Solution (#462) (i) Let d = 10. Then V10 = [3,6,6,6,...] as o = /10 and
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a — V1043  ag=——— =10+3,....
' Vi0-3 *7 (V10+3) -6
As the period of this continued fraction is 1 (and so odd), by Theorem 2.45 the fundamental solution is (a2x1—1,bax1-1) -
Now
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and the fundamental solution is X =19, Y = 6.
(ii) Let d = 20. Then /20 — [4,2,8,2 8,2,8,...] as a = /20 and

0412(\/%—4)71: \/3+2; Qg = <\/3+2_2>1:2(\/5+2>; Qg = (2\/5-1-4—8)71: \/5+2:a1.
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As the period of this continued fraction is 2 (and so even), by Theorem 2.45 the fundamental solution is (as_1,ba_1).
Now
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and the fundamental solution is X =9, Y = 2.
(iif) Let d = 41. Then V41 — [6,2,2,12,2,2,12,2,2,...] as a = /41 and
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0y = ( 5+ —2) —VAT+6 as= (VIT46-12) = 5+6:a1.

As the period of this continued fraction is 3 (and so odd), by Theorem 2.45 the fundamental solution is (a2x3—1, bax3—1) -
Now
% = [6,2,2,12,2,2] = [6,2,2,12,5/2] = [6,2,2,62/5]
5
= [6,2,129/62] = [6,320/129] = 2049/320,
and the fundamental solution is X = 2049, Y = 320.
(iv) Let d = 55. Then /55 = [7,2,2,2,14,2,2,2,14,...] as a = v/55 and
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0y = ( 6+ _ 2) — VB 4T, as= (\/55 +7— 14) - 6+ = 0.

As the period of this continued fraction is 4 (and so even), by Theorem 2.45 the fundamental solution is (ag—1,b4—1) .

Now b =1[7,2,2,2] = [7,2,5/2] = [7,12/5] = 89/12,
3

and the fundamental solution is X =89, Y = 12.



