Solution (#249) (i) Note that
Az > G

(r1 +22)” > 4122
x? —2rym9 + 25 > 0
(CE‘l — 1‘2)2 2 0.
This holds true for all z1,x2 and we have equality if and only if 21 = .
(i) Let @1, ...,2,41 be n+ 1 positive numbers. Set
1+ 22+ + Tpga
N n+1

T1e

and assume that x, < p < x,41. Further set
X1 =Tp +Tpy1 — 1, Xo=p
(noting X7 and X5 are positive) and note that
X1Xo = (xn + Tpy1 — M)M = (N - xn) (xn—i-l - M) + TpTpi1 > TpTpia.
The remainder of the proof follows by induction. Suppose that A,, > G,, for any n positive numbers with equality
if and only if all the numbers are equal. This holds for n = 2.

Let x1,...,Zp+1 be n + 1 positive numbers. If they are all equal then A, +; = Gp41. If not, by relabelling the
numbers if necessary, we may assume x, < p < T,+1 where p = Ap,41.

We now apply the assumed inequality to the n numbers 1, xa,...,2,—1, X1. Note that these have arithmetic mean
ri+ ot Fr, 1+ Xy sttt r,—p m+Dp—p .y
- - - )
n n n

and this must at least equal their geometric mean by hypothesis. Hence
P =t X Xy > (g 1 X)) Xo > 21T Ty 1 Zn Tt

The result follows by induction.



