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Part |:

Recap of multiple stopping problems in discrete
time
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Part I: Multiple stopping problems in discrete time

Setup
B discrete time (tenor) structure T = {ty < t1 < ... < tr}, heret; :=1i
B filtered probability space (Q, F,(Fi)i=o0,..T, IP) with IP pricing measure
B adapted process (S;)i—o.... 7 with values in Rf modeling asset prices

EERA)

B cashflow (Z;)i—o,...7 € 0(S) such that max;—o,. 71 |Z;| € Lt
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Part I: Multiple stopping problems in discrete time

Setup
B discrete time (tenor) structure T = {ty < t1 < ... < tr}, heret; :=1i
B filtered probability space (Q, F,(Fi)i=o0,..T, IP) with P pricing measure
B adapted process (Si)i:07_,_7T with values in Rf modeling asset prices
B cashflow (Z;)i—o...7 € o(S) such that max;—o__r |Z;| € L*

Plain vanilla swing contract
B trading days j € T = {0,..., T} on the electricity market
B trade only allowed on L < T days up to maturity

B at most one package can be traded, waiting time is one day

B possible payoffs: Z; = (S; — K)" or Z; = (K — S;)7 etc.
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Part I: Multiple stopping problems in discrete time

Setup
B discrete time (tenor) structure T = {ty < t1 < ... < tr}, heret; :=1i
B filtered probability space (Q, F,(Fi)i=o0,..T, IED) with P pricing measure
B adapted process (Si)i:07_,_,T with values in Rf modeling asset prices
B cashflow (Z;)i—o...7 € o(S) such that max;—o__r |Z;| € L*

Plain vanilla swing contract
B trading days j € T = {0,..., T} on the electricity market
B trade only allowed on L < T days up to maturity
B at most one package can be traded, waiting time is one day
B possible payoffs: Z; = (S; — K)" or Z; = (K — S;)7 etc.

Swing option: holder of the option has the right to buy/sell L times electricity at
0 < j1 < ...<jr < T which have to be chosen
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Part I: Multiple stopping problems in discrete time (cont’d)
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Part I: Snell envelope for multi-exercise option

Multiple stopping problem (MSP): find time zero price by solving

L

L

YO*’ = sup E E Zr;
o<ri<..<rb<T 5

Duality for multi-exercise options - Oxford, 2 July 2012 - Page 6



Part I: Snell envelope for multi-exercise option

Multiple stopping problem (MSP): find time zero price by solving

L

L

YO*’ = sup E E Zr;
o<ri<..<rb<T 5

Snell envelope of Z under L exercise rights

*L . __ . L
Y; = SUPj< < <7 L<T E; Zk:l ZT’“

B Beliman principle ~~ Y;** = max {Z; + IEZ-Y-’_‘fl_l, E; Y%

7
| (first) optimal stopping times given by T?’L =14 — land
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Part I: Snell envelope for multi-exercise option

Multiple stopping problem (MSP): find time zero price by solving

L
YO*’L = sup E Z Z;

o<rl<..<rl<T
Snell envelope of Z under L exercise rights
*L . __ . L
Y= SUP;<ric . <7L<T E; Zk:l YA

B Beliman principle ~ Y;** = max { Z; + E; Yz’fl LE YR

| (first) optimal stopping times given by TiO’L :=1—1and
it {7 << T2 BT 2 BT

B consequently Yl = E; ZL Z L
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Part I: Martingale duality of standard optimal stopping

Standard optimal stopping ~~ L = 1 : Y;* = sup;«, <y E;Z,
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Part I: Martingale duality of standard optimal stopping

Standard optimal stopping ~~ L = 1 : Y;* = sup;«, <y E;Z,

Theorem: Rogers (2002), Haugh & Kogan (2002)

Let M be the set of all martingales M satisfying My = 0. Then

Y = nf B max (Z; - M;+M;) =B max (Z; - Mj + M;)

where the infimum is attained for the Doob martingale M * of the Snell
envelope Y* = Y + M* — A*, where A} € F;_1, Aj; = 0 and increasing.
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Part I: Martingale duality of standard optimal stopping

Standard optimal stopping ~~ L = 1 : Y;* = sup;«, <y E;Z,

Theorem: Rogers (2002), Haugh & Kogan (2002)

Let M be the set of all martingales M satisfying My = 0. Then

Y = nf B max (Z; - M;+M;) =B max (Z; - Mj + M;)

where the infimum is attained for the Doob martingale M * of the Snell

envelope Y* = Y + M* — A*, where A} € F;_1, Aj; = 0 and increasing.

Consequence
® M any martingale ~ Y < Y (M) := E [maxo< <7 (Z; — M;)]
mY = YOUP(M*)
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Part I: Dual representations for multi-exercise options

Dual by Meinshausen & Hambly (2004)

= Soro (VF — v 1) with Y0 .= 0 and

*k xk—1 __
Yk - vl =

inf inf El[ max (Zu — M, + Ml)}
i<rl<..<rhk=1<T MeM uef{i,..., TH\{rt,....7k=1}

Salient points
B characterize marginal value as infimum of stopping time and martingale

B important device of the proof: 7% = inf{j : Z; + E; Yj*fl L>E; Y*kl}
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Part I: Dual representations for multi-exercise options

Dual by Meinshausen & Hambly (2004)

= Soro (VF — v 1) with Y0 .= 0 and

*k xk—1 __
Yk - vl =

inf inf El[ max (Zu — M, + Ml)}
i<rl<..<rhk=1<T MeM uef{i,..., TH\{rt,....7k=1}

Salient points
B characterize marginal value as infimum of stopping time and martingale

B important device of the proof: 7% = inf{j : Z; + E; Y]*fl L>E; Y*kl}

Question: Pure martingale dual (as in standard stopping) available? ‘
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Part I: Pure martingale dual

Dual by Schoenmakers (2010)

ForO0<i<TandL >1,

L

vh= mf B[ omax 3 (2, — METH 4 ML)
M. . MLeM 1<j1<...<jL<T :

L

= E ) *L—k—+1 *L—k+1
=  max (ij — Mjk + Mjk_1 )
1<j1<...<jr<T

where M*L~F+1 s the Doob martingale of Y *L—*+1,

B exploit Bellman principle Yi*L = max {Zi + EiY;fl_l, EZY;T@}
B interpret Yi*L as Snell envelope of cashflow Z; + IEZ-Y;";Ll_l

B proceed by induction
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Part I: Volume constraints and refraction period

Modify plain vanilla swing option with L exercise rights by adding following
constraints:

B volume constraint process v; € {1,..., L} representing maximal
number of exercise rights att € {0,...,T}

B refraction period p(i) € {i+1,...,T} is stopping time specifying
minimal waiting time between two exercises
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Part I: Volume constraints and refraction period

Modify plain vanilla swing option with L exercise rights by adding following
constraints:

B volume constraint process v; € {1,..., L} representing maximal
number of exercise rights att € {0,...,T}

B refraction period p(i) € {i+1,...,T} is stopping time specifying
minimal waiting time between two exercises
Existing dual representations

m v; = 1and p() =i + 1: standard multiple stopping
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Part I: Volume constraints and refraction period

Modify plain vanilla swing option with L exercise rights by adding following
constraints:

B volume constraint process v; € {1,..., L} representing maximal
number of exercise rights att € {0,...,T}

B refraction period p(i) € {i+1,...,T} is stopping time specifying
minimal waiting time between two exercises
Existing dual representations
m v; = 1and p() =i + 1: standard multiple stopping

m v €{l,...,L}and p®) = i + 1: Aleksandrov & Hambly (2010) and
Bender (2010a) (with stopping times and martingales)
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Part I: Volume constraints and refraction period

Modify plain vanilla swing option with L exercise rights by adding following
constraints:

B volume constraint process v; € {1,..., L} representing maximal
number of exercise rights att € {0,...,T}

B refraction period p(i) € {i+1,...,T} is stopping time specifying

minimal waiting time between two exercises
Existing dual representations

m v; = 1and p() =i + 1: standard multiple stopping

m v €{l,...,L}and p®) = i + 1: Aleksandrov & Hambly (2010) and
Bender (2010a) (with stopping times and martingales)

®m vy =1and p(i) =4+ 6 with 0 > 1: Bender (2010b) (in the spirit of
pure martingale representation)

Duality for multi-exercise options - Oxford, 2 July 2012 - Page 10



Part Il:

Generalized multiple stopping problems
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Part II: (Unconstrained) General structure

Under L > 1 exercise rights, interpret cashflow X as a mapping
mX:{0,...TYxQ—=R
[ | Xil,...,iL S .FL'L and Xil,...,iL eL!
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Part II: (Unconstrained) General structure

Under L > 1 exercise rights, interpret cashflow X as a mapping
mX:{0,...TYxQ—=R
mX, i €F,adX; ; €L

Unconstrained general MSP: V"X = sup; 1o o 1 BiX 1 o
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Part II: (Unconstrained) General structure

Under L > 1 exercise rights, interpret cashflow X as a mapping
mX:{0,...TYxQ—=R
WX, , €F,adX; ; €L

Unconstrained general MSP: V"X = sup; .1 1 BiX 1

T

L

*L_k"’_l?jly"':jk—l .
mYy, = Sup;< k< <ol B X

.717"'7jk—17Tk7"'7TL

L
m Y'T* 0 — Y;,*L

*0,J1,--0JL . . .
u Yr T X]lv“'a.]L
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Part II: General dual representation

Theorem: Bender, Schoenmakers & Z. (2011)

L—k+1,51,Jr—
MT Iy Jk—1

For any 0 < ¢ < T and any set of martingales ( )
T>jk—1

wherel < k< Landi=:jp <j1 <...<jr_1,we have
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Part II: General dual representation

Theorem: Bender, Schoenmakers & Z. (2011)
Forany 0 < ¢ < T and any set of martingales (Mf_kﬂ’jl’“"j’“*l) 9
rZJk—1

wherel < k< Landi=:jp <j1 <...<jr_1,we have

L
1Y < Eymaxicj <.<j <T
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Part II: General dual representation

Theorem: Bender, Schoenmakers & Z. (2011)

L—k+1,51,Jr—
MT Iy Jk—1

For any 0 < ¢ < T and any set of martingales ( )
T>jk—1

wherel < k< Landi=:jp <j1 <...<jr_1,we have

1 Y;*L < E; maXx;<j; <..<jp<T (th---,jL +

L L—k+1,j1,3Jk—1 L—k+1,j1,.,jk—1
Zk:l (Mjk—l - Mj )
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Part II: General dual representation

Theorem: Bender, Schoenmakers & Z. (2011)

T L—k+1 T
For any 0<:< and any set of martingales (M LTk 1) .
rZJk—1

wherel < k< Landi=:jp <j1 <...<jr_1,we have

L
Y < E;max;<j,<.<j. <T <Xj17---7jL +

L k41,5150 56— L—k+1,j1,....75—
Zk 1( ]kl ' kl_Mjk ' kl))

2 Y = maxi<j, <. <j <7 (le,...,jL 4F

*L— k+1, el L—k+1,51, 0
Zkl( Ve (1 oo 1_M]’fk g1 kl))

*xL— k+17.717 k=1 - *xL— k+17]17 Jk—1

where M, is the Doob martingale of Y,
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Part II: General dual representation

Theorem: Bender, Schoenmakers & Z. (2011)

For any 0 < ¢ < T and any set of martingales (M

wherel < k< Landi=:jp <j1 <...<jr_1,we have

L
Y < E;max;<j,<.<j. <T <Xj17---7jL +

L k41,5150 56— L—k+1,j1,....75—
Zk 1( ]kl ' kl_Mjk ' kl))

L_
2 V¥ = max;<j <. <j <T (le,...,jL 4F

*L k—|—1,] yeesTh— *L—k+1,51,.sJk—
Zkl( 1 kl_Mjk 1 kl))

*L—k+1,51,....5k—1 .

where M, is the Doob martingale of Y,

~~ Gyurko, Hambly & Witte (2011)

*L—k+1,51,..

L— k+17]17 ’jkfl)
T2jk—1
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Part II: Need for tractable martingales

Huge family of martingales!
m MLRtLI sk parameterizedviat < j; < ... < jp 1 < T
W if L > 1and T > 0 are big there are too many martingales!

= need for simpler parameterized martingales
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Part II: Need for tractable martingales

Huge family of martingales!
m MLRtLI sk parameterizedviat < j; < ... < jp 1 < T
W if L > 1and T > 0 are big there are too many martingales!

= need for simpler parameterized martingales

Towards tractable martingales: structuring the cashflow
[ | (Uik)OS@‘ST adapted integrable processesfork =1, ..., L

[ ] (V;l)ogigT adapted processes, strictly positive and uniformly bounded
from above forl =1,..., L (Vl = 1 in this talk)

B pre-cashflow defined X;, _;, Zk U Zk 1,
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Part II: Need for tractable martingales

Huge family of martingales!
m MLRtLI sk parameterizedviat < j; < ... < jp 1 < T
W if L > 1and T > 0 are big there are too many martingales!

= need for simpler parameterized martingales

Towards tractable martingales: structuring the cashflow
[ | (Uik)(]gigT adapted integrable processesfork =1, ..., L

[ ] (Vil)ogigT adapted processes, strictly positive and uniformly bounded
from above forl =1,..., L (Vl = 1 in this talk)

B pre-cashflow defined X;, _;, Zk U Zk 1,

W&, dp) = H#r 1< r <p,j, = ]p} counts number of rlghts
exercised at time 7,
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Part II: Need for tractable martingales (cont’d)

Modeling volume constraints and refractions periods

Co(dr, - v)
L {1, VlSlSp:gl(jl,...,jl)S’l}jl andVlglgp:jl >j171 2]'1 ijlfl
o 0, else

Constrained MSP:  Y;* = sup, .1 i Ei S Uk
CZ(T IR 7Tl) 1
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Part II: Need for tractable martingales (cont’d)

Modeling volume constraints and refractions periods

Co(Jrs -5 Jp)
-~ {1, VI<I<p: &G, i) <vjandV1 <1 <p:ji > jiog = ji > plt=!
o 0, else

i . l_ l k
Constrained MSP: V" =sup,., 1o copEiD 5 Uj
(..., H=1

o Vb = SUp;j<ri<. <L E; X 1 1 recasts into above by

Sh UEL i#CL(,. . jr) =1

X =
J1yensir
—N, else
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Part II: Bellman principle and examples

straightforward to check that Y;*L satisfies the following dynamic program

Lemma: Bender, Schoenmakers & Z. (2011)

Forr >0and1 < k < L, we have

*L—k+1 __ *L—k+1
Y, =E Y v

k+n—1

max ( E U? + ETthL_k_"_l)
1<n<v.AL—k+1 %
p:

Swing option: for general volume constraints v and refraction periods pi
(stopping times), put UP = Z and obtain

61 Zi, #CL(1, i) =1

X =
J17“'7JL
—N, else
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Part II: Tractable dual representations

Theorem: Bender, Schoenmakers & Z. (2011)

For any set of martingales (MTL _k“) and any set of adapted integrable processes

r>0
(Af*’““) ,it holds
r>0

L
1 Y < Eymaxicj <. .<j <7
Cr(j1--jr)=1
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Part II: Tractable dual representations

Theorem: Bender, Schoenmakers & Z. (2011)

For any set of martingales (MTL _k“) and any set of adapted integrable processes
r>0
(Af*’““) ,it holds
r>0
L L k L L—k+1
1 VP SEimaxicy,<..<jp<r | Loy U + 20y (M7 =
Cr(Gagn)=1

L—k+1 ) L—k+1 ) L—k+1
M, e IEJ,VAK)_Ml E. A )

Jk—1 /)7)\‘,1
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Part II: Tractable dual representations

Theorem: Bender, Schoenmakers & Z. (2011)

For any set of martingales (MTL _k“) and any set of adapted integrable processes

r>0
(Af*’““) ,it holds
r>0

«L L k L L—k+1
1 Y <Eimaxi<j <.<jo<r | Zpmr Uf, + 2oy (M7 =
Cr(Gagn)=1

L—k+1 ) L—k+1 ) L—k+1
M, e IEJ,VAK)_Ml E. A )

Jk—1 /)7)\‘,1

«L __ L . L k L *L—k+1
2 YV*F = maxigj <<t | Do Ufy, + Doy (M777 =
Cr(j1--»jr)=1

Jk—1 -1

*L—k+1 _ *L—k+1 _ *L—k+1
M, A E]A‘Ap_ml E Apjk )

where the pair (M*E=FT1 A*L=FF1) arises from the Doob decomposition of Y, X~ F+1,
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Part II: tractable dual representation

Note: if p/h—1 = jy_y + 1 = E; A*LF+1 |,  AL-k+l _

Jkl Jkl

Key ingredient of proof: for » > j;_1 we have to work a bit to find

*Lik+17j17"'7‘jk71 *L7k+17j17"'7jk71
M, — Mjk =

*L—k+1 *L—k+1 *L—k+1 x«L—k+1
(s — My g, AT Al )

However, maximum runs over huge set! max;<; < <;, <7 ( .. )
Cr(jr-jr)=1

~~ Remedy by calculating maximum using a recursion

» Recursion details » Numerical recipe » Numerical results
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Part lll: numerical experiments

Off-peak swing option: allows buying at most one package on weekdays and
two packages on weekends, i.e.
1, if j is a weekday

forj=0,...,77=50: wv;:=
2, if j is a weekend day
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Part lll: numerical experiments

Off-peak swing option: allows buying at most one package on weekdays and
two packages on weekends, i.e.
1, if j is a weekday

forj=0,...,77=50: wv;:=
2, if j is a weekend day

) H L H YO“p’L upper bound using Bender (2010b)
1 1 1.86485 (0.0019) 1.8638 (0.0019)

11 2 3.40832 (0.003) 3.4078 (0.003)

11 4 5.90956 (0.0043) 5.9170 (0.0045)
1 6

1 8

1 1

7.92669 (0.005)  7.9470 (0.0058)
9.61643 (0.0058)  9.6493 (0.0069)
0 || 11.0553 (0.00064) 11.1035 (0.0079)
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Part lll: numerical experiments cont’d

95% confidence

95% confidence

6 L Yolow L Youp’L interval L Yolow’L Youp’ L interval

1 4 5.89744 5.91312 [5.89078, 5.91464] 6 7.91351 7.93364 [7.90538, 7.93527]
2 4 5.73736 5.76003 [5.73078, 5.76192] 6 7.55394 7.58547 [7.54595, 7.58773]
3 4 5.62688 5.65097 [6.62027, 5.65305] 6 7.28486 7.32349 [7.27684, 7.32611]
4 4 5.51763 5.56468 [6.51105, 5.54915] 6 7.01995 7.06275 [7.01198, 7.06577]
5 4 5.40154 5.43295 [5.39496, 5.43546] 6 6.7418 6.78724 [6.73383,6.79042]
6 4 5.27976 5.30967 [6.27316, 5.31227] 6 6.45197 6.49774 [6.44401, 6.50102]
8 4 5.06733 5.10055 [5.06078, 5.10335] 6 5.9401 5.98546 [5.93238, 5.989]
10 4 4.85039 4.88637 [4.84386, 4.88953] 6 5.46672 5.50782 [5.45916, 5.51116]
12 4 4.63227 4.66583 [4.62575, 4.66884] 6 5.08473 5.11779 [5.07729, 5.12079]
14 4 4.43104 4.45997 [4.42453, 4.46279] 6 4.76734 4.79957 [4.76006, 4.80269]
16 4 4.25079 4.27955 [4.24441, 4.28237] 6 4.39537 4.42311 [4.38864, 4.42584]
18 4 4.07804 4.10338 [4.07164, 4.10605] 6 4.18139 4.20744 [4.17473, 4.21004]
20 4 3.94562 3.96789 [3.93923, 3.97034] 6 4.02465 4.04716 [4.01803, 4.04968]
1 8 9.60253 9.62348 [9.59318, 9.62507] 10 11.0436 11.0661 [11.0332, 11.0677]
2 8 8.97188 9.01806 [8.96279, 9.02078] 10 10.0822 10.1411 [10.0721, 10.1443]
3 8 8.48335 8.53629 [8.47425, 8.53952] 10 9.31393 9.3793 [9.30398, 9.38283]
4 8 8.00789 8.06203 [7.99887, 8.06551] 10 8.58082 8.63832 [8.57102, 8.64178]
5 8 7.5251 7.57926 [7.5161, 7.58278] 10 7.9058 7.961 [7.89611, 7.96454]
6 8 7.06562 7.11754 [7.05669, 7.12102] 10 7.33533 7.38481 [7.32577, 7.38835]
8 8 6.18418 6.23051 [6.17596, 6.23403] 10 6.20274 6.24781 [6.19445, 6.2513]
10 8 5.54885 5.58774 [5.54107, 5.59089] 10 5.54885 5.58774 [5.54107, 5.59089]
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End of the talk

Thank you for your attention!
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Part Il: examples (cont’d)

Exponential utility: fits into cashflow framework by setting

L E k-1
> ket Uj, [ i

X, R
.717"'7][1
—N,

with risk aversion parameter o > 0

_ 0
e, pr={®
_e_a J,

it Cr,(j1, - - -

else

ifk=1,..

if k=1L

Jr) =1

L1
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Part Il: examples (cont’d)

Exponential utility: fits into cashflow framework by setting

Zi:l U]k; Hﬁq,_:ll ]7:;7 IfCL(.]177]L):1

X R
! —N, else

15--JL

with risk aversion parameter o > 0

0 fk=1,...,L—1
1 __—ad; k ? 9 )
‘/j € " U] o aZ; B
—e %%, ifk=1L
then we have
L
sup E; |—exp ( — az ZTk) = sup EiX,1 o
Ti<.<rt =1 <<l
Cr(rhyrh)=1 Cr(rt,...,7b)=1
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Part lll: recursion for the maximum

Emulating pathwise maximum
W given any L—tuple of martingales M = (M*, ..., M)
W and any L—tuple of adapted processes A = (A!, ..., AL),

defineforn =0,...,L

L—n
0" (M, A) = max > (vt + mfonok
=joSn S Sjron =\ Th—1
Cr—n(d1sir—n)=1""

_ L—n—k+1 i L—k—n+1 _ 1. L—k—n+1
M]k +]E.7kApjk71 ]E]kflApJ'kfl

By construction: 6% (M*, A*) = Y;*L

Duality for multi-exercise options - Oxford, 2 July 2012 - Page 24



Part lll: recursion for the maximum (cont’d)

Theorem: Bender, Schoenmakers & Z. (2011)

For any pair (M, A) we havefori =7,...,0andn =L,...,0

6 = 07 — MET + MET v

v
max ZU-"HC—F (0”+VL ML n-v
v=l,...,u;AL—n g o’

+ MZL—TL—V + All;i_n_’/ . EiAﬁi—n—V)

n,L n—i—k:
Oy Z
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Part lll: recursion for the maximum (cont’d)

Unit volume constraint & unit refraction period & L = 1 ~~
0; = zrgr;aSXT (Zj + M; — Mj) = max {Zi7j+11n§az‘}%:r’ (Zj + M, — M])}

= max {ZijjJrr{lgz?éT (ZJ + M1 — MJ) + M; — Mi—l—l}
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Part lll: recursion for the maximum (cont’d)

Unit volume constraint & unit refraction period & L = 1 ~~
0; = zrgr;aSXT (Zj + M; — Mj) = max {Zi7j+11n§az‘}%:r’ (Zj + M, — M])}

= max {ZijjJrr{lgz?éT (ZJ + M1 — MJ) + M; — Mi—l—l}

= max {Z;,0i41 + M; — Miy1}
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Part lll: recursion for the maximum (cont’d)

Unit volume constraint & unit refraction period & L = 1 ~~
0; = ZISI;aSXT (Zj + M; — Mj) = max {Zi7j+11n§az‘};:r’ (Zj + M, — M])}

= max {Zi,jJrI{lg')éT (ZJ + M1 — MJ) + M; — Mi-l—l}

= max {Z;,0i41 + M; — Miy1}
=0i+1 — (M;11 — M;) + max {0, Zi —0ix1 + (M1 — Mz)}
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Part lll: recursion for the maximum (cont’d)

Unit volume constraint & unit refraction period & L = 1 ~~

0; = zrgr;aSXT (Zj + M; — Mj) = max {Zi’j+11n§az‘};:r (Zj + M, — M])}

= max {ZijjJrrlngi)éT (ZJ + M1 — MJ) + M; — Mi-l—l}
= max {Z;,0i41 + M; — Miy1}
=0i11 — (Mi11 — M;) + max {0, Zi — 01+ (M1 — Mz’)}

=0i+1 — (Mit1 — M;) + Kip1 — K
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Part lll: recursion for the maximum (cont’d)

Unit volume constraint & unit refraction period & L = 1 ~~

0; = zrgr;aSXT (Zj + M; — Mj) = max {Zi7j+11n§az‘}%:r’ (Zj + M, — M])}

= max {ZZ’,'HI{?Z'};T (Zj + M1 — Mj) + M; — Mi+1}

= max {Z;,0i41 + M; — Miy1}

= 0ip1 — (Miy1 — M;) + max {0, Zi =01+ (Miy1 — Mz’)}
=0i+1 — (Mit1 — M;) + Kip1 — K

1+1 141
= 91'+1 - / stﬂ’s +/ dKS, 0'7' > Zj
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Part lll: recursion for the maximum (cont’d)

Unit volume constraint & unit refraction period & L = 1 ~~

0; = zrgr;aSXT (Zj + M; — Mj) = max {Zi’j+11n§az‘};:r (Zj + M, — M])}

= max {Zi,jJrrlngal?éT (Zj + M1 — Mj) + M; — Mi+1}
= max {Z;,0i41 + M; — Miy1}
=041 — (Miy1 — M;) + max {0, Zi — g1 + (M1 — Mz’)}
=0it1— (Mip1 — M)+ K1 — K;
i+1 it
= 9i+1 - / stﬂ’g +/ dKS, 9'7' > Zj

~+ Schoenmakers, Huang & Z. (2011)
~ Bernhart, Pham, Tankov & Warin (2011)
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Part lll: generic way for calculating lower and upper bounds

Hands-on numerical recipe for calculating lower and upper bounds

1 Ylow.L=k+1 . gpproximate lower bound of Y*L—F+l =1 ... L
(e.g. Longstaff & Schwartz (2001))

2 YL=k+1 : approximation of Y *£~#+1 via dynamic program

3 numerical Doob decomposition of yL-k+l (e.g. Andersen & Broadie
(2004) using one layer of nested MC)

4 Yup.L=k+1. yse dual representation, i.e. plug in numerical Doob
decomposition, replace expectation by sample mean, recursion for the
pathwise maximum

5 [Yolow’L — 5 G, YOUP’L + B - o"PL] confidence interval

» Tractable maximum
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