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Introduction

Control problem and numerical methods

e A stochastic control problem
ot
supE &(XY), X{ = xo + / o(vs)dW.
v 0
e Dynamic programming equation

Oev(t,x) + sup (%az(u)D2v(t,x)> =0, v(T,x)=®(x).
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Introduction

Control problem and numerical methods

e A stochastic control problem
supE &(XY), X{ = xo + /:(f(ys)dWS.
e Dynamic programming equation
Oev(t,x) + sup (%az(u)D2v(t,x)> =0, v(T,x)=®(x).
e Finite difference method :

1 n+1 n+1
1 vitl oy + v
VI? = V£+1 =+ At sup (Eaz(u) ktl Akx2 k=1
u

e Numerical analysis
@ Monotone convergence of viscosity solution (Barles and
Souganidis),
e Controlled Markov chain (Kushner).
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Introduction

The probabilistic scheme of Fahim, Touzi and Warin

e Terminal condition :
Vh(tn, x) = D(x).
e Let 0 be a constant and X,f’x =x+ ogW,,
Va(tisx) = E[via(tis1, Xp))]
+ h sup (%(02(u) —03) EDzvh(tkH,Xifk’X))
= E[vh(tes1, X

+ h sup (%(02(u) — 03) Evp(tks1, Xp) og
u

e Monotone convergence holds true for PDEs having a comparison.
e Numerical experiences : Fahim et al., Guyon et al, etc.
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Introduction

Backward SDEs and numerical scheme

e Semi-linear PDE
1
ov + u-Dv + EO'O'T-DZV + f(t,x,v,oDv) = 0.
e Forward Backward SDEs :
t t
X, = x + / 1(s, X)ds + / o (s, X.)dWs,
0 0
T T
Ye = O(X) + / f(s,Xs, Ys, Zs)ds — / ZsdW.
t t
e The numerical scheme

Yie = Ex[Yiq1] + F(te, Xk, Yie, Z)h, Zk = Eie[Yis1AWia | A7

e Convergence : Bouchard and Touzi(2004), Zhang(2004).
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Probabilistic approximation
Convergence results

A non-Markovian stochastic control problem

o Let (2, F,IF,P) be filtrated probability space, E compact Polish
space, U class of all E—valued F—progressive processes. Denote
Q9 .= C([0, T],RY), Q7 := [0, T] x Q7 x E, functions

(p,0) : @ — R? x S4 bounded, uniformly continuous in (¢, x, u)
and Lipschitz in x, for v € U,

t t
XY = x + / (s, XY, vs)ds + / o(s, XY, vs)dWs.
0 0

elet L: Qr — Rand & : Q9 — R be reward functions,

V = sup E {/OTL(t,X_”,yt)dt + CD(X}')}.

veu
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The probabilistic scheme

e letop: [0, T]x Q9 — S, be bounded, non-degenerate, uniformly
continuous in (t,x) and Lipschitz in x,
t,x t,x

a,; = UUT(t,X, u) — 000¢g » blt;’x = M(tvx7 u)'

e Assumption 1. For every (t,x, u) € Qr, a;* > 0 and
Lai* - (ap) <1

e Define a process on grid (tx)o<k<n, tk = hk,

X{ = xo, XPo1 = XP 4 oo(te XO) AW,y

Xiaolu Tan
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Probabilistic approximation
Convergence results

The probabilistic scheme

e Terminal condition

—

Y, = &(X0).
e Backward iteration
Vi = Ef Vil + h G(te, X0, Ty, Z4),
- EI\(/\/{YkH(J&.k)_lAWHlAI\g/kTH—hIdO_OJ{ |
Zi = E/\:V[Yk—&-l(ag,—k)_l%a

with og 4 := Jo(tk,)/(B.) and

1
G(t.x.2) = sup (L{tcu) + Lol 7+ 6% 2).
uekE
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A non-Markovian control problem
Convergence results

Probabilistic approximation

General convergence

Let L and ® be uniformly continues and of exponential growth in x.
Then

Yy — V as h—0.

Proof. Weak convergence method (Dupuis and Kushner).
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A non-Markovian control problem

Probabilistic approximation Comaranes el

Rate of convergence

e Assumption 2. E C Sy x R? is compact, u(t,x, a, b) = b,
o(t,x,a,b) = a'/? and L(-,a,b) = £(:) - u, £ and ® Lipschitz.

Theorem

There exist constants C. such that for every € > 0,
1
Y —V| < Chs e,

Suppose in addition that ¢ and ® are bounded, then there is a
constant C such that

IYP— V| < Chs.

Proof. Invariance principle (Sakhanenko(2000), Dolinsky(2011)).
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A probabilistic interpretation

A probabilistic interpretation

e Control problem, d =1,

ot
supE &(X%), X/ = xo + / o(vs)dWs.
0

e PDE : Oev(t,x) + sup,ce (%02(U)D2V(t,x)> = 0.
e Scheme of Fahim, Touzi and Warin : Let X,f’x =x+ oW,

Vh(t, X) = E [Vh(tk+17 X/fk’x)]

1, > > ey o WE—h
+ h sup (*(U (u) — UO) EVh(tk—i-l,Xh ’ )00 5 )
uekE 2 h
1 1 W2
_ SUPE[Vh(tk-f—laX + 00 Wh)<1 — 53”00_2 + 53”0‘)_27/7 )} .

ucE

Xiaolu Tan Probabilistic numerical approximation for stochastic control



A probabilistic interpretation

A probabilistic interpretation

e For every function ¢ of exponential growth,

1 1 W?
]E[cp(oo Wh)(l — 531100_2 + fauao_Q )}

1 - 1 1 x2
= [ 6 B (1= G+ g ) b

e Let Fp(u, x) be cumulative distribution function of f4(u, x),

1 -5 1, 1 X
fp(u,x) = me 70 (1—5‘3”00 +§auoo ?>
e Hence the scheme turns to be
vh(tk,x) = EEEE[Vh(thA,X + F Hu, Uks1))]-
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A probabilistic interpretation

o Let Uy, -, Uy beiid., Ap be set of strategies ¢ = (¢o, -, n—1)
taking value in E,

Xiqul = Xi¢ + F;1(¢,-(X(‘f,--- 7X,'¢)7 Uit1),
o Let
Ve = sup E [o(X2)].
PEAR

The numerical solution is equivalent to the above optimization
problem, i.e.

v(O,x0) = V&, or Y& = W
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