = Aj(u,w)ri(u,w), 1 <j<m
Ai(u, w) are real

Main Features:
Finiteness of Propagation Speeds:
Discontinuities of Solutions, -« - --

Well-Posedness: Existence, Uniqueness, Stability, - - -




The Simplest Example

Scalar Conservation Laws
Oru+V -f(u)=0, uveR, xeR

f:- R R
Then

MNu,w) = f(u) - w, r(u,w) =1

— Scalar conservation laws
are always hyperbolic



Hyperbolic Systems of Conservation Laws

0

atu1+axﬂ(u1 Um) — 0

Dl + (U —

ot Ym Ox 1 Um) —
u—(ug.--- ,um)T c R™ conserved quantities

f(u) = (fA(u),--- . fm(u))’ fluxes



Hyperbolic Systems

u; + f(u), =0 u—u(t,x)eR"
u; + A(u)uy, =0 A(u) = Vf(u)

The system is strictly hyperbolic if each m x m matrix A(u) has real
distinct eigenvalues

,:\1 (l]) < ;\2([]) e <A m (U)
Right eigenvectors ri(u).--- .rp(u)  (column vectors)
Left eigenvectors li(u), - .In(u)  (row vectors)
AI’; — A;r; I;A — )\jlj

Choose the bases so that

1 if i =
li-rj = L
{O if 1 # |



Invariance of Hyperbolicity under Change of Coordinates

o Let u be a smooth solution of the strictly hyperbolic
system

u: + A(u)u, =0 in R, xR

o Assume © : R — R" is a smooth diffeomorphism,
with inverse U

Then w := ®(u) solves the strictly hyperbolic system

w; + B(w)w, =0 in R, x R

for B(w):=Vo(V(w))A(WV(w))VV(w) w e R™




Dependence of Eigenvalues and Eigenvectors on u

Theoem |

Assume that the matrix function A(u) is smooth, strictly
hyperbolic. Then

o [he eigenvalues )\, (u) depend smoothly on
ueR" k=1---.m

o We can select the right eigenvectors r, (u) and left
eigenvector |, (u) to depend smoothly on u € R" and
satisfy the normalization

() ) =1.  k=1---.m

*We are not only globally and smoothly defining the eigenvalues and
eigenspaces of A(u), but also globally providing the eigenspaces of
A(u) with an orientation.




Linear Hyperbolic Systems

u; + Au, =0 u(0. x) = ¢(x)

A1 < -+ < A, eignevalues ry.--- .r, eigenvectors

Explicit solutions: Linear superposition of travelling
waves

u(t,x) = Z bi(x — \it)r; bi(s) = 1; - ¢(s)

4




Nonlinear Effects

ur + A(u)ux =0

eigenvalues depend on u — waves change shape

u(0)




eigenvectors depend on v

=

nontrivial wave interactions
t

linear

nonlinear



Loss of Regularity

uy + (1%/2), =0 uy + uu, =0

f(u) = u?/2 characteristic speed: f'(u) = u

u(0) u(t)

N o
/ N - | ~
: / |
/ 7\ ,,-", ‘
/ 2T X l
Vi 4 \K \
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Global solutions only in a space of discontinuous functions



{ AU — o —> M‘Uo(x-),)}:;.;

Xa= X1
K(X,)'U.(Xs

>0, Ultx) 15 Mult- V;uel/




Smooth Solutions — Evolution of Wave Components

u: = —A(u)u,
Ai(u) = i-th eigenvalue, [;(u), r;(u) = i-th eigenvectors

u’ :=1; - u, = [i-th component of u,] = [density of i-waves in u]

m
u, — Z u' ri(u) Z)\ u! ri(u
i—1

Differentiate the 1st equation w.r.t. t and the 2nd w.r.t x
— Evolution equation for scalar components 1/ :

(), + (), =Y (N — )\k)(l,- )

J>k



Source Terms

(% = M) (1 [, mid ) ul
—amount of /-waves produced by the interaction of
J-waves with k-waves

Aj — Ar =|difference in speed]

—[rate at which j-waves and k-waves cross each other]
u/ u"= [density of j-waves]x [density of k-waves]

v re] =(Vrg)ri — (Vrj)r,  (Lie bracket)
= [directional derivative of ry in the direction of r;]
—[directional derivative of r; in the direction of r]

l; - [rj. ri]= i-th component of the Lie bracket [r;. r]| along
the basis of eigenvectors {ry, -« ,r,}




Shock Solutions

u; + f(U)x — 0
u- f x < At . _
u(t,x) = | is a weak solution
u" if x> At

if and only if the Rankine-Hugoniot Equations hold:

AMum —u ] =f(u") —f(u)

[Speed of the shock]x[Jump in the state] = [Jump in the flux]






Alternative Formulation

M=) = f) )
- / VIOu™ + (1 —0)u")(u" —u)db
= Alu".u)(um —u)

A(u,v) = fol Vi(fu+ (1 —60)v)dd

[averaged Jacobian matrix]

The Rankine-Hugoniot conditions hold if and only if

AMuT—u)=Alu",u)(u" —u")

e The jump u™ — u™ is an eigenvector of the averaged
matrix A(u™.u")
o The speed )\ coincides with the corresponding eigenvalue



The Rankine-Hugoniot condition for the scalar

conservation law u; + f(u), =

At

I

u’

u L}

\ — f(ut) —f(u™) _ 1 _ /“ (s) ds

ut —u— ut —u

[speed of the shock] = [slope of secant line through u—, u™ on the graph of f]

= [average of the characteristic speeds between v~ and u™]



Points of Approximate Jump

The function u = u(t.x) has an approximate jump at a point (7.&) if

there exists states u~ = u™ and a speed )\ such that, setting
u- if x < At
U(t,x) =14 |
u if x> At

T+p p&+p
there holds: lim, o+ 1f ff ,

g -

If u is a weak solution to the system u; — f(u), = 0, then the
Rankine-Hugoniot equations hold at each point of approximate iump.



Construction of Shock Waves

Problem: Given u= € R™, find the states u™ € R™ which, for some

speed )\, satisfy the Rankine-Hugoniot equations:
AMum—u ) =f(u")—f(u)=A(u ,u)(u” —u)

Alternative Formulation: Fix i € {1,--- . m}. The jump u®™ —u~
is a (right) /-eigenvector of the avergaed matrix A(u~.u™) if and only

if it is orthogonal to all (left) eigenvectors |;(u™,u~) of A(u=.u™):

l(u ,u™)-(u"—u")=0  forall j#i

Implicit Function Theorem = For each /, there exists a curve
s — Si(s)(u™) of pints that satisfy (RH);.



Non-uniqueness of Weak solutions

Example: a Cauchy problem for Burgers' equation

. 1 if x>0
2 _ _ =
us + (0%/2), =0 u([]._,:r:)—{ 0 £ =0
Each a € [0, 1] yields a weak solution
0 if x<at/2
u.(t.x) =14 o if at/2 <x < (1+a)t/2
1 if x> (14 a)t/2
x=0 t/2
u=u
: . u=10




Admissibility Conditions on Shocks

Uf + f(“)x — 0

o Solutions should be stable w.r.t. small initial
perturbations

o Solutions should be limits of suitable

approximations and/or physical regularisations
(Vanishing viscosity, relaxation, - - )

o Any convex entropy should not increase



Stability conditions: the scalar case

Perturb the shock with left and right states u—, u™ by inserting an intermediate
state u* € [u™, u™]

Initial shock is stable <—
[speed of jump behind] < [speed of jump ahead]

f(u™) — f(u™) - flu™) —f(u*)

€

u* — u— - ut —u?

+
U u=
—_—
—
u*-
e
1 e
_ - -+
u u.-
X X




Stability conditions: the scalar case

Perturb the shock with left and right states u—, u™ by inserting an intermediate
state u* € [u™, u™]

Initial shock is stable <

[speed of jump behind] > [speed of jump ahead]

f(u*)—f(u™) - f(ut) —f(u*)

u* —u— - ut — u*

1 |
4=
u u=
—
: u*
*
u - —
_ -+
u -
X X



speed of a shock = slope of a secant line to the graph of f

Stability conditions:

@ when v~ < u™ the graph of f should remain above the secant line

@ when v~ > u™, the graph of f should remain below the secant line



General stability conditions

Scalar case: stability holds if and only if

f(u*) — f(u™) - flut)—f(u™)

u* — u— - ut —u—

for every intermediate state u™ € [u™, u™]

i)
. fiu) e




Vector Valued Case: u™ = S;(o)(u™) for some 0 € R

Admissibility Condition (T.-P. Liu)

The speed \(o) of the shock joining u™ with u™ must be
less or equal to the speed of every smaller shock, joining
u- with an intermediate state u* = S;(s)(u™).s € [0, o]

A(u=,u™) < A(u,u”)

@ The Liu condition singles out precisely the solutions which are
limits of vanishing viscosity approximations

u; + f(u®), = =u; u“—u asec—0

XX



Admissibility Condition (P. Lax)

A shock connecting the states u™, u™, travelling with speed A = \;(v™, u™)
is admissible if

Ai(u™) = N(v—,u™) = N(u™)

x=7(t)

@ Geometric meaning: characteristics flow toward the shock from both sides

@ The Liu condition implies the Lax condition




Mathematical Entropy — Entropy Flux

u; + f(U)X — 0

Definition: A function 7 : R™ — R is called an Entropy,
with Entropy Flux g : R — R if

Vi(u)VF(u) = Vg(u)
For smooth solutions u = u(t, x), this implies

n(u)e+q(u)e = Viy(u)u, + Vg(u)u,
= —(Vn(u)Vf(u))u, + Vg(u)u, =0

— 7)(u) is an additional conserved quantity,
with flux g(u)



Existence of Entropy — Entropy Flux Pairs

Vn(u) VE(u) = Vg(u).

on .. o

on Jn | duy O ( Jq dq )

E) Ul (:) u”] m . é} If”_‘ (i) U]_ (i) u”'}
duy O,

o A systems of m equations for 2 unknown functions:
)(u) and g(u)
o Over-determined if m > 2

o However, most of physical systems (described by

several conservation laws) are endowed with natural
entropies



Entropy Admissibility Condition

A weak solution u of the hyperbolic system u; + f(u), =0
is Entropy Admissible if

U(U)t T Q(U)x <0

in the sense of distributions, for every entropy-entropy flux
pair (1. q) with V<1)(u) > 0, i.e. convex.

// w}dxdt>0 peCr p>0

o Smooth solutions conserve all entropies

o Solutions with shocks are admissible if they dissipate
all convex entropies



Consistency with Vanishing Viscosity Approximations

u; + f(u”), = cu; u"—u ase—0

XX

For any entropy-entropy flux pair
(7(u), g(u)) V(u) > 0,
multiply V7(u”) both sides of the system yields

Nu)e + qu) = en(u)n — e(uy) " Vo(uf)u,
=n(u®)y — 0

JA

In the sense of distributions.



Pressureless Euler Equations

Oep + Oc(pv) = 0. Oe(pv) + E’}x(pvz) —0

[

4 n =i
D g, <ot
p = tad, [+ { po. x> ot
(p_.v_) (P4v3)
=X
v_ > v,

= ! alp] — [pv]) = lz-;r:\/'EmrJr P e vy v
ﬂ_m(h] [ﬂ ])f’o ' \/:H+\/:“7— E(-I-' —}




Isentropic Euler Equations  Pressure Function p(p) = kp?

dep + O (pv) = 0, O:(pv) + Oy (pv? + p(p)) =0




Isentropic Euler Equations  Pressure Function p(p) = kp?

Op+ Ox(pv) =0,  9e(pv) + di(pv? + p(p)) = 0




(*) %

{{f:o = uol’() £ Z o
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