Solution (#309) Let n be a natural number and let w = cis (27/3) be a cube root of unity so that w® = 1.
(i) If k = 3m then
T+ wb 4w =140 40 =14 (%)™ + ()" =1+1+1=3.
If k =3m + 1 then
L+wh +w? =1+ 402 =1 4 (%) " w+ (w3)2m w=1l+w+w?=0.
If k = 3m + 2 then

14wk w =1 4 w2 fmts = 1 g (03) " 02 4 (w3)2m+1

w=1+w?+w=0.
(ii) Hence
(I4+2)"+ (14+wz)"+ (1 —|—w2x)n
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Setting z = 1 we have
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w)"}. Further

+w=—w?=cis (7/3)

Finally then by De Moivre’s theorem

(n) . (n> . (n> . (n) 24 2Re (;is (x/3))" _ 2" + 2cos (n7/3)
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