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Exercise 1. Consider Rn endowed with the Euclidean norm ∥x∥2 =
√
Σn

i=1x
2
i .

(1) Prove that for every ϵ > 0 there exists δ = δ(ϵ) such that if x, y ∈ Rn, ∥x∥ = ∥y∥ = 1 and

∥x− y∥ ≥ ϵ,

∥∥∥∥12x+
1

2
y

∥∥∥∥ ≤ 1− δ.

(2) Let G be a finitely generated subgroup of the orthogonal group O(n), and let S be a finite set
generating G. Assume that G has Kazhdan’s property (T).

Prove that there exists λ ∈ (0, 1) such that for every x ∈ Rn, ∥x∥ = 1,∥∥∥∥ 1

|S|
Σs∈Ss · x

∥∥∥∥ ≤ λ .

Exercise 2. Consider a finitely generated group G and a short exact sequence

1 → N → G → H → 1.

(1) Suppose that H and N both have Property (T). Deduce that G has property (T). [You may
assume without proof the fact that a closed subspace of a Hilbert space is itself a Hilbert space]

(2) Assume that G has property (T). Does this imply that H has property (T) ?

Exercise 3. Let G be a finitely generated group and let H be a finite index subgroup in G.
Prove that

• G has property (T) if and only if H has property (T).
• G is a-T-menable if and only if H is a-T-menable.


