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Exercise 1. Let G be a finitely generated subgroup endowed with a word metric d.
Fix r > 0 and an arbitrary finite subset F in G. Prove that the displacement function G → R,

x 7→ ∆(F, x, r) is 2–Lipschitz.

Exercise 2. Prove that if a finitely generated group G has Kazhdan’s property (T) then its abelian-
ization Gab = G/[G,G] is finite.

Exercise 3. Prove that an arbitrary free finitely generated non-abelian group is a-T-menable.

Exercise 4. Let G and H be finitely generated groups, and let φn : G → H be a sequence of
homomorphisms such that for n ̸= m, φn and φm are not conjugate, that is there exists no element
h ∈ H such that

φn = ch ◦ φm,

where ch : H → H, ch(x) = hxh−1.
For a fixed word metric dH in H and a fixed finite set generating G define

δn = inf
h∈H

sup
s∈S

dH (φn(s)h, h) .

(1) Prove that δn diverges to +∞.
(2) Prove that using the sequence φn one can define an isometric action of G on some asymptotic

cone of H without global fixed point.
(3) Prove that if G has property (T) and H is Gromov hyperbolic then a sequence of homomor-

phisms φn as described above cannot exist.


