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Second-order BSDEs

Standard BSDEs

(2, F,P), W Brownian motion, {F,t > 0} corresponding
filtration. Pardoux and Peng introduced the BSDE :

T T
Yt - 5 - / Ft(Yt7 Zt)dt + / thWt
t t

and proved that for
¢ € L?(P), F unif. Lipschitz in (y,z) and F.(0,0) € H?

there is a unique solution (Y, Z) € D?(P) x H?(P) :

.
1Y |p2 ;:E[ s[upT]mF] and || Z|x ::E[/O \zt|2dt}
telt,
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BSDEs and semilinear PDES

The Markov case corresponds to
Fe(w,y,z) = f(t, Xe(w),y,2) and ¢(w) = g(X7(w))
where X; = Xp + fot b(s, Xs)ds + fot o (s, Xs)dWs
In this context, under the same conditions as before, we have
Ye = V(t, X:)

Moreover, if V € C1'2, then V is a classical solution of the
semilinear PDE

OtV+b~DV+%Tr[aaTD2V] = f(,V,o'DV)

Dylan POSSAMAT Quadratic 2BSDEs and applications



From standard to second order BSDEs
Quasi-sure formulation of 2BSDEs
Wellposedness results

Second-order BSDEs

Extension to the second order

@ Cheridito, Soner, Touzi and Victoir 2007

@ L. Denis and C. Martini 2006 : Quasi-sure analysis

@ Peng 2007 : G—Brownian motion

e M. Soner, N. Touzi and J. Zhang (2010a,2010b,2010c,2010d)
°

Nutz 2010, Kervarec Bion-Nadal 2010, Kervarec Denis (2010),
Nutz, Soner 2011, DP 2011, DP, Matoussi, Zhou 2011...
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Second-order BSDEs

Intuition from PDEs

Let V be a solution of
—0V —H(.,V,DV,D*V)=0 and V(T,)=g
and suppose
1
H(Xarvpa’)/) = sup{ia’y— F(X7 rapva)}
a>0
Then V = sup, V? where V7 is a solution of
—0;V? — %aD2V +F(,V3,DV? a)=0 and V(T,)=g

a semilinear PDE which corresponds to a BSDE.
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Link with the Quasi-sure stochastic analysis

This suggest to introduce

'Y,  sup VP
a
T T
V2= g(3)+ [ X8z a)ds— [ 220X,
t t
1
where dX2 = a2 dWs.

This is similar to stochastic control theory, since we end up with a
family of processes {)?}. Then, changing a amounts to changing
the underlying probability measure.
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Nondominated family of measures on canonical space

(dimension 1 for simplification)

Q:= C([0, T],R), B : coordinate process, Py : Wiener measure
F:= {Fi}o<e<T1 : filtration generated by B, a; density of < B >,
defined pathwise.

For every positive and integrable «, define

-t
P :=Pyo (X)) ! where X*:= / ai/des, te€ [0, T],Pp —as.
0

Ps : collection of all such P*
Then every P € Ps

o satisfies the Blumenthal zero-one law

@ and the martingale representation property
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Second-order BSDEs

Generator Hy(w, y,z,7) 1 [0, T] x Q X R xR x Dy — R

e Convex conjugate :

Fe(w,y,z,a) = sup {3ay— Hi(w,y,2,7)}, a€RY;
Y€Dn

Fi(y,z) == Fe(y,2z,3) and F2:=F,(0,0)
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Second-order BSDEs

Generator Hy(w, y,z,7) 1 [0, T] x Q X R xR x Dy — R

e Convex conjugate :

Fe(w,y,z,a) = sup {3ay— Hi(w,y,2,7)}, a€RY;
Y€Dn

Fi(y,z) == Fe(y,2z,3) and F2:=F,(0,0)

Assumption : The domain of F is independent of (w,y,z) and F is
uniformly continuous in w.

We assume for simplicity that FO is bounded, and then we consider
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Second-order BSDEs

Generator Hy(w, y,z,7) 1 [0, T] x Q X R xR x Dy — R

e Convex conjugate :

Fe(w,y,z,a) = sup {3ay— Hi(w,y,2,7)}, a€RY;
A ’YEDH ~ ~
Fi(y,z) = Fi(y,z,a:) and Fto .= F:(0,0)

Assumption : The domain of F is independent of (w,y,z) and F is
uniformly continuous in w.

We assume for simplicity that FO is bounded, and then we consider

Pr = {]P’ €Ps:3,3 bddandde Dom(F)}
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Definition (Denis-Martini 06)

Pr—q.s. means P—a.s. for all P € Py

We introduce the following norms and spaces

A1/2
as/ Zs

2
ds} .

)
IYIBs = sup EP[ sup [V4[2, 1Z]13 = sup E [ /
H  pepH  0<t<T H  pepH 0
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Definition (Denis-Martini 06)
Pr—q.s. means P—a.s. for all P € Py

We introduce the following norms and spaces

-

VIR, = sup Bl swp_|Yifl, 2], = supE° | [
P pepH  0<t<T H o pepH 0

We also define £2, as the closure of UCp(£2) under the norm L?,

2
l€llz, = sup B | sup_(€F[€)" |,
PePy  |0<t<T
where k € (1,2] and

EF[E] := esssup EY [€].
P’ €Py(t,P)
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Second-order BSDEs

Definition

For Fr—meas. &, consider the 2BSDE :

T T
Yy =¢& —|—/ Fs(Ys, Zs)ds — / Z.dBs + KY — KF, Py —q.s.
t t
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Second-order BSDEs

Definition

For Fr—meas. &, consider the 2BSDE :
T R T
Y, =¢ +/ Fo(Ys, Z5)ds — / Z.dB, + KE — KF, Py —qss.
t t

We say (Y, Z) € D?, x H2, is a solution to the 2BSDE if

o Yr=¢&, Py—qs.
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Second-order BSDEs

Definition

For Fr—meas. &, consider the 2BSDE :
T T
Ye=¢ +/ Fs(Ys, Zs)ds — / ZdBs + KY — KE, Py —qss.
t t
We say (Y, Z) € D?, x H2, is a solution to the 2BSDE if

o Yr=¢&, Py—qs.
o For each P € Py, K' has nondecreasing paths, P—a.s. :

t t
K = Yo—Yt+/ ﬁs(vs,zs)ds+/ Z,dBs, P —as.
0 0
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Second-order BSDEs

Definition

For Fr—meas. &, consider the 2BSDE :
T T
Ye=¢ +/ Fs(Ys, Zs)ds — / ZdBs + KY — KE, Py —qss.
t t
We say (Y, Z) € D?, x H2, is a solution to the 2BSDE if

o Yr=¢&, Py—qs.
o For each P € Py, K' has nondecreasing paths, P—a.s. :

t t
K = Yo—Yt+/ ﬁs(vs,zs)ds+/ Z,dBs, P —as.
0 0

o The family of processes {KF, P € Py} satisfies for t < T

KF = essinf EF[KY], P—as. forall PeP
h P’eE%Hl(I%,IP’) + KT ] a.s. for a H
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2BSDEs with quadratic growth

Assumptions

e F is Lipschitz in y uniformly in (t,z,w, a)

‘Ft(yazaa)_Ft(y,’Z7a)’ < C‘)’—)’/‘

Dylan POSSAMAT Quadratic 2BSDEs and applications



From standard to second order BSDEs
Quasi-sure formulation of 2BSDEs
Wellposedness results

Second-order BSDEs

2BSDEs with quadratic growth

Assumptions

e F is Lipschitz in y uniformly in (t,z,w, a)

‘Ft(yazaa)_Ft(y,’Z7a)’ < C‘)/—y/‘

o z— F(y,z, a)is C? with

|D,Fi(y,z,a)| <6+ 61 ’31/22’ and |DFi(y, z,a)| < 6;.
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Second-order BSDEs

2BSDEs with quadratic growth

Assumptions

e F is Lipschitz in y uniformly in (t,z,w, a)

‘Ft(yazaa)_Ft(y,’Z7a)’ < C‘)’—)’/‘

o z— F(y,z, a)is C? with

|D,Fi(y,z,a)| <6+ 61 ’31/22’ and |DFi(y, z,a)| < 6;.

Theorem (P., Zhou 2011)

For all ¢ € L35, the 2BSDE has a unique solution in Dg5 x H3,.
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Utility maximization under volatility uncertainty

The problem

A financial market consists of one bond with interest rate zero and
1 stock. The price process is :

dst == St(btdt + dBt)

The wealth process of a trading strategy 7 with initial capital x
satisfies the following equation :

t
szx%—/ ms(dBs + bsds) 0 <t < T,
0

The problem of the investor is then

V(x) = inf EC[U(XT — F)],
(x) sup nf [U(XT = F)]

where B is some closed set.
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Utility maximization under volatility uncertainty

The case of exponential utility

U(x) = —exp(—px), x € R for § > 0.

In order to solve the problem, we follow the general martingale
approach introduced by El Karoui and Rouge and generalized by
Hu, Imkeller and Miiller. We want to construct a family of
processes R™ which satisfies

O RT =exp(—B(XF —F)) forall m € B
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Utility maximization under volatility uncertainty

The case of exponential utility

U(x) = —exp(—px), x € R for § > 0.

In order to solve the problem, we follow the general martingale
approach introduced by El Karoui and Rouge and generalized by
Hu, Imkeller and Miiller. We want to construct a family of
processes R™ which satisfies

O RT =exp(—B(XF —F)) forall m € B

Q@ RT = Ry is constant for all 7 € B
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Utility maximization under volatility uncertainty

The case of exponential utility

U(x) = —exp(—px), x € R for § > 0.

In order to solve the problem, we follow the general martingale
approach introduced by El Karoui and Rouge and generalized by
Hu, Imkeller and Miiller. We want to construct a family of
processes R™ which satisfies

O RT =exp(—B(XF —F)) forall m € B
Q@ RT = Ry is constant for all 7 € B

@ ecsssup” EY[RE] > RT for Vr € B
P'eP,,(t+,P)
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Utility maximization under volatility uncertainty

The case of exponential utility

U(x) = —exp(—px), x € R for § > 0.

In order to solve the problem, we follow the general martingale
approach introduced by El Karoui and Rouge and generalized by
Hu, Imkeller and Miiller. We want to construct a family of
processes R™ which satisfies

O RT =exp(—B(XF —F)) forall m € B
Q@ RT = Ry is constant for all 7 € B
@ ecsssup” EY[RE] > RT for Vr € B
PrePy,(tT,P)
Q@ R = esssup’ EY[RT] for some 7* € BB, P-a.s. for all
PP, (t+,P)
P e Py
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Utility maximization under volatility uncertainty

The case of exponential utility

Definition

A strategy 7 is admissible if and only if 7 = (7¢)o<¢<T and
me € B, A\@P — p.s. and [;] 75dBs is in BMO(Py).

Then, we show that we can define
RT = exp(—B(XF — Y;)) t€[0,T], 7 € B.

where (Y, Z) € D% x H% the unique solution of the following
2BSDE with quadratic generator :

T T
Y, =F — / Z.dBs — / f(s,Zs)ds + Ky — K, Py — a.s.
t t

where
2

A

- ripn 1
0,B(w))+z3a"%0+ = |0
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Utility maximization under volatility uncertainty

Explicit calculations and examples

When the set of trading strategies is no longer constrained, the
2BSDEs can be solved explicitely, since their generators are linear in
y and quadratic in z.

@ Power utility and no constraints — value function of the
Merton problem with constant volatility equal to the upper
bound of the volatility interval. Intuition from the PDE

ov ov 1 0%v
x20%0—

—— —sup inf |x0b— + =

=0
ot scA a€la] ox 2 Ox?

together with the terminal condition
v(T,x) = U(x), x € Ry.
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Utility maximization under volatility uncertainty

Explicit calculations and examples

@ The optimal probability measure is not always of bang-bang
type. With exponential utility, no constraints and a liability
£ = —BzT, depending on b, the optimal probability changes
continuously with t in the volatility interval.
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Utility maximization under volatility uncertainty

Explicit calculations and examples

@ The optimal probability measure is not always of bang-bang
type. With exponential utility, no constraints and a liability
£ = —BzT, depending on b, the optimal probability changes
continuously with t in the volatility interval.

@ This is a major difference between superreplication and
indifference pricing under volatility uncertainty.
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Utility maximization under volatility uncertainty

THANK YOU FOR YOUR
ATTENTION
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