
Solution (#75) (i) Let z = cis θ and n be an integer. Then

1

z
=
cos θ − i sin θ

cos2 θ + sin2 θ
= cos θ − i sin θ

and hence z + z−1 = 2 cos θ and z − z−1 = 2i sin θ.

(ii) So by De Moivre’s theorem

2 cosnθ = (cosnθ + i sinnθ) + (cosnθ − i sinnθ) = zn + z−n,

2i sinnθ = (cosnθ + i sinnθ)− (cosnθ − i sinnθ) = z − z−n.

(iii) Hence

cos5 θ =
1
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z + z−1
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=
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�
z3 + z−3

�
+ 10

�
z + z−1

��
[by the binomial theorem]

=
1

16
(cos 5θ+ 5 cos 3θ + 10 cos θ) .

(iv) Finally
� π/2

0

cos5 θ dθ =
1
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(cos 5θ + 5cos 3θ+ 10 cos θ) dθ

=
1
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sin 5θ
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+
5 sin 3θ

3
+ 10 sin θ
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.


