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.
FBSDEs

e 1T >0,

@ W g-dimensional Brownian motion,

o (Q, Z#,P) filtered probability space with usual conditions, but filtration may
be larger than that generated by W,

° { € L*(Fr),

T T
Y: :§+/ f(37Xsa}/;aZs)d3_/ ZsdWg — (LT_Lt)
t t

where X is d-dimensional, (¢,z,y,2) — f(t,z,y,2) is Borel measurable.
Typically,

@ X is a jump-diffusion driven by W and a Poisson random measure, L is a
martingale orthogonal to W, and £ = ®(Xr)

e X is a diffusion driven by W, L =0, and £ = ®(X;,,...,Xr) or
€ =0(Xr, [ Xidt)
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N —
Local Lipschitz condition and Quadratic BSDEs

We consider time-local Lipschitz continuous driver:

ly—y'[+1z— 2

|f(t,£€,y,2) - f(tvx/,y/"z/” < Lf(|£L’ - xl‘ + (T _ t)(lfﬂ)/Q )

MOTIVATION:
Assume X is a diffusion (L = 0) and driver satisfies quadratic growth condition

[ty 2)| < e(l+]yl+ =)
|f<t,$,y72') - f(t7xay/7zl)| < C(l + |Z| + |Z/|)(‘y - y/| + |Z - Z/D

and x — ®(x) is Holder continuous and bounded.
Then |Z;| < Ly (T —t)~(*=9/2 holds P x dt-a.e. for constants L and 6
independent of .

Locally Lipschitz can replace quadratic in this special problem!
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E—————————————
Driver with exploding bound and variance reduction

For all t > 0 and = € R, there exists a € (0,1] and C} > 0 such that

Cy

|f(t,2,0,0)] < m

MOTIVATION:

& =®(X7) and z — P(z) is a-Hdlder continuous and bounded.

X'is a diffusion process (L = 0) so that v;(x) = E[®(X7)|X; = ] is smooth.
f(t,x,y, z) uniformly Lipschitz continuous and unif. bounded at (y, z) = (0,0).

(ve(X3), Vor (X))o (t, Xt)) solves BSDE with data (&,0). Suppose we can solve
this BSDE! |Vu,(z)| < C(T — t)*~! standard from PDE theory.

(Y, — v (Xy), Zy — Vo (Xy)o(t, X;)) solves a BSDE with data (0, f°), where
fo(t7 z,Y, Z) = f(tv z,y + ’Ut(x)v z+ vvt(x)o-(tv JI))
This BSDE may be better behaved for simulation purposes.
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EEEEEE——————
Key property: discretizability of FBSDEs

Time-grid: 1= 0=ty <... <ty =T).
Paritcularly important grid: for 8 € (0,1], « for which ¢/ := T'— T(1 — L)1/5.

Theorem

Ifa =1, let 5 =1, else let B < . Under the given assumptions, there exists a
positive constant C, independent of N, such that

N-L t§+1
max  sup B[V, - V[P + > / E|Z, - Zs?dt < CN'
0SISN=Lycyrp | ‘ = /¢ i

We say that O(N'/?) is the optimal rate of convergence for a discrete-time
approximation of the BSDE.
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e
Algorithm 1: Multistep dynamical programming

Let Az = tz’+1 - ti and AWZ = WtiJrl - Wti-
Recurssively build approximation of the solution, starting at i = N — 1:

AiZ; =TE; AW, (€ + ZkN:_zi-l f (s X, Yirr, Zi) A)],
Vi =R+ X0n" Flte X Vi, Ze) A,

Yn =&
Consistency conditions for the time-grid:
Ak —0as N — li <
Sup ————— as 0o, limsup sup < o00.
kN (T —tg)t=? Nooo k<N—1 ki1
Theorem

For N sufficiently large, there exists a positive constant C' independent of the
time-grid such that

N-1
- 2 L 2A . —1
OgglgaﬁlEm Yl + Z% E|Z; — Z,5|?A; < CN
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Assumptions and properties

Markov structure Let £ = ®(Xy) and X be a Markov chain.This ensures
(Yi, Zi) = (y:(X3), z:(X;)) for measurable (unknown) functions y; and z;.

Almost sure bounds Let = — ®(x) be bounded. This ensures that 3C, > 0 such
that,Vk, |Yi| < Cy and |Z;| < “u_ P-almost surely.

Var

Basis functions For each 0 <[ <gand 0 < k < N — 1, take a finite number of
functions py.x(+) = (pj x)1<i<x such that p, s : R* — R is deterministic and
E[|p1.x(X1)|?] < co. Form basis of finite dimensional subspaces of Lo (%, ).

Simulations Take M independent simulations of the Brownian increments AW and the
explanatory Markov chain X. Denote these simulations by (X;*)i<m<am and
(AW;;n)lngM respectively. Let ka = pl,k(X]Zn).

Definition For R > 0, the truncated Brownian increment is defined by
[AWz]R = —RVA; VAW,; N RVA;.
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EEEEEE——————
Emprical regression algorithm

Set yXM(-) = ®(-). Then, for i < N, compute coefficients

N—-1
[AWl Ir RM R.M :
ot = argmin — Z| SR (e + Y0 Sl () 5 M (X)) AK) — o pid

k=i+1
N-—1

aorargmm— Z 1RXR) + D il (X)), 20 M (X)) Ak — o ply |2
k=i+1

The coefficients are not independent of one another!
Set

yoM(z) = —Cy V agy; - po.i(x) A Cy,
— Cy
VA;

Cy
VA

Vaispoi(z) A
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Key ingredient: concentration of measure inequalities

Needed, amongst other things, to deal with the lack of independence between
regression coefficients. The following example comes from [Gydrfi et al. 2002,
Theorem 11.2]. Benefit: the estimates are distribution-free.

Theorem
Let F C {f:R? — [-B, B]} and (Z;)1<i<n be i.i.d. Then, for all ¢ > 0.

P@Ef e F : (Elf(2)P)/? - Z|f 2> )

< B 7 L)l (—2;”;3)

Proposition

If 7 is in a K-dimensional vector space,

%e B2 3eB2\\ ©
%(8,9,Zl:n)§3< 62 10g< 62 >)
I &
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|
Error estimates

Norm: For function ¥, define | ¥||7 5, := & SN [W(X7)°.

Theorem

For N sufficiently large, there exists a possitive constant C' independent of the time-grid,
M and the basis functions such that

— R,M R,M
> {Elllve — s M1, 0] + Ellize — 25 12 001} A
k=0

<CZ {mmE\yk (Xk) —a-pokl Ak+2m1nE|zlk(Xk)—o¢ DLk | Ak}

=1
KNA, KNRQ} )
C C’N conv
+ § { v s
- CMR2A;\ N5 CKR? K
CNKR23°N (f 7’€) (7)
+ kg{)e){p K N1t+0conv U N—bconv \; Ay, +
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EEEEEE——————
Complexity analysis

e Aim: reduce error to O(N ~20conv),
@ Assume y; € C;+1+", 2 € C{:+".

@ Local polynomials on disjoint hypercubes, degree x + 1 for Y and x for Z.
Ocony
Bias approximation: O(N~20conv) if §, = c N~ »Fn .
fcony

= K = c¢N¥ = up to log terms.

o Large deviation terms: M = cI{ N?120conv — cN2+290°"“+2d95C)Tn7f up to log
terms.
o Computational work € = cM N = cN3+29“"'“+2d950TT up to log terms.
= N~20conv < chz(uﬁh%w).
-1
o ODP scheme with fuon, = 1/2: N~ < ¢ > wetes)
= if Kk + 1 > 1, MDP has better performance.
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e
BSDE numerics: Implicit vs explicit

q=3; f(2) = 1.5]z0; &(x) = (® —100)*; X = 100e@")?” with

5 o1 0.01
1V1=p 0 a1p o2 0.05
g = 0 1/ ) = '

o3 | | 0.03
p 0.1

N = 16; Basis []{_ gi(In(z;)) for g; Hermite polynomials with >°. deg(g;) < 3.
Explicit solution:

Y; = BlackScholesCall(t, Xy; 03, 100),
Zy = (0,0, BlackScholesHedge(t, Xy; 03,100)).
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BSDE numerics

2.3 T

Explicit vs Implicit Multistep forward scheme
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——
Representation theorem due to Ma/Zhang
X is a diffusion: dX; = b(t, X;)dt + o(t, X¢)dWy.

Also need gradient process and it's inverse:

dVXt = bx(t, Xt)VXtdt —+ O'(t, Xt)VXtth,
AVX;' = (=bu(t, Xy) — 0.(t, Xo)>) VX, Hdt + 0, (t, X)) VX, HdW;.

Representation theorem due to Ma/Zhang for Z:
T
Zi=BHy+ [ f0.X0, Vs, Z) i
t

tr

where (r —t)H! = ([ [0 (s, Xs) VX, VX o(t, X)) TdW,) 7.

H? are the Malliavin weights; the representation formula is derived by means of
Malliavin's calculus, but remains true in the Lipschitz case, even though the
BSDE is not Mallivin differentiable.
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e
Algorithm 2: Malliavin weights

Let (tx — ti)H = (35} o1 (t;, X;)VX; VX, o (ty, X,)| TAW,)T.
Recursively build the approximation starting at i = N — 1:

Zi =Eal¢HY + 305 St X Vi, Ze) H{AG),
Y =B+ 00 F(te X Yirs Zi) A,
YN - 6

Constraint on the time-grid: lim sup_, .. sup;.y Agl < oo.
Recall the special time-grid 77:
Theorem

For sufficiently high N, there exists a positive constant C' independent of the
time-grid such that

N-1

max E|Y; - Ys|?+ Y E|Z - Z,[?A; <CN™!

0<k<N-1 ‘
=0
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Projection estimates

Approximate conditional expectation [E; by projection on finite subspace of
Lo(F,):

ZAM = argmin, ,, ;(x;)
 EIXNH] y + Y S Xas Vi, Ze) Hi A — o pra(Xa) 2,
i = arginfoé'?o,i(xi)
C E[®(XN) + Shs F bk Xn, Vesr, Ze) A — o po i (X0)[7),
Yn =®(Xp).
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E—————————————
Projection estimates

Theorem
There exists positive constant C independent of the time-grid such that

E|Y; — Yi|> < 2R|Y; — @YY-P
AEYir1 — P Yin P + ElZe — PEZP1A

c
+ Z (T _ tk)ke
E|Z; — Z;|* < 2E|Z; — gﬂzﬁ
Le Z AEYii1 — P Y P + E|Z, — PEZi A

(T —tg)**
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|
Almost sure bounds

There exist positive constants Cy, and C, independent of the time-grid such that,
Vi, c
|Y;| < C, and |Z;| < ——=— P-almost surely

VI —1t;
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e
Finally...

Thank You For Your Attention!
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