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Backward Stochastic Differential Equation

» Decoupled Forward Backward SDE:
t t
X = Xo —i—/ b(Xs)ds—i—/ o(Xs)d W
0 0

T T
Y: = g(XT) + / f( Ys, Zs)ds - / Zsd W
t t

< b, g, f and g are 'nice’ coefficients.
» We use the PDE representation
—LOy = f(u, LDy) and u(T,) =g

LOy =y = d,u+ Lxuand LDy =uv® :=du.0
then

Ye = u(t,Xy), Z = uM(t, X;) and F( Yy, Z) = —uO(t, X;)
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Remarks

» u is a smooth function: We can apply the operator L% and L! to u
(and to g) many times.

» We do not approximate X: only the discrete-time error for Y, Z is

analysedonagridmr={0=t <..<t <..<t,=T}

The terminal condition of the schemes is given by:

v

Yn = g(XT) and Zn = Xg(XT)O'(XT)

v

The convergence error is given by:
n

EY(n) = Or;annIEUYt, — Yi?] and £4(n) := ; hE[|Z:, — Zi|?] .
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Bouchard-Touzi-Zhang Scheme

Notation: For this talk, tiy;1 —t;=h= T/n.
» Implicit (or explicit) Euler Scheme for the Y approximation
Yi = Ee[Yigs + hf(Yi, Zi)] or Vi = Ee[Yip + hf (Y1, Ziga)]
1
h
» Order-1 scheme (Gobert-Labart 2007)

Zi =E¢[H)Yip], with H) .= — (W, — W)

EY(m) + E4(m) < Ch? = Ch?
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Crisan-Manolarakis Scheme

» A Crank-Nicholson scheme for the Y-approximation
h h
\/i — Et,‘ \/I'—I—l + Ef(\/la Zl) + Ef(\/l—i-la Zi-l—l)
Zi = Eo[H(Yigr + hf (Yir, Zis1))]

with Hj :=  [7*1(4 — 6475 )d W,
» Order-2 Scheme (Crisan-Manolarakis 10)

EY(r) + E4(m) < Ch* = Ch®?
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How to retrieve higher order scheme 7

— Adapt numerical methods for ODEs to BSDEs setting.

» Linear multi-step schemes:
< use the value computed at time t;;, 1 <j <rie.

\/i = Eti \/iJrl + hZij(Ytlﬂ)
j=0

< up to now, convergence results only for driver of the type 7(Y)
(Zhao-Zhang-Ju 10)
< Question: how to initialize the scheme in an efficient way ?

» Runge-Kutta schemes: One-step schemes (use only the value at time
ti+1) but add intermediary computational steps between t; and t;;1.
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Main idea

Extremely popular for ODEs.

> between two time-steps of the grid 7 introduce intermediary dates:
tij = tit1 — th with

aq=0<< - <c¢<cy1=1

» Compute g — 1 intermediary values : Y;j, Z;; and f(Y;}, Z; ;).

» Use them to finally compute Y; and Z;.
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Example: two-stage schemes (RK2)

- at time tio:

%72 = Et,"z[\/f-i-l + Cth( \/H-la ZH‘]-)]
Zip = Em[Hg (Y,-H + cohf (Y1, Zi+1)>}

- at time t;:
1 h
Yi =Eg| Yig1r + h(1 - T)f(yiﬂ, Ziy1) + 5—f(Yi2,Zi2)
() 2C2

Zi = B[ Hj(Yier + h(Yiin, Zi0)) |
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Special case ¢; =1

- at time tio (= t;!):
Yip = Eg [Yie1 + hf(Yigr, Ziv1)]
- at time t;:
¥im B Vi + 51 (Yis2,Zioa) + 3F(Viau Z)

Zi = o Hy(Yisa + b (Yisr, Zisn)) |
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General form

- at time tij: (Y,',l = Y,'_;,_l and Z;,l = Z,'+1)

i J
Yij=Ee | Yier + Gh > apf (Yik Zik)
i k=1
— j—1
Zij =By, |HYiqr +h> apH (Vi Zik)
i k=1

- at time t;: (Yjg+1 = Yiand Zi g41 = Z;)

q+1
Y =E, ,+1+thf i Z

Zi:Eti Hq+1YI+1+hZ/BJ g+1, ( i ,J)
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Description of the H-coefficients

Definition
(i) For m > 0, we denote by Big 1 the set of bounded measurable.
function 1 : [0, 1] — R satisfying

1 1
/ Y(u)du=1and if m> 1, / Y(u)ukdu=0, 1< k < m.
0 0

(ii) Let o € B 1y, for t € [0, T] and h > 0s.t. t+h < T, we define,

1 t+h u—t
H]_:{’h:_h/t W)W,

By convention, we set HY to=0.
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SEIES

(i) The function 9 = 1 1) belongs to BO.

(ii.a) The polynomial function x + (x) = 4 — 6x belongs to B.

(ii.b) For ¢ € (0,1), the function ¢ = ﬁl[l—cyll + 5%%1[071] belongs
to BL.

(i) For ¢, c’ € (0,1), the following

1 1 1 1 1 1
1 - il
)c [1—c,1]+(c,_c+ )

1o

c—c -1 c—1¢

1 1
c—1 ¢ — 1)1[0’1]

belongs to 132.
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Convergence analysis - Stability (1/2)

The scheme rewrites

X
|

Et,—[\/i-‘rl + hq),)/(ti-‘y-la )/I'-f—l? Zi+1’ h):|
Z = Et,.[H;_H Yiq1 + hq),'z(ti—i-l, Yit1, Zit1, h)}

We consider a pertubed scheme:
Vi = Et,-[{/iJrl + hdY (t;, b, Yig, Z‘+1)} +¢Y

Z = Et,‘[HZ;Jrl Yier + hoZ(ti, h, Vigr, Ziga, h)] +¢F
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Convergence analysis - Stability (2/2)

The scheme is said to be L2-stable if
n n—1
1
maxE[|6Y;[?] + h ) E[0Zi?] < C hE[hzm—Y\z +1¢f 12}
i=0 i=0

i.e. the overall error is the sum of the error done at each step.

» (Sufficient Condition for L2-Stability) If f is Lipschitz-continuous,
then the scheme is L2-stable.
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Convergence analysis - Order (1/2)

S\/ti = Eti[yti+1 + hq)iy(ti-&-la Yti+1’ Zti+1? h)]
Set . .
Zy = Et:[Hcqu Yo + 007 (L1, Yoo, Zeyys h)} :

then the true solution satisfies a pertubed scheme
= Eti[yti+1 + hq)iy(ti-l—la Yti+1’ Zti+l7 h) + 5iY]
= Eti[Hé+1 Yti+1 + h¢iz(ti+1v Yti+17 Zti+17 h) + 512] :
The local truncation error is defined as:
1 N -
ni = hE|:hg‘61\/‘2 + |5IZ‘2:| ) 61Y = Yt,’ - th: 512 = Zt,' - Zti'

It measures: how accurately the true solution satisfies the scheme or the
error done in one step provided no error was done before.
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Convergence analysis - Order (2/2)

» A method is said to be of order m if (for all grid, u smooth)
Zﬂi < Cchm

» Study of (5,~Y and 6,-2 based on
Let m > 0, then for a function v smooth enough
_ h? hm
() Edv(t + b Xean)] = vet vt SO 00, (hm )
(i) For ¢ € Bg 4

i

. V,Sl)*(o)m—i-ot(hm—’_l)
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Convergence analysis - End

Provided that the method is stable, we have

EY () + E%(n) < CZT}/

which leads to
EY (n) + E4(m) < Ch*™

if the method is of order m.
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Convergence results

Denoting s the number of stage and o the order of the scheme.

» Explicit Methods:
-0o=1,s=1(egBTZ)
-0=2,5=2,

-0=3,s=3,
-0 =4, s > 4: (order barrier)

Remark: For ODEs (o = 4, s = 4) and then (0 =5, s > 5).

> Implicit Methods:
- s =1, o = 2 (Crisan-Manolarakis)
-s=2,0=2if 9,f # 0 (implicit barrier)
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Order 3 condition

o#l, o#c
by+ by + by =1
bocy + b3cz = %
b2c22 + b3c32 = %
bzazacr = bzazacr = %
and

B+ B2+ B3ligc1y =1
1
Baca + B33y 1y = 5
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Framework

Goal: try to compare the order of different schemes

» We consider the process

1 exp(—W; — £) )

Xe, Y, Z:) = (W,
(Xe, i, Z¢) ( "1t exp(—Ws — £) (1 +exp(— W, — I))2

Solution of a BSDE with driver:

) = —y(1= ) ) or fly.2) = ~2( ~)

» schemes : BTZ, Crank-Nicholson, RK2 (¢; = % )

» Simulation/Regression approach : HC (fine grid) + a lot of
simulation (10°)
or tree method for BM
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Order of the methods (Simulation/Regression)

+ Euler
*—RK2
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er of the methods (Tree)

Runge Kutta order 2

05 1 15 2 2,5

6 Crank Nicholson

Log error

e=g==Heun (pece)

y =-2,1305x - 5,565

y=-2,2927x - 5,8519

Log step
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General form

Methods with r > 0 steps: these methods use the value computed at
time t;1;, 1 <j < r to compute the value at time ;.

Yi = Er,-[Zle aijYitj +h3 2o bijf (Vi) Z,-H)}

Zi = E [Z, yaigHY, YI+J'+hz;:lﬁiJHlf,jf(YiHinH)}
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Some Linear multi-step method

(i) r = 2: Nystrom (a.k.a Leap-frog) method (for the Y-part), Order 2.
Yi = E¢Yito+2hf(Yit1, Zit1)]

Zi = EofHi(Yira + 2hF(Yi1, Ziy) )|

(i) Adams methods: Adams-Moulton methods for the Y-part (implicit)
and Adams-Bashforth methods for the Z-part (always explicit).

Yi = Et;[YH-l +h3 7o bif (Yit), Z,-+J-)}

Zi = Eti[Hi Yit1+ hY iy BiHiif (Yit), Zi+j)]
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Framework

Goal: try to compare the order of different schemes

» We consider the process

1 exp(—W; — £) )

Xe, Ye, Zt) = (W,
( ty I'ty t) ( t 1 + exp(—Wt — %)’ (]. + eXp(—Wt - %))2

» Schemes: BTZ, Adams (exp 02, imp 03) and Milne (02)

» - Simulation/Regression approach : HC (fine grid) + a lot of
simulation (10°)
- tree method (BM)
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Convergence (Simulation/Regression)

Value at t=0

0,5025

0,502

0,5015

wmEuler

> 0,501
wi=Adams
Yo

0,5005

L — Al

0,4995

grid size
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Order of the methods (Simulation/Regression)

9
z
3
=

em=Euler
5 wiD=Adams
—— Linear (Euler)

. —Linear (Adams)

In error
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er of the methods (Tree)

Linear multi-step

0 0,5 1 15 2 2,5

Nystrom (02)

log error
&

Adams (03)

y = -1,9245x - 5,780%

y=-2,7026x - 7,13

log step
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