
Solution (#1674) Let x1(t), . . . , xn(t) be n variables satisfying the DEs

dx1
dt

= a11x1 + · · ·+ a1nxn;
dx2
dt

= a12x1 + · · ·+ a2nxn; · · ·
dxn
dt

= an1x1 + · · ·+ annxn.

These can be more succinctly written as a single differential equation

dr

dt
= Ar

in a vector r = (x1, x2, . . . , xn)T where A = (aij).
Say that A is diagonalizable with eigenbasis v1,v2, . . . ,vn and corresponding eigenvalues λ1, λ2, . . . , λn. If we set

P = (v1 |v2 | . . . |vn)

then
P−1AP = diag(λ1, λ2, . . . , λn).

If we set R = P−1r = (X1,X2, . . . ,Xn) then we have

dR

dt
=
d

dt
P−1r = P−1

�
dr

dt

�
= P−1Ar = P−1APR.

This matrix equation reads as
dXi
dt

= λiXi i = 1, 2, . . . , n,

and so Xi = Aie
λit where Ai = Xi(0). So

R(t) =






X1
...
Xn




 =






A1e
λ1t

...
Ane

λnt




 = A1e

λ1te
T
1
+ · · ·+Ane

λnte
T
n .

Finally

r(t) = PR(t)

= A1e
λ1tPeT

1
+ · · ·+Ane

λntPeTn

= A1e
λ1tv1 + · · ·+Ane

λntvn.


