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Introduction and preliminaries

Problem
We are interested in the numerical approximation of E[f (X1)], where

Xt = x +
Z t
0
b (Xs ) ds +

Z t
0

σ (Xs ) dBs +
Z t
0
h (Xs�) dZs .

b : Rd ! Rd , h : Rd ! Rd and σ : Rd ! Rd�k are C1 with bounded
derivatives.

B = fBtgt2[0,1] is a k-dimensional Brownian motion.
Z = fZtgt2[0,1] is a one dimensional Lévy process (independent of B) with
the following representation

Zt =
Z t
0

Z
jy j�1

y eN (dy , ds) + Z t
0

Z
jy j>1

yN (dy , ds) ,

eN (dy , ds) = N (dy , ds)� ν (dy) ds,

where ν is an in�nite activity Lévy measure, that is ν (R) = +∞, and N is a
Poisson random measure on R� [0,∞) with intensity ν (dy)� dt.
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Introduction and preliminaries

Previous works.
Case b � σ � 0, that is,

Xt = x +
Z t
0
h (Xs�) dZs .

Euler scheme: Protter and Talay (1997). Two di¢ culties:
I No available algorithm to simulate the increments of Z .
I A large jump between discretization times can lead a large discretization error.

Approximated Euler scheme: Jacod et al. (2005).
Jump adapted schemes:

I Rubenthaler (2003). Replace Z with a compound Poisson approximation and
place the discretization points at its jump times.

I Kohatsu-Higa and Tankov (2010). Replace Z with a compound Poisson
process plus a Brownian motion (similar to Asmussen-Rosinski (2001)
approach).

I Tankov (2011). Replace Z with Zε a �nite intensity Lévy process
incorporating all the jumps bigger than ε and an additional compound Poisson
term matching a given number of moments of Z .
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Introduction and preliminaries

De�nitions
Let X̄ = fX̄tgt2[0,1] be the family of approximating processes, which is the
solution of the family of SDEs

X̄t = x +
Z t
0
b(X̄s )ds +

Z t
0

σ(X̄s )dBs +
Z t
0
h(X̄s�)dZ̄s ,

where Z̄ = fZ̄tgt2[0,1] is a family of Lévy processes (independent of B) with
the following representation

Z̄t = µ̄t + σ̄Wt +
Z t
0

Z
jy j�1

y ēN (dy , ds) + Z t
0

Z
jy j>1

yN̄ (dy , ds) ,

ēN (dy , ds) = N̄ (dy , ds)� ν̄ (dy) ds,

where λ̄ =
R

R
ν̄ (dy) < ∞, σ̄2 � 0 and N̄ is a Poisson random measure on

R� [0,∞) with intensity ν̄ (dy)� ds and W = fWtgt2[0,1] is a standard
k-dimensional Brownian motion independent of all the other processes.

We assume that (µ̄, ν̄, σ̄) belongs to a set of possible approximation
parameters denoted by A.
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Introduction and preliminaries

De�nitions
We consider the following stopping times

T̄i , infft > T̄i�1 : N̄ (R, (T̄i�1, t]) 6= 0g, i 2 N,

T̄0 , 0.

and the associated jump operators

(S̄ i f ) (x) , E[f (x + h (x)∆Z̄T̄i )], i 2 N

(S̄0f ) (x) , f (x) .

De�ne the process

Ȳs (t, x),x+
Z s
t
b̄(Ȳu(t, x))du+

Z s
t

σ(Ȳu(t, x))dBu + σ̄
Z s
t
h(Ȳu(t, x))dWu ,

and consider its associated semigroup (P̄t f ) (x) , E[f (Ȳt (0, x))].

In general, we do not know the exact solution of Ȳs (t, x) and we have to use
and approximation.
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Introduction and preliminaries

Assumptions

One can prove that

E[1f1<T̄1gf (X̄1)] = E[1f1<T̄1gS̄
0P̄1f (x)],

E[1fT̄i<1<T̄i+1gf (X̄1)] = E[1fT̄i<1<T̄i+1gS̄
0P̄T̄1^1S̄

1P̄T̄2�T̄1 � � � S̄
i P̄1�T̄i f (x)],

Assumption (SR). There exists a process X̂ = fX̂tgt2[0,1] satisfying

E[1f1<T̄1gf (X̂1)] = E[1f1<T̄1gS̄
0P̂1f (x)],

E[1fT̄i<1<T̄i+1gf (X̂1)] = E[1fT̄i<1<T̄i+1gS̄
0P̂T̄1^1S̄

1P̂T̄2�T̄1 � � � S̄
i P̂1�T̄i f (x)],

for i 2 N, where P̂t is a linear operator.

Assumption (Hn).
R
jy j2n ν(dy) < ∞, supν̄2A

R
jy j2n ν̄(dy) < ∞ and

h, b, σ 2 Cnb .
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Introduction and preliminaries

Assumptions

For t 2 [0, 1], let fP̄ itgn2N and fQ itgn2N be two families of linear operators
from [p�0Cp to [p�0Cp .
Assumption (M0). For all i 2 N, if f 2 Cp with p � 2, then Q it f 2 Cp and

sup
t2[0,1]




Q it f 


Cp � K kf kCp ,
for some constant K (A) > 0. Furthermore, we assume
0 � Q it f (x) � Q itg (x) whenever 0 � f � g and Q it1R (x) = 1R (x).

Assumption (M). For all i 2 N, Q it satis�es (M0) and for each
fp (x) := jx jp (p 2 N) ,

Q it fp (x) � (1+Kt) fp (x) +K 0t

for some positive constants K and K 0.
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Introduction and preliminaries

Assumptions

Assumption (R(m)). For all i 2 N, de�ne Errit = P̄ it �Q it . For each p � 2,
there exists a constant q = q (m, p) such that if f 2 Cm�p with m� � 2m+ 2
then 


Errit f





Cq
� Ktm+1 kf kCm�p ,

for all t 2 [0, 1] .
Assumption (MP ). If f 2 Cmp one has that for k = 1, ..., n� 1

sup
(tk+1,...,tn)2[0,1]n�k






 n

∏
i=k+1

P̄ iti f







Cmp

� C kf kCmp .
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Main result

Main result

Theorem
Assume (Hn+1), that X̂ = fX̂tgt2[0,1] satis�es (SR) , and that the operators
P̄ it , S̄ i�1P̄t and Q it , S̄ i�1P̂t satisfy assumptions (M) , (MP ) and

(R(m)),m � 2. Then, if f 2 C2(m+1)p \ Cn+1b , n � 2, p � 2 there exist some
positive constants K and Ci , i = 1, ..., n+ 1 such that

jE[f (X1)]�E[f (X̂1)]j

� C1
����Zjy j>1 y(ν� ν̄) (dy)� µ̄

����+ C2 ����Z
R
y2(ν� ν̄) (dy)� σ̄2

����
+

n

∑
i=3

Ci

����Z
R
y i (ν� ν̄) (dy)

����
+ Cn+1

Z
R
jy jn+1 jν� ν̄j (dy) +K kf k

C 2(m+1)p
λ̄
�m
.
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Main result

A simple example
Parametrize the set A by a parameter ε 2 (0, 1] so that:

µ̄ , µε =
Z
jy j>1

y(ν� νε) (dy) ,

σ̄2 , σ2ε =
Z

R
y2(ν� νε) (dy) ,

ν̄(dy) , νε(dy) = 1fjy j>εgν(dy),

Set P̂t , P̂ ε
t as the operator associated with a one step Euler scheme.

Then X̂ ε is an Euler scheme between jumps and it jumps with the law of a
compound Poisson process which has νε as its associated Lévy measure.

The above result reads

jE[f (X1)]�E[f (X̂ ε
1)]j � C3

Z
jy j�ε

jy j3 ν (dy) +K kf kC 4p λ�1ε .

In the particular case of α-tempered stable Lévy measures one obtains that
the best convergence rate is λ�1ε for α � 1 and the worse case is λ�1/2

ε for
α ! 2.
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Main result

Idea of the proof

We can expand the error as follows��E[f (X1)]�E[f (X̂1)]
�� � jE[f (X1)]�E[f (X̄1)]j+ jE[f (X̄1)]�E[f (X̂1)]j
, D1 + D̂1.

Note that E[f (X1)]�E[f (X̄1)] = E[u(0, x)]�E[u(1, X̄1)], where u(t, x)
satis�es

∂u
∂t
(t, x) = �Lu(t, x),

u(1, x) = f (x)

and L is the generator of Pt f (x) = E[f (Xt (0, x)].

To bound D1 we use the Itô formula and a Taylor expansion.
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Main result

Idea of the proof
Using Assumption (SR) we can prove that

D̂1 =
��E[f (X̄1)]�E[f (X̂1)]

��
�

∞

∑
i=0

�����E
"
1fT̄i<1<T̄i+1g

 
i+1

∏
k=1

P̄kT̄k^1�T̄k�1 �
i+1

∏
k=1

QkT̄k^1�T̄k�1

!
f (x)

#�����
� K kf k

C 2(m+1)p

∞

∑
i=0

i+1

∑
k=1

E
h
1fT̄i<1<T̄i+1g (T̄k ^ 1� T̄k�1)

m+1
i
,

� K kf k
C 2(m+1)p

λ̄
�m

Assumptions (R(m)), (M) and (MP ) are used to bound

n

∏
i=1

P̄ iti�ti�1 f (x)�
n

∏
i=1

Q iti�ti�1 f (x)

=
n

∑
k=1

 
k�1
∏
i=1

Q iti�ti�1 (P̄
k
tk�tk�1 �Q

k
tk�tk�1 )

n

∏
i=k+1

P̄ iti�ti�1

!
f (x) .
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Optimal compound Poisson approximation

Motivation of the optimization problem

We want to choose (µ̄, σ̄, ν̄) which makes the �rst four terms of the error
expansion small. That is, we want to minimize

C1

����Zjy j>1 y(ν� ν̄) (dy)� µ̄

����+ C2 ����Z
R
y2(ν� ν̄) (dy)� σ̄2

����
+

n

∑
i=3

Ci

����Z
R
y i (ν� ν̄) (dy)

����+ Cn+1 Z
R
jy jn+1 jν� ν̄j (dy) .

Our approach is to take

µ̄ =
Z
jy j>1

y(ν� ν̄) (dy) and σ̄ = 0

so that it becomes

n

∑
i=2

Ci

����Z
R
y i (ν� ν̄) (dy)

����+ Cn+1 Z
R
jy jn+1 jν� ν̄j (dy) .
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Optimal compound Poisson approximation

Optimization problem

Problem (Ωn,Λ)
Let ν be a Lévy measure on R admitting the �rst n moments, where n � 2, and
de�ne mk =

R
R
yk ν(dy), 1 � k � n. For any ν̄ 2 M de�ne the functional

J (ν̄) ,
Z

R
jy jn jν� ν̄j(dy).

The problem Ωn,Λ, n � 2, consists in �nding

En(Λ) , min
ν̄2M

J (ν̄)

under the constraintsZ
R

ν̄(dy) = Λ and
Z

R
yk ν̄(dy) = mk , k = 2, . . . , n� 1,

where Λ � minν̄2Mn�1 ν̄(R), where we set by convention minν̄2M1 ν̄(R) = 0.
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Optimal compound Poisson approximation

Optimization results

Theorem
The problem Ωn,Λ admits a solution. The measure ν̄ is a solution of Ωn,Λ if and
only if it satis�es the constraints, and there exist a piecewise polynomial function
P(y) = a0 +∑n�1i=2 ai y

i + jy jn such that P(y) � 0 for all y 2 R, a function
α : R 7! [0, 1] and a positive measure τ on R such that

ν̄(dy)=ν(dy)1fP (y )<2jy jng+α(y)ν(dy)1fP (y )=2jy jng+(τ(dy)+ ν(dy))1fP (y )=0g.

Remark
If the measure ν is absolutely continuous with respect to Lebesgue�s measure, the
previous expression for ν̄ simpli�es to

ν̄(dy) = ν(dy)1fP (y )<2jy jng + τ(dy)1fP (y )=0g.

Moreover, in the case n = 2q, q 2 N, P (y) is a polynomial and the measure τ
may always be taken to be an atomic measure with at most q atoms.
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Optimal compound Poisson approximation

Optimal schemes

Case n = 2
An optimal solution is given by

ν̄ε (dy) = 1fy 2>εgν (dy) ,

where ε = ε(Λ) solves
ν(fy2 > εg) = Λ.

The approximation error E2(Λ) is given by

E2(Λ) = J(ν̄ε(Λ)) =
Z
y 2�ε(Λ)

y2ν(dy),

which can go to zero at an arbitrarily slow rate as Λ ! ∞.
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Optimal compound Poisson approximation

Optimal schemes

Case n = 3
An optimal solution is given by

ν̄ε (dy) = 1fjy j>εgν (dy) + α1δ�2ε + α2δ2ε,

where ε = ε(Λ) solvesZ
fjy j>εg

ν (dy) +
1
4ε2

Z
fjy j�εg

y2ν (dy) = Λ,

and
α1 + α2 =

1
4ε2

Z
fjy j�εg

y2ν (dy) .

The worst case approximation error E3(Λ) satis�es E3(Λ) = o(Λ�1/2) as
Λ ! ∞.
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Optimal compound Poisson approximation

Optimal schemes
Case n = 4
An optimal solution is given by

ν̄ε (dy) = ν(dy)1
fjy j>ε

pp
2�1g

+ α1δ�ε + α2δε,

where ε = ε(Λ) solvesZ
fjy j>ε

pp
2�1g

ν (dy) +
1
ε2

Z
fjy j�ε

pp
2�1g

y2ν (dy) = Λ,

and the constants α1 and α2 satisfy

α1 =
1
2ε3

�
�
Z
fjy j�ε

pp
2�1g

y3ν (dy) + ε
Z
fjy j�ε

pp
2�1g

y2ν (dy)
�
,

α2 =
1
2ε3

�Z
fjy j�ε

pp
2�1g

y3ν (dy) + ε
Z
fjy j�ε

pp
2�1g

y2ν (dy)
�
,

The worst case approximation error E4(Λ) satis�es E4(Λ) = o(Λ�1) as Λ ! ∞.
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Numerical experiments
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Numerical experiments

Approximation between jumps

The solution between jumps Ȳt (x) satis�es the following equation

Ȳt (x) = x +
Z t
0
b̄(Ȳs (x))ds +

Z t
0

σ(Ȳs (x))dBs ,

where

b̄(x) = b(x) + γ̄h(x),

γ̄ =
Z
jy j>1

y(ν� ν̄) (dy) .

One can consider di¤erent weak approximation schemes to solve Ȳt (x).

We have studied the weak Taylor methods of orders: 1, 2 and 3.
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Numerical experiments

Generic algorithm

Algorithm to generate a sample of X̂1

Requires:
An initial condition x0.
An optimal Lévy measure ν̄.
A weak approximation method ȲWAt (y) , to solve Ȳt (y)

Compute λ̄ = ν̄(R) and γ̄ =
R
jy j>1 y(ν� ν̄) (dy)

Set Tlast = 0, xnew = x0
Simulate the next jump time T � Exp(λ̄)
While (T < 1� Tlast ) do

Compute ȲWAT (xnew )
Simulate ∆, a jump from the Poisson random measure
with Lévy measure ν̄
Set xnew = ȲWAT (xnew ) + h(ȲWAT (xnew ))∆
Set Tlast = T
Simulate the next jump time T � Exp(λ̄)

Compute ȲWA1�Tlast (xnew )

Return ȲWA1�Tlast (xnew )
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Numerical experiments

Example

Let Z be a tempered stable process which has the following Lévy measure

ν (dy) = C

(
e�λ+y

y1+α
1fy>0g +

e�λ� jy j

jy j1+α
1fy<0g

)
,

with C > 0,λ+ > 0,λ� > 0 and α 2 (0, 2).
We approximate E[X 2t ], where Xt is the solution of

dXt = h (Xt ) fσdBt + dZtg,

whith h (x) = x . The exact solution is available.

Euler scheme di¢ cult to implement. Poirot-Tankov (2006) approach.

Jump times of the truncated Poisson measure are easy to simulate.
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Numerical experiments

Error vs Computation Time
Optimal comp. Poisson approx. n = 2 + Weak Taylor (order 1, 2 and 3)
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Numerical experiments

Error vs Computation Time
Optimal comp. Poisson approx. n = 3 + Weak Taylor (order 1, 2 and 3)
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Numerical experiments

Error vs Computation Time
Optimal comp. Poisson approx. n = 4 + Weak Taylor (order 1, 2 and 3)
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Numerical experiments
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