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American Option Problem

Dividend paying stock:
¢ ¢
X" =x+ /(r —d)Xp"do + /an’deg, te[s,T];

Arbitrage-free value of American option:
V(s,2) = sup Ee"079g(X3%), (g(z) = (x - K)T).
s<r<T
Reflected BSDE (EI Karoui-Kapoudjian-Pardoux-Peng-Quenes, 1997,Ann. Prob.):

T T
V2l = g(X5") — / rY,*d + K7° — K;° — / Zy*dWy, t € [5,T),
t t

Ve > g(X07), te [s T,
1
K*7 is continuously increasing, K* = 0, /(Yisz —g(X;")dK;" = 0.

Benth-Karlsen-Reikvam (2003), Klimsiak-Rozkosz (2010)

t
V(s,2) = Y2, Ki = (@57 = 1K) gy @0
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quasi-variational inequality:

min{u(s,z) — g(z), —Lpsu(s,z) + ru(s,z)} =0,
u(T,z) = g().

1
Lps = 0su+ (r — d)zdyu + 502x26§xu.

EBSU(S,ZU) = TU(S,ZC) — MK,

uw(T) =g, u>g, / (u—g)o*dp = 0.
[0,T]xR

=

(Y;fS)zv Zts’w) = (u(sv th’m)’ U:L'am’u(t, thw))v
/’L(dta dl‘) = q(x7 U(t, J}))dtd.’lﬁ, q(a}, y) = (d.’E - TK)+1(7oo,g(a:)] (y)

e How about Non-Markovian case ?
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Introduction

Starting point: quasi-linear Backward SPDE (BSPDE):

—du(t,z) = [lAu(t,w) + (f +divyg) (t,x,u(t,x),Vu(t,x),v(tw))} dt
i (t,x)dWT, (t,z) € [0,T] x R%
:(

), = €R

u(T,z) =

o (2,7, {F:}+>0,P) complete probability space with filtration;
e W: m-dimensional BM;

o G € L*(Q, Zr; L2(R?));

@ f and g satisfy Lipschitz conditions.
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Introduction continued

Known results:
@ Existence and uniqueness of the weak solution;

The solution satisfies Itd's formula;

°
@ Comparison Theorem;

@ Maximum principles for Backward SPDEs on bounded domains;
(]
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Our aims

The obstacle problem for BSPDEs leads to reflected BSPDE (RBSPDE)

—du(t,z) = [;Au(t, x) + (f + divg) (t, z, u, Vu,v)} dt

+ p(dt, dx) — v (t,x) AW, (t,x) € [0,T] x R
u(t,x) >&(t,z), P® dtdx-a.e;

T
u(T, x) :G(x);/o/Rd(ﬂ(S,m) —&(s,x)) pu(de,ds) =0, a.s..

(1)

@ Unique solvability of RBSPDE (1), unknown is the triple (u,v, u);
@ lts connections with optimal stopping problems.
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Two existing results

@ Optimal stopping problems with random coefficients :
Chang-Pang-Yong, SCION, (2008);

@ Singular control problems of SPDEs:
(Pksendal-Sulem-Zhang, INRIA, (2011).

@ Results with u(dt,dz) = k(t, z)dt.
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e Continuous Hunt process (Q, By, 0y, F°, .7, P*):
Q' := C([0,00); RY);
(Bt)¢>0: d-dim Brownian motion starting from distribution dz;
Pdz .= (B.)~!(dzr ® PY);

o (LARY), (), [l - ll2), (HY R, (-1, [l - )
For each Banach space (V, || - [|v),

o S*(V): V-valued, (.;)-adapted and continuous processes (X¢).efo,7], S-t.

1/2
1 X | s2(vy := (E[ sup ||th%]> < 00
t€l0,T

]

) - ) 1/2
o L2(V): |IXllgavy = (BLfy I1XuliZ at)) " < oo;
o H =:S?(L*(R%)) N L2(H'(R?)) equipped with norm

9 9 1/2
6l 1= (1902 zamey + 1962 z2mey) )+ B EH.
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(A1) The pair of random functions
fGny,2) s Qx[0,T] xR - R and g(-, -, 9,9,2) : Qx[0,T] x R — R?

are 2 @ B(R%)-measurable for any (9,y,z) € R x R x R™. There exist positive
constants x < 1/2 and L such that for all

(91,91, 21), (P2, 92, 22) € R X R™ X R™™, 1,05 € L*(R?), ¢1,¢2 € (L*(RY))™

and (w,t,x) € Q2 x [0,T] x R4

|fw,t, 2, 91,91, 21) — f(w,t,2,92,y2, 22)| < L|Y1 — 2| + |y1 — y2| + |21 — 22;

lg(w,t, 2,91, 91, 21) — g(w, t,2,02,Y2, 22)| < L(|Y91 — D2| + |11 — y2| + |21 — 22);
—(V(p1 — p2), g(t, 01, Vo1, ¢1) — g(t, 02, Vipa, 92))

< K ([IV(p1 — w2)l13 + lp1 — 82113) + Lller — p2ll3-

Jinniao Qiu (Fudan)




Assumptions continued

(A2) G € L2(Q, Fr; L2(RY)).

fo = f(-+",0,0,0) € LAL*(R?)), go :

g('a 7y Oa 07 O) € £2(L2(Rd)m)
(A3) The obstacle process &(w,t,x) is a predictable random function with respect

to filtration (Fy)iejo,1) and t — &(w,t, By) is P® P -a.s. continuous on [0,T]
and satisfies

EEd‘"’:[ sup €1 (t, By)|?| < 00 and £(T,w) < G, PR dz-a.e..
te[0,T]
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Definition

Random function u : Q x [0,7] x RY — R is said to be stochastic
quasi-continuous provided that for each & > 0, there exists a predictable random
set D° C Q x [0,T] x R? such that P-a.s. the section D¢, is open and u(w, -, ) is
continuous on its complement (DZ)¢ and

P ® P¥ ((w,w')|3t € [0,T] s.t. (w,t, Bi(w')) € D°) < e.

If u is stochastic quasi-continuous, we can check that the process u(t, Bt):co,7]
has continuous trajectories, P ® P9*-as..
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Quasi-continuity of the weak solutions for BSPDEs

Consider BSPDE

Let (A1) and (A2) hold. Then the BSPDE above admits a unique weak solution
pair
(u,v) € H x L2((LA(R®)™))

Moreover, u admits a stochastic quasi-continuous version.
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Definition
u € H is called a stochastic potential, provided that u is stochastic
quasi-continuous, lim; 7 u(t,-) = 0 in L}(R%), as.,

EE™ | sup |u(t, B:)|?| < oo, (2)
te[0,T]
and _
E [(Psu)(mga} < u(t), Vs > 0,Vt € [0,T], a.s.. (3)

where the conditional expectation is defined in the Hilbertian sense and

i = ult+ s, 9)dy, ifs+t<T;
Bou(t,z) = /de(x Y)u(t +s,y)dy, if s

0, otherwise,

with p,(z) = (27s) =4 2exp(—|z|?/25).
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Theorem

Let uw € H. Then u admits a version which is a stochastic potential if and only if
there exist stochastic field v € £2((L?*(R?))™) and a continuous increasing
process A = (A¢)se(o,r) which is F; V .Z0-adapted and such that Ag =0,

EEd [A%] < o0, and

(i)

d T m T
u(t, Br) = Ar—A=) / Oyiuls, Bs) dBi=) / V" (s, B) dW!, PRP—a.s
=17t =17t

for each t € [0, T]. The processes A and v are uniquely determined by those
properties. Moreover, there hold the following relations:

(ii)

E

T
”u(t)ng+/t (IVu(s)l3 + llv()113) dS]

= EEdw [(AT = At)z] , Vte [OvT];
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Theorem (continued)

(iii) for any ¢ € Dr,

0

(W), o0 + [ (5l V(o) ) + (o). dp(e s+ 3 [ (o(5).07(5. )

=)= [ [ olootar, s

where (1 is the random measure i : Q — M([0, T] x R9)

T
(iv) u(p) = B4 / o(t, B)) dAs, ¢ € Dr, as.,
0

with M([0, 7] x R?) denoting the set of all the Radon measures on [0, T x R<.

y
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Lemma

Let u be a stochastic potential and p : © — M([0,T] x R?) a random Radon
measure such that relations (iii) holds. Then one has

/tT /]Rd ( y ¢($)Pst(:c,y)dx> u(dy,ds)‘yt] , (4)

for each ¢ € L2(R?) and t € [0,7].

(¢, u(t)) = E

Definition

A nonnegative random Radon measure 11 : Q@ — M([0, 7] x R%) is called regular
stochastic measure provided that there exists a stochastic potential u such that
the relation (iii) from the above theorem is satisfied.
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RENEILS

As EE% [AZ] < oo, for any random field ¢ € £*(L?*(R?)) satisfying

. . dx dx 2
5 42 oiglog) )
¢(t, Bt) is continuous P @ P**-a.s., and EF sup |o(t, By)|

t€[0,T]

< 00,

(@) makes sense by relation (iv).

Proposition A

Let {u™;n € N} be a sequence of stochastic potentials associated with
{(v™, u™);n € N} such that u™ — u in H and v™ — v in L2((L?(R4))™)
respectively. Then for some regular stochastic measure p, u is a stochastic
potential associated with (v, u).

Proposition B

Let {u™;n € N} be a sequence of stochastic potential which converges up to
some u € H. Assume moreover that u is quasi-continuous and

EEd [supte[O,T] lu(t, Bt)|2] < 0o. Then u is a stochastic potential.
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Definition

We say that a triple (u, v, ) is a weak solution of the RBSPDE (1) associated to

(G7 f?g’g)' if

(1) ueH, ult,z) >t x), PRdt ®dr-ae. and u(T,z) =G, P® dx-a.e.
(2) p: Q2 — M([0,T] x R?) is a regular stochastic measure;

(3) for each ¢ € Dy and t € [0, T

w(®), o®) + [ |(u(s), Bup(8)) + = (Vu(s), Vip(s)) | ds
‘ 2

= (G, o(T)) +/ [(f(s,u, Vu, ), ¢(s)) = (g(s,u, Vu,v), V(s))] ds

//}R (s, z)u(ds, dz) Z/ 5) dWT);

(4) u admits a stochastic quasi-continuous version % such that

/OT/Rd (a(s, ) — &(s,2)) p(dz,ds) =0, a.s..
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Decomposition of the Solution

o Let (u,v, ) be a weak solution of RBSPDE (1) and (uy,v,) corresponds to
the regular stochastic measure u with u, being the stochastic potential.

o Clearly, (ug,vo) := (u — uy,v —v,) solves the following BSPDE without
obstacle:

—du(t,z) = [;Au(t,x) + (f +divg)(t, @, u(t, ), Vu(t,z),v(t,z)) | dt

m

— Z v (t, x) dW;

=l

@ u = ug + u, must be stochastic quasi-continuous.
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Existence and Uniqueness Theorem

Let assumptions (A1) — (A3) hold. Then there exists a unique weak solution
(u,v, u) of RBSPDE (1) associated with (G, f, g,§).
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Comparison theorem

Let G, f, € satisfy the same hypothesis as G, f,¢. And let (u,v, 1) be the weak
solution of RBSPDE (1) associated with (G, f, g,&) and (4, 7, i) the weak
solution associated with (é, f,g,f). Moreover, we assume that there hold the
following conditions:

()G < G, P® dz-a.e.;

(ii) f(u, Vu,v) < f(u, Vu,v), P® dtdz-a.e.;

(iii) £ <&, P ® dtdz-a.e..

Then one has u < @, P ® dtdz-a.e..
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RBSPDEs and optimal stopping problems

Let (u, v, ) be the weak solution of RBSPDE (1). Denote
(}/thtaZth) = (u’vu7va§)(tht)a v E [OaT]
(Kt)ie[o,m) is the increasing process w.r.t. . Then (Y, Z,7,K) solves RBSDE:
7 ~ T ~
=G+ [ f(s.B.YoZ2)ds+ [ 9(s,BaYiZu Z0) v dB.
t t

T TN
—/ ZSdBS—/ Z,dW,, te€0,T);
t t

T
nzgteMH;/an@mm:a
0

Hence,

U(t, Bt) = esssup EEdz [/fs ds +/ gs * st + C’I‘]—T<T + G(T, BT)]-T:T}yt} .
t t

TESt,T
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Analytic approach to Reflected BSPDEs;
Reflected BSPDE on domains;
Degenerate case;

regularity problems;

Applications - - -
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Thank You !
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