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Introduction

Some references

We want to solve the classical mean variance hedging problem.
This problem has been solved
@ by a method of projection
Schweizer(92) : "Mean-variance hedging for general claims"
Gourieroux, Laurent and Pham(98) : "Mean-variance hedging
and numéraire"
Cesny and Kallsen(06) : "On the structure of general
mean-variance hedging strategies"
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Introduction

Some references

@ by stochastic control

Lim(04) : "Quadratic hedging and mean-variance portfolio
selection with random parameters in an
incomplete market"

Arai(05) : "An extension of mean-variance hedging to the
discontinuous case"

Kohlmann, Xiong and Ye(10) : "Mean variance hedging in a
general jump model"

Jeanblanc, Mania, Santacroce and Schweizer(11) :
"Mean-Variance Hedging via Stochastic Control
and BSDEs for General Semimartingales"
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Introduction

Our model

@ The assets are discontinous due to possible defaults.
@ We use a progressive enlargement of filtrations.

@ We solve the problem by stochastic control.
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The default risk model

Market information

On a probability space (Q2,G,P) :

@ Reference filtration F : default-free information
F = (Ft)¢e[o, 7] natural filtration generated of a Brownian
motion W.

@ 7 a random time and L a mark associated to 7, L taking
values in E C R.

® D = (Dt)¢eo, ) the filtration generated by the associated
jump process.

® G = (Gt)teo, 1] the enlarged progressive filtration F v D :
global market information taking into account the observation
of the default when it occurs.
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The default risk model

Density hypothesis

There exists a F-adapted process « such that forall 0 < ¢t < T,
o (w,0,1) = as(w,0,1) is Fr @ B(RT) ® B(E)-measurable
e for any Borel function f on RT x E,

E[f(r, L)|F:] = /R A0, oe(0, Ddon(d) 2.

X E

where df is the Lebesgue measure on R, and n(d/) is a Borel
measure on E, with 77 a nonnegative Borel measure on E.
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The default risk model

Structure of G-adapted processes

(Jeulin, Yor)

@ G is the smallest filtration containing IF and which makes 7 a
stopping time.
@ Any G-adapted process ¢ is written in the form

¢?1t<7 + ¢%(77 L)1t27'7

where ¢ is F-adapted
and ¢*(r, L) is Fr ® B(R;) ® B(E)-measurable.
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The default risk model

Asset price model with counterparty default

The stock price G-adapted process is given by
St = 5?1t<7- + Stl(T, Dl 0<t<T,

where

e SO is the price process in the market before default :
dS = SP (uddt + o?dW,), S§ =S, 0<t<T,

1%, o0 are F-adapted processes, o® > 0, satisfying
/T pe
0

2 T
dt+/0 ‘0?’ dt < oo, a.s.
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The default risk model

Asset price dynamics after default

o {SY(6,1),0 €0, T],I € E} is the family of price process in
the market after default at § with mark / :

dsi(0,1) = SHO,1) (1i(0, 1)dt + o} (6, aW)

S50.1) = St (1+48()) 2 € [-1,00)

@ - is a F-predictable process representing the proportional loss
(7% < 0) or gain (7% > 0) on the stock price at the default.
Q ul(0,1),0L(0,1) are Fr @ B(R,) ® B(E)-measurables,
o1(6,1) > 0 interpreted as change of regimes after default :
typically, we should have o1(0, /) > o°.
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The default risk model

In the sequel, we will assume that :

o Vt € [0, T], 19, 02, ul, ok and 42 and the family process
{ae(8,1);(0,1) € [0, T] x E} are uniformly bounded.
@ The measure n(d/) is uniformly bounded.
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The default risk model

Portfolio and wealth process

A trading strategy is a G-predictable process 7, representing the
proportion of wealth invested in the risky asset.

By writing 7 in the form : 701;<, + 73 (7, L)1¢~,, this means that
the wealth process is in the form

Xe = Xer + XH1, U)1lsry, 0<t<T

where :

o X0 is the wealth process in the market before default :

0 ISP

dX? = 70—t
t t 59

X=Xo- 0<t<T
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The default risk model

Portfolio and wealth process

e X1(0,1) is the wealth process in the market after default
at 0 with mark / :
dSt(0,1)
dX}(0,) = m(0,)F2v
t(’) Trt(?)sé[(ejl)

X5(0,1) Xo— + 1 (1)-
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The mean variance problem

Formulation of the problem

Our problem of mean variance hedging (MVH) is then formulated
as

VO = inf E[(HT — X7)2].
inf [(Hr — X7)7]

where

e HeL*®(Q,Gr) is a contingent claim such that
H= HO]-{T<T} + Hl(Ta L)1{7'>T}-
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The mean variance problem

Admissible strategies

o A9 denotes the sets of (F¢)(o<¢<T)-adapted processes
{n9,0 < t < T} satisfying fOT |79|?dt < 0o a.s. and such that

;
E [/ |70|2ds
0

o Al denotes the sets of processes {7i(0,/),0 <t < T}
satisfying the same conditions on [0, T].

o Ag = (A, Af)

< o0
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The mean variance problem

Definition of V!

(Pham, Jiao, Kharroubi,11)
Let us introduce the value-function process of the "after-default"

problem :
Vi(x,0,1) = essinf Jel’e’l(x7 7(6,1))
WIEA]};
1,0,/ 1 _ 1 1,x 2
I 0ot (0,1) = B [(HE = X370, 1)2ar(0, 1) F|
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The mean variance problem

Decomposition

Denoting Gr = P[r > T|F7], we obtain that V° is a function of
v

VO(x) = inf E[(H} - X?")?Gr

0c A0
moe A

’
w0 VAR + afaf().0. nden(d)
0 E
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Definitions
Solution to the mean variance hedging problem After the default
Before the default

Dynamic programming

Let define the two sets of controls :

"]
AR(t,%) = {r° € Ap )y =0}

Ap(t,vh) = {r' € Ap 1wl = Vi)
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Definitions
Solution to the mean variance hedging problem After the default
Before the default

Dynamic programming

Let also define the dynamic version of the value process
e before the default by, for t € [0, T] :

VtO(X, yo) = essinf [E [(H(_)r _ X_?_,X)2 Gr

m0e Al (t,0)
T 1(y0,x 0,0
£ [ VRO w8800, 0, do(an)| 7
t
o after the default by, for t € [0, T] :

VE(x,0,1,v1) = essinf B [(H} = X37(0,1)%ar(6, )| 7]

nleAl(tl)
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Definitions
Solution to the mean variance hedging problem After the default
Before the default

Characterization of V1

By the quadraticity of the problem and by the dynamic
programming principle we obtain the following theorem :

Theorem 1

For any v € AL, the value process V1(x,0,/,v) admits for all
t € [0, T] the quadratic form decomposition :

2
th (X7 0,1, V) = V.*ELGJ(th’X — t1707l)

with Y10/ = RREN[HY| F]
where Q(6, 1) is the risk-neutral probability associated to (6, /).
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Definitions
Solution to the mean variance hedging problem After the default
Before the default

Theorem 1

Besides, the couple (v3%/, Y1.9/) satisfies the following BSDEs for
allte [0, T]:

1,0,1 1 1,0,1\2

dvlto/ _ (WO, D)+ 0,105 dt — AW, VA0 = ar(8, );

v (a2(6,1))?

JyLel — K (9 /) 2900 de — 740 g, YEO! — (0, 1):
t - 1(9 I) ty T - T\Y, 1),
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Definitions
Solution to the mean variance hedging problem After the default
Before the default

Value process before the default

We deduce the characterization of V0 from the one of V1 :

For any v € A%, the value process V(x, ) admits for all
t € [0, T] the quadratic form decomposition :

X 2
VP0x,v) = (X - Y9) + €&
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Definitions
Solution to the mean variance hedging problem After the default
Before the default

Theorem 2

Moreover, the triple (v2, Y2, £2) satisfies the following three
BSDEs for all t € [0, T], where 6 >0 :

dv?
ve

aY0 = —g2P) (Y2 Z0)de + Z0dWh, VO = HO

= g2, B)dt + BdWi, V& = Gr, V0 > §

d¢? = —g>(¢0, RO)dt + ROdW;, €% = 0.
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Definitions
Solution to the mean variance hedging problem After the default
Before the default

Theorem
2
(18 + 0262 + [+ R (m(en)
e = [ ar - —
5 (@22 + [+ v DRm)n(an
0.(2 ol .
2@ = B2 +/uj RO 4 v yn(dr)
5
J,1,0 J,\_ 0 0-0 M? . U?B? i fE(l r th’I)'y?(l)'r](dl)
+ U (1 + v )y (Dn(dl) — op 2, 5 T o
. (@2 + [ @+ 2 )n(a)
0,(3 J,1,0,2 J,1
2@ = /(ut 0 (1 + v yn(dn + (20)?
E
J,1y 51,0 2
(7 fE(1+ v Ul 0N (1yn(dr) — cEzE)
J,1
@22+ [+ v Dk)n(an
where 1 + th’/ = Vl’g” and Utj’l’0 = Ytl’e'/ — Yto.
vt
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Definitions
Solution to the mean variance hedging problem After the default

Before the default

Remarks

The process v° does not depend on the payoff H.

(]

0 . 1,my\2
= inf E[(X7 0
§ = inf E[(XF7)] >

The process Y9 is linked to the quadratic approximation price
of the contingent claim H.

The process &0 represents the incompleteness of this market.
The generators of the BSDEs are F-adapted.

g%@ is quadratic in 5% and g% is linear in Z°
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Definitions
Solution to the mean variance hedging problem After the default
Before the default

Sketch of proof

@ We suppose that V0 has a quadratic form in X9.

@ By It6 calculus and the dynamic programming principle we
obtain the BSDEs.

@ We conclude our results by a verification theorem.
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Existence of the first BSDE
Existence of the second BSDE

Existence of the BSDEs

Proposition

Under Assumption 1, there exists a pair (v2, 82) € S x BMO
solution of the first BSDE :

d? = 0 [ g O(. 8)dt + B2aW:] , with v = Gr
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Existence of the first BSDE

Existence of the BSDEs Existence of the second BSDE

Sketch of proof

Let define the modified BSDE :
dv? = —W(V?,Fg)dt + BodW,
where the coefficient of the BSDE is defined as :
g = /E ve “n(d)

(M?IV°|+Uﬁt+fE L0yl
(@221 + fg vi ™ (32(1))2n(dll)
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Existence of the first BSDE

Existence of the BSDEs Existence of the second BSDE

@ We obtain that
BGYGH -2
@0 < i+ 18]

@ Therefore the coefficient follows a quadratic growth with

respect to 5_0 and a linear growth with respect to v°.

@ Then by Kobylanski's Theorem [7], there exists a pair
(v0, 89) € 8> x BMO solution of this modified BSDE.
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Existence of the first BSDE

Existence of the BSDEs Existence of the second BSDE

We then find a lower bound f; of the coefficient g%(1) such that
the BSDE

dYy = —fudt + Z;dW,, YT = Gr.
has a solution (Y, Z) with Y > 6.

Therefore we get the expected result by comparison theorem of
Kobylanski [7].
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Existence of the first BSDE
Existence of the second BSDE

Existence of the BSDEs

We can now prove the existence of the second BSDE, since the
solution of the first one exists.

Given the solution of the first BSDE, the coefficient of the second
one is linear.

Therefore, we can deduce the existence of the solution from the
following proposition.
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Existence of the first BSDE

Existence of the BSDEs Existence of the second BSDE

Proposition

Under Assumption 1 there exists a pair (Y°,2%) € S x BMO
solution of the second BSDE :

dY? = —(a:Z0 + ke Y2 4+ A)dt + Z02dW,, YO = HY e L™

for some BMO processes « and a. Moreover,

1 T
YO=E [r (FTH(% +/ rsl\sds> |Ft] , t<T
t t

where the process [ verifies :

dr
rit = K)tdt -+ atth, ro =1.
t
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Numerical applications

We consider a special case where
o 1% 00 and 10 are constants.
o u1(6,1) and o1(0, /) are deterministic functions of @ such that

V6 € [0, T], 526, 1) = MO% and  o'(0,1) = o° (2 - 3) |

e 7 is independent of F and follows an exponential law of
parameter A > 0.

@ There is no mark.

@ HO and H! are two constants such that H? > H1.

Sébastien Choukroun
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Numerical applications

BSDE — ODE

In this case, we obtain

10 2
Vi = Xexp | =At+ (T —6) ())
0

. Besides, v? follows this ODE :

0t 0y 0 t 0y 1, t)
Ovy _ JLt ( TV OT = omAT
- %t O,t 1,t° T
ot (09)2ve" + (7°)2v;

Sébastien Choukroun Mean variance hedging under default risk



Numerical applications

For the simulations, we take ° = 0.2, 6% = 0.05, H® = 1.2,
H' = 0.9 and maturity T = 1.

We recall that
0 . 1,m\2
Vg = min E { X7 } .
o = min (X7")
Therefore V0 is related to the minimal variance of a portfolio
investment on the asset S with initial wealth x = 1.
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Numerical applications

o] a1 02 0.3 0.4 0.5 0.6 o7 0.8 0.a 1
Time 1t

FIGURE: v in function of time t € [0, T] with T =1 and A = 0.01 for
different values of ~.
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Numerical applications

FIGURE: v in function of time t € [0, T] with T =1 and v = 0.5 for
different values of A.
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