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Control problem and numerical methods

• A stochastic control problem

sup
ν

E Φ(X ν
T ), X ν

t := x0 +

∫ t

0
σ(νs)dWs .

• Dynamic programming equation

∂tv(t, x) + sup
u

(1
2
σ2(u)D2v(t, x)

)
= 0, v(T , x) = Φ(x).

• Finite difference method :

vn
k = vn+1

k + ∆t sup
u

(1
2
σ2(u)

vn+1
k+1 − 2vn+1

k + vn+1
k−1

∆x2

)
.

• Numerical analysis
Monotone convergence of viscosity solution (Barles and
Souganidis),
Controlled Markov chain (Kushner).
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The probabilistic scheme of Fahim, Touzi and Warin

• Terminal condition :

vh(tn, x) = Φ(x).

• Let σ0 be a constant and X t,x
h = x + σ0Wh,

vh(tk , x) = E
[
vh(tk+1,X

tk ,x
h )

]
+ h sup

u

(1
2
(
σ2(u)− σ2

0
)
ED2vh

(
tk+1,X

tk ,x
h

))
= E

[
vh(tk+1,X

tk ,x
h )

]
+ h sup

u

(1
2
(
σ2(u)− σ2

0
)
Evh
(
tk+1,X

tk ,x
h

)
σ−2

0
W 2

h − h
h2

)
.

• Monotone convergence holds true for PDEs having a comparison.
• Numerical experiences : Fahim et al., Guyon et al, etc.
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Backward SDEs and numerical scheme

• Semi-linear PDE

∂tv + µ · Dv +
1
2
σσT · D2v + f (t, x , v , σDv) = 0.

• Forward Backward SDEs :

Xt = x +

∫ t

0
µ(s,Xs)ds +

∫ t

0
σ(s,Xs)dWs ,

Yt = Φ(X·) +

∫ T

t
f (s,Xs ,Ys ,Zs)ds −

∫ T

t
ZsdWs .

• The numerical scheme

Yk = Ek
[
Yk+1

]
+ f (tk ,Xk ,Yk ,Zk)h, Zk = Ek

[
Yk+1∆Wk+1

]
h−1.

• Convergence : Bouchard and Touzi(2004), Zhang(2004).
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A non-Markovian stochastic control problem

• Let (Ω,F ,F,P) be filtrated probability space, E compact Polish
space, U class of all E−valued F−progressive processes. Denote
Ωd := C ([0,T ],Rd ), QT := [0,T ]× Ωd × E , functions
(µ, σ) : QT → Rd × Sd bounded, uniformly continuous in (t, x, u)
and Lipschitz in x, for ν ∈ U ,

X ν
t = x0 +

∫ t

0
µ(s,X ν

· , νs)ds +

∫ t

0
σ(s,X ν

· , νs)dWs .

• Let L : QT → R and Φ : Ωd → R be reward functions,

V := sup
ν∈U

E
[ ∫ T

0
L
(
t,X ν
· , νt

)
dt + Φ(X ν

· )
]
.
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The probabilistic scheme

• Let σ0 : [0,T ]×Ωd → Sd be bounded, non-degenerate, uniformly
continuous in (t, x) and Lipschitz in x,

at,x
u := σσT (t, x, u) − σ0σ

t,x
0 , bt,x

u := µ(t, x, u).

• Assumption 1. For every (t, x, u) ∈ QT , at,x
u ≥ 0 and

1
2at,x

u ·
(
at,x
0
)−1 ≤ 1.

• Define a process on grid (tk)0≤k≤n, tk = hk ,

X 0
0 := x0, X 0

k+1 := X 0
k + σ0(tk , X̂ 0·)∆Wk+1.
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The probabilistic scheme

• Terminal condition

Yn := Φ(X̂ 0·).

• Backward iteration

Yk := EW
k [Yk+1] + h G (tk , X̂ 0·, Γk ,Zk),

Γk := EW
k

[
Yk+1(σT

0,k)−1 ∆Wk+1∆W T
k+1 − hId

h2 σ−1
0,k

]
,

Zk := EW
k

[
Yk+1(σT

0,k)−1 ∆Wk+1

h

]
,

with σ0,k := σ0(tk , X̂ 0·) and

G (t, x, γ, z) := sup
u∈E

(
L(t, x, u) +

1
2
at,x
u · γ + bt,x

u · z
)
.
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General convergence

Theorem
Let L and Φ be uniformly continues and of exponential growth in x.
Then

Y h
0 −→ V as h→ 0.

Proof. Weak convergence method (Dupuis and Kushner).
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Rate of convergence

• Assumption 2. E ⊂ Sd × Rd is compact, µ(t, x, a, b) = b,
σ(t, x, a, b) = a1/2 and L(·, a, b) = `(·) · u, ` and Φ Lipschitz.

Theorem

There exist constants Cε such that for every ε > 0,

|Y h
0 − V | ≤ Cεh

1
8−ε.

Suppose in addition that ` and Φ are bounded, then there is a
constant C such that

|Y h
0 − V | ≤ C h

1
8 .

Proof. Invariance principle (Sakhanenko(2000), Dolinsky(2011)).
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• Control problem, d = 1,

sup
ν

E Φ(X ν
T ), X ν

t := x0 +

∫ t

0
σ(νs)dWs .

• PDE : ∂tv(t, x) + supu∈E

(
1
2σ

2(u)D2v(t, x)
)

= 0.

• Scheme of Fahim, Touzi and Warin : Let X t,x
h = x + σ0Wh,

vh(t, x) = E
[
vh(tk+1,X

tk ,x
h )

]
+ h sup

u∈E

(1
2
(
σ2(u)− σ2

0
)
Evh
(
tk+1,X

tk ,x
h

)
σ−2

0
W 2

h − h
h2

)
= sup

u∈E
E
[
vh(tk+1, x + σ0Wh)

(
1− 1

2
auσ

−2
0 +

1
2
auσ

−2
0

W 2
h

h

)]
.
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• For every function ϕ of exponential growth,

E
[
ϕ(σ0Wh)

(
1− 1

2
auσ

−2
0 +

1
2
auσ

−2
0

W 2
h

h

)]
=

∫
R
ϕ(x)

1√
2πhσ0

e
− x2

2σ2
0h
(
1− 1

2
auσ

−2
0 +

1
2
auσ

−4
0

x2

h

)
dx .

• Let Fh(u, x) be cumulative distribution function of fh(u, x),

fh(u, x) :=
1√

2πhσ0
e
− x2

2σ2
0h
(
1− 1

2
auσ

−2
0 +

1
2
auσ

−4
0

x2

h

)
.

• Hence the scheme turns to be

vh(tk , x) = sup
u∈E

E
[
vh(tk+1, x + F−1

h (u,Uk+1))
]
.
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• Let U1, · · · ,Un be i.i.d., Ah be set of strategies φ = (φ0, ·, φn−1)
taking value in E ,

Xφ
i+1 := Xφ

i + F−1
h

(
φi (X

φ
0 , · · · ,X

φ
i ), Ui+1

)
,

• Let

V h
0 := sup

φ∈Ah

E
[
Φ(Xφ

n )
]
.

Theorem

The numerical solution is equivalent to the above optimization
problem, i.e.

vh(0, x0) = V h
0 , or Y h

0 = V h
0 .

Xiaolu Tan Probabilistic numerical approximation for stochastic control problems


	Introduction
	Probabilistic approximation
	A non-Markovian control problem
	Convergence results

	A probabilistic interpretation

